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Asymptotic solutions for two-dimensional
low Reynolds number flow around an
impulsively started circular cylinder

Masato NAKANISHI, Teruhiko KIDA, Tomoya NAKAJIMA

Detailed Derivation of Equations in Text

1 Introduction

2 Basic Relation

1 1 Thed - An .
2.1 Derivation of Eqgs.(3) ~ (5) —(Tut oncke adotad, )
In the absolute coordinate systems, the Navier-Stokes equation is given by

oL (@ V)i = —gradP + K +vAG

The cylinder moves unit velocity parallel to the positive z direction. The
boundary conditions are therefore given by

= (UH(),0) on$S
- 0 as|Z]—>

21 8

In the relative coordinate systems with the fixed cylinder, the Navier-
Stokes equation becomes

%;_"' + (@ V)Z = —gradP + K + vA@

The boundary conditions are given by

“ = (0,0) onS
i@ — —UH(t)é, as|%]— oo

where u is the velocity vector in the relative coordinate systems and &, is the
unit vector of z-axis. Here, we normalize velocities and lengths with U and
d. Then, from this equation we can easily derive the dimensionless vorticity
equation (3). Here, we define the perturbation dimensionless velocity i, =
(u,v) and the perturbation stream function :

= —H(t)é, + 1,
= (u,v) = (OyY/0y,—0¢/0x)

’ﬂ:i 2y
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Then, the Navier-Stokes equations are given by

O, up  Ouy s
5 + (u — H(t ))B_a: +v g = gradP + K + ReAup
divi, = 0

where P and K are the dimensionless pressure and the mass force respec-
tively. The boundary conditions (5) are given by

u, = (H(¢),0) onS
i, — 0 as|Z]— co
The relation between the vorticity ¢ and ¥ is given by
¢ = roté = rotu, = — Ay

Thus we can derive Eq.(4).
The vorticity equation with respect to the perturbation velocity field is

given by
oC 1

9
8t+( H())g"‘va =z

From this equation, we easily arrive at Egs.(6) and (7).

A

2.2 Derivation of Eq.(13)

From Eq.(12), ¢ = exp(—¢z)(, so that we have

% = (—sé + -(EJ—C) exp(—ez)

92 ¢ . L
ﬁ = (6%‘—2 a—C+5—C) exp(—¢z)

These relations are substituted into Eq.(10). Taking into account Eq.(11),
we arrive at Eq.(13).

2.3 Derivation of fundamental solution G

The fundamental solution G is governed by the following equation;
AG —¢(e +2p)G = —2m6(Z — 7,) (2.1)

where §(Z) is the two-dimensional Dirac delta function. The delta function
is expressed as

8¢ -%,) = &(z—g) d(y—w)

- =/ exp{z’[kx(x —2,)

(5~ 2) | aha 22)
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where (—o0 < z,¥, To, Yo < 00). We define the Fourier transform of G as

1 foo foo .

=1 f_ m/_m H (kz, ky) exp {i [ko(z — z,) + by (y — y,)|} dkodk,  (2.3)
Substituting Eqgs.(2.2) and (2.3) into Eq.(2.1), then we have
[ Bk k) exp ikl — 20) + Ry (y = 3]}

x {—(k2 + k2) — e(e + 2p) } dk.dk,

= —2r [ " exp{ifkale — 7.) + ky(y — yo)]} ks,

Therefore, H is given by

2T
H(ks,k,) = k24 k2 +e(e +2p) 0

Substituting Eq.(2.4) into Eq.(2.3), we have

1 feo feo 2 '
+k&’(y = yO)J }dkzdky (2.5)

In order to obtain GG as a simple expression, we define

k, kcos(a+ (), k, ksin(a + )
z—z, py €OS 3, Y=Y pysin 3

Then, we have the following relations;

ko(z—z,) + ky(y—v) = kp,cosa
dk,dk, = kdkda

Substituting these relations into Eq.(2.5), we have

Y-
4?2 Joco)-oo k2 + K2 + (e + 2p)

x exp {1 [kz(z — ,) + ky(y — v,)]} dk,dk,

(Il
-

1 s 2k )
B ﬁfo o Bieeig _|_2p)'eXP‘[[3(k.0rcosa)]}dkda

« k 1 /o )
= ) R +e(e+2p) = [ exp {likp. cosal} da] ak

o0 2 L
2 fn Frac iy ke = Ko ((e(e +20))%p,)

Thus, the solution G is given by

G(%,%,) = G(Z — Zo) = Ko(ap,)
where p, = |& — Zy|, Ko is the zeroth order modified Bessel function of the
second kind and a® = (e + 2p).



2.4 Derivation of Eq.(21)
Let us consider the additional term of Eq.(21);

o dlog p,
lﬂ=%j§(—log pr 1'b+1f) gp) s (2.6)

This term is potential, that is, V2¥ = 0. We here define the following
function _:

b = i"—) inside the body S
=0

outside the body S

We note that this function satisfies V2¢)_ = 0. Then, we have

1 0 dlog p, - :
0= %ﬁ (— log p, e F R —"r E™ ds for Z, outside S  (2.7)

Therefore, we have, by taking into account of the above relation (2.7) ;

1 o( dlog p,
w=gﬁ(-1ogpr-%+w 3-) °g"°) s

Thus, we see ¥ = 0 by taking into account of the boundary conditions:

1Z)=1,E_:% on S

op _ - 1y
on  On  pon e

3 Asymptotic Analysis

3.1 Derivation of ¢ and ¢ in Region (I)
3.1.1 Derivation of Eq.(39)
Substituting Eq.(38) into Eq.(34), we have as follows:

& n g ot (<) -+ 2

2m

#2 3" Ka(fr) (- m(prl)(f{+<3I“5(f“))cosm(9—so)} a0

m=1 ri=1

In this flow, ¢ is odd function of . Therefore, the terms of cosm#é in the
integrand becomes zero. Thus, we arrive at Eq.(39).



3.1.2 Derivation of Eq.(41)
{ is given by Eq.(39):

(=¢ i Cm Ko (pr) sin(mip) (3.1)

This equation is substituted into Eq.(35). Using Eq.(42), we have, by taking
into account of the flow symmetry, that is, ( is odd function of 8:

e /%/mflog( )rld’rldf?

1
z?r/ 1 Zch (pry) sin (mb) log (pr)rldrldt?

2w roo 1
Zcm%,/ / K (pry) sin (m8)log (p )rldr1d9

; C‘“% /U [ 1 Kk(g}rl)sin(kf?)
X {%logr o i (:_1)7“ cos {m?(?f == P)}}?’ldrl

m=1

¥

2

2

Q

Q

r

+ 5 (L) et o

+ 7 Ku(pry) siu(kﬁ){— logrs

m

1

2m r
kz::lckg/; sm(k9)|—fl K (pr1)log (r)ridr

- / " Kulpre)log (ro)ridry
+[ Ki(pr1) (%)m sos{mid P)}rldrl

m=1 m
% Ay T\ cos{m(0 —p)}
+ Kipry) 3 (E) = 4, | d

Q

) i ]. T - T‘l)m
5 3% a0 (2)

.f.]roo K (1) (;)mrldrl} sin (myp)

1

s 1
> Cm_[p rm{ P Ko (r) + Ko ( )}
m=1

Q

r { LR 1(pr)}J sin (mp)

pf e {5 ntir) + (2) K9] 0 )

Q



Here, we have used the relations:

d -m —-m
= (z Km(z)) = =z "Kn(z)
d
a(szfm(z)) = —z"Kp-1(2)
Thus, we arrive at Eq.(41).

3.1.3 Derivation of Eqs.(43) and (44)

From the boundary condition Eq.(36), we have

~ 2ey
%b:ﬁ—?

2esing
= & on r=ryp)=1 (3.2)

We substitute r = 1 into Eq.(41) and compare with Eq.(3.2). Then we easily
see that ¢,, =0 for m > 2. For m =1, ¢ becomes from Eq.(41)

~ € 1 2 R R . 5 1 s | ok
P R §Cl [5 {—gKl(p) + Kz(p)}] singp = 501 [gKg(p)] sin

Therefore, we have
4

PKo(p)
Thus, Eq.(44) is obtained from Eq.(39).
Furthermore, ¢ is finally obtained as

~ 2 1 2 Ky(p)] .
v {"—K1(ﬁr)+#}smtp

P Ko(p) |

The boundary condition (94 /0n) = (1/p)(dy/dn) on S, that is, (84/dr) =
1/psin g for r = 1, is automatically satisfied as follows:

31,5 2e 1 i ~ . 2e N
o FEolp) (—QKl(p) — Kg(p)) sinp = ?smn,o

where prime ’ denotes the differentiation.

