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O =Orpz at T=Ry; (2.12¢-g)

ol, |
I'y: vo,=—2= 0.r=—ys Onm=0 at r=R,;
2 2= 5" Om2 lo2 192 2 @.12h )
2
QQi:%(l_Ci)_%%%ls i=12
i i 90 2.12k)

where o and o are the interfacial tension at the boundary I’y and the surface
tension at the boundary I'y, respectively.

We represent the perturbations of the boundaries in the form of Fourier series

==

¢ = LIG0) + 2 [anl(t)sin nQ + byy(t) cosn(p] )

2 L (2.13a)
Ly 30%+ g{ [ano(t)sinng + by,(t)cosng] . (2.13b)
From (2.12a), by using (2.9a) we arrive at

A R EA, RETEA: Re™ 1AL fi(Rpn) =0, (2.14a)
f,(Re:1)=InRg, f1(Ren)=Rg™, n22. (2.14b.c)
Here and hereinafter we use the notation

Agn = AnConts Asn = ApCants Asn = AnCani s (2.15a-c)
Dyn=DpConzs D3y =D;Cspg, Dy =Dy Cypo- (2.15d-f)
From (2.12b), by using (2.9b) we arrive at

(n+2)ARE +0A, R —nA5 RV 1+ A4 f5(Rg,n) =0, (2.16a)
f5(Rp, 1) =InRy+1, f5(Ry,n)=(-n+ 2)R6““, n=2. (2.16b,c)

In addition, here and hereinafter there are the relations obtainable from (2.14a),
(2.15) and (2.16a) by replacing bn1, bna, An, Azn, Azn, Agn, Dp, Dap, D3p, and Dyy
with an1, ang, By, B2n, B3n, Ban, En, E2n, Eap, and Eap, respectively; henceforth we
refer to these as the compelementary relations.
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Using (2.9¢), (2.12c,h,d) and (2.13) we obtain for n=0
bo1 = bo1o,  bo2 = bo2o (2.17a,b)

(here and hereinafter the additionial subscript 0 stands for t= 0), whereas for n> 1:

1 db P .
——— = A+ Ay R+ A3 RIZ 24 Ay f3(Rp,n) (2.18a)
an dt

1 db , o
———22=D_+D,,R;* + D3, R;™ 2+ Dy, f3(Ry,0), (2.18b)
HR2 dt

1 db _ o
— nl = D]‘l + Danl 2 + D3nR1 202 + D4nf3(R13 n) » (2-180)
an d[
f3(Ri.1) = RZ2InR,, f3(Rp.n)=RZ", n22. (2.18d,e)

and the corresponding complemeéntary relations.
For n>1 condition (2.12¢) yields

A (n+2)+nA, R1Z— A3, R{ 2" 24+ Ay f4(Ryn)

L, s (2.19a)
= Dn(n + 2) + nDanl = I]D3an ey D4nf4(RLn),

f,(R;,1) = R{2(InR, +1), f,(R,n)=R{>(-n+2), n>2 (2.19b,¢)

and the corresponding complementary relation.

With the aid of (2.121,k), (2.11a) for 642 and (2.13b) we find that K; =
(02/R2)(1- bgpo/2) and for n > 1 we have

W,[D, RY(—2n—4+2n%)+ D, R3%(2n%-2n)

+D3 R;"%(—2n% - 2n) + Dy f5(Ry,0)] = %(1 —ndb_,, (2.20a)
2

fs(Rpl) = 4Ry, fsRp,n)=Ry"4-2n—-2n%), n=22 (2.20b)

with the corresponding complementary relation.

Similarly, using (2.12f k). we find that K; = (0t1/R1)(1-bg10/2) + (02/R3)(1-
bo20/2), and for n=>1
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WA R}-2n-4+2n%)+A, RF%(2n%-2n)
+A3,R7™ 4 (=2n% - 2n) + A 4 f5(Ry,1)]
= Wo[D, R} (—2n -4 +2n%)+ D, RI2(2n% - 2n)

o . o
+D3, Ry 2(=2n% - 2n) + Dy, f5(R;,1)] +El(1 —1n%)by, 2.21)
1

with the corresponding complemantary relation.
For n>1 condition (2.12j) yields
D,R5(-2n*-2n) + D, R} "*(~2n%+2n) + D3, R;™ %(-2n? - 2n)

+D4nR§“(—2n2 +2n)=0 (2.22)

with the corresponding complementary relation.

Condition (2.12g) yields fcr n> 1

WA RM-2n%-2n)+ A, RI%(—2n%+2n)

+As, R7™ %(—2n% - 2n) + A, R7™(=2n% + 2n)]

= W,o[D, R¥—2n2-2n) + 1)y, R} %(—2n% + 2n)

+D3, R{™ 4(—2n% - 2n) + D, ,R{*(—2n2% +2n)] (2.23)

together with the complementary relation.

