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3. The First-Order Boundary Layer

Eguation (2.11b) means that the pressure is constant across the boundary
layer and takes its value at the outer edge. Hence 3?“/ s =0, Eguation
(2.11d) is satisfied directly by the introduction of a stream funétion Yo,

c¢efined by

o

= - A
aem L7, wew - 3R
U T =

We then have

Son (Hors= L &L Y] — Yo Yo ua

]

PIIE + I o,
Yor oy - sﬁas?m_ S = S
o 2

()
¥os(5,0) = Kon(s0)= ﬁ(s o)=1,

bm  fop(sn) = Lesn i/g[q;ga o,
A =pea A S>en
where subscripis s,n denote differentiation.
Solutions are best obtained by dividing the range of integration in
the s-direction into three parts. Near the stagnation point yé ,'ﬂ: are
expanded in power series in s with coefficients as functions of n which
satisfy certain ordinary differential equations. For s31 asymptotic series
are obtained in inverse powers of s , while in the middle region ecuations
u&ugk
(3. 1Mgnu5u be 1ntegratea nunerically. For iscthermal streaming flows gortler{lwﬁ
found that a transformation of the variables gave improved series solutions

and Saville and Churchill 8%) have provided a similar transformation for

flows with a body force. Itais this that we use here.

(%



use
We firstkﬂangler's tpansformation to reduce equations (3.1) to a

form similar to that for planar flows. We write

- S o i
s=fra£s, n ;
o

§

_— —_—

9"022";:. 21, 550-'5:-}‘ c)'a"d‘r”“

Then {(3.1) beccme on dropping the bars
{fon ,!igyu - ’é‘bg jé‘gm = Sbf;ie /f'z To SLO.%A.":) g (3“2)
Tonn —+ D_( fLoST:)y: - ¥ou To'-i) =,

Using the Saville~Churchill transiormation
Y- [ ) s 0= (2 '(sg«f)é ",
Cfs 2 2 3 r*

do = (‘.’:g)%!%(‘s,-?) i T TTlRT),

equations (3.2) become

]

To t Foynu,

- - . o
(f’@ﬁ) ( Fo;? Fo‘gyl“ f-'o"g For{n) = ai’oqq + %k’[z) f"b:z

3 (33,
[83) (s - FxTr) - AT = LT
3

-
h

where fp= Foq =0 omd o=l ab g=0 ond For>0,To>0 as (>,
X(%) corresponds to Goriler's "principal function" and is definad Dy
D=1+ I 2 _cL(w__%) _
2 3 sane g3l 7
‘"he shape of the body enters these equations only through the coetrficient
Kﬁ} and for particular body shapes for which E{L?) is constant we may
obtain similarity solutions, Here K('?) is not constant and we sesek

colutions for ¥&| by expanding in powers of § . Thus



(%) = E K (%)“JJ
g=92

. - s 3 2
where for round-nosed bodies k;,‘"g ,¥ 4 and in particular for a para-

o s =R il - _ Ry
boiom k= 3% ) ky,= Qo0 == We expand rajTé: in powers of ? iy Fa 8

F“o‘—“— FDO + K; Fou (T/ko 3;ﬂ“'-'t- {kzFos"' kjlf:a:;) (\ZJK*’\J-%* 4y

. 3/ ' 3
T T + .5 'Toz(hg/fdo) "+ (&, Toa+ klz'rau) (‘i/ko, lz_+ 1r

, : . L B
fhen equating coefficients of 3§ - in (3.3} gives

~ ~ o~y g
Fog + IooFos ""3__3"05 + loo =0 ;

{1 i
Tig 4+ ¥ Fos Too =0

(39

S |

whers [ (0} Foo'(0) = Eon/(0)= Tool0) = 0 , Too(0)2i 7

it . i -] / - i ; ‘2
Fsa -+ Foole - lroa’f:a; —(-?_J-oa'f:of+-i53 - l"‘\,3 Faa ) —?

i1

/ .
To: + 0 f:u'i};I' Fad Ton *ifofTan'[> =0, ? (35)
wt

waere Foi (o) = Fa(0) = Foi (00)= To (8) = Torfes) = o

fl - M i / LI = : iz
Fop "+ FooFos = 3650 Foa’+ 3 Fos'For + Tz #la oo

R-e)

To;‘ ...;- ’-'5"( ’.:OQTQ'L{ - 2poa; Toz +3F¢1T0QJ) =0,

¥heIe  por) = Foylfd)? For'red)= Toa (d) = Tl®wd =0 ;

) / ) iz ¥ 8§~ g 1o
ali”'e' Foﬂ fco\: "‘35}; Fou =t SFoc’ Foit ou = :'35_ Fa: "?-Foipai ""‘g a0 Fo, y 7
; - / ; i —_ ! fea -
Ta::t + U-(. Fo'o_féul - anafnﬁl:‘i' 3Fou Too ) =0 {75?}:51 _3;}” "”) > \S (2 _{)
- = " J
where Fou {d) = Fou !iﬁ)"—' Fr:su? (9)= Tou (0’) = Tow (0‘9’ =Q.

