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1. Derivation of viscous streaming solution for elastic bodies

Here we present a detailed, step-by-step derivation of the viscous streaming solution in
the case of a hyperelastic two-dimensional cylinder. At the high level the logic of our
derivation is the following—we first present the problem setup with the complete set of
governing equations and boundary conditions. We then non-dimensionalize them through
appropriate scales, introducing the system’s key non-dimensional parameters, together with
their range in typical settings. We perturb the relevant fields (velocity, deformation, pressure)
as an asymptotic series of powers of the non-dimensional oscillation amplitude €, to obtain
approximations of the flow field solution at different orders. We derive the purely oscillatory
solution at zeroth order O (1), which reduces to a rigid cylinder immersed in a fluid governed
by the unsteady Stokes equation. We then derive the next order solution O (€) in two steps.
First, we obtain the deformation of the elastic solid due to the zeroth order flow in the fluid
phase. Next, we use this deformation to derive the necessary boundary condition for the fluid
flow, thus incorporating the effect of elasticity into the rectified streaming flow solution.

This section is organized as follows: problem setup, governing equations and boundary
conditions are presented in Section 1.1; their non-dimensionalization and key system-defining
parameters are discussed in Section 1.2; candidate perturbation series solution and final form
of the relevant equations are shown in Section 1.3; zeroth order (purely oscillatory) solution
is derived in Section 1.4; finally, the first order (steady streaming) flow solution including
the effects of elasticity are discussed in Section 1.6.

1.1. Problem setup and governing equations

We consider the case of a two-dimensional circular visco-hyperelastic cylinder (Fig. 1)
of radius @ immersed in a viscous fluid, with the fluid oscillating with velocity V(r) =

1 Email address for correspondence: mgazzola@illinois.edu
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Figure 1: Problem setup. Elastic solid cylinder (€2.) of radius a with a rigid inclusion
(pinned zone I' of radius b), immersed in a viscous fluid (Q ¢). The cylinder is subjected to
an oscillatory flow with far-field velocity V(¢) = eaw cos(wt), where € and w correspond
to the non-dimensional oscillation amplitude and the frequency of oscillation, respectively.

€aw cos wt, where €, w and ¢ represent the non-dimensional amplitude, angular frequency
and time, respectively. We ‘pin’ the cylinder’s centre using a cylindrical, rigid inclusion of
radius b, where b < a, to kinematically enforce zero strain and velocities near the cylinder’s
centre. This pinned zone I" also serves the purpose of eliminating the trivial solution of the
entire cylinder vibrating in-sync with the fluid (i.e. V,.;(#) = eaw cos wt).

We denote with Q, & JQ the region occupied by the elastic cylinder and the boundary
between the elastic solid and viscous fluid, respectively. The region occupied by the fluid is
represented by Q. The fluid is assumed to be Newtonian, isotropic and incompressible with
density py and dynamic viscosity p .

Next, we assume that the solid is isotropic, incompressible and of constant density p.. We
assume that the solid exhibits viscoelastic Kelvin-Voigt behavior, where the elastic stresses are
modeled via neo-Hookean hyperelasticity, characteristic of soft biological materials (Bower
2009). Nonetheless, as it will later become apparent, the choice of hyperelastic or viscoelastic
model does not affect the general theory presented in this study.

The dynamics in the elastic and fluid phases, in the absence of body forces, is described
by the Navier—Stokes (fluid) and the Cauchy (solid) momentum equations

ps (% +(v- V)V) =-Vp+usVv, xeQp
(1.1)

0
Pe (a_: +(v- V)V) =-Vp+u Vv +V 0%, xeQ,

where p and v correspond to pressure and velocity fields, respectively. As a convention,
the prime symbol ’ on a tensor A denotes it is deviatoric, i.e. A" := A — Etr(A)I , with

I representing the tensor identity and fr(-) representing the trace operator. Thus, 0/j,
corresponds to the deviatoric hyperelastic stress inside the elastic solid, which for a neo-
Hookean solid is given by

o'ne = G(FFTY, (1.2)
where F corresponds to a finite strain measure known as the deformation gradient tensor,

defined as F = dx /0 X. Here X and x correspond to the position of a material point at rest and
after deformation, respectively. Alternatively, F can also be written in a more intuitive form
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3

F =1+ Vu, where u = x — X, known as the displacement field, corresponds to the relative
deformation of a material point. Along with the above governing equations, incompressibility
translates to the following constraint on the velocity field in the fluid phase

Vov=0, xeQ (1.3)

and in the solid phase
Vv=0, xeQ,
det(F)=1, xe€Q,
where det(-) is the determinant operator. Note that det(F) = 1 follows from V - v = 0 (Jain
et al. 2019) and it is not an additional constraint. Nonetheless, we recall it here as it will
become useful later on.
To close the system of equations, we next derive the necessary boundary conditions,
relative to the pinned zone, interfacial conditions, and far-field conditions. First, the rigid

inclusion at the centre of the cylinder enforces zero velocity and strain fields over its domain
r

(1.4)

v=0, xel

u=0 xel.
Second, the fluid and elastic solid phases interact exclusively via boundary conditions at the
fluid—elastic solid interface. This implies continuity in velocities (no-slip)

