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Appendix A. Fluid parameters for an X = 0.0122 superfluid mixture

To be able to calculate the Prandtl number and Rayleigh number for fluids undergoing
superfluid mixture convection, we require several thermodynamic and hydrodynamic
quantities measured from Ty to about 0.4 K. Here we collect in one place and tabulate
the needed data (Metcalfe 1991).

A.1. Needed parameters
The Rayleigh and Prandtl numbers are defined for superfluid mixtures as

VXets
Vn Vp
Pr= = 5 A2
= 2 (6Cpn) (A2)

We measure AT and d directly, but in order to construct these dimensionless numbers
and the vertical thermal diffusion time 7,, we need to know the remaining thermo-
hydrodynamic quantities. Cp ,, and ap ,, are not the standard specific heat and expan-
sion coefficient and are not directly measured—they are both at constant *He chemical
potential—but can be easily related to measured quantities. In this appendix we first
calculate these relations and then tabulate all data needed to construct Ra and Pr for
the temperature range 0.4-2.15 K.

Most of the notation in this appendix has been defined in §1. Graphs appear in text
near where the data is discussed, but data tables are grouped at the end of this appendix.
Unless otherwise noted, parameters are for an X = 0.0122 superfluid mixture.

A2. Gy, and ap y,

The specific heat/mass at constant *He chemical potential and pressure is defined (Fetter
1982) as

Gyius =T [%Q]M (A3)

and requires a thermodynamic change of variables to eliminate uy. Lowercase s is the
entropy per mass, and s/c is the entropy per *He mass. Expanding the derivative, we
find that

Cp,ue =T (8s/8T), ,, = (T's/c) (3c/0T) (A4)
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The second term can be written as a ratio of derivatives of u4 with respect to T and ec.
Fetter (1982) parameterizes this ratio via the constant 4. 7 is the constant of proportion-
ality between the temperature and concentration fields under the condition Vus = pg,
i.e. the condition of the *He chemical potential not deviating from its equilibrium profile.
For a dilute mixture
_ T (Ouaf0T)ey _ ., 5
¢ (Op4/Oe)Tp kpe
where s4 is the entropy/gram of pure *He and kg is Boltzmann’s constant. Figure 16
shows ¥ with s4 taken from the tables of Brooks and Donnelly (BD) (1977). The dashed
line is v = 1. Note that above about 1 K, « rises rapidly above 1 as s4 increases.
The first term of Equation A 4 can be transformed by, for instance, Jacobians (Callen
1960) from the variables (T, p14) to (T, c¢). With that transformation

; (A5)

Cpuua = Cpe+7 [s = c(35/80)r, |, (a6)

but the quantity measured and tabulated is S, the entropy per mole. The entropy per
mole and per mass are related by S = sM, where M = Xm3z + (1 — X)my is the mass
per mole. Finally we find that

maCp = Cpix +7| (1) 5 - X (850X, (A7)

Equation A 7 is valid for a dilute solution. Cp ,, remains the specific heat per mass, but
Cp x is the specific heat per mole.
In similar fashion the expansion coefficient is transformed to

c
e = O, x = P (A8)

where 8. = —p~*(8p/8¢)p,T-
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A.3. Tabulations

We chose to represent all data with cubic B-splines (deBoor 1978) that provide a best
fit to the data in a least-squares sense. As has been previously pointed out by Donnelly
(Barenghi et al. 1981; Donnelly et al. 1981), splines are well suited to representing
thermodynamic data in the presence of phase transitions. This is because splines, unlike
other smooth functions (polynomials for example), allow the analyst complete control
of the poini-wise smoothness of the spline. This is accomplished through the placement
of coincident knots. For example, with a cubic spline if we place 3 knots at T3, then
the function’s first derivative will jump at T but the the function will retain continuity
through the 2nd derivative at all other points. Being interested here only in the superfluid
phase (for superfluid mixture convection), we do not take full advantage of this property.