Tor X¥PI w2 Find that for a paraboloid
| - —_ . _— —f;‘ __Q/S‘\
g(;)~é+k,'§‘+kz“§js+0(‘§j

where Ki = ©°05249%, Kk, = (",'[,) Jo ° This suggests that we



c;sﬂ__upi'?if'ic
look forjsolutions of (3.3) in the form

_ - —_ — ) ng
- - o S i = ~Lfs S L+ )
Foﬁ.’l): Foo + k!%i\g = klf'o'-"? +Zﬁ}‘ "bnthg ( )
and similarly for U,,where ?; are the possible eigenvalues of (3.3}
- I, . ;
and Ba; are scaling factors cuosen so that Fa,‘-\; '[Oﬁ)‘—'i . Eguating

coefficients of powers of T ,we obiain

F':;OM-I- 1:;0 + fa_o Foo /' Treo =0, ?
- (z-9)

% g e
'T,g,_,,” + 6 Fap Too

where Foo [0) = Foo'l0)= Foo (%)= oo (00)=0, Too (8)=1;
iz
J

— i = i o S — e i VI -l u."'--‘.",__"_l";,‘_
Foi +Toy "'%[Faor Fu;f—Fooran>+gJ:°‘ +hoiFos = 5 Fobai’ = 3 Foo

s (39

I e = = = ST =) - I
To' + %{erﬁi "'FmT&_-,') -{-ﬁ'( FgoTa;‘...me 103') =0,

k\...—-’\/ “"a.,__) L__’/—\

where Fo; (6)= For [6) = Foi'teo)= a1 (0)= T (69) 20
Fo:m'*-ﬁ::- 3 %(Fg F:; "'F:1 J'Eo‘au) + Foo f—:;” + F-‘..;z Foo -= F{;o Foa, = &3’ P

5+ (P’ Too—Fn Tool) 45 (R To + 73 Ty =0,

-
-

where Fo2(0)= Fa/(0)= Fox/fed= T (9= Ta () =0

— . — ) vl 4
a T BB Fort -Fao Fana J4Foo Fond 6 Fore ~ 5o P =,

For; + Toy- o
Y zo [34¢)

%\L“*V A (Fu—o JT::\E; +1:‘0M Toa’) 4‘5—(Fao To;h +Fo)\£ %0
- T sl -
where Fo x; (6)= Fori'(s) = = Foxc (w)= Toai (9)= laa (0) =0] fﬂif b=

ANy is found by comparing the velocity and temperature profiles-
with thoss obtained in the following ssction for some value of S

where both soluticns are valid, Por O =i we obtain BA = ~005210-00j
by comparison of protiles at $=i0 and mumerical integration of {3.11)

gives N, = © 9é€29/4 f;.—r o=|.

13 .



3.1 Solution in the rezion where neither series holds

In order to calculate the outer fiow we need solutions of the
-doundary leyer equations at all points along the body. Van Dyke (19648)
treating '_z'low past a parabolic cylinder achieved this by manipulatiion
of series in s while Clark and Watson (i97! )} were able to use similarity
solutions. Meither approach seems likely to succeed here and we must
tirn our attention to numerical methods. Terrill ( {f60 ) sMerkin(igcq },
and Switzer{(96q ) have developed siep-by-step finite difference inte—
gration procedures to contimue the series solution Tor Eé{ into the
region of validity of the series for $»i . large but sparse matrices
must be inverted and,because the equations are non-linear,iteration
is necessary ai each stepythe step length along the body is very small
at first but is systematically increased later.

A much faster method dus to Merk( E‘/SL}} is applicable whenever Ek’"ﬁ)
is small,as it is here.This is equivalent to assuming that t X() is
almost constant,i.e. the departure from similarity solutions is smgll,
In fact,the first term in the expansion (3.13) below is a local simile

rity solution and the subsequent terms are corrections to it. Ve first

change independent variasbles from ( 3,7 ) to (¥,7 ) and equations (3.3)

become

"

Foqng+ Toq + Fo Fory - f—;kﬂ)l%,f = K{3) (E‘-‘-‘?Eﬁz' Foic Foyq );

T‘w{,! 4+~ 0O FO-TQ:I

where Fe(0)= R (o) "-F;q_{co): To{eg =0, To(o):fq

F, may then be expanded as

B E‘:o(,k,'l) i ;% k;ﬁ) B, (kfﬂ") + (L%)z [K“ﬁ) Faz( (k(;[) -1-.’{’2(.1) Fa-.-.z (K‘nt)]+ A

and similarly for T, . Substituting into (3.12) we getb (3 ?)

