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Supplement : Time dependent beat coeflicients

To simplify their description, the integrals for the time-dependent-beat coefficients, ; .. . ag,
are defined initially. The coefficients are then defined separately for the effective and the

recovery strokes.

S.1 Integrals

The integrals are given in a general form and then some integrals which need to be

repeatedly evaluated are given separately from the main definition of the coefficients.

S.1.1 Definition of the integrals

The total force and torque at any time are derived by integrating the equation for (a) the
viscous force produced by an element of a flagellum, Equation (2.4), and (b) the cross
product of the position vector of the element and the viscous force, respectively, along
the lengths of both flagella. Appropriate substitutions need to be made for the position

vector of the element, r, the relative velocity of the element, u and the normal and

Tel’

tangential vectors, n and t respectively, at a.:ny-zime (see Equations (5.5) - (5.12)) for
either of the flagella. These are described in detail in the main paper but Figure 4 are
reproduced with this document to aid in the description of these vectors during the two
strokes.

The integrals are evaluated in terms of the normal and tangent unit vectors, n and t
and then combined in terms of the body axes, p and q.

1. The a; and a4 coefficients are the coefficients of the p and q components, respec-
tively, of the contribution of the velocity of the organism to the force balance equation.

They are derived from the following integral :
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Note that the viscous force on the body has been included in these coefficients.

2. The as coefficient is the coefficient of the contribution of the relative angular
velocity of the body to the force balance equation. It is derived from the following

integral :
as(0+w/2)a=p [ Kyl{(5 - ) x r}a(1 -  nds
b [ Kl - @) x r)(1 - S)leds (5:2)
3. The a; and ag coeflicients are the coefficients fo the p and q components, respec-

tively, of the contribution of the rate of strain to the force balance equation. They are

dervied from the following integral :
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4. The a3 coefficient is the entire contribution to the force balance equation in the
p direction due to the motion of the flagella relative to the body. It is derived from the

following integral :

agp= p/Kﬁ(i‘.n) nds + ,ufKT(i-.t) tds.. (5.4)

5. The ar coeflicient is the coefficient of the contribution of the velocity of the organism
to the torque balance equation. It is derived from the following integral :
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2 dr = {1= —)] t}ds. (S.5)
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6. . The ag coefficient is the coefficient of the contribution of the relative angular
velocity of the body to the torque balance equation. It is derived from the following

integral :
. i a3
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3
+KT[{(§ —Q)xrht(1- ) t}ds - 8mpa’(Q - g). (.6)
Note that this includes the viscous torque acting upon the body.

7. The ag coefficient is the coeflicient of the contribution of the rate of strain to the

torque balance equation. It is dervied from the following integral :
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When these have been evaluated, they become Equations (5.16) - (5.18) and describe
the motion of the organism fully.

In the full definition of the coefficients below, some core integrals appear repeatedly.
They are listed here; 1 = 1 refers to the effective stroke and i = 2,3 to the recovery
stroke. Full explanation of the subscripts and definition of the limits of integration and

the quantity A; are specified in S.1.2 below.
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S.1.2 Setup

The index ¢ here refers to the different sections of the idealised model of the flagellum.
The integrals must be evaluated at their lower and upper limits with the appropriate
value of the variable A4;.

The transformation from s to r means that, during the recovery stroke, sometimes dr
can initially be negative and then change to positive. This occurs on all integrals during
the recovery stroke when the position r = A; lies within the range of integration. In
this case, the integral, f(r) say, must be divided into 2 parts; integrated negatively up to
T = A; and then positively from there to the end of the range of integration. Since the
integrand evaluated at A; is always zero, the result is the same as before but with the
integrand evaluated at the two limits and then added together.

For the effective stroke, i = 1 and the variables are defined by
1. At the lower limit r = a
2. At the upper limit » = {a%sin?(x) + [a cos(x) + 1]2}%

3. The value A; = asin(x).



For the section of the recovery stroke parallel to the body axis, « = 2 and the variables

are defined by
1. At the lower limit r = a
2. At the upper limit r = a + wt
3. The value A, =0,

where w is the velocity at which the bending point moves along the flagellum and t is the
time since the start of the recovery stroke. For the part of the recovery stroke at an angle

x to the body axis, [See Figure 4(b)], 1 = 3 and the variables are defined by
1. The lower limit 7 = {(a + wt)?sin?(x) + wt cos®(x))? }
2. The upper limit = r = {(a + wt)%sin?(x) + (wt cos(x) + (I - wt))z)%}
3. The value A3 = (a + wt)sin(x)

The core integrals are then given by :
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S.2 Coefficients

(5.22)
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The time dependent beat coefficients are defined separately for the effective and the

recovery strokes.