A Fortran program to reproduce the tabulated data for any temperature in the range
0.4 < T < 2.15 is available from the authors on request. The workhorses in our program
are the routines that calculate the splines: SPFIT, SCOMP, and SEVAL from the Naval Sur-
face Warfare Center Mathematical Subroutine Library (Morris 1990). Knot placement
follows the simple scheme of de Boor (1978, p. 219), and no attempt was made to find
a minimum or optimal number of knots. In this appendix the solid curves in graphs are
spline fits and points are data. Generally, the absolute deviation of the spline from the
data is a few tenths of a percent with maximum deviations of at most a few percent. In
every case the spline deviation is well within the data’s accuracy.

A.3.1. density

For use with viscosity measurements, Howald (1991) has fit Kierstead’s (1976) data for
the density of helium mixtures in the 7-X plane. The density of the fluid is measured
capacitatively to 0.001% through changes in the dielectric constant (Kierstead 1976).
The density of the mixture is shown as the top line in Figure 17 and on an expanded
scale in the inset figure. Howald’s fit covers 0.95 < T' < 4 K. Below this range we use
density data based on the molar volume v,, measurements of Kerr & Taylor (1964) of
pure “He. Data on vy, from Ifft et al. [shown as Figure 10 of Ebner & Edwards (1971)]
and Kakizaki & Satoh (1976) show that X = 0.04 mixtures differ in v,, by only 1%
from pure *He over the entire temperature range of interest here, and of course that
difference decreases with X. However, the densities from Kerr & Taylor were multiplied
by 0.996968 to exactly match Howald’s fit of Kierstead’s data at 0.95 K.

Since the term representing momentum diffusion in Pr is the “normal” kinematic
viscosity, we also need the normal fluid density p,. Sobolov et al. (Grigor’ev et al. 1967;
Sobolov & Esel’son 1971) have measured p, for a variety of concentrations, and Howald
(1991) has fit the Sobolov data over the T-X plane. Below 0.95 K we took

Pn = ngm” + ppo, (A9)
where p,, is the normal density of pure *He, ng is the number density of 3He atoms, and
m* is the effective mass of a 3He quasiparticle. Ebner and Edwards (1971) show that
_ NaXpmg
S

n

(a+b5T) + pro (A 10)

for a dilute solution, where m* = mg(a+bT) and a and b are calculable in principle but,
in fact are experimentally determined, and N4 is Avagadro’s number. Brubaker’s et al.
measurements of m* [shown as Figure 21 of Ebner & Edwards (1971)] give ¢ = 2.214
and b = 0.914 to about 1.5%, but only below 0.6 K; we assume it is valid to extend the
relation to higher temperatures. We multiplied Equation A 10 by 0.908 to make it match
up smoothly at 0.95 K with Howald’s fit of the Sobolov data. The BD tables supply pno.



4 Metcalfe & Behringer

0‘15 T I T T T T I T I I T I 1 1 I T I T I
i _l | TTTT I | B D I T T 1171 I T L i
__ 0.1 _0.1448_— ™ ]
£ i i ] i
o 0.1446 |- =}
g L - . i
E L 4
> [ 0.1444 - g
) i i
= i |
@ i i
[1¥] - -
Fc’.0‘('_:,5 | 0.1442 » 7 ]
| 1 | | | l | | | | | | [ _
0.5 1 1.5 2
0 1 T i I N 1 L | 1 1
0.5 1 1.5 2

T [X]
Fi1GURE 17. The top curve is the total fluid density p, which is also shown in the inset on an

expanded density scale. The lower curve is the normal fluid density p,. For comparison the
dotted line shows the superfluid density ps = p — pn.

Pn is the lower curve in Figure 17. For comparison the dotted line in the figure shows
the superfluid density p, = p— p,.

Figure 18 shows various expansion coefficients. ap x (= —p~! (9p/3T), x) is a deriva-
tive of the spline, so it is as accurate as the data for p. 8. (= —p~1 (9p/ BC)T. x) comes
from writing the density (Ebner & Edwards 1971; Lucas & Tyler 1977) as

_ Xmg+(1=X)my
T wv(l+aX)

and differentiating. vy is the molar volume of pure *He and « scales the increase in molar
volume from adding *He atoms into solution. Ebner & Edwards (1971) give a table of
from (-1 K based on data and theory. A fit to their values for zero concentration gives
a = 0.284 — 0.032T to an accuracy of about 2%. We assume that it is valid to extend
this relation for a above 1 K. With a; x, A, and v in hand, we show a; ,, at the top of
Figure 18.