=

3.2 Derivation of Basic Relations in Region (II) and
(I11)

3.2.1 Derivation of Eq.(52)

We try to derive Eq.(52). Fp is defined by Eq.(22). We use Eq.(38). Since
r =r*/e}/? that is, r > r,, Fy is obtained as follows;

1 [0 :0G
Fo = gﬁ -G%— a—n}ds

1 7 aaKG 0 %‘ r
%}g Ky ((epo)fp,.) %’ —= ((;i il ) ds

X




Since £'/2p, = (r*? 4 er? — 2e/2r*r, cos(8, — ))Y/2, we have

o o 3 aont

2 ok : —g)| %
+2m§1f(m (Pof' ) I ((5330) r*) cos m(0; ('D)) on

o

+2 i K, (pér*) I, ((epc)%rs) cos m(fs — Lp))]ds
) on

R
[ %]
|~
O~

e p—

[ ]
=
T
S
~3
*

I ((Epg)%rs) cos (s — ¢)

_(fa% (2}{1 (pér*) I ((spg)%rs) cos (0, — (p))}ds

b3

Q

: 112_ * . ) 85
%ﬁ{fﬁ (Po?" ) (epo)2rs sin B, sin rm
_66% (K1 (Po%r"‘) (SPU)%TS sin @, sin cp)] ds

(epo) %CgKl (pgr*) sin ¢

Q

0 & %fs {%%rs sinf), — g‘a%(r,, oo 95)} ds

3.2.2 Derivation of Eqgs.(53) and (54)

et us consider the integral I for the variable r* defined by Eq.(48). In this
region, the variable r* is fixed and we define F*(r*, ) as e"'F, as shown in
E;q.(55). The concept proposed by Kida and Miyai (1973) is applied to the
estimation of I, as similar as deriving Eq.(49): it is reasonable that F* for
e/%r, < r* < §,, where 6, is an order function of ¢ with lingelfzféo =0, is
assumed to be indeterminate. -

We first consider the following integral;

2m  pds 1
i 5= ]0 /smr F*K, (pgp:) rtdredd

In this integral, the function F* is indeterminate. Further, since r* > W
Ko(pé/ 2p%) is expressed as

Ky (pép?f) = Ko (Pé_ r*) Iy (pgf'i') +2) Kn (pé_ ?‘*) Ly, (p§ ri‘) cosm(f—¢)



Since the velocity field is symmetry and the vorticity field is anti-symmetry
with respect to the z-axis, that is, the velocity field is even and the vorticity
field is odd with respect to 6, we easily arrive at, by using Eq.(3.3);

Iy =¥ D.K. (péjr*) sinling)

© om=1

where D,, is indeterminate constant, whose order is given by

2 % * i * *
B, = ( / o Fn (pgrl) rldrf)

Second, we consider another part of Iy, I;,, defined by
2T oo 1
I = | [~ K, (pg p:) r2drtdo
o Js,
27 0o 1
= [TEt[ FK (pg p:) rtdredd
0 0
27 8o 1
. [ Pf / F*K, (pg p;:) rrdrrd
0 0

For the second integral of the right hand side of the above relation, we can
use Eq.(3.3) :

27 8o 1 1
(second term) = / Pf / F* [KD (pé r*) Iy (pé r}‘)
0 0

e 1 1
23 Kn (pg r*) L, (pgr;) cosm(f — (,o)J rrdridd

m=1

= Z DK (pér*) sin(me)

m=1
where D,, is not indeterminate, but it is at most of the same order of D,,.
Since Iy = Iy + I3, we finally arrive at
27 0o 1 o9 4
Iy = / Pf fo F*K, (pg p:) ridridd+ S DK (pg r*) sin(mep)
0 m=1

where D, is indeterminate constant and its order is O(e™/*+1F~),
Here, we note that F, is of O(¢!/?), that is, {* ~ O(e'/?), and f is defined
by Eq.(7). Then, we see

oC . 9¢
F o~ O(“E;+v0_y-)

a¢ ac
~ o(5)~0(5)

8




Therefore, we may assume that F* is of O(¢). Thus, we arrive at Eq. (53)
and it is appropriate to define (*, ¢b* and F* as Eq. (55)

We apply the above mentioned procedure to the following integral in order
to obtain gz"‘:

ol : L, 1 * 7 %
Jr = ] e, (" exp (—82 r] COS 6) log p ridridf
We assume that (f* for e!/2r, < r* < §, is indeterminate. Then we have
2 - 1
j f o & log( ridridd = 3 Hp——sin(mg)
Ts m=1

where H,, ~ O (f 2y, & rl*m"'ldrf) ~ O(e™?*1(*). Further, we rewrite Jy
as

2T 00 bo bo N L o 1 * ] %
Jf=/0 Pf/ﬂ —Pf_/o +/Emn (* exp (—e7r; cos ) log E)rldrldﬁ

The last integral of the right hand side was already obtained. The second
integral is also expressed as the same form of the last integral and its coeffi-
cient is at most of the same order of that of the last integral. Thus, we arrive
at Eq.(54).

3.2.3 Derivation of Eq.(56)

In this region, the basic relations are given by Egs.(49) and (50). Let us
consider the case of the circular cylinder. The first approximation of ¢ is
given from Eq.(49), by using Eq.(42) and (8/0n) = —(8/0r;):

o L TR (e £ G -

+3° (1) " costmt0 - o1}

From the symmetry of flow, we see that C is odd function with respect to 4.

Thus, we arrive at
1

& i A, Sin (Mep) (;)m (3.4)

where

Thus, we arrive at Eq.(56).



3.2.4 Derivation of Eq.(57)
Substituting Eq.(3.4) into 9 given by Eq.(50), we have

. 1 2 oo 1
7~ %f Pf] Clog( )rldrldﬁ

27 00
—— Pf/ {log ( ) r? cos fdr,dd

- E,;;rm sin (m)
2 1

1 2 00
- [D Pf/ glog( )rldrldﬂ

-—% > E3r™sin (myp)

1 2 oo ; rgm 1
g.[o Pt L nglam sin (m@) (E) log (;;) ridrydé

1 & :
—= Y E:r™sin (my)
2 m=1

X

Q

We consider the following integral by taking into account of Eq.(42),

2
5}—/ Z ax sin (k) ( ) log ( : ) rydr;dé
7 Jo
vy r . 1 k
— %/ﬂ Pff1 gaksm(kﬁ) (;;«)
X {—logr + > L1 (r_l)m cos {m(f — (p)}}rldrldﬂ
m=1 m r
1 2m oo 2 . 1 k
+5- [ ptf 3 ausin (k) (;;)
X {—Iogrl +> 2 (_r_) cos {m(0 — go)}} ridridf
m=1 ¢ \T1

1 por 1 1 /r
-2 (2 5
27rfo 1 kz;m; 4o /) m
X sin (m#) sin (me)rydr;dé
/ Pf oo°° Za sin (k0) ( ) i(—r—)m
2 T k=1m=1 ¢ m A

x sin (m#) sin (me)rydr;dé

10



1 g sin® (k0) ri\* .
= %./0 Pf] Z a——— p (?"1) (?) sin (kp)ridrydo

L g . pEeg0 k6) /1\* k.
_f__/o Pf Zaksmk( )(?—{) (L) sin (ky)r;dr;dé

27 ¥ gy ™1
I [m[& sin?(k9) (1)"‘ r2—1 .
= — ~ k
5 /ﬂ Lzzi a—p - 5—sin (k)

k2

®  sin? (k6
+Zak k( )211: 5 —z sin (kp)

—a;rlog(r) sin? fsin ga} dé

Therefore, we have

~ 1 e [& sin?(k6) /1\Fr2—1 |
bx g B () e

k=1

. sin?(kf) r* 2
z ( T —z sin (k)

—ayrlog(r) sin® @ sin np] dé

== Z E;,r™ sin (mep)

m—l
1 . 1r2—1 |
N - - —rlo
Fsing| S rlogr
1 & sin(meyp) (1)’“1"2—1 7 ?
+2mz:=2am m r 2 +2m—2'r2m
3 = :
—= Y E2r™sin (me)
2 m=1
Thus, we arrive at Eq.(57).
3.2.5 Derivation of Egs.(58) ~ (61)
From the boundary condition, we have
1,5 —sm(,o of P
Po
Therefore, we have
b ——Esm—l-z ——I——E"’ in( )-—2'
il B P m(@m —2) ~ m | sin(me) = —sin

11



From this equation, we arrive at Eqs.(58) and (59):
E; = .
Po

an = m(2m-2)E; =~ O() (m>2)

Thus, we arrive at Eqs.(60) and (61) :

A al ;
R —sing
r

& |=a< - —r -
501 — ogr pr sin

From this equation, we have

op
or

9
X —sing
r=1 )

Thus, we see that the boundary condition 84/8n = (1/ p)0y/0n on S is
automatically satisfied.