ViE=Ve, X€O0Q (1.6)

(1.5)

and traction forces (normal and tangential components)
n-(=pgl+2usD%) -n=n-(-p+2u.D, + G(FFT)Y).n, xe€dQ

(1.7)
n-(—psl+2usD%) -t =n-(=p.d +2u.D, +G(FF")') -1, x €0Q

where n and ¢ denote the unit outward normal vector and tangent vector at the interface 9
(Fig. 1). The subscripts e and f refer to elastic and fluid phases respectively. Here D’ is the
strain rate tensor (Vv + VvT)/2. Finally, the flow velocity field away from the cylinder must
approach the unperturbed oscillatory flow, so that

v(lx| > o) = eawcoswt i, x €Qy (1.8)

where i refers to the oscillation direction. This concludes the definition of our model problem
and introduces all governing equations and boundary conditions necessary to its solution.

1.2. Non-dimensional form and key parameters

Next, we non-dimensionalize the governing equations and boundary conditions, followed
by the identification of the system’s key non-dimensional parameters, together with their
range in typical viscous streaming scenarios. Following the setup of Fig. 1, we choose the
characteristic scales of velocity, length and time to be V = €aw, L = a and T = 1/w,
respectively. We also define the density ratio as @ = pg/pr and the viscosity ratio as
B = us/uy. Given that streaming is observed in flow regimes with low to moderate inertia
(i.e. large viscous effects), we scale the hydrostatic pressure using viscous stresses, so that
the pressure scale is P = uyV/L. Non-dimensional relevant quantities and operators can
then be expressed as
’
)2:{; f=wrt; f):L; V=aV; p= P : F=F: ﬁ’:D—; A=n, t=t.
a €aw Hr€ew €W
(1.9)
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4
By substituting the above quantities into Eq. (1.1), we obtain in the fluid phase

ov . . N
(—‘i+6(f7-V)f1)=— B g5+ LL v, peQ; (1.10)
ot pra‘w praw
and in the solid phase
€p ra’w? 0 N ELFW A EUFW A N P
pr( )(a—‘;+e(f) vw):- ”CJ; b+ ”(’; BV +¥ - (FFTY, %eQ..

(1.11)
Finally, by introducing the Womersley number M = a+/pw/uys, which is the inverse of
the non-dimensional Stokes layer thickness, and Cau = epra 2w?/G, which is the Cauchy
number and represents the ratio of inertial to elastic forces, we obtain

ov . 1 . 1 -
A A _ A 2/\ A
(§+E(V-V)V) ——va'l‘wv v, X EQf (112)
and
oy . Cau . Cau A LA
A sl — _ A 24 . T~ A
Cau(a) (5 +e(P- V)v) = 7 Vp+ e BV +V - (FF"), %e€Q,. (1.13)

Similar to the governing equations above, non-dimensionalization transforms Eq. (1.6) and
Eq. (1.7) into the following non-dimensional boundary conditions

br=b, £e0Q (1.14)
R (Cau ) R (Cau , T) R
i-|— (- pr+ZD ) =n- (- peI+2(ﬁ)D )+ (FFT) X €0Q
i (%( pI+2D’ )) i (Cau( peI+2(ﬁ)D’)+(FFT)) €00

(1.15)
Lastly, the incompressibility constraints of Eq. (1.3) and Eq. (1.4) and the pinned zone
constraints of Eq. (1.5) remain unchanged, while the far-field condition now reads as follows

P(|#] = c0) =costi, £ €Qp. (1.16)

We note that the key parameters that define the system behaviour are €, M and Cau.
We reemphasize that € corresponds to the non-dimensional oscillation amplitude and for
viscous streaming € < 1. The Womersley number M, the inverse of the non-dimensional
Stokes layer thickness (or AC layer thickness d ¢ /a) is typically M > O (1) (Marmottant
& Hilgenfeldt 2004; Lutz et al. 2006). Accordingly, here we assume € < 1 and M =
O (1). These assumptions have been shown to provide accurate results for boundary layer
scalings and velocity decay for systems with small to moderate flow inertia (Holtsmark et al.
1954; Bertelsen et al. 1973; Lutz et al. 2005), which are commonly encountered in inertial
microfluidics.

Lastly, the parameter Cau, known as the Cauchy number, represents the ratio of inertial to
elastic forces in the system. For a rigid body Cau = 0, while for an elastic body Cau > 0,
with Cau <« 1 implying a weakly elastic body. We note that, from a theoretical perspective,
dealing with Cau > O (1) is challenging due to the highly non-linear nature of the stress-
strain response in hyperelastic materials. Here, to gain theoretical insight, we assume that the
cylinder is instead weakly elastic Cau < 1 and in particular that Cau = «e, where « = O (1).
This assumption simplifies the application of asymptotics/perturbation theory, allowing us
to investigate the effect of body elasticity on the streaming solution in the limit of € — 0,

Focus on Fluids articles must not exceed this page length
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5

thus Cau — 0. This is because the problem dependence is reduced to one small parameter €
(i.e. Cau and € are assumed to be equally small). We postpone more generic and convoluted
limits for Cau and € to future studies.

