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Here we list the various abbreviations and integrals that enter the equation for the basic

steady two-dimensional flow ((3.4)-(3.7)) and the linear stability problem ((4.6)-(4.16)).

i -1i i (0) 1 (0)
The matrices (A,B,D,E)ym, K K,, and the non-linearities kﬁ;m‘p ¥, and
©a©) ; ; .
Fonn¥ 9. that are required for the basic state are defined as follows. Summation is

over all pairwise indices.

P
1

knm = %{al(l,m)ﬁl(k,n) +2I‘2a2(l,m)[pz k,n)+
+B,(k,n) - ]34(k,n)] +I‘46m[|35(k’n) ¥2B (k) -

-3, (k;m)+3 B 4(k,n) -3%%5“]}; k < N-4
_ Gr ;
Buam = 5, @s(bm)Bollon); k < N-4

P = as(m,l){ﬁs(k,nﬁ%ckﬁm}; k< N-2

T _ 2
Ekb:.m = ﬁalm{ﬁlo(k’n)+ﬁll(k’n)_mszEBIZ(k’n)}; k <N-2

5 4
K, = —F 6wa4(l) (A.la-e)

The non-linear terms are given by

(0) 4 (0) m M, (2) @
Ciinm¥is Fom = Re[[ 00+ 00+
() ) @ @
c{;noi;m cljﬂ ck;,m}

¢m)e<o> - O 2) 5(2) @ (A.2a-b)
n

kfgﬂm Iin m !jn

where
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C(U (2) ‘I’ (0) @) A 1I[(O)

in = Timj Thn = Dgnly s

Y

S = r§,2¢f:i, ri,?-,l - TRy,

i = Tl D = -TO4?, (A.3a-h)
and

R

EL) = k22000, =2 = T2, (A.4a-d)

with abbreviations

: } = k:ns
o -l k < N-2
kin = Yg(ksl)n) +y 10(’(,1,?1)

TS = v,(Rin)+y g(hisn) +y (ki) -
- Y'}'(k’z’n) +Y7(k:n:i) _Ys(ksian):
T = 5(in) -3y, (kn,i)+3y4(ki,n), > %2 Nk
T = Y (ki) +y (Kiism),
P{n = Yg(ksnsi)_Y5(ksisn), Y,
o = T = 0; k=N-1, N
12 =TE =12 =19 = ; k> N-4. (A.5a-h)

1
We have used the following integrals over axial basis functions ( < > = f 21dz denotes the

scalar product). 2
a,(bm) = <HH,> aglm) = <RH,>
a,(lm) = <HrH,f> o (lm) = <RtR;>
ay(lm) = <HR.> agm) = <RH">
a, ) = <Hp> ay(l,m) = <RR->
as(lm) = <HR > a,(m) = <RH.>

IH

v,(lj,m) = <HHH,'> ty(ljm) = <HH/H,>
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v, (lj;m) = <HH'H >

x,(Ljm) = <RH'R >
xy(bim) = <RHR,>
ky(ljm) = <RHR, >
¢,(Lj.m) = <RHH,>
¢, (Lim) = <RH'H>

x,(ljm) = <RH'R >

x.(jm) = <RH'R'>
S J jtm

n,@jm) = <RRR, >
b,(Lj;m) = <RH'H,>

¢,jm) = <RH jH:f’:» (A.6a-v)

dR
The superscript denotes the axial derivatives, e.g. R!

basis functions are
B,(kn) = <T,p*T >
B,(kn) = <Tp*T2>
B,(kn) = <T,p°T,>
B, (kn) = <T,p’T >
By(kn) = <Tp*TY>
Bekn) = <T,p°T">
and
Y,(kin) = <p*T,T,T,>
Yokin) = <p*T,TT>
vakin) = <p*T,TT,">
vikin) = <p*T,I/T,>

Ys(k:i:n) = <p3TkT‘;‘Tn>

» E’" . Integrals involving radial

B,(kn) = <T,p?T,>
Balkn) = <TypT,>
Bo(kn) = <T,p*T,>
Biolkn) = <TpT,>

B (kn) = <T,T>

Bkn) = <TpT> (A.7a-1)
velkin) = <p°T,T.T,>
Y,(kin) = <p?T,T/T,>
Yekiin) = <pT,TT>
Yokin) = <pTT/T>
Yiokoin) = <T,T.T,> (A.8a+)

Here p = 1+x , the superscript denotes radial derivatives, and < > is the integral with

standard Chebyshev weight and normalization

<rT> = %ckﬁ,m , Where ¢, =
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If feasable, integrals over axial functions have been calculated analytically. The remaining
integrals have been computed numerically using a 3-point Gaussian integration scheme with
relative accuracy of 107°. Integrals over Chebyshev functions have been calculated utilizing

addition theorems and calculating derivatives in Chebyshev space.