3.2.6 Derivation of Eq.(62)

Let us consider the matching of { between the region (II) and (III) in the
case of the circular cylinder. From Eq.(53), we have, since Ki(z) = 1/z as
z—=0;

o o C‘0 .
Crit—sir & ey S0 ¢

where suffix 'IIT — II’ denotes the asymptotic expansion of functions in the
region (III) with respect to r. From the solution of the region (II), Eq.(61),
we have

52
CH—)IH ~ ap r-_ sin @

where suffix ’IT — III’ denotes the asymptotic expansion of functions in the
reglon (II) with respect to r*. From the matching requirement of ;711 =
€2(}11, 11, we have

GI=CD

Thus, the estimation of D,,, which is of O(e m/2+1 F*) mentioned in the pre-
cedlng section, is reasonable, so that we have

D,.=0

We substitute (: * into Eq.(54), by taking into account of the above result,
then we have 1~ as

- Cy L for o0 1 1 ‘1 x H .
" ﬁﬁpz/ Pff K1(§ )smﬂlog (p )rldrldé'-l- gri*smcp

12



Let us consider the following integral:
211- = % * - l * *
fo Pff K, (po rl) sin 4 log pr ridridd
2m

= f [Pff K, ( é )sinﬂ{—logr*
+m2=1 = (%) cos {m(6 — (,o)}}rfdr;‘
+ Pf/ K, (pér;‘) sin 9{— log r{
+ Z (—*) cos {m(0 — go)}}r;drfl dé

- / [Pf/ I(l(porl>r

+ Pf/ K, (pé_rf) r“‘drf} sin® §df sin ¢

[ ' 2 " o Ky (Pgr*)
= 7 |lim |[-——K, (pgri‘) +r*—1—2L|sing
do

(50 —+0 2 2
poT” Py

[ K 2
4 L 21 O(pﬂ )
L x el il P

2

pé 2" e

Using this result, we arrive at Eq.(62):

= By * L
'~ 2pg |- kKo (pér*) i i sing + 5—sing
2 3 7 r* 3 2r*
Pa P Y20

3.2.7 Derivation of Eqgs.(63) and (64)
From Eq.(62), we have

~t C * Pé_ * O f‘* . H "
Vi = [701" {—'y — log (?0) —logr } + _ZTOEJ sing + 2—;;311199

From Eq.(61), we have

~ [1 1% =1
Viisor & 5% {- —rlog r} +

2
|
3
I
.

13



b=

1 Lg* € r* o (r*) n 1r* i
N |z e — —— — — - ——| sin
21128 2 G & et pet L

(a3 + 2]t b
— |z | =——r"log | + —|sinp — —a s
er |2 1\2 B\Z p | TP T ggLsIng

Q

%%Z 1 (T* *lo (r")) + i sin - sin
~ |- ——r — — — —a
E2YIIIIT 201 2 g " p ¥ M5 me

From the matching requirement, 13, ;1 = €'%17_ 111, we have

1 /1 A S o (2p)2 Co
5“1(5+1°g5)+p B —z"( 7—10‘%(7 7

(from the term of r*sin ¢)

—%al = —% (from the term of r*log 7* sin ¢)
1 H
-ia.lg = EI- (from the term of r*~" sin ¢)

Thus, we arrive at Eqgs.(63) and (64).

3.3 Derivation of Basic Relations in Region (IV) and
(V)
3.3.1 Derivation of Eq.(72)

Let us consider F, given in Eq.(22) in the region (IV). Since R = er, G is
given by G = Ko((1 + p)'/?p%). Therefore, we have

1 ol ,aG
R = %}{q[G%— %}ds
i 0K (14 p)2p%
- 5 h w0 K-l

Here, we apply Eq.(38) to this equation and take into account the symmetry
of flow. Then, we easily arrive at Eq.(72) :

~

Fy 51; jﬁs [21{1 ((1+5)2R) L (e(1 + )r, ) cos (6, - @)g—i

X

B

—6% (2K, (L +5)2R) L (1 + 7)) cos (8, sp))]ds +0(e?)

Q

1 L ol .o
—ﬁ[Kl ((1 -i-p)?R) e(l + p)zr,sin b, smgo-a—c-

2 n
—Cé% (K1 ((1 + ﬁ)%R) e(l+ ﬁ)%‘rs sin 0, sin (,9):‘

e(1+5)2Coky (1 +5)FR) sing

Q

14



where
Co ijﬁ {air sin f, — fgin(rssinBS)} ds

3.3.2 Derivation of Eqgs.(73) and (74)
We first consider the integral I; defined by Eq.(48).

2 poo 1
L = / FKo ((1+7)pp) RidR:d0

- f f FEo ((1+5)%py) R1dR,d0
-l-;—2 ] FKo ((1+ ) pR) RrdR,do

Erg

where 4, is of O(e'~*) (for 1 > s > 0). Since F for er, < R; < §, is
indeterminate, the second term of r.h.s. of the above equation becomes as

(second term of r.h.s)

= [%/ [Kg (1 +9*R) L (1 +5)3R))
23 K. (1+ P)?R) I (1 + p)? Ry) cosm(8 — ga)l RydR,do
= EnKn, ((1 + ﬁ)%R) sin(mey)

where F,, is indeterminate constant and its order is

-

‘i ;
By ~ OU FIm((1+fé)5R1)R1dRIl

b0
~ OU FR’{‘“de]
~ O(™F)

The first term is divided as (/5 — [5°)[- - -JR1d Ry and we estimate the integral
due to [{°[---]R;dR;. We may easily see that this term is included in the
second term of r.h.s. obtained above. This result is similar to that mentioned
in section 3.3. Thus, we finally arrive at

1 2m [+ S E o
= 5 Pf/0 FEo ((1+5)2p3) RidR1dd

+ i El ((1 + ﬁ)%R) sin(mep)

m=1

Here, ( is of O(e), so that E,, ~ Ep/e? ~ O(e™F). Using this equation, we
have in this region;

~ e(1+5)*Coky (1+5)2R) sing

15



_il]” pf/:’ FKo ((1+§)¥p3) RidR1d6

2re Jo

+e Y EnKoy (14 ) R) sin(mep)
m=1

We see from Eq.(77) that { ~ 1/r for (r — 00), therefore, from the
requirement of the matching, ¢ for the variable R is of O(e). Further, we
suppose that u is of O(e?) for (s > 0) for R. Therefore, f defined by Eq.(7)
is of O(£%(9¢/0z)) ~ O(e”*(@(/@R)) O(&***). Thus, it is appropriate to
define F* as F* = F/e?, and since (* = (/e, we arrive at Eq.(73).

We note however that Cj is of order of 1 /loge and u becomes also of
order of 1/loge, as will be shown in next section 3.3.8. Thus, the first
approximation of this region (IV) is given by the first term of r.h.s. of
Eq.(73). i

Let us consider the stream function . From Eq.(24), we have

; " [ exp(—Ry cos 9)¢ 1 do
p = 3 2?T] f exp(—Ry cos 6)( log (p )Rlde
2t proo
= e?w/ f exp(—R, cos 8)(* Iog( )deRldﬁ
2
- E% f f exp(—R, cos 0)(* Iog( )RIdedﬁ

27 roo
5217/ / exp( Rlcosﬁ)C log( )RldRIdé?

Here, we apply Kida and Miyai (1973) to the above equation also. We
consider the first term of r.h.s. of the above last equation. Taking into
account of flow symmetry, we arrive at

(first term)
2 o
= 6271_/ / exp(— Ry cos 0)(* log( ) R,dR,d6

2r  prdg
- e27r./ / exp(—Ry cos §)¢ [ log R

30 (%) s e ) mfz = "")JRIdeda

m=1
o e O |

27 plo o
- Yo fo / exp(— By cos )¢ R

oo 8§

— ~ sin(me)
Th S

sin(mf)

R]_de df sin (mgo)

where H, is indeterminate constant and its order is

8o . 3
H:l 0 O (E C#R;n"l"lde) ~ O(Em'i'lc-m)

E Jer,
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The second term is obtained by dividing the integral region into (0,00) and
(0,8,). The functional form due to (0,d,) is the same as the above equation.
Thus, we arrive at Eq.(74).