Lastly, for the less significant parameters density ratio @ and viscosity ratio 3, we assume
a =0 (1) and B8 = O (1). Nonetheless, these assumptions have negligible influence on the
final streaming flow solution, as it shall become clear in the following.

1.3. Perturbation series approach

Given the above assumptions and limits, we now perturb all relevant fields (velocity, pressure,
deformation and interface location) as an asymptotic series with powers of € as gauge
functions, valid in the limit ¢ — 0 and Cau — 0. Henceforth, to simplify notation, we drop
the use of [-], thus assuming all quantities to be non-dimensional.

With increasing powers of €, we obtain higher order correction terms in the approximate
solution, approaching the true problem solution in the limit € — 0 and Cau — 0. In this
work, we aim to derive the solution at least to first order O (€), where streaming is known to
emerge in the rigid body case. Hence, we perturb all relevant quantities to O (€) as shown
below

Vv ~ Vo +Ev +O(ez)

u ~u0+eu1+0(62)
n~no+en1+0<

)

t~t0+et1+0(62) 1

p ~ po+ep +O(e2)
0Q ~ 0Q + €dQ, + O (62)

where the subscript (0, 1, ...) indicates the order of the solution. By substituting the above
expansions into Eq. (1.12) and Eq. (1.13) we obtain the following form of the governing
equations in the fluid

o(vg+evy+...)
ot

+ E((V() +evy + ) . V)(V() +ev) + ))

. . (1.18)
= —WV(po +ep+..)+ WVZ(V() +evi+..), xeQy
and in the solid phase
0
ke(a) (% +e((votevi+...) - V)(vog+ev) + ))
(1.19)

K€ K€
= V(potepi+..)+ W(,B)W(vo +evi+..)
+V ((I+Vug+eVuy +..)(I+Vug+eVu, +..)7), xeQ,.
Further, incompressibility in the fluid phase implies

V-(V()+EV1+...)=0, erf (120)
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6
while in the solid phase we have

V-(vg+evi+..)=0, x€Q,

1.21
det(I +Vug+eVui+...) =1, xe€Q,. ( )

Moving on to the boundary conditions, constraints induced by the pinned zone (Eq. (1.5))
read
(vo+evi+..)=0, xel

1.22
(up+eu;+...)=0, xel. (1.22)

Interfacial boundary conditions (Eq. (1.14) and Eq. (1.15)) follow as
(Vf,() +tevy )+ ) = (ve’() + €V + ) x € 0Q (1.23)

EK ’ ’
(nop+eny+...) - (W(—(pf’() +epr+ ...)I+2(Df,0 +eDy |+ ...))) -(ng+en; +...)
€K / ’
= (no+en +...) - (_M2 (~(Pe.o + €pest + ) +2(B)(D, o + €D, | +...))

+((I+Vug+eVuy+...)(I +Vuog+ €Vu, + ...)T)') -(np+en;+...) x €0Q (1.24)

EK , ,
(nop+en;+...)- (W(—(pf,() +epr+ ...)I+2(Df,0 +eD% |+ ...))) ~(tg+ ety +...)

’

€K ,
= (ng+en +..)- (W(—(pe,o +€pet+-)I+2(B) (D) +eD, | +..))
+((I+Vug+eVu +..)(I+Vug+eVu + ...)T)’) “(to+eti+...) x € Q. (1.25)

Lastly, the far-field condition reads
(vo+evi+..)(|x| > ) =costi, xe€Qy. (1.26)

Before proceeding, we briefly describe the key steps we will follow to derive the flow field
field solutions at different orders. Given the pinned zone constraints and governing equations
in the solid phase, we first derive the solution for the deformation of the elastic body. From
this we compute the motion of the solid—fluid interface. This, in turn, provides us with the
appropriate boundary conditions to solve the governing equations in the fluid phase. Below
we describe this procedure for O (1).

1.4. Zeroth order O (1) governing equations and boundary conditions

We begin with the derivation of the zeroth order O (1) solution. Zeroth order equations
are obtained by recovering the O (1) terms from the governing equations Eq. (1.18) and
Eq. (1.19) and boundary conditions Eqgs. (1.23) to (1.26). Alternatively, the zeroth order
equations can be obtained by setting € = 0. First, the governing equations for the fluid phase
(Egs. (1.18) and (1.20)) reduce to the unsteady Stokes equations

0
M2§ = —Vpo+V,, V-vg=0, xeQ (1.27)
while in the elastic solid phase, the governing equations (Egs. (1.19) and (1.21)) reduce to
V- ((I+Vug)(I+Vug)’) =0, V-vg=0, xeQ,. (1.28)

To solve the above equations, the fluid Q¢ and elastic Q, domains (hence their common
boundary 0€2) need to be determined (hence their common boundary 9€2), which we do by
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7
considering the zeroth order boundary conditions. We start from the pinned zone constraints
of Eq. (1.22), which reduce to

Vo = 0, xel
(1.29)
up=0, xel.