The sub-matrices A% and BY that enter the stability equations are defined in the following,

where the abbreviations T' = 2T, p, = 1+x, and T(K) := T,(x) (c.f. (4.18))are used.

AN lnm) = o (L) {piT 00 +p,T, )

APKkLnm) = T,,(k){izas(m,l)as(z,m)%i}
APk lLnm) =0
APk Lnm) = o (Lm)T, (k)
AP(kLnm) = - (mDTT, (k)
AB(kLnm) = 0
ANk Lnm) = 0
A¥(klnm) =0
A (kLnm) = 8,,T (K) (A.10a-i)

and

B''(klnm) = T'(klnm)+Reds {ky(ljm)
[ebgCaED +m2n29;1(k,i,n)]
i, (Lj,m) Q3 (ki)
+x4(Lj,m) Qil(k,i,n)}

BY(kLnm) = W2(kLnm)+Rel {b,(Ljm)Q; (kin)+

+ by () Qq " (hyisn) + 51, m) Q3" (hoisn) +
4y (m) Qi) + (1, m) Q5 i)
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BBk lnm) =

B*(knm) = TP'(kLnm)+Retss ficy(Lj;m)
|7 tin) +m?n2Q] (k,;,n)]+K4(I,;,m)9§1(k,i,n)+
#xg(Lm) Q3 im)}

Bk = T(sbnomyRed (0, m e+
+,(Lm ) Q5 (ksi,n)+
+(ymj)+,(m ) Q3 (i)}

BP(clnm) = T208,, T/

B*'(kLnm) = ReB n,(jm)Q} (kin)

B*(k,l,n,m) = Re{II*’(k,l, n,m)+
+1,(, mHQ 7k, :,n)ﬁ@}

B”(kln,m) = Ik Lnm)+Resy {x,(Lj,m)
Q7 (ki) +x,(Ljm) Q5 ()}

In the equations for BY, the indices j,1,m run from 1 through M and i,n run from O through

(A.11a-)
N. The index k runs from 0 through N-2 except for B*, B*, and B* where it runs from 0

through N-3. The abbreviations used in the above equations for BY are

I (eLnm) = ~o,(m)T{p;T, (B)+4p,T, (K)+
(- 1)[ O iy ]— “9(;"“) [ACE

Pk
kaﬂ(k)]
- 1
20k L,n,m) = e (m,)IY T,f’(k)+T"(k) L0
, P pr
o (Lm)|piT, (0 +3p, T, (02T, ()] -

0T, (k)

—ag(l,m)
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T
0\ (kLnm) = o (lm)[2 0 T, (k) |+ o (m, DI
k
T T (k %) Tk
ﬁ{ W) 2T )J‘T:H(k)_ 0 T,®
] 3 2
Pk Pk Pe  pi

H32(k)lrn,m) = -a 5(m30 Tn(k)

H33(k l n m) _ -—51,?" Tf(k) T (k) —ﬁz Tn(k) B m2ﬂ2 Tn(k) (A Iza-e)
P o

and

Tk
Q;'(ki,n) = r?azl‘L[I}H(kﬁ 1/l (k)JT ®

P Pr

Q' (ki) = (p, T/ R)+T,(0) o, T (0 +T, (k)
T,(k)

P

Q3'(ki,n) = (pkrf )p;r,-(k)

Q' (kin) = p|T,0)(p, Tr (B +2T (k) -
N 4 (5
BT, (k)[r,,tk)+ " J]

P

0 (kin) = r?zzI‘Tn(Ic)(;ﬁI(kﬁ@J

P
Q) (kin) = m 1{7’ (k)[T ®) QJ T,.(k)T,f(k)]
Pk
£ T(OT.(k
02k i) = %[ﬂ(k)r,f(k)—f;’(k)n(k);r il )]
P

Qfkin) = 21(0]p, 1027, 0]

QP (ki) = - T”I(,k) T+

Px

T (k) }
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I
Q'(kim) = -T° T'® T®

TR\ T (%) +

| IR e

Pe  p2

T(k) T} .
P+ 9 ‘(zk) 2 T‘(k)}

+T, (k) -
P 3 Pk
Q5 ki) = ~I|T DT, TR T,®)

Q3 (kin) = -TT,R)\T/()+

Ty(k)
5

T,

Q' (ki) = TR 2-T' k)

P

Tk T®

QP(kin) = -THT, (k) TE(R)+

+

Pk Px

+Tiw)| T k) @”

P
i \«[ T,
Q) (kin) = -THT (k)
P
I
R
Pe  p2
Q3 (ki) = ~TOT,H)

~T, (k)

+T,(K)

k

Qf'(kin) = -TTR)T,K)
QP kin) = TOT,W®
QP (kin) = -TTRT®
i}(k)‘

Pr

Q3 (kin) = TT,(k) T, (k)+
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