3.3.3 Derivation of Eq.(75) <— E sanki. a5 sdeked )

In the region (V), we see that po in section 3.2.1 is corresponding to (1+ 5)!/2.
Thus, we easily arrive at

i 1 . 1 .8 1
( = %ﬁv{zﬁlog;—gglog;}ds
€ 1/2 oo

2 =]
o= [ PE[” Flog(p,)radrido — Z— 3° CYr sin(mep)
2 Jo Ts 2 0

where C} is an indeterminate constant being at most of O(1). Thus, we can
arrive at Eq.(75).

3.3.4 Derivation of Eq.(76)

Eq.(76) is derived by using the result of the matching with the solution in
the region (IV). In the region (V), the stream function is given by following
the similar procedure as Eq.(50) :

2 1 2 00, 1
Y = gfo Pf‘/r g’log(ﬂ—) ridridf + E) rsing

where E is indeterminate constant.
Here, we consider the matching between the region (IV) and (V). From
the above relation, we have for r — oo;

& 1 27 ro.
Yy N Elvrsingo-F-——_/ Pf/ C[—Iogr
2r Jo rs

£y (?“_1) —__“’S”‘f:“'o)Jrldnds

m=1 r

1 2w (=S TN
+§;]0 Pf/r C[—logrl

— [T \™ cosm(f — )
+mz_:l (TI) T }rldrldﬂ
E/rsing

1 j2r ® 2 o= [T1\™ sin(mb) .
+2?r/o Pf/rs szzjl( ) x r1drydf sin(m)

r

ek P S (-

+ (L) m) Sln(mﬁ) T d?"l dé Siﬂ(m@)
m

Q

"1
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From Eq.(75), we have for r — oo;
¢~ o § (o0t por,) cos f,dssin
N o 0o + pors) cos 0,ds sin i
Therefore, we have { ~ (élv /r)sin¢ for r — co. Using this result, we have
1 27 K i 90 ry\
L)
2 ./0 r sz;l ( T

& (1) m) sin(mﬂ)rl dr;df sin(me)

i | m

quf Clvl (——%)rldrlsmtp

r

Q

~ 501 (—rlogr + 5) sin ¢

On the other hand, we have from Eq.(74)

- 1 2 R 5
(VAR 2—?7/0 Pf/ﬂ exp (— R cos 6) ¢
% [—- log R + Z (&) w] R,dR,df
m=1 R m

2w

[ log Ry + Z (Rz) gl

m

1 2T oo ~
+—f Pff exp (— Ry cos §) {*
( JRldRIde

1

2m
-—/ Pf/ exp (— Ry cos )
27 Jo 0

1

-I-gfzTr Pf]m exp (—R; cos 0)

A RN\™ cosm(8 — o)
x¢ Z ( RI) D) RrdRydo

Q

Here, we use the relation from Eq.(73) ; (* ~ (CIV/R)sing for R — 0.
Then, we have

1

gfﬂpf/ exp(—R; cos 0)¢ 2[( )

R\™|sin(m#) ,
_(Rl) ] = R1dR;dfsin(me)

~ %Cgv (g — Rlog R) sin

18



Therefore, the matching requirement gives us

ot CA’
Vo V.- 0
CI = C =
(’W 1 2 ) .
V i~ — ——— —_— — * H
E/ =~ loge + o= f Pf/e} exp(— Ry cos 0)(*sin dR,d6

Thus, we arrive at Eq.(76).

3.3.5 Derivation of Egs.(77) and (78)

Let us consider the solution in the region (V) for the circular cylinder. Basic
relations are given by Eqs.(75) and (76).

2 d
( =~ .?.{s [craa—glogp, — lo logp,.} ds

Y = ~rsin<,o[ loge

a
21+ p)z
1

2 oo,
_gf Pff (" exp (— Ry cosb) sinﬁdRIdGJ

+-—/ Pf/ Clog(p )rldrldﬁ

For the circular cylinder, we easily arrive at Eq.(77), from Eq.(75) by
taking into account of Eq.(42);

-
~ Y sin
o 208 {172)

m=1 i

Then, we have

1 2 oo, 1
- f Pf/ Elog (;)rldrldﬁ

~ ng « 13 fT:‘sin (m0)log (pir)rldfrldﬂ

m=1
1 .
NQ—;/[ Igrlfsmkﬂ{ log r
1
+mzlm (r) cos {m(0 — cp)}}'rldrl
oo © é
-f-Pff Z—ksm(kf?){—logrl
" k=171
—j—r:él-n; (E) os {m/( cp)}}rldﬁ]dﬂ
1 g r & Cy sin? (k6) ‘rl)k
~ % . |tPf‘[1 kzz:lg 2 (? rldrl
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+Pff Z Ck sin (kg) (_) Tldrl:ldgsin(kgo)
iy 1 r
1.1 | 1
= Z o E_k(r — 1) sin(kep) + Z Ckr Py —i=5 sin(ky)
—Cyrlog (r)sin (p}
Therefore, we arrive at Eq.(78) :
b o~ —rsincp[ rloge
2(1+ )=
1

27 J
__fo Pf/ C* exp (—R; cos 6) sianRldﬁ}
o = 11
+§L§1 "5 (T ~1)sin(ky) +ZC‘°’" F ok —z o7 (ko)
—C’lrlog(r)singo]

3.3.6 Derivation of Egs.(79) and (80)

s = sl
The boundary condition is given by 1 = % -2

fore, we have Eq.(79):

for r=r,=1. There-

C’m=0: m > 2

and we have

o 1 2 oo ) 1
- ) Pf/ * exp (— Ry cos 8) sin fd Rydf = ——
2(1+f3)% oge 2?r/o 3 (*exp (—Ry cos ) sin 0d R, =

The above integral is expressed as

1 o ooy .

%fo Pffﬁ (™ exp (—R; cos ) sin fd R, d6
fa'} 2 o0 1 .

~ ﬁfﬂ Pffo K, ((1 + P)2R1) exp (—R; cos ) sin? 0d R, d6

1Pf/w K, ((1 +§)%R1) I(Ry)

R, dR,

Thus, we arrive at Eq.(80).

3.3.7 Derivative of Eqgs.(85) and (86)

Here, we use the following relation:

I = Pf/odex

x

pr[* Kelatlite),
0 T
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(=]

I(z)e - Ii(z)

_ ﬁm KQ(GI) Il(l’) .
X

5o—0 a T

1 a 1 o0
ol (~7 — log §) + a—Pf/ﬂ Ko(az)

Further, we use the following relation:

Pf/:o Kg(a:c)fz(w)dx = Pf/om K{,(.fr,:a:)E i . (E)% dz

dz

Il

1 00
+ {—]-Pf/O Ko(az)

L
2(2) dz
z

o

¢ 4n=0n’(n+2)' 2
1& 1 1 1 o
= Il e P e (e
_ 1 L4
- 4 mn(n+1)a
1 g i1
= Z((a —1)log 7 +1)

Substituting these relations into Eq.(80) and taking into account of a =
(1+ p)Y/2, we can arrive at Eqs.(85) and (86).