Since Cau = 0 (implied by Cau = xe) the elastic solid is actually rigid at zeroth order so that
the direct solution of Eq. (1.28), with the constraints of Eq. (1.29), corresponds to the fixed
rigid cylinder
vo=0, uy=0, xe€dQ
0Qy:=r=1
where 0Q is the boundary at the non-dimensional radius » = 1. Because of the no-slip

boundary condition for the velocity field, and continuity in pressure fields (Angot et al.
(1999)), we have

(1.30)

vio=0, x € 0Q
0 0 (1.31)
Pf.0 = Pe0s x € 0Q
while the far-field condition of Eq. (1.26) reads
vo(lx| = c0) =costi, x€Qy. (1.32)

1.5. Zeroth order O (1) solution in cylindrical coordinates

To solve the above system of equations, we introduce the more convenient cylindrical
coordinate system (r, 8), with r being the radial coordinate and 6 the angular coordinate.
With the origin of the coordinate system at the center of the cylinder, and oscillation direction
i corresponding to 6 = 0, the no-slip boundary condition Eq. (1.31) and the far-field condition
Eq. (1.32) can be written as
Vo,r |r:1 =0
v -1=0
0,0|r 1 (1 3 3)
V0.r|r—e0 = cOSH cost
V()’(9|r—>oo = —siné cost.
For the zeroth order solution derivation, we next consider the streamfunction ¢ form of
Eq. (1.27)
6V2(ﬁ0
e
ot
where vo = V X . The solution of the above equation was derived by Holtsmark et al.
(1954) and can be written as

=V, r>1 (1.34)

Hy(m)  Hi(mr)
rHo(m) mHy(m)

Yo =siné (O.Sr +0.5 )e"’ +ce., r>1 (1.35)

where i = V=1 and m = ViM. Here, H; and c.c. refer to the i’ order Hankel function of first
kind and complex conjugate, respectively. Consequently, the velocity field vg is given by

1 H H H .
Vo, = Lo _ osa0.5+0.5 2(m)__ : olmr) _ : 2(m)) -in +c.c.
’ r 00 rzHo(m) Hy(m) Hy(m)
H H H )
voo =220 _gna(-05+05220m o sHolmr) o GH0mI i sy
’ or r2Ho(m) Ho(m) Hy(m)

(1.36)
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8
where we have used the identities

H;
Zilr) = H;_1(mr) + Hiy (mr)
mr

2H!(mr) = Hi—y(mr) — H;yi (mr)

where i is the order of the Hankel function. As seen from Eq. (1.36), the zeroth order velocity
field v in the fluid is purely oscillatory, and hence no steady streaming is observed at O (1)
(Holtsmark et al. 1954; Bertelsen et al. 1973). Additionally, since at zeroth order Cau = 0,
no effects of elasticity on the flow field manifest. As such, we then proceed to the next order
of approximation O (€), where we expect elasticity to affect the steady streaming solution.

1.6. First order O (€) governing equations and boundary conditions

The first order governing equations are obtained by recovering the O (¢) terms from Eq. (1.18)
and Eq. (1.19). In the fluid phase (Eq. (1.18)) we recover the inhomogeneous unsteady Stokes
equation

8v1

M? o +M? (vo-V)vo=-Vp  + Vv, x€Qf (1.37)
while in the solid phase Eq. (1.19), we have
«(@) (%) - —#Vpo + %(ﬁ)v%o LV (Va + (Va)T), xeQ..  (1.38)
We then substitute Eq. (1.30) in Eq. (1.38) to obtain
kVpo =MV - (Vu; + (Vu))?), xeQ,. (1.39)
To simplify Eq. (1.39), we note that the incompressibility constraint Eq. (1.21) reduces to

the following constraint at O (€)

det(I+eVuy) =1, x € Q.. (1.40)
Using the following identity valid in two dimensions

det(A + B) = det(A) + det(B) + det(A) - tr(A™'B),

with A = I, det(A) = 1, B = €Vu, the constraint further reduces to

e tr(Vuy) + €2det(Vu;) = 0
which, at O (¢€), simplifies to

tr(Vu))=V-u; =0, xeQ, (1.41)

thus simplifying Eq. (1.39) into

kVpo = M>V?u;, x€Q,. (1.42)

The above equation physically represents the zeroth order fluid flow («V pg term) deforming
the weakly elastic solid (u1). As pointed out previously, Eq. (1.39) shows how the choice of
hyperelasticity model does not affect equations at O (¢€). Indeed, the higher order non-linear
terms in the stress strain response drop out, due to linearization. Additionally, the effects
of density and viscosity ratios (@ and ) as well as the effect of solid viscosity have also
disappeared at this order.