U"{:‘i' ka) (r&1 foi:‘ 91) (36)
3
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H]
Fanr‘i' rﬁ"’aﬁ + o ~ -'k F‘b =9,

' / 3-it)
'T'ooq - o F.a‘q _{‘60 = 9 ;
where  Foo(8) = Foo'(8)= Fas’(26) =Tea(®)30, Tolo)=1;
o L .
Bor'+ Tou tholay’ + < PR =[5 3+3Ro 'z Foo ohus o i ”bf-,-;

'EK

;?Foa) ;
RY 2

T - =\ a5 /p ?hs _
Tmf-i-h{Foa%:"l-jif’mj;q‘"%‘co‘: (m) hE(FOO 3‘3 Toa

Y (319
)
where [, (8) = R, (0) = Foi'ted)z Toi(8) = Ta(0) ~o;

Mooa M+ oh + Foo t"n'v -4-&9 [}(’w "'SKI" rbi-"o s Foc;l 7
=) T\5% 4|
\

. i ; ot f+ A &O)

io_f:g + o [ Foo FW) Too (D"-gzz

St

whers C}"w)(d) ( "0 = L‘b@ﬂ) fo0)= ,%){o) : P%’,;)fw?ﬂ

&)

kquations (3.14) correspond to those given by lMerk (his equatiens (20),
(25)) but his equations (21),(26) dornot correspond exactly to our (3.(5)
because he has omitted a factor o on the right of {(26) and some terms
on the left of (25),(26). In caloulating 234 §,$)/2(A,7) where
F+ TN R+ we get TN AURLEVD(AL) 2 (FEI-E, 1Y) val AV
and these additional terms in‘f mean that (25),(26)should read
e bt + 3o® —2( R - RLE) farAn),

9{ - 0"{"{% 9;," —+ 2'369,9""‘91 ﬁ;") =0 }f 80;7{6) /'Z’(A.r‘f) '
It is now a straightforward matter to obtain the solution for any'T

0y solving a system of ordinary differential equations in which XK is a
known paremeter. In fact,initial guesses for the "shooting" method-used
here are furnished by the solution at the previous value of 3 and

Sk

convergence is rapid,The step-by-step integraztion is lengthy and yields

e

only values 91?,, and T, for certain .values of ('f ‘z) the:grid peints.



in order to calculate HFe(%3) it is necessary %o integrate

- 9 oiis
Fo  numerically

T {, % 5 . s g - :
and R{9 and B mst be approximgted by finite difference formulas .

Values of Faf®) Fy*lel, &'o) obtained by the two methods
Table 2. Good agresment is reached for U.1 £ 3% - 10,0

this rangs the series solutions are to be ussd.