S.2.1 Effective stroke

(e3]

(e5]

-2+ g(.rl,1 £ ‘;:-{2.1)](KN sin’(x) + Krp cos”(x))
+ 2Ry sin () {sin*(3) (o — )

+ cos(x) sin(x)J1,1 }

+Kr cos(x){sin*(x)J1,1

+ cos(x)}(I1,1 — Ip;1) — sin®(x)(L21 — Is,1)]) — 6mpa

2u[Kyy sin(x){cos(2x) sin(x)(! - Iz.1)

+ sin(2x)(cos(x)l + 1%/2 — J31}

+Kr cos(x){+ sin(2x) sin(x)(! - I3,1)

— cos(2x)(cos(x)l + 2/2 — J31}]

—5u{Ky sin(x){cos(2x) sin*(x)(L3,1 — La,1)
+2sin(2x) sin®(x)Ja 1

— cos(2x) sin(x)[(12,1 — I3,1) — sin®(x)(Ta,1 — Ia,1)]}
+K cos(x){cos(2x) sin®(x)Ja,1
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+2sin(2x) sin(x)[({2,1 — I3,1) — sinz(X)(I&l - I4)]

—cos(2x)(J11 — sin®(x)Je1)}]
-Knp sin(x)I%x

w20 + g(Il'l + %Iz,l)](KN cos?(x) + K sin®(x))
-I-%L(KN cos(x){cos(x) sinz(x)(l'gl —I341)
= Sinz(x)J]_‘]}

+Kp sin(x){— sin(x) cos(x)J1,1

+sin(x)[(I11 — I21) — sin®(x)(I21 — I31)]}) — 6rpa

—2u[Ky cos(x)(cos(x)! + 12/2 — J2;)

+Kp sin(x)(! — I2,1)]

2p[K cos(x){— sin(2x) sin(x)(! - I5,)

+ cos(2x)(cos(x)l + 1%/2 — J31}

+Krp sin(x){— cos(2x) sin(x)( - I3.1)

— sin(2x)(cos(x)l +1?/2 = Ja1}]

~5u[Ky cos(x){~ sin(2x) sin®(x)(Ls,1 — a1)

+2 cos(2x) sin® (x) J,1

+sin(2x) sin(x) (T2, — Is1) = sin’(x)(Z3,1 — Is,1)]}
+Kr sin(x){sin(2x) sin®(x)J4,1

—2cos(2x) sin(x)[(T21 — I3,1) — sin?(x)(I31 — Ia)]

(5.27)
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—sin(2x)(J1,1 — sin®(x)Ja,1)}] (S.31)

a7 = —2p[Kgsin®(x)l + Ky cos(x)(cos(x)l + 12/2)]
+3§[KT Sil’lg(x)(flil -+ IZ,I/S) - KN COS(X)JsJ
+(Xy — K)(cos(x) sin®(x)J1,1 — sin®(x)

(11— I2,1) — sin®(x)(I2,1 — Ts1)])] (5.32)

ag = —2p[KTsin2(x)(I—I2|1)

+Ky{cos?(x)l + cos(x)I% + 13/3 — (I1,1 — sin®(x)I21)}] — 8wpa® (S.33)

ag = 2p{Kp[- cos(2x)sin®(x)(I - Is,1)
— sin(2x) sin(x)(cos(x)l + 12/2 — J31)]
— K [sin(2x) sin(x)(cos(x)I + 12/2 = J3,1)
— cos(2x)(cos? ()l + cos(x)1* + 1/3 — (L1 — sin®(x)3,1))]}
—5p(Ky — K ){—sin®(x) sin(2x)Ja,1
+2sin®(x) cos(2x)[(L21 ~ I3,1) — sin*(x)(Ja1 — La,1)]

+ sin(2x) sin(x)[J1,1 — sin?(x)J41]} (5.34)

S.2.2 Recovery Stroke

a1 = pKp[-2wt+ (3h2 - Ipy)]
+p[-2(1 - wt) + %(11.3 + %fz,s)l(KN sin’(x) + K cos”(x))
+3§(KN sin(x){(a + wt)? sin®(x)(I2,3s — Is,3)

+(a + wt) s'm(x) COS(X)JI 3}
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+K cos(x){(a + wt) sin?(x)J1.3

+cos(X)[(I1,3 — Lo,3) — (a + wt)?sin®(x) (I3 — s 3)]}) — 67pa

—2pKp(wt + wt?/2 — J35) + 5pKpJi 2

+2u[Ky sin(x){(a + wt) sin(x) cos(2x)((l - wt) — I35)

+sin(2x)(wt cos(x)(I = wt) + (I — wt)?/2 — Ja 3}

+K cos(x){(a + wt) sin(x) sin(2x)((l - wt) — I35)