A 3.2. specific heat

Equation A 7 relates C, ,, to the entropy, its derivatives in X and T, and the entropy
of pure *He. To obtain Cp x, we have interpolated between de Bruyn Ouboter et al.’s
(1960) measurements of C, x for X = 0.0466 and the tabulation by BD of C, for pure

(A11)
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FIGURE 18. Various expansion coefficients as defined in the text.

“He. Since the Ouboter data becomes unsuitable for interpolation above 2.105 K (7} for
X = 0.0466), we extend the Ouboter curve to 2.15 K by extrapolating a straight line
using the slope at 2.082 K. The data of Ouboter and BD and the interpolated C; x are
shown in Figure 19. Integration of C, x then produces the entropy S. The integration
constant was chosen based on the data in Zhong’s dissertation (1989, pp. 153-155) to
be S = 4.75 J/moleK at T' = 2.0 K. The derivative (8S/8X), r was differenced from S
and S;.

Figure 20 shows Cjp ,,. The inset figure shows the ratio of Cp x to Cp ,,. This ratio
gives some feel for how much of the thermal “mass” is due to classical thermal modes.
Note that below 1 K, C; ,, is almost entirely due to Cp x, but as T — T), small
differences in X cause large changes in the entropy for dilute mixtures: most of Cp 4, is
then from (85/8X), 1.

A.3.3. wiscosity

Using an oscillating disk viscometer (Howald 1991; Agosta et al. 1987), Howald &
Meyer were kind enough to measure the shear viscosity 5 of an extra portion of our
sample mixture with an absolute accuracy of 2%. (The viscosity and density are for an
X = 0.0119 mixture because some of the He adsorbs onto the activated charcoal in liquid
nitrogen traps when the mixture is condensed into the viscometer. For our purposes, we
ignore this small concentration change.) From 9, p and p,,, we are able to tabulate the
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FIGURE 19. Entropy and its derivatives with respect to T and X. In part (a) the top curve is
X =0.0466. The open square is a calculated point from Radebaugh (1967). The bottom curve
is for pure *He. The middle curve is the interpolation for X = 0.0122. The inset shows Cp,x
on an expanded scale at lower temperatures. In part (b) the lower curve shows the entropy for
pure *He. The derivative in part (c) is differenced from the two curves in part (b).

regular and “normal” kinematic viscosities for use in Ra and Pr. The upper curve in
Figure 21 shows v, while the lower line shows v. They are related by v = (pa/p)va. The
three lowest temperature points are from Kuenhold et al. (1972), who used flow through
fine capillaries to measure n for an X = 0.013 mixture. The Kuenhold et al. data have
been multiplied by 1.659 in order to make them match Howald’s. This factor was chosen
by extending a line with the slope of Howald’s data at 1 K to 0.6 K and forcing Kuenhold
et al.’s data to match this line at 0.6 K. This is an unsatisfactory procedure, but the
unchanged data is shown in Figure 21 as open circles, and it is hard to believe that 5
really changes so sharply as to make these data sets match. We chose to believe the data
of Howald & Meyer. On the other hand, the lowest temperature for which data is needed
is defined by the minimum in Pr(T), which is about 0.6 K (figure 2). We may point
out that, if we do take v, to be lower, more in accord with the Kuenhold et al. data,
then the minimum Prandtl number will be lowered by this factor of 1.6, broadening the
available Prandtl number range of superfluid mixtures even further. We also note that
in the experiments reported in these papers 0.8 K was the lowest temperature used.

A34. conductivity
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FiGURE 20. Specific heat at constant *He chemical potential. The inset shows the ratio
Cp.x/Cp,us-
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FIGURE 21. The top curve is “normal” kinematic viscosity vn. The bottom line is standard
kinematic viscosity ¥ = (pn/p)¥n. The open circles are unnormalized data from (Kuenhold et
al. 1972), as discussed in the text.