3.3.8 Note of Order of F*

Let us consider Eq.(74) in detail. Substituting the first term of r.h.s. of
Eq.(73) into Eq.(74), we arrive at

VRS ﬂf:ﬂ Pf_/:cr K, ((1 -1-13)%31) exp(—R; cos §)

2r
% sin § log (L*) RydR,d0
PR

Q

o 2m R
;_;n;/g Pf/O Ky ((1 "'ﬁ)%Rl) exp(—R; cos §) sin 6

Ri\™ sin(m0 .
% (ﬁl) smf;n )Rldﬁlde‘} sin(mep)

a; o 2w 00 1 )
+gn§f0 Pf/R K, ((1+p)?R1) exp(—R; cos 6) sin §

X (-}i) sin{rml) R1dR;dfsin(me)
Rl m

—oy 21 Pf ]0 N K ((1+5)FR,) (%)m In(—Ry)dR, sin(me)

Q

o X PE[T Ko (14 ) R) (—) L (=R)AR; inlmg)
m=1 R Rl
In the above equation, we consider the term of m = 1:
R N R _
¥ = Pt K ((+7)R) (22) h(R)dR sing
o0 gy R :
+ar Pt Ky (14 5)FR,) (?%T) L(By)dEy sin
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o ok R R :
= Pt Ki((1+7)R) (El . R_l) L{R)dR, sm
2 sy L R p
oy PF ]0 K, ((1+5)3R,) (E{) L(R)dR;sing  (3.5)
Here, we consider the term of u due to ¥}. Let (X,Y) be the stretched

coordinates corresponding to R.

o _ o
dy oY
ov* O* cos @

= Rt R

From this equation and Eq.(3.5), we have

R R
g i~ alefG Ky (14 5)7%) 2 Bi)dRy cos(2g)

0 ) 1
+oy Pf /R K ((1+ 2R, g h(R)AR,
Therefore, we have
0 N 1
§ alpffR K ((1+5)°R,) - h(Bi)dR,

i aIPf[:(Kl ((1+ﬁ)1f2R1)11(Rl)—2( 3 )de

1+ p)i/2

l 1 LYy
R A

~ Pf/ROO (Kl ((1 ‘f‘lﬁ)lﬂRi) L(R:) - E(T.{.l_ﬁ)lﬁ
~ O(o)

851

)= s gy

Thus, we arrive at
u~ O(a;)  for fixed R

Therefore, we see from this relation that ud¢/0z is of order of o for fixed
R, that is, O(1/|loge|*). Hence, the assumption F* ~ o(1) is reasonable.

4 Composite Solution

4.1 ¢° with respect to r
4.1.1 Derivation of ’gﬂ'”‘r__”)_' = QZH
The functions %; and v;; are given by Eq.(43) and Eq.(66) respectively:

~ _ 25 1 2 a I’(g(fa) A

Y = ﬁzm{—ﬁfﬁ(pr}—i— = sin (4.1a)
~ Co ?"2 -1 z r ..
v = 7( P _rlogr) smgo—!—}—)smfp (4.1b)
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Co

~

p

4 1
P2 (’y-i—%loge) + log p — log 2

(2ep)?

We here use the following relations of Bessel functions for z — 0:

.

K,y(z) ~

[ Ko(e) ~ — (’y+10g (g))

! Ki(z) ~ é + 2 (y+10g (f) - %) (4.2)

2

i)
2

| o

We substitute Eq.(4.2) into Eq.(4.1a), then we have

~ 2e 211 pr pr 1
o+ St 4 o) 3)
o P—(y+log(2) pler 2 """ ®\2) "2
112 1Y} .
7 sin ¢
2e pr 3 1
N — - —r[v+1lo (—)——)——}sm
PZ—(7+]og(§)){ (7 *\2 2 2r 7
A 1 T [r{7+log(€?p)5+logr——}+2—]sincp
p’)’+log( )2
¥ 1 r . 1
A~ —sing+ - 1 [rlogr—§+2—]31ncp
1+I0g ()"
Thus, we have
Y11 = Y1

Let us consider t¥rrv. Since Cory = Cp in a sense of generalized

expansion, we have

"zb.H—rV = 'ﬁb.H

On the other hand, ¥y is given by Eq.(84). The constant Cyv_; becomes

as

Civan = ——

1 s

py+logt+ Avoyr

Since Ay, ~ (1/2)log(2p/e), we have

Yvorr = Y11
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Therefore, for the variable r we arrive at

YP° = %EI + %ZH o ",b”V = ifjl—m = %Z'H—;V = '¢'~I E b I,ZV = 1,511
! ! {—( = K, ((25;;)%?) + %Kg ((26p);_)} sin ¢

P Ky ((2@;30)%) 2ep)z

—1—(i L— 1 r) sin
sA N2 gr T8 ¥

-!-1 1 (r . lgr) sl
SO — T = - 0. In @
p7+10g (323)2 2 2?"

where
. 1 2 1

Therefore, we arrive at
Y = Pr+dv — g

i 1 9 . 1 ) .
= }'?Ka ((25;})%) (_(Zep) K, ((28}3) ?") + ;Kg ((25p)s)) sin

(GG (G- - riogr)
2 5 5 "o —Tlogr sin @

4.2 ¢ with respect to r*

4.2.1 Deriving 1,51_,111 and gE;H_hr

The stream function ¢ is given by Eq.(43). Therefore, we have for r* = rel/ %

151 gﬁ%{—gfﬁ( r)+ (p)} sin

P* KD{}O
2¢ 1 r* c3
=l e K( ) —K5(p) ¢ sin
PQKO(P){ k) T 2(p)} >
2% 1 L (3)sin o
~ P
P Ko(p)r*
From this equation, we have
27 1
%ZI I = - —K 2¢p)? ) sin
- 25PK0((26p)5) 2(( p)) ¥
et 1 1 2 s
=~ — 1‘?"_"‘ g—“l s1n
p —v —log (%2)2 p
1 1 ( 1 ) 1
Ry T — Sin
py+LilogZ \clp) 07



The stream function ;5 is given by Eq.(68).

Y = % {T*Ka ((2p)%r*) —r"K, ((Qp)%r*) + ;1—} sin

r*
L
£2 Cg s
————ginp
4 pr*

L 1
. Co 24 1 g 11 . €z Cp| .
= {—+ (p) K, ((Zp)zr)-}‘prt}smrp—wz-r—*smgo

1
2e2

From the first line of this equation, we have

* 1 .
:r)-l-??;;] sin ¢

oy s

. 11 1 5
R ———————— (K| =r* | — r*'K
YIrr—1 S prt Log 2 [?" 0 (5% ) 2 (

| B | 1 1

Thus, we have

Y111 = Yrri-r

4.2.2 Deriving %EHI—LV and ﬂf}HV_}H[

The stream function 9, is given by Eq.(68). From this equation, we have
for p = 2p/e¢;

. C 2 . 2 1 z
by~ i{—.»—ff: (i) + }Siw_s_zggsm

27 | (ep)z r 4r
2 p) p) 7
SOt T O LR M Ll
2¢z | (ep)? (ep)zr™ 2 2 2
2 1] . Eil? Cg .
T |sing — ——singp
€
e | . (ep)zr 1 ez Co
Y 25—;{—1* ('y+10 5 T3 (= T =siny

& Q
| —
1~ &8
i
|
3
*
—t
-2
+
peity
(X1 Q
=3 o]
o
P —
2 o
+
ey
® k.
——
b |3 I
DO =
\““—”:]_\.._.../
~ hV_-J
*
St ]
| |
DO | =
| i’Q’
w
fuiey
B
S

————————sin
2 py+ ;log Lr ¥

On the other hand, ¢y is given by Eq.(84). From this equation, we have

~ 1r* & Chflv_u{[ r* i 7 el i
Yvomr & ——psinp+ ———|=——r'log—— -—|sing
Pez 2e 2 ez 27t
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where

1 2

é v ~ —-—
e py+logs+ Avor

Here, Av_11r =~ (1/2)log(2p/¢). Therefore, we have
1)ZI[I—JHV = 'QZV—rHI

" From these results, we arrive at for the variable r*

¥ = Y+ ur+ v — Vi — brirsv
et Ko ((2ep)P) 1
p KQ ((25?) %) Pt

1
Co | (2\? vy 11,
+25§T {— (;) K ((Zp)zr ) + }—”—;} sin

Q

1r* . él 1r* 16% r* r*\ .
—l—}—)—lsm(,o-i—— s T 5—— Tlog—+|sinyp

ez 2 \2c2 29 o Pk
1 | 1 | A 1r
tS T 7siInp— ——sing
4 637_}_10%(522)2’" i
+1 1 (r* i is r") )
Pytlog(2)F \2eF Y

4.3 ¢° with respect to R
4.3.1 Deriving (L’yf_,hr[ and &III—}I

1y is given by Eq.(43). For this variable R = er, we have

2% 1 [ 2 . K®().
A0 {“ﬁK‘(p"” L[
2 1 2 R £
e A Y ——K il il A .
7 Ko(p) { i (b3)+ RKz(p)}S‘““’

2% 1 1

— ——— — K, (p) sin
2 Kg(p)R z(P) P

Q

From this equation, we have

’;Z %) ing le
B o PR eepg N B T
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On the other hand, v;;; is given by Eq.(68). From this equation, we have

for R:
- Co | R 1 R R 1 R lez | .
Yur = _OL Ko ((21’);_1_)_*:}(2 ((2?’)%—3)-{-—— sin ¢
2e7 | g2 €2 £2 €2 p R
€7 €7
—Icoﬁsmrp
S -Célisin
2 pR ¥