are shcwn in

and outside

Ll




ct
toy e [0] Lo
N . ) &5 ] Ol i
£ s A ity = - ub
3 = ¥ 3 3 A
5 213 e CEEE B A
Ee Fa ; T ! ] o > /.. mv
- ) ¥ i 7 A ] - 0
N o= ! @ 5 5] . :
2N " o] - Ea 5 - N b BH i
w ! o ¥ ird 3 i ; - = w3
: Ly od — T\ &t 1y -t N L] P,
N T Sk ity _ + & { G = 4= ol o ...u
by: S 5 a @D " 3 - i e 5 m.u
u ™ o B = et . s a oo
S g ool e & ,xu ! G_ P o} nm @ @
] e [ L] e L . vl 3 o + i P
2 o ge! L - P o © P 13 ) i}
N CE 7 ! & 2 2 5 B
= 2 : > 4 "
o ' M.:J 9D .._»t — wu w“ u_uﬁ = m ) n.o_
~ e 75 .,. : o a1 % » hoH 8 B 9
1S o ol 3 ) o 0 ” Q o @ @ 42
a 5 S @ .T I S R CRERE
Hoe oA D e e 21 Wt ood n g R OE 8 g
e o e T 3 Sl -4 L5 < v =
T 9 8 : h = 5 Cald % Aoo@ Rt o m m w.“ . s i
! ey o ) 3 o _ 3 < 2 s Q
S BT fEIN 20 %8 i i @ 5 8 8 & 8
5! . i - 2 ] . 5 S i s
goon : A e 3 S ~f s 54 w S S T O
& m.v. ~ - % ) o _ﬁo I 4o o ] } — |
i 2y g e 2 loi « 8 W g
'y B A @ ) A il o 50 9 g
a en 2 : - e k : 4 =l < fig I " o]
wed b e -zww po el ._.Wﬁ LY s ¥ a ey 0 7] £
* 5 2 9 B 2 1 Lyl i ! 2 “_b A
o & S 083 i ] <) + %) i 2 o e s o
\1 2 ¥ ) - r'd » ;
G oe T om0 g 3 o~ % g 0 ° 8 B2 g
Lo ..M & < s 2 M_ 3 + ) + o s T
o o 'y g R : & ~y " 8 % 8 4 8 @
e sl W » b V] n + :-AEN 12 = T_aw P " w 2 4 s o
L - p o
o I B ) 3 o ki ~5. o 2 Q I [ m_ 8 a9 9 - B
gl g S L 8 T g4 3 3 3 e g 0% @ 0 2 ~
S A P 35 =, R - B I 3
8 = 3 = - + @ - L ; 85 e o8 & Zp
2] S~ 5 4 5 " 0 i e o & XS 5 -
= © Ly, - @ ) =] ~~ < 4 — 132 o e o) ] 2 -
o i L £1 ...mr.. rc.\.e o — = 2l {5 o n .n_w .—l m
a2 1 g ol l ® 2 e 21 ~ o 1 @ B =
b ot * —— % 2, ..nu  id e i o 2y m.u L MW OJ» ".._L
& = — e & 1 # Ly 4 ’
g ¥ e1d 3 g @ g . o N A
o q * 9 % 1 t o] £ . 1 _ o
] B R a2 & & Lo — x 013 2 o VL = 3 S L@
- w.M p 1 | - o ,‘ TN i 0] I .__w Gy ’ vy wv &
1 _.u 2 ' - el = ) WM ....hma ¥ .\W a o o :M .
Sf ¢ T v a ....w_ ¢ J e . - BT TP R ; g w
of § " ¢ -~ "L >0 1 = * X © 9 W A g 4 9
g g - b1l i = ol § 'S 4
i B O B S P S L - [ oo oa o8 oo
v @ e | < 7 «f. el 1 * Lmyed = & O G4 @ .‘w
= c St =] ) pe B M < L {75 Q 1 oy | i
o £ + o 3 ] ; | ko = TEy @ 13 (%]
o] - "3 55 it = s sl f
e «au ) .nw. r— i
e o _mw o) e :
D i e

ure. We distinsuish

N
b

mpers

Sl

th

Tiuid wi

fato!

4
v

L% -
Qprerties oI



Apm S m S
Variaig

ioanadd
V1ECCELT

A

A
n el asns

y (vv)ytn

A e, i ey e
ub- DDoXinzvion

i

are T Y (0 A A=S
conditions give w, » Ue, T =0 & A% Tnig nasng

& A - I - = R (I & o o - R -
vnat we mey distinguish the contribution of the displacement flow (4)
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The boundsry conditions for all tomponénts are

h=he= T 20 ot n=0; Ym0, T VS as aHeo
. except for ’%}‘D which satisfies %n@) S M, asn deo

After applying the Saville—Churchill franstormation equations

(5,6)4(5.7) become

®Cr'1—ni E F}'”+T < EU:'S;: o 'F F’S) (R 1.‘-%—{-, Fﬂﬁ"" ~h“‘-’f’a\.h YHSF‘.

(¥

§{"l“‘\) _:_é* 4 %(-B‘if:f TBFF}‘;)*(FQ Tix= Hﬂtr;—g rT\J'lE"“' ';

O 2 e 0
®7T )= L)TB 4R 1T +h%‘+%ﬁ%*§3 eL;{“i}fqrﬁd*u
TR0 = LlDeinieaT

. & - T §
C@i"‘ﬁ 1 “G[“{)?,h%?(%&'v,-m'm\) 43 R Ry -1RR- BFs —R 3

B(F5TY) = e RID LR 1w

®ES, ™) = DT + hLD) [ odq + #3(3) f:a Ty da
B, 1) = GIRT awier - &)
®F"™, ™) = -{TR"+ 'R,

)

@ [F"'CU)) -.[.;(W\

(A V)

) W) SE B ¢ ' t
(57,77 = T{®% 4w}

;

_*{:)1

5{' %1&“‘: ) @‘ .r(vt:) u’uJ) 0,

1

8™, %)= 85", 1Y) =0,

@

and the boundary conditions for all
AW Y £ N {d)
and F,'=» 0,T,5 O as 400 except for F.

as 4~ w . The ghape of the !