Relations (2.14a), (2.16a), (2.18a-c), (2.19a), (2.20a), (2.21) - (2.23) form a
system of ten equations in ten unknowns: by, bna, Apn, A2n, A3zn, Adn, Dp, Don, D3g
and Dan. When n=1 this system yields

b11 = bi10, b12 =bi120 (2.24a,b)

and when n =2 by successive elimination of Asp, As4pn, then of Dy, Dop, D3y, and
D4n, and finally of A, and Aj,, we reduce the system to two differential equations for
determining the coefficients bp; and bpy:

db,; db,

kl + k2 + kgb.ﬂz 1+ k4bn1 = O, (2.25&)
dt t

kS-El-gl‘—l-+ ks-‘lgﬂ-h k7b,, + kgb; =0. (2.25b)
t t

Here we adopt the notation given in Appendix A.
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-2
= _M|_ 1-7 -1, -
Ry=—————-(1- +t/2)|,
0 2[1—y;1+t/2 (- "+t/ )} (3.10a)
= _ 1 1-v? -1, 7 |
Ry =—| —=—+1 -y +1/2
2 2[1—7;1“/2 a-mn ) (3.10b)

which shows that the tube will collapse completely after a time
fe=—2(1-Y7) +2y1-77°. 3.11)

In another particular case when op=1, o4 =0, and [, is arbitrary, equation

(3.8a) is identical with (6) of Levsis (1977) with the pressure differential equal to zero.

For all three interfaces, we consider perturbations in the form of the Fourier series
(cf. (2.13)):

_be® - i =
G=0 2_1{ [a5(D)sinng +by(t)cosngl, i=0,1,2 (3.12)

and use the notation (2.15).

By using (3.2), (3.3) ancl (3.12) we satisfy the boundary conditions (3.5) -
(3.7). As aresult, we obtainfor n>1 the following set of algebraic equations:

A RTl'I'}. A Rl'l.—l A y—n-1 A ln RO’ 3 =1
nRp  TAKRy TFA Ry THAY,

Ro™ L. n>2

1(.. dbyy . dR,
=;[Rod—:+2Tbn0), (3.13a)

u][AnRB(—Zn —4+2n%)+ A, R3%(2n%-2n) + A5, Rg" %(—2n%—2n)

4 /Ry, n=1
+A,, n 5
Ry (—2n+4--2n%), G

oy  4p; dR
S T o B R |
n0|:( )R{) R, dt (3.13b)
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A RM(=2n?=2n)+ Ay RI4(—2n2+ 2n)+ Ay, Rg™ (2102 ~2n)

+A4nR0“(—2n +2r)=0, (3.13¢)
" R;’InR,, n=
D, £ 0 K5 s, B %4 D
R—Zn n>2
1(_ _ndb nodR
_1(p-ndbay o ARy } 3.13d
n( I R R L

D, &1 R4 05 4% D4n{

n (R_n d:;:l]_ + 2R1—n—1 diRl bnl) (3. 133)

1y Dy RE(~2n — 4+ 2n%) +D,,R3 (2%~ 2n) + D3, R;" *(~2n* ~ 2n)

4/R, ‘o 1
+ D4H{RE“(—Zn+4 ey — 2]
_ bnz[(l_ ;_z 4;22 E‘H’ (3.130)
MZ[D“ RM—2n—4+2n2%) + D, R}2(2n2 - 2n) + D3 Ry %(—2n? - 2n)
4n{4 {il‘,% +4-20%), : : j * bﬂ[“ - “2)% + (1= iy % b

= w[ARN-2n-4+20%)+ AR} 2(2n% - 2n) + A3, R " %(~2n? - 2n)

4/Ry, n=1
Adn -n 2 ?
Ri"(-2n+4--2n°), n=22

(3.13g)

D,R3(~-2n%-2n) + D, R} %(-2n%+2n) + D3, R;" %(-2n% - 2n)
+D, R;™(—2n%+2n) = 0, (3.13h)
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Wo[D, RY(—2n - 20%) + D, R}%(~2n% + 2n) + D3 ,R; " %(—2n% - 2n)
+Dgp R7™(—20% 4+ 2n)] = W[A ,R}(~2n—2n%)+ A, RF2(—2n? + 2n)
+ A3, R7™ %(—2n%—2n) + A, R7™(~2n% + 2n)],

(3.131)
g Ri’InR;, n=1
A+ R, R P+ A R 2k ;
R, n>2
_.db dR, .
R"—2L 4 2R ™1 — ) 3.13
n( dt dt nl ( ])
-2
Ri“(InR;+1), n=1
A (n+2)+nAy Ri2—nAs RI" 24 A, d ! (InRy+1)
(-n+2)R[?", n2>2
=D, (n+2)+nD,,R;?—nD; R; "2
R;%(In R, +1), n=1
"l-n+2)R™ n>2. (3.13k)

We consider separately the equations for the n = 0 mode of interface
perturbations. After rearrangement, these reduce to the following differential equations:

B —_— o 2 '
= R, d R‘_%Fl (3.14a)
dby, 2 dR;, | y2
0 == b, +25F, :
d R, di ' R? (3.14b)
db 2 dR 1
dfz _E_z d—fzboz + E:‘Fl ’ (3.14¢c)

1
= R T 00
2 I‘LIYEEI ul'}’l Y%ﬁlz + R22 |: ( RO RO dt
+ b01 17* +(1- )-— ——*-de + bO?. —L = i_dRz
R, R, dt R, R,

For n =1, (3.13) reduce, after some rearrangements, to the following equations