Shown in Figure 22 are conductivity data for several dilute superfluid mixtures. The
solid circles and triangles are from Murphy & Meyer (private communication) of Duke
University and are part of an ongoing program to measure the conductivity of 3He-*He
mixtures (Tuttle 1991). These data have about 1% accuracy. The solid squares are
from the Los Alamos group (Hauke 1987) and have 3% accuracy. The open squares are
the data of Ptukha (1961) and are accurate to about 10%. Our own data for several
temperatures and many cell heights are shown as crosses in Figure 22. We have already
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FIGURE 22. Effective conductivity of several dilute superfluid mixtures. The solid line is an
estimate for X = 1.22% interpolating between the 0.94% and 1.46% mixtures.

discussed in §2.5 the corrections applied to the measured conductance in order to obtain
Keys. At a given temperature we determine «.;; for any number of cell heights. Our
statistical error for C; at a given height is less than 1%. It is evident that the error
associated with differing heights is larger but still less than 5%. However, the absolute
accuracy of our determinations of k.;; must be in error by about 10%, judging from
the more accurate measurements of Murphy & Meyer, although, the shape of the curve
seems to be correct. We believe this inaccuracy reflects our imprecise knowledge of the
heat flux carried by our cell walls. The maximum in &.;; near 0.7 K accounts for the Pr
minimum seen in Figure 2.

For the purpose of calculation, we decreased the data of Murphy and Meyer by 3%
and increased that of Los Alamos by a like amount to piece together the solid line in
Figure 22. The line gives k.s; from 0.4 to 2.15 K to about 3% accuracy.

A.3.5. derived parameters

Our main aim in this appendix has been to calculate Ra, Prand 7,. Figure 23 shows
the combination vx.sys/ |ap,u,| g, which scales d®AT in Ra. Figure 24 shows x.s; from
which we can construct the time scale 7, for any given cell height. The inset to Figure 24
shows 7, assuming a 1 cm tall cell. Figure 2 shows Pr for the X = 0.0122 mixture along
with Prfor pure “He and two other dilute mixtures used by the Los Alamos group. For



Convection in 3 He-superfluid-* He miztures. Part I. 9

| LA AL S S R S S S

]
4

1078 |

10 3

13 el

em? K]

1077 L

T
y il

0 |

VXatt /_lﬂm.] e[

-

(=]

[3
TTTT
i

10-1°
Bx10™"

T

S ST WA SN TN AN NS AN TN TN SN SR S S TR MY T =

0.5 1 15 2z
T [K]

FIGURE 23. Semilog plot of the parameter group scaling d*AT in the Rayleigh number as a
function of temperature. This is also TA; (Metcalfe & Behringer 1991; Metcalfe 1991).
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FIGURE 24. The effective thermal diffusivity. The inset shows x:ij or the vertical thermal
diffusion time 7, calculated assuming a 1 cm tall cell.

the X = 0.0122 mixture, Figure 2 shows the complete, and astoundingly large, range
0.04 < Pr< 1.5.
A.4. Tables

Tables 2—4 are evaluations at 0.1 degree intervals from 0.4 to 2.1 K of the splines repre-
senting the data discussed above.
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T s Cox (05/0X)rx  Cpni

K J/moleK J/moleK  J/moleK  J/moleK

0.4 4.188e-01 1.336e-01 3.419e401 1.340e-01

0.5 4.494e-01 1.394e-01 3.657e+01 1.412e-01

0.6 4.753e-01 1.465e-01  3.850e+01 1.509e-01

0.7 4.991e-01 1.678e-01 4.012e+01 1.768e-01

0.8 5.246e-01 2.221e-01 4.162e+01 2.400e-01

0.9 5.570e-01  3.425e-01 4.300e+01 3.835e-01

1.0 6.036e-01  5.629e-01 4.434e+01 6.627e-01

1.1  6.728e-01  9.258e-01 4.560e+01  1.177e+4-00
1.2  7.752e-01 1.489e+00  4.667e+01  2.121e+00
1.3  9.230e-01 2.309¢4+00  4.763e+01  3.836e+00
1.4 1.131e+00 3.451e+00  4.883e+01  6.899e+00
1.5 1.416e+00 4.926e+00  5.081e+01  1.218e+01
1.6 1.797e+00 6.841e+00  5.387e+01  2.122e401
1.7 2.296e+00 9.326e+00  5.808e+01  3.662e+01
1.8 2.937e+00 1.253e+01  6.353e+01  6.237e+01
1.9 3.745e+00 1.686e+01  7.005e+01  1.050e+02
2.0 4.750e+00 2.272e+01  7.756e+01  1.742e+402
2.1 5.982¢+00 3.051e4+01  8.613e+01  2.836e402

TABLE 2. Thermodynamic data for an X = 0.0122 superfluid mixture.