DR, T°) = éffa‘“’)ﬁ“)'}:o

J

components are I =F, '=fl‘i =) at =0

which satisfies A2’y D(Y)

oody enters these equations only thrcugh the
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(1) [ Ty~ = S (OR) T 4,

) Bea ()% Bty Bty

the latier being obtained by use of equation (4.7).This suzgests that

we expand F, in inverse powers of 3 as
’Fa © _ (afs)(sﬂfg)‘%{ B9,
F_‘@' i [D-[:g)%' (’,o‘gé)-sha ¥ A9 4,
PLUU - 215{%'212‘)*3& :{Emth) +_“.1}

F,w . B5W L o T3M),

i f‘};o {9 i(*%&)-y*kfj‘g ﬁ_;(d) “"ai(.ﬂé)—y%ﬁwr"’ ‘ } J

i
and similarly for T ,where (v) denotes (dv),(vv},(tv),(cv) in turn and
q,= -&_(%*W—Y~25b65‘4)—?>fs Lcaif“f33>, |

It is readily shown that the first eigensolutions of (5.9) for &=
satisfy equations identical to (3.11,) and therefore the first eigen=
value for & =1 is 0.962914. Now let

T - S, Eup
@o(,Fta; To) = 0" + Tio - #ls b Fd + Foo “Fo + Fs0 Fie,

-

Tia" i Too B Pm'ﬁg;

Gl

:@Bcg)ﬁa)

—_ — — -— i e —_ A
® (Fo; To) = Fio'+ T 418 £y Foo' + Foo o,
— — =) ..1 — R e =
2, (f-":d; lm) = T + Foo Two —t FooTio

]
@2_[ lJ) lm) =

d_-,_".a [ﬁ; )ﬁ) = _z;-— .'or iy H‘/S f-m + ;a-ohrm + s P"O -r"“}?

_I.

" T =305 Fad Fa? 415 Fos o Fas Fid'

then the first approximations to the components of 8 3T, for ST satisfy

— - proegll = = 53
‘\‘F.lotejJ mej) - "'E FOO""" ’1 Ba —* flTﬂJ+ F&a!-co}-f-ffs J\ggpﬂk;la’y? 7

5, (RO 70) ~ 5 1 v,

= } = L pREGY mw E g SR = 72
©n (B, T®) = M3 Too - Foo oo’ oo oo’ - ad'3 = M5 R,
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; %=1 _— —
@(a;ﬁ;hi): '[Z Toecely 0 T,
Rl ) = () Fod' Too -2 Foo+ Too

- -—J’t,!_ o '-_'9
H-é—{:)o,:oo +T(-3Q F““‘ J

]

@O [ F:;;‘.;.n.f).‘ T (w))

U) L) (!—u'fu)J —{:i_ow}) = [-r""‘-'-‘ 00 -J— T:o‘ 2)

@a[:r:;;ﬁ’jj TE;(U)) : ] -sz)‘ = v) L0 -
ﬁr(f:aw, "l:;w) = Do (_ng @'}) D Fo Trq ) =0,
;ﬁ,‘b(’ﬁ&u) —tt-w) - QO(H£0)3 T, u)) o,
® (BT = § (e, 1.0 %8s,
6. (FO T = & (R/A2- _-_,,mw})
& (& st Tq“u} ‘*a., (Foo T T = T )
The boundary condit s for all components are F'ao-—ﬁa 5 A5 ok g,

=/, = Sl =@, _
Fig 20, To 70 G5 19® exoept Eod/ 21, BE®1 as q30e The first eigen-

--»-

solution is almost comparable to the first terms in the (L} and (h)
componentvs and the second term in the expamsion is important in the
() component,so that we use this first approximation only for very
large _g €.8. % 7¢00.

As in section 3 we adopt Merk's method in the region whare neither

series helds and accept the Ffirst itern as being sufficiently accurate
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des of (5.9) vary slowly with 3 ¢ She

secondary functions, L, Sl
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remove them as factors, Writing 7, = L; 7 etc, we are left with
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coefficients of the form Ip/Ly and 5 1L,/L, which do vary slowly

&% least for a paraboloid. If w2 now define
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and take @(F.JTI, 0) o mean 1

that the term in L,/L,is omitted,we have
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tnd the remaining equations and the boundary condiiions s@=e as in (5.9)

with the appropeiate new left-hand-sides ( ®(F™)T™,0), ®(FUTY DYk ).