Therefore, we arrive at

Yrsrr = Y

4.3.2 Deriving "Z’III—}IV and 'GEIV—)HI

Py is given by Eq.(68). From this equation, we easily have
%Z ol 1 .

i 1

IITIV 2 pR ®

Prv is given by Eq.(82). From this equation, we have

- 27 R 2 i
Vv & M/ [] exp(—R,; cos ) K, ((_p) ’ Rl) sin @
o |Jo 5

2re

x{—logR-}- 3 % (%) cosm(f — @)}Rldﬁl

m=1

oo 9 3
—|~fR exp(— Ry cos 0)K; ((?p)z Rl) sin @

x{—log Ri+ ), ﬂ% (R%) cosm(f — c,o)}Rlde} do

m=1

Here, we use the following relation;

1 27 . . 1
oy /ﬂ exp(—R; cos ) sinfsin(mfb)dl = <5 (Im41(—R1) — Ln—1(—Ry))
m
= B P f
2 p(~R)
Putting Ry = ¢'/?z, we have by taking into account of flow symmetry;
7 _ouvoir | (B Ly /T\™ L
VIvsnr = ——-6%—;1 [fo K, ((2p)2;r) (r—*) Li (—szx) dz

?,_HK

o 1 (@042) (5) 7 1 (<e82) de] sntme)
oy Vel /000 22K, ((2p)2£:1;) dz sin ¢

2
L airvanr 2 i
27 (2}9)%

27



Since

G
1V I & p\e) 7+logzi+llog®

we arrive at

br111v = Prvoann

Therefore, we have for R:

%ZC ~ %ZI < %Z’IH + %Z’IV = @ZI—HH == 15111—>IV
1 £
P K, ((25;0) %) R

2m 00
&1 [ pg / =
+2ﬂ_5 f 0 exp(—R; cos §)

Coll
K, ((26p) ) sing — 3R sin ¢

| o

~

xﬁ}ﬁl+ﬁﬁRJ5h9ng§)RﬁRm9
R

4.4 Stream function ¢ in real time
4.4.1 Forr=0(1)

1° for this variable r is given by

N||—4

o 11 2
= )

1 N
+;K2 (2ep) 27 }smrp

7)

+% €1 - Cu] [

where
1 2
O = me 2
’ py+3log 7
él _ 1 2

Py+logg+Llog (14:2) = P14 2l0g el

We consider the inverse Laplace transformation £7!. The inverse Laplace
transformation of the first term of r.h.s. of the above equation becomes as

“Ufirst term) = —— [ L _SP(Pt) (1l o 1y _ 2 L
£ (first term) = — fc_m TACSD LKZ ((2ep)?) (26}));_[{1 ((2¢p) )] dp

L e+i%o exp (pt) l 9 %fﬁ ((QEP)%) - K, (r(zsp)%)
o _[C_m P [r i+ (25;}):1': K, ((Zsp)é‘) @

= '?I:H(t) + Y11



In the above equation, %;; becomes as, by taking the integral contour as
Figure 1.

_ Lo 1 ey
L St Ry [ () 6 ()

1 rexp(pt) 1 1 o8 i
Tom /L p(2ep)? K, ((gsp)é) [ K, ((2 p) ) K, ((2 p) )] dp
1 e exp (—st) 1

| mi Joo (s)(225)% exp (— %) Ko ((265)F exp (—5))

<[ (e () 1 o ()] o

| 1 1
+_. 1 1
m J=r §exp (i6) (268 exp (16))? Ko ((2¢6 exp (i6))?)

X [%Kl ((265exp (39))%) - K (:f‘ (2ed exp (16'));—)] 7 exp (i6)d0

WL [ el L
mJs (= 3)(265)2 exp (F)Kt) ((255)%37{13 (%))

<[ (e ()~ it (2 -9

here ¢ is small enough as shown in Figure 1.
Here, the second integral of r.h.s. of the above equation becomes as

1 fr 1 1
lim——_

30 mi S §exp (if) (260 exp (i6))? Ko (266 exp (i6))?)
% [%Kl ((255 exp (39))%) - K, (r (2ed exp (363))5—)] 1 exp (i6)do

=

= p—

/5

Therefore, we have finally by using the relation between K, (z exp (:h 521))
and Jp,(z) and Y, (2);

~1(first term) = a1 !
:E ) / 288 (253) ) + Y¢ ((263)%)

x [Ja ((2es)?) {x (r@gsﬁ) R AC):
-Y, ((288)%) {Jl (r(2es);") - %Jl ((255)%)}1 ds

Let us consider the inverse Laplace transformation of the second term of

r.h.s. of ¥°.

ﬁ—l(é’l —Coy) = L./c-l.-ioo (él — Co) exp (pt)dp

21 £—100
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1 2 |

= = ———d
271 LpeXp(pt)'y+%Iog%°« P

2k 5 1 ;
21 L;p’)r-i—log%—k%log%ﬂ_%_glogs_i% p

=

vhere the integral contour L, is shown in Figure 2.
We here use the following relations;

1 2 1
el Uk ——d
2m/Lpexp(pt)7+%log% -
- Lfoo exp (—st) [ 1 B 1 ]ds
Comih s |y+ilgFt+ T y+zlgg -3
_ i/m exp (—st) ds
T2 Jo 8 1+$(7+%10g5_2§)2
= 2F21
and
1 f 2 1
— | —exp(pt) dp
e p v+ 3log s+ 3log (p+5) - § — 2log (5275)
- L/“’ exp (—st)
Com £ s
% - ds

[y + 3105 +3log (s —5) - 4 + £log (:275)] + 2
1 [e/2 exp (—st)

7 e |

" —2;3:1 d

. [’)’-l-%log%%—%log(%—s) —%-J—flog (cfgws)]2+?r2£;'
‘ -I-—I- ™ §1exp (i) de
mi J-x Sexp (i) y+ zlog § + Flog s — 1
2 % exp (—st)
7+10g§—§_/s,/z s

1

X d
[y + blog s + Llog (s— £) — 1+ tlog (=) + 2
_gfsﬁ exp (—st) ds
“% [+ flogs+ 3og (5 ) — § + 2log ()] + 725

= 2F22
Then, we have

,C"I(é _C ) _ i < exp (—St) ds 9
14+ 5 (y+3log3 g5 3

% exp (—st)

ef2 S
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1

d
e iogs+ g (o 5) - 1+ Hes () 4 %
2 re/2 exp (—st)
+—/ d
“0 [yt g+ d1og (5 - o) — 3+ 2log () + 5

Therefore, we can obtain the stream function in the real time Eq.(88).

4.4.2 For r*=0(1)

For this variable 7*, 1)° is given by

. b Ky (ep)) 1 | Co

1
‘ — - —sinpg — ——K 2p)zr* sin g
v P K, ((25p)%) r* (ggp)% 1(( ) )
1
| r* £z r* r* .
+§ {C}L—CO] 26;_"5;—5—%10g-7 sin @
1 P
B e et L
’ py+ 3log %
G = . 2
" Pl g (14 %) 5 {1+ Zhog (35)]

Here, we use the following relations

et [Kx((2e9)7) 1 1 11 1
™ P |Ko((2ep)f) epvY+3logR|  pepy+ilog P
and
&7 N Co [ L 1 ] 1Cyl
—K; ((2p)2r*) = Ki((2p)zr*) — oatad
(2¢6)2 (@) (2ep)? | (@) (2p)er=] et 2pr

We first consider the inverse Laplace transformation £~!. Changing the
integral contour to Figure 1 and taking § — 0, we have

et [l{KQ ((2611)':’) PR H
P | Ko ((2ep)%)  epy+3log 2
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1 § exp (—iw) & exp (im) oo exp (i) i
_ L ( / +f " )exp (pt)
2m1 coexp (—im) ] p

X{Kz((%p)?_l_i l1 zz}dp

exp (—1iw) 4 exp (im)

_ L/“ exp (—pt) [K?. ((25}3% P(—ETB 1 1 Jdp

epy+3log 27

% exp (—pt) | & ( (2ep)7 exp (%W)) 1 1 4
2?1'3 p Ky ( (2ep) %exp (,:—,rr)) EpY + %log Z+ % 3

1 /™ exp (dexp (10)t)
+27r£ /_ d exp (10)