T P Pn Op,X Be Cp,py

K gm/cm® gm/cm?® — K™?!

0.4 1.442e-01 2.723e-03 8.812e-05 6.948e-01 -1.581e-02
0.5 1.442e-01 2.747e-03 1.631e-04 6.905e-01 -1.267e-02
0.6 1.442e-01 2.854e-03 2.409e-04 6.863e-01 -1.065e-02
0.7 1441e-01 2.849e-03 3.215e-04 6.820e-01 -9.316e-03
0.8 1.441e-01 2.863e-03 4.048¢-04 6.778e-01 -8.537e-03
0.9 1441e-01 3.110e-03 4.909e-04 6.736e-01 -8.483e-03
1.0 1.441e-01 3.795e-03 5.392e-04 6.693e-01 -9.352e-03
1.1 1.441e-01 5.054e-03 3.690e-04 6.651e-01 -1.157e-02
1.2 1.441e-01 7.203e-03 -4.107e-05 6.608e-01 -1.545e-02
1.3 1.441e-01 1.032e-02 -6.984e-04 6.566e-01 -2.117e-02
1.4 1.441e-01 1.416e-02 -1.616e-03 6.524e-01 -2.881e-02
1.5 1.442e-01 1.949e-02 -3.157e-03 6.481le-01 -3.876e-02
1.6 1.442e-01 2.679e-02 -5.355e-03 6.439e-01 -5.128e-02
1.7 1.443e-01 3.558e-02 -6.849e-03 6.396e-01 -6.532¢-02
1.8 1.444e-01 4.784e-02 -7.334e-03 6.354e-01 -8.088e-02
1.9 1.445e-01 6.466e-02 -7.822¢-03 6.311e-01 -9.935e-02
2.0 1.447e-01 8.571e-02 -1.088e-02 6.269e-01 -1.237e-01
2.1 1.449e-01 1.144e-01 -1.664e-02 6.227e-01 -1.541e-01

TABLE 3. More thermodynamic data for an X = 0.0122 superfluid mixture.
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T Vn Keff Xeff Pr VXe,f!/I&p,#4|g
K com?/sec mW/cmK cm?/sec — em®K
0.4 1.611E-02 1.330e+00 2.754e-01 5.851e-02 5.405e-06
0.5 1.503E-02 1.668e+00 3.276e-01 4.586e-02 7.549e-06
0.6 1401E-02 1.874e+00 3.446e-01 4.065e-02 9.150e-06
0.7 1.253E-02 1.786e+00 2.804e-01 4.468e-02 7.599e-06
0.8 1.035E-02 1.534e+00 1.774e-01 5.833e-02 4.357e-06
0.9 7.908E-03 1.244e+00 9.005e-02 8.782-02 1.847e-06
1.0 5.T4TE-03 9.810e-01 4.108e-02  1.399e-01 6.779e-07
1.1 3.805E-03 7.934e-01 1.871e-02 2.034e-01 2.200e-07
1.2 2.232E-03 6.929¢-01 9.066e-03 2.462e-01 6.675e-08
1.3 1.388E-03 6.537e-01 4.730e-03 2.935e-01 2.265e-08
1.4 9.680E-04 6.500e-01 2.615e-03 3.702e-01 8.804e-09
1.5 6.811E-04 6.765e-01 1.542e-03 4.418e-01 3.734e-09
1.6 4.778E-04 T7.351e-01 9.606e-04 4.974e-01 1.695e-09
1.7 3.689E-04 8.193e-01 6.201e-04 5.948e-01 8.802e-10
1.8 2.730E-04 9.213e-01 4.091e-04 6.673e-01 4.665e-10
1.9 2.055E-04 1.029e+00 2.711e-04 7.581e-01 2.558e-10
2.0 1.748E-04 1.142e+00 1.813e-04 9.643e-01 1.549e-10
2.1 1.650E-04 1.236e+00 1.203e-04 1.371e+00 1.037e-10

TABLE 4. Hydrodynamic data for an X = 0.0122 superfluid mixture.
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