To solve the governing equations above, similar to the procedure at the previous order,
we consider the boundary conditions at O (€), starting from the pinned zone constraints of
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Eq. (1.22), which at O (€) read as

vi=0, xel

1.43

u; =0, xerl. ( )

Next, we consider the solid—fluid interfacial stress boundary conditions of Eq. (1.24) and

Eq. (1.25), which when evaluated at O (€) accurate interface 9Qg + €€, with substitution
of Eq. (1.30) give

Cau ,
n- W(—pr'Fsz ) ‘R

K
eno - (—=(=prol +2D)) - mo| +0(e)
s (M2( Pro 70) 100 o,

K ’ 2
€ny - (W(_pf’()l-'- 2Df,0)) . n0|690 +0 (E )

=GR Cpd + 2D+ (FFTY ) a|

= en - (#(—pe,ol +2(B)D, ) + (Vui + (V‘“)T),) ' "0)

0Qp+€0Q
+0(62)
= eng - (o (=peol +2(B)D, o) + (Vuy + (V) )’} - m|
M? ’ e.0 Q0
+0(62)
n (S pae2D))| 1 :eno.(i(—pfouzp’ 0))-t0| +0(62)
M2 f oQ M2 ’ f’ 890+6091
- N ' 3). 2
= €ny (MZ( pf,()I+2Df,0)) t0|ago+0(6)
C
—n. (i;l(—peuzw)l);) + (FFT>') y
M o0
K
= enp - (2 (“pool +2(B)D’, ) + (V VT'-t|
eno- (53 (-Peol + 2D, )+ (Vur+ (Va)Y) ot
+O(62)
= eng - (215 (=pe.od +2(BD} o) + (Vur + (Va)TY') -t
M? ’ €0 a9
+O(€2).

(1.44)
Retention of O (¢€) terms in Eq. (1.44) gives us

K , K
mo - (575 (=P rol +2D% 0)) - 1m0 = 1o - (75 (=peol + 208D/ ) + (Vuy + (V) ) - mo

K ’ K ’ ’
no- (25 (=prol +2D) ) - to = o - (25 (=peol +2(B)D, ) + (Vuy + (Vu))")') - to,
X € 390.
(1.45)

Here, no and ¢, refer to the normal and tangent vectors at the zeroth order, that is the rigid
body interface 0€2y. These conditions (Eq. (1.45)) can be simplified using Eq. (1.30) and
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265 Eq. (1.31) to obtain

M2
ny - (2D}0) cRp =np - (T(Vul + (Vul)T)’) ‘N, x € 08

266 ) (1.46)

M
ng - (2D’ o] to=no- —(Vu1+(Vu1)T)’ - to, x € 0Q.
f’ K

267 1.7. First order O (€) solution in cylindrical coordinates

268  With O (€) governing equations and boundary conditions in hand, we proceed as before to
269 derive their analytical solution. We start by deriving an expression for the displacement field
270 u; inside the solid. We define { = b/a as the non-dimensional radius of the pinned zone.
271 Adopting a cylindrical coordinate system, the solid pinned zone constraints of Eq. (1.43)
272 read as

;=0
73 urrlr=g (1.47)
uglr=¢ =0

274 while the solid—fluid interfacial stress boundary conditions of Eq. (1.46) become

aVO,r

or |, kK Or |._

275 ) (1.48)
10vo,r  0Ovoe Vo,e) M (16u1,r duy,g ul,e)

_ IW2 6u1,r

+
r 00 or r K

r60+0r r

r=1 r=1

276  We note that Eq. (1.41) implies that u; is divergence free, which allows the definition of a
277  streamfunction-equivalent strain function . ; where u; = V X, ;. Taking the curl (VX) of
278 Eq. (1.42), and expressing u in terms of i 1, we obtain the following homogeneous fourth
279 order biharmonic equation

280 V4¢e,1 =0, xe€Q, (1.49)

281 with the pinned zone constraints (Eq. (1.47)) becoming

16¢e,l

r 06 Py
282 i (1.50)
a'r//e,l -0

or |-

283 Next, the boundary conditions of Eq. (1.48), with forcing terms (i.e. previous order terms)
284 moved to the RHS, become

0 (10ye
ar (? 90 )
( 1 82‘”&1 aer//e,l 4 15‘%,1)
r2 962 or> r or

_ K (9V0,r
T M2 or |

! r=l (1.51)
K (1 Ao,  vo.e V()’g)

r=1 M?

r=

285

r60+8r r

r=1

Rapids articles must not exceed this page length



11

286 The RHS of Eq. (1.51) can be evaluated using Eq. (1.36) and the recurrence properties of
287 Hankel functions, yielding

ovo.r Hy(m) Hy(mr) Hy(mr) Ho(mr)\ _;,
=cosf |- . -0. +c.c =0

ar |, r3Hy(m) mr2Hy(m) rHo(m) rHy(m) .
Ao, _ H H y

Yo, = —sin6[0.5+0.5 20m) _ Hi(mr) eT+cce| =0

a0 |._, r2Hy(m) mrHy(m) =l
o .

ool g (_ Hy(m)  Hy(mr) mH, (mr)) i 4 cc.

ar |, r3Hy(m)  rHo(m) Hy(m) -

=sin@ F(m) e +c.c.
288 (1.52)
289 Here, F(m) expresses in compact form the bracketed terms. Using Eq. (1.52), conditions of
290 Eq. (1.51) simplify to

-0
r=1 (1.53)

= # sin@ F(m) e™" +c.c.