— cos(2x)(wt cos(x)(1 — wt) + (I — wt)*/2 — Ja3}]

~5u{Ky sin(x){cos(2x)(a + wt)* sin®(x)(I3,3 — I,3)

+2sin(2x)(a + wt)? sin?(x)J4 3

+ cos(2x)(a + wt) sin(x)[(Lo,3 = I33) — (2 + wt)? sin® (x)(I33 = Le,3)]}
+Kr cos(x){~ cos(2x) sin*(x) Ja,2

+2sin(2x)(a + wt) sin(x)[(L2;3 — Is,3) = (2 + wt) sin*(x)(Ja,3 — 1a3)]

+cos(2x)(J1,3 — (2 + wt)? sin®(x)Ja3)}]

2p[Ki sin()(w(l = wt) sin(x) - (L - wt)?/2)
+Krp cos(x)w(l — wt)(cos(x) — 1)]
WKN(-2wt+ 5(Ta + 310)
420 = W) + 2B+ 3D5)]
(Ky cos®(x) + Kt sin?(x))

3p

+_2“(KN cos(x){(a + wt)?sin?(x) cos(x)(Lz3 — Is,3)

—(a + wt)sin®(x)J1.3}

(S.35)
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+K sin(x){—(a + wt) sin(x) cos(x)J1 3

+sin(x)[(13 — I23) — (a + wt)?sin®(x) (L2 3 — [33)]}) — 67pa

2u[Kn(wt +wt?/2 — J55)]
+2u[Kyy cos(x)(wt cos(x)(I — wt) + (I — wt)?/2 — Jp3)

+Kp(a+ wt) sin?(x)(({ — wt) — Ip3)]

2u[-KN(wt + wt?/2 - T3}

+2u[K cos(x){~(a + wt) sin(x) sin(2x)((I - wt) — I3,3)
+ cos(2x)(wt cos(xX)(t — wt) + (1 — wt)?/2 ~ Ja}

+Kep sin(x){~(a + wt) sin(x) cos(2x) (¢ — Wt) — Ts.5)

— sin(2x)(wt cos(x)(1 — wt) + (I — wt)2/2 — J33}]
—5u[Ky cos(x){— sin(2x)(a + wt)®sin®(x) (I3 — Ia3)

+2 cos(2x)(a + wt)? sin®(x)Ja 3

+sin(2x)(a + wt) sin(x)[(I2;3 — I3;3) — (2 + wt)?sin®(x) (L33 — Lo 3)]}

+Kp sin(x){sin(2x)(a + wt)? sin?(x) .3

—2 cos(2x)(a + wt) sin(x)[(I2,3 — I33) — (2 + wt)?sin®(x)(I3.3 — I3 3)]

—sin(2x)(J1,3 — (2 + wt)?sin?(x)Ja.3)}]

—2,!11{KN(Wt + Wt2/2)] + gKNJ5-2
~2p[Kp(a -+ wt) sin?()({ - wt)
+K cos(x)(wt cos(x)(I — wt) + (I — wt)?/2)]

3 .
-|—?'U'[KT(a. + wt) sin® (x)(I1,3+ I2,3/3) + Ky cos(x)Js 3
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—I—(KN 2 KT)(COS(X)(B. + Wt)gsing(x).flig,

~(a+wt)sin®(x)[(11,3 - I,3) — (a+ wt)? sin®(x)(Io,5 — I5,3)])] (5.41)

—2p[Ky{wt + wt® + wt3/3 — I, 5}]
—2p[K(a+ wt)®sin®(x)((I - wt) — I»3)
+E{wt? cos?(x)(I — wt) + wt cos(x)(I — wt)? + (I — wt)3/3

(i3 — (a+ wt)?sin?®(x) [, 3)}] — 87 pa’ (5.42)

+2p{Ky[wt + wt? + wt/3 — I ]}

+2p{Krp[~ cos(2x)(a + wt)? sin®(x)((I — wt) — Ia.3)

— sin(2x)(a + wt) sin(x)(wt cos(x)(! — wt) + (1 = wt)?/2 — J53)]
—K[sin(2x)(a + wt) sin(x)(wt cos(x)(I — wt) + (I — wt)?/2 — J5 3)

— cos(2x)(wt cos?(x) (1 - wt) + wt cos()(1 — wt)? + (1 - wt)/3
—(I23 = (2 + wt)?sin?(x) I3,3))]}

—5u(Kp — Ky ){(a + wt)* sin®(x) sin(2x)Ja 3

—2(a + wt)?sin®(x) cos(2x)[(L2,3 — I3,3) — (a + wt)?sin?(x) (I3 — La,3)]

—sin(2x)(a + wt) sin(x)[J1,3 — (a + wt)? sin?(x) Jo 3]} (5.43)
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