K, ((QSP) %) 1 1 . .
X [Ko ((25;})%) e 77+ g2 J drexp (20)dé

p=4d exp (if)

L. el [Kz (2ep)texp (47))
p Ky ((QSp):i?exp (%ﬂ'))

- ~ )) + L i }dp
Ro(@lo (57)) " @+ e 17+ 2

) 11

S s e dé
) epy+ ;log 2

2mi J-

:l p=6 exp (if)

Here, we use the relation ; K3(2) = Ko(2) + 2K;(2). Then we have

g P {Kz((zep)f)+i 1 }

P | K, ((25;0) ) epy + 2log 2

1= eno [4 (Jo(X)Yi(X) = Ji(X)¥p(X))
o BB(X) + Y2(X)

1 T
o 2
P [y+Ltlog %] + 7

- LpreeCmial 1
~ 2n s P

7 2ep J§(X) + Y5 (X)
1 T

- d
6?1_2+[T+%10g?]2] P
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Thus, we have
L1 K (@ep)E) 1 1
L= A d ep~v 4 Llog &2

P | Ko ((2ep)?) ~ epy+3log 2

1 /°° exp (—pt) [ m
2me Jo p? ’L—z-f-(‘}’-{—%log%‘l)z
4 1 q

n BX) + Y (X)| 7

where X = (2ep)/2.
We next consider the following relation;

& [(zf;)% {KI (@) - (2;)% ?'1_*} }

1. ipepies ] exp (pt T 1 1
Tl Je—ico p(Zsp)z ¥+ Elog 3 (2p)2 r*

We take into account of the following asymptotic behavior as p — 0;
K ((2}))%?*) R~ . + (2"0)%?"* v + log (E) : + logr* — L
' (2p)%r* 2 2 & 2

Then, we have by changing the integral contour to L ;

< oo s (o)~ ot

1 " 1 [ [ exp(—pt) (m) 1
= ——7r — — —_——eX e -
ez 1 \Jo I *P\% o 1. ep m

p(2ep) =
& 5 log 5 5
o2
1 ?T3 o p ?) 1
X [Kl ((Zp)z exp (—?) r ) — __(2}?)% ;} dp
© exp(—pt) ) 1
Vo= IE .
o p(2p)* - L o 28 i B
¥ 5 log 5 o 5
i
I LA WA ("2‘) 1
: lK (entexn (5)) - W_] df’)

=5 [ | e (D) 4 (o) - 3% (emie)

1 1 1

T
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|
Thus, we arrive at Eq.(89).

4.4.3 For R
For this variable, 9° is given by

_—_.l_._—_— —S.
P K, ((25}))5) 2p|lR

]_ 2T co R 9
%/D d CXP(— 1 COS )

xay Ky ((1+ p)¥ R, ) sinflog ( L ) R1dR;df

The inverse transformation of the first term of r.h.s. of the above equation
1s given from section 4.4.2 by

r [s K, ((25}7)%) &, IJ
ol e
P K, ((2&}1)5) 2p

. /00 exp(—pt)[ 0y
e 2 2 2
T (D)

= 2

- 1
= 4
w3 (2=0)%) + ¢ ((2e0) f)l ’

Since o is given by Eq.(85), Fy(t) is given from section 4.4.1 :

1 ] 1 o | 831
Fgg(t) = —§£ (01) = —5.6 (m)

Further, we use the following relation;
LUK, (a(p—a)%) (p—af)% = E'.'3}':1)(-.f1ﬂf)- iexp —f
4 {2 4t

Then, we have

£t (421K (4 PR)) = hgrenn (-5 - 22

Therefore, we have
£ ok (4 )| = £ (e 75 (04 7R, )
R / € R?\ 1
— T — . [
= Fao s)exp( 23 = ds
Therefore, we can arrive at Eq.(90) by using the convolution.
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5 Aerodynamic Force

5.1 Drag coefficient of circular cylinder

The drag coefficient is obtained from Eq.(98). This equation is derived by
substituting Eq.(96) into Eq.(95).

. K, ((2ep
CD ~ 4_71- edl + ._2.,£(_
Re Ko ((25P

o S
[T B[
S
N —
+
"
S| o
\...______/

w|--
x| =
P P
~— _—
] ]
n U]
=3 |
S o
B[ I
g

+

t

| SRS |

Putting z = (2ep)!/2, we have

> 4_?1' c ~ $I{2($) —+ 2K1(.7:)

Re [ e D) ]
47 e zKo(z) + 2K1(z) + 2K, (z)
- E‘e[”c“ Fole) l

- ghvero - Se 2ot

where we used the relation; Kj(z) = Ko(z) + (2/2) K, (z). Here C is given
by

« 2 1 1
B P!’H%log%“ 7+log £ +  log 2= —-{ﬂogmﬁl}J

Thus, we have

1 c+ico .
On = -2-%/6_1_00 exp (pt)Cpdp
1 [fetico 6 L 4Ki(2)
8 — 2 t) |12 d
271'3'_];400 frexp(p)[ o :z;Ko( ) ¥
= 27 25(f)+g fz—fg +4fl
&
where
(1= ek (o)),
! 271 Je—ico (25}))% K, ((25‘0);_)
% c+1ico t
12 — Q_ir_z/- % CX{) (p )e—pdp
¥+ Elog 5>
i ctico |
I = zi/ » e 1. 2 ixf(p? % 2 ip
T Je—1co P p
o= 4 = e LB
it 0g2-|-210g 2{€Iog€+2p+1}
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5.1.1

In the actual numerical calculation of these terms, I; (i=1,2,3), we have to
take into account of the asymptotic behavior of integrand carefully.

f- L/c+£m exp (pt) K, ((25;})%)
I 2mi Jeico (2ep)? Ko ((2519);‘)

We can change the integral contour to L as shown in Figure 1. Then, we
have

. _ 1 [ exp(pt) K ((2ep))
- 2"”‘/14 (26p)7 Ko ((2¢p)?) dp

B /W[ exp —st) K ((253)
T om 265)7 exp ”) Ky ((2 s)

_ exp(—st) K, ((253)
(255)% exp (— ?21) Ky ((255) exp (— %)

Here, we change the integral variable as z? = 2¢s. Then we have
. __1_/00 [exp (—g;t) K; (mexp (%}))
T 2m iz K, (m exp (ﬂ))

o2 (-&1) K1 (zexp ("E))}gdx

o K, (mexp (—3“)) &
I T _2, (xexP( ))+K1(xexp( %)) d
- 2«5/0 ( Re) ) Ko (:'.:exp (__275))

(
We here use the relation: Jo(z)Y;(z)— ( )Yo(z) = —2/(wz). Then we have

T

mE Jo

| - 1 ig 4 d
L = mE Jo exp Re ’frir(%fg(@'l'%z(x)) !

We consider the asymptotic behavior of integrand for z — 0 :

(integrand) 2 P ( 2’ t) . g
in A —exp|——t]|=
T Re x1+%(10g§+7)2

For z — oo, we have

1 1 1
T !Jg(a:)-%}’bz(x) 1~f—;45(log=2"5+7)2}
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T 1

Hence, we arrive at

fl = 71'2R8/ exp (——t)
o 1 1 1 T d
= = - —|dz
o \BE+YE) 144 (logztn)) 2

-!-2 2/mex ﬁt l ! d:z:—l—( 1 )_
72 Re Jo ¢ Re xl-}-%(log‘%—]—*yy wtRe

In the actual calculation of this equation, the integral region is divided by
small regions and integration formula of Gaussian type is used for these small
integral regions.