or\r 96

1 azlrl/e,l _ 62(!/6,1 + la'r//e,l
rr 062 ar2 r Or

292 Now we have expressions for the four boundary conditions (pinned zone constraints -
293 Eq. (1.50); solid—fluid interfacial stress boundary conditions - Eq. (1.53)) necessary to
294 solve the elastic solid fourth order differential equation (Eq. (1.49)). Based on the form of
295 the boundary conditions in Eq. (1.53), we choose for the homogeneous biharmonic equation
296 (Eq. (1.49)) the candidate general solution (Michell 1899)

0 (la'r//e,l)

291

r=1

3

297 Vel = ML sin (clr + & + 317 + cyr ln(r)) F(m) e " +c.c. (1.54)
r

2

298 where ¢y, ¢2, c3 and c4 are constants that are determined from the 4 boundary conditions
299 given by Eq. (1.50) and Eq. (1.53)

C1+%+C3§2+C4 In(¢)=0

C2
300 c1 —?+3C3§2+C4(ln({)+1) =0 (1.55)
—262 + 2C3 +cCc4 = 0
—4(02 + C3) =1.
301 Solving the above linear system of equations yields
2+ 1)1
e =05 DIMD 55
(*-1
(2
cy =—-0.25 o
30 & (1.56)
o 0.25
3= —52 1
2
1
=058 D
-l

303 Having determined the strain function . ;, we proceed to evaluate u; = V X ¢/, 1 at the
304 cylinder surface (r = 1), which will eventually feed into the solution of the fluid phase,
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through the no-slip condition. The interfacial displacement u;, accurate up to O (¢€) is then
given by
10y, .
Uy, = - 1’;19’1 . = # cos 6 (cl + % +e3rl+cy ln(r)) F(m)e™™ +c.c. _
= # cos0 G (&) F(m) e +c.c.
0 .
ujg = — Z:l . = —% sin (cl - j—; +3c3r? + ca(ln(r) + 1)) F(m)e ™ +c.c. -
K . _;
=37 sinf G2(&) F(m) e +c.c.
(1.57)
with G1({) and G,(¢) as the compact notation for the bracketed terms.

We now have all the conditions required to evalute the solution in the fluid phase at O (¢).
We recall that the governing equations in the fluid phase (Eq. (1.37)) can be written in
streamfunction form, which at O (€) read

ov?

1\427‘”1 +M? ((v0 V) vzl//o) =V, r>1 (1.58)
where vi{ = V X . In order to solve for i, we first focus on the forcing term
M? ((vo - V) V2yy), which using Eq. (1.36), similar to the derivation in Holtsmark
et al. (1954), can be expressed as

M2 ((vo V) vzlpo) — sin26 (p(r) +Q(r)e 2 + sz*(r)ez“) (1.59)
where
M4 H Hy(m)H: (mr Ho(mr)H: (mr
o) = - 2(mr) 2( 2) 0(2 )+ o( 2) >(mr) . (1.60)
2 Hy(m) H (m)r HG(m)
Here superscript * indicates complex conjugate, while /m[-] stands for the imaginary part.

The terms sin 26 Q(r)e?* and sin 26 Q(r)e " correspond to higher order oscillatory forcing
terms, which generate oscillatory unsteady corrections to the first order flow. The term
sin26 p(r) is, instead, real, steady, time-independent and is the one responsible for the
streaming flow that emerges in the case of a rigid cylider, as demonstrated previously in
Holtsmark et al. (1954). Since we are interested in steady streaming flow, we consider the
time averaged form of Eq. (1.58) (i.e. we drop the time derivative), yielding

V4y1) =sin20 p(r), r>1 (1.61)

where (-) stands for a time averaged field. To solve the above equation in the fluid phase, we
recall the necessary no-slip boundary condition given in Eq. (1.23), that needs to be enforced
at the elastic solid—fluid interface, deformed by the zeroth order flow. Based on Eq. (1.57),
we note that r = 1+ eu; - corresponds to an O (€) accurate expression for the location of the
deforming interface. The no-slip condition of Eq. (1.23) can then be written as

— 2
Ve,r|ag - V‘f’r|r:l+eu1,, +0 (E )

_ 2 _ _ 2
Vf’9|as: - vf’9|r:1+eu1‘r +0 (E ) - ve’0|09 - ve’0|r:1+eu1‘r +0 (6 )

We recall that the subscripts e and f refer to the interfacial field values from the elastic solid
and fluid perspective, respectively. The RHS of Eq. (1.62) is the deformation velocity of the

— 2
vf’r|6.Q - vf»r|r:1+eu1,, +0 (E )
(1.62)
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elastic solid interface, which can be computed from the deformation field u of Eq. (1.57) as

_ du, o\ O(eur, +0(€2)) 5
Ve,r|a§z ot rmlseur, +0 (E ) B ot rvenr. +0 (E )
d(eur , +0 (%)) 8*(eur, + 0O (€%)) )
- a1 e arot . +o(€)
_ aul’r 2
=€ ar |, +0 (6
_ . K —it 2
——ezwcoseGl({) F(m) e +c.c.+0(e )
(1.63)
_ dug 5\ O(eurg+0(€2)) )
Ve,9|ag = ven +0 (e ) = r 1 +0 (e )
o r=l+eu; ,
IRIGIY +0 (%)) 8*(eur,o + O (€%)) )
- ot ey arar +o(e)
r=1 r=1
Ouig

= —ei% sinf G2() F(m) e™ +c.c.+O (62) .

We note that at zeroth order the deformation field is zero (o, = uo,¢ = 0), hence u, =
euryr + 0 (62) and ug = €uy g + O (ez). There are now two ways to enforce the no-slip
condition of Eq. (1.62) to the fluid. First, we can adopt a moving coordinate system attached
to the moving interface, and enforce the no-slip condition on a fixed surface in that frame of
reference. Second, we can maintain the fixed coordinate system with origin at the cylinder
center, and enforce the no-slip condition on a moving interface. Since the use of moving
coordinates presents technical complications in the time averaging process eventually needed
for streaming, as pointed out in Longuet-Higgins (1998), we adopt the latter approach.
Additionally, we can replace the boundary flow velocity v ,|,=1+eu;, and v glr=11eu,, ON
the temporally moving interface r = 1+€u - with the velocity that the flow would need to see
on the fixed interface r = 1 to respond equivalently. This boundary condition transfer can be
achieved by Taylor expanding v . |r=1+eu, , and V 7 glr=1+eu,, aboutr = 1 (Longuet-Higgins
1998)

virloa =Verlr=treu, + O (62) = (Vf,r + ‘(;]; “(eur, +0 (62))) r:] +0 (62)
= (vf’r+eagf’ru1 r) +O<62)
avfrg =l (1.64)
vreloa =vrelr=treu,, +O (62) = (Vf,e + (9r’ (eur,r+0 (62))) ~ +0 (ez)
= (Vf’g + eag];’eul,r) r:] +0 (62) .

Here onwards, to avoid subscript clutter, we drop the subscript f and all references of the
velocity field v now correspond to the velocity in the fluid phase. By combining Eqs. (1.62),
(1.63) and (1.64), followed by substitution of the asymptotic series for fluid velocity v =
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vo + evy + O (€?) and retention of O (¢) terms, we obtain

aV(),r
Vi + Ui,
r or r .

6\/0,9
Vi, + ——Uui,
or "

The first term on LHS of the equation above (v;|.—;), which is currently unknown,
corresponds to the first order no-slip velocity that the fluid flow experiences at the zeroth
order boundary » = 1 due to the boundary condition transfer. The second term on the LHS,
which represents the correction generated due to the Taylor expansion, can be evaluated
using Eq. (1.52) and Eq. (1.57) as

aVO,r
ar L

= —i# cos8 G1(0) F(m) e™" +c.c.

=! (1.65)
. k. )

=-it3 sin@ G,(¢) F(m) e™" +c.c.

r=1

=0
" (1.66)
B # sin 26 (Gl(g)F(m)F*(m) +p(r)e " + ¢*(r)ezit) :

r=1

Since we are interested in the effect of elasticity on steady streaming flow, we consider the
time averaged form of the no-slip condition of Eq. (1.65), which using Eq. (1.66) reduces to

<V1,r>|r:1 =0

K . . (1.67)
o)., = o7 sin 20 G1(O)F (m)F*(m).

Equation (1.67) tells us that an oscillatory no-slip velocity imposed on a moving interface
(r = 1 +€uy ) can be equivalently seen as a rectified slip different from zero ({(v{,¢)|r=1 # 0)
at the zeroth order, fixed interface r = 1. Such rectified slip velocities are also seen in the
case of streaming flow generation due to axisymmetric pulsating bubbles (Longuet-Higgins
1998; Spelman & Lauga 2017). In our case this slip, which is non-zero only for a deformable
elastic body, modifies the well-known steady streaming flow generated due to the Reynolds
stress term (sin 260 p(r), RHS of Eq. (1.61)) induced by the rigid cylinder counterpart. We
remark that this slip is independent of the non-linear inertial advection term in Navier—Stokes
equations, and hence can generate streaming even in the Stokes limit, unlike the case of rigid
bodies. Finally to derive the effect of this steady slip on streaming flow, we consider the
streamfunction version of the time averaged no-slip condition Eq. (1.67)

ool _,
ro00 e (1.68)
WD\ L % Gn26 Gy (&) F(m)F* (m) '
ar |,_, M?
where ; = V X v;. Similarly, the time averaged far-field conditions, stemming from

Eq. (1.26), read
19{y1)

90 =0
;.

r—oo (1.69)
| _,

or r=—oo '

Finally, with the time averaged flow of equation Eq. (1.61) and the necessary boundary
conditions of Eq. (1.68) and Eq. (1.69) in hand, the steady streaming flow solution for a
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weakly elastic cylinder can be computed, yielding
(Y1) =sin20 [O(r) + A(r)] (1.70)

where O(r) is the classical rigid body contribution, derived first in Holtsmark et al. (1954)
and given by

O(r) = —%‘/ (T) —/ To(1) dr
1 r (o)
+ T3 (/1 T3p(T) dr +[ l& dr — 2[ To(T) dT) (1.71)

1 1 r
+ =) (_E/] T p(T) dr - ﬁ pg_T) T+ —/ To(T) dT)

and whose asymptotic nature (previously derived in Holtsmark et al. (1954)) is given by

1 Er-?
O(o0) = E/1 fp(‘r) dr

(1.72)
Py =0
dr B
Next, A(r) is the new elasticity effect modification given by
K . 1
A(r) = O'SW G (O)F(m)F*(m) (1 - r—z) (1.73)
and whose asymptotic nature is given by
K *
dA( : (1.74)
—(00) =
dr
where G| ({) and F(m) are expanded here for convenience
2+ 1)1
Gig) =05 (E2DE
&= (1.75)
F(m) mH(m)
m)=———=
Ho(m)

This concludes the detailed, step-by-step derivation of the viscous streaming solution for the
case of a hyperelastic two-dimensional cylinder.