5.1.2 I

The integral contour of I, given by the following equation is also changed
into L as shown in Figure 1.

i 1 ctico | t
fm i oLl
c—ico Py + 3 log P

2w

We first consider the following integral Iog;

1 fetico exp (pt)
o= [ 2R
0= 2?’[’3 c—100 ’T+11085p P
Then, we have
[ exp (pt)
B = el
2mi JL v+ 5log
_ /00 exp (—st) exp (—st) d
T om 'y—f— llog L+lr y+llgs — i s

_ ] (—st)
2 ,.){+ 10g ss) +EE

00 exp st)
= 2 ?Tz / dS

ds

,.Y _!_ ].Og 85)
Here, we change the integral variable to z by z? = 2es:
8 4 /oo T exp (—}%t) q
7 r2Re Jo ’

l+ﬁ%(’y+log§)2

37



From this equation, we have

Py t
B o /Iggtdt

- frzRe ./00

4 foo l—exp t)

’r + log

) ]Di exp (—;—11&) didz

= -dz
B [14—#2 (*H—log 2)2]
5.1.3 I
For I3, the similar procedure is used:
i — 1 fﬁ‘w 1 exp (pt)
27 Je-ico Py +log £ + log 22t — %{%Elog =+ 1}

Here, we define I3, as follows

j e — / ot exp (pt) dn
2mi Jemioo y+log § + flog 2282 — L{Z]og 22 11}

Then, changing the integral contour, as shown in Figure 2, we arrive at

= L / exp (pt) dp
274 Jr; Yd-logs 4 2 L 7i0g < ipte _ {Zp log zpie + 1}
1 oo exp (—st) _d
. s
2 Jey2 [’?’ +logf+1 log - { =2 1o O 2= 2 =i 1}] + 5
s exp (—st
. exp (—st) de

O Tt e RO

Using the following relation;

~ t
13=/0 Iao(t)df

we finally arrive at, by putting s = 22/(2¢);

5 1 [ exp(—st)—1
L = o] S8
2 €/2 —S
ds
X

[7+—10g6—10g2+110g(25—s) { =2t Jog ;2 +1}] +ﬁ
+[) 2 —s(exp(—st) —1)

SE

ds
[7+log%+loge+%log5—'f—s——{ =2 Jog 2 2_9-}-1}] (£)27r2

X
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= /oo : (1 — exp (—E—it))
dz
X p
1+ % [ log == %1 iy log %}
4 1—exp ~——t
+——2/0 i— ( ) e
1+ 55 [y + 3 log 232 + Flog 727 — 1]
5.2 (C}

To obtain the asymptotic solution of Cp for ¢ — 0, we consider the asymp-
totic behavior of Cp for p — co. Cp is given by

Cp = % [»s {’1 + %%} + 25%8 + é] (5.1)
where
z = (2p)?
5 _ g[ 1 1 }
ply+ilog2 'y +log £ + Llog 2te {zplogs_l_zp-f-l}

We use the following relations by using the relation Kj(z) = (dKo(z))/(dz):
Ka(z) 2 Ki(a)
Ko(z) z Ko(z)

Lk

e {a: (QI{O(x) % %Kl(az))

zKo(z) T zKo(z
4
— —K
2+ .’L‘Kg(ﬂ?) 1(3:)
4 Ky(z)
z Ko(z)
e Ki(z) 111
oz
VR O, s o
Ko(z) 2z T 8 x* 4T =0

Then, we arrive at for z — oo

KQ(.’E) 3.2 2 1{1( )

I(g(ﬁ) xKo(w)

4 2 1

R 2+ -+5--
T z

1+

1
2 x3

C* is defined as Cp for p — o0, Then, from the above relation we have

*

; ~4W{e(2+ IR )+C}
B Re (25;})%’ 2ep 2(25}9)%

39




By the inverse transformation of this relation to real time space, we have
0p = £7%46)
4T
= —¢|24() +
e ) () ()}
1 1 2, -
—t7 4+ L7 (C }
3 (25) Tz ( )
where H(t) is Heaviside function.

4 1 2
—1t5 H(f)

5.2.1 £ (C)
C is given by
~ 2 1
g = —[—“ﬁ
ply+3log ¥
1 |
fy-}-log%—l—%logg? {—Elogs+2p+l}

B 2[ 1
~ ply+iled

_ ! J
7+logs+3log 2+ 1log (1+ £) +1%log 1+ £) - &

We use the following relations:

1 £ 12p € 1
i 1l 20 2 - B
2I°g(+2p)+251°g(1+2p) 5

1 11 1
1 ¥ 1

=g log(1+:':)+;10g(l+a:)—1]
i) 2 g8 r z°

v cle-T 4T 12T
2P "2 T3t Tt IJ

~ l- _.E_I_. ] .];w

~ 9l*T 3 4

where z = ¢/(2p). Then, we have

éz%[l,,_H J
p

A A+iz
-3z
A A 4A
N gx _i 1 €
- p4ﬁz_2p(7+%1og§)25
£ 1

4 (v+ tog 2)”

Q
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where A is given by
A=y+ llo =
=T g E
To obtain the inverse transformation of the above equation, we first con-

sider the following inverse transformation:

_ 1
o . e
(‘}’-f- 2 log ‘22)
L peties exp(pt)
%-/c\—zoo 11 £p de
(v+3108%)
1 exp(pt)
= el vl
(')/+ 5 log 2)

= ]000 exp (—st)

v+ %120362_3
|G+ 4og %) = 2] 47 [y + 11og 2]’

1 foo
= —f exp (—z)
tJo
7+ 3log £ — Llogt

X
[(7+ 3108 %~ Hog )’ —%3] [+ Hlog § — Jlogi]

ds

dz

Therefore, we have as t < 1:

£ 1 S| =~ N T —zlogt /mexp( —z)d when t < 1
(7+%log523) t( logt ¥
8 1
t (= log?)®
Here, the integral contour L is shown in Figure 1.
Using this relation, we have

oy id 1 . ds
p(’r-f-glog%?) 0 s(—logs)

We put z = —log s, then we have

1 1
p(’r+%log§22)2
—logt —
~ 8[ s —exp(~2)

exp (—z)z3

£—1

Putting = — log s, we have

1 1 = 00
1|l |~ 8/ %d$ = [_4i] - __4_2
p( EE) —logt T g% —logt (— log t)

7+ 3log3



Therefore, we have

1 1 t ds
B ~ 4/ ErE—
[pz (’Y + Llog 5})2} o (—logs)*
—logt T
[ e,

fa]
~

ex —:If
=S 4/ p
logt

From these relations, we finally arrive at Eq.(100):
Cp = £7[Cp)
4 1 2 1 (t\7 [~ exp(—a)
~ om |26(0) + ——L Ht—-——(—) P2 4
?Tl: ()+R85( )% Re () Re% = +~[—logt 23 l‘}

6 Numerical results

6.1 Derivation of Cp ~ %‘”m £ Tl i o odadad )

This equation is derived for R, < 1 and ¢ — oco. Let us consider the first term
of r.h.s. of ;. Changing the integral variable by z = dy where § = (R, /t)1/2,

we have

ie 22 g il 1
(1st term of I;) = FR,B]o exp( y)[y(Jg(c?y)—i-Y?(rfy)
1 T

i + 7%(’](+log§§)_

Since Yo(by) = 2 (7 + log ‘sg—y) Jo(6y) + O(6%y?), we see

4 oy\?
J5000) + X5 000) = 14 5 (v +1og )+ 05t
Taking into account of R, < 1 and t — oo, that is, § < 1, we easily see

(1st term of I;) = O(6)

Since the second term of r.h.s. of [ is zero for ¢ — o0, we consider the
terms of 4 x (3rd term of r.h.s. of [;) + Iz

5 2 i
(4 X (3rd term of r.h.s. of L)+ —Ig)
€
16 1 o :‘L_ 1
ﬂ'R $1+ﬂ‘?—2(7+10g§)

sdz
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This integral is obtained by replacing z = 2 exp(—y + o)

(4X(3rdtermofrhs of I) + § )

81 1
?'rR,.3 —o 1+ 32

8
dy = —
¥ R,

The second term of r.h.s. of I3 is given by

(2nd term of r.h.s. of fg)
1 Re 3 ?sz4
= [v(-eo ()15
R. 1 1 2
+(7 + log 7 3 + y*logy + 5(1 —y*)log(1 - yg)) ]dy

IS e
~ oy(fy-f*log‘%i—%)zy
LI S—

My B—g)

The first term of r.h.s. of I5 is given by changing the integral variable z
to %—y:

Q

(1st term of r.h.s. of f3)
2

- - ()15

m I 1 2 y y 2
+(7+logr—§—§log(y —1)+ =log ) ]dy

Here we use the following relation;

2
log(y? — 1) + y* log —~ -~ 2logy +1 fory — oo
y ————

Then, we have

(1st term of r.h.s. of fg)

1 dy 1
=) ym B ims) 11 E)
yr+(7+10g4+10gy) (7+10g4)
Replacing y by y = exp(X — v — log &), we have
(1st term of r.h.s. of [3)

1
f+iog&X2 = 7 + log &=

We note that R, is assumed to be very small, that is, ¥+ log & is large neg-

ative. Therefore, terms derived from the 3rd term of I; plus fg are canceled
and we can obta.in the present result for ¢ — co and small R..
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Figure 2: Integral Contour L,
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