2. Rationale for O (Cau) = O (¢) assumption

In this section, we provide rationale for the assumption O (Cau) = O (€) employed in this
study. A more general expansion, whereby Cau is not tied to €, would ultimately lead to
our same main conclusions, within the limits of linear elasticity. However, we note that our
results apply to viscoelastic materials as well, provided that O (Cau) = O (¢). Indeed, with
this assumption, the solid viscosity and the non-linear elasticity terms are of order higher than
the streaming flow order, and thus drop out. On the other hand, without this assumption (or
further system knowledge), it is not possible to determine the relative order of the non-linear
elasticity terms with respect to the streaming flow order, thus preventing linearisation and
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conclusive asymptotic analysis. This argument is expanded in more mathematical detail at
point 3 below.

Nonetheless, we wish to emphasize that our simplifying assumption does not come with
much loss of practical generality. In fact, for realistic systems that may exhibit soft streaming
(see Section 6), it is reasonable to expect that small oscillation amplitudes (€) are accompanied
by weak elastic responses (Cau). This is because large values of Cau relative to € may
correspond to unrealistic materials and applications. For example, in our setup, assuming
e ~ 0 (10‘1), a value of Cau ~ O (10‘1) corresponds to a very soft biological tissue
(G ~ kPa (Liu et al. 2015)), with larger values of Cau implying material properties not
commonly found in nature, or of little engineering relevance. Therefore, without much loss
of practical generality, it intuitively makes physical sense to us to tie Cau and €.

Based on these considerations, we believe our approach strikes a reasonable balance
between mathematical simplicity and practical relevance, as summarized more formally
below:

(i) In the case of viscous streaming, slaving Cau to € reduces the number of perturbation
parameters from two (¢ and Cau) to one (€), and the number of perturbation orders to be
considered from a minimum of three (O (1), O (¢) and O (Cau)) to two (O (1) and O (¢)),
thus simplifying the presentation and application of asymptotic theory.

(ii) A generic perturbation involving two parameters (e and Cau) leads to the appearance

of cross-terms such as O (eCau) or O (eCauz), which make the tracking and ordering of

different terms in the expansion more involved, ultimately resulting in a derivation that can
be distracting.

(iii) For a generic expansion analysis, it is critical to know the relative magnitudes of e
and Cau, in order to match and arrange the powers of these parameters in the right order.
For instance, if € < Cau, then €2 < Cau? or €2 < €Cau, however if the former (e < Cau)
is not known, we do not have enough information to arrange and match the higher order
terms. A similar ordering issue can arise in the case of our setup, when considering the
appearance of the solid viscosity and nonlinear elasticity terms. In fact, if Cau is chosen to
be a different expansion parameter from € in the asymptotic analysis, it can be shown that

the solid viscosity and nonlinear elasticity terms now appear at O (Cauz). However if no
information is available regarding the relative magnitudes of € and Cau, it is not possible
to determine if the O (Cauz) terms are higher order with respect to the O (€) streaming
flow. This issue prevents linearisation of the equations and conclusive asymptotic analysis.
Instead, our assumption of O (€) = O (Cau) resolves this issue since O (Cauz) = 0 (€?),

implying that the solid viscosity and nonlinear elasticity terms are indeed higher order and
thus drop out at the O (€) streaming flow, transforming the analysis into a linear elasticity
model analysis.

3. Stokes drift correction

The final result of Eq. 3.20 in the main text represents the Eulerian streamfunction for the
steady streaming flow. However, fluid particles do not precisely follow these streamlines
because of Stokes drift. This implies that true pathlines of fluid particles, i.e. the Lagrangian
streamlines, require the computation of the Stokes drift to correct the Eulerian counterparts.
In this section, we present a brief derivation of the Stokes drift correction, based on Raney
et al. (1954) and Bertelsen et al. (1973), concluding with the final explicit form employed in
this study.

Let V be the true (Lagrangian) velocity of a fluid particle. The velocity of the particle can
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then be expressed as a function of the Eulerian velocity flow field v

V(t) = v(xo+/ Vdr, t) (3.1)
0

where ¢ and x( correspond to the time and the location of particle at t = 0, respectively. Since
the displacement of the particle about xy over one cycle is small, we can Taylor expand the

particle velocity about xq
t 2
( / VdT) .
0

Denoting V() by V, v(xo,t) by v, and non-dimensionalising time 7 = tw and velocity
¥ =v/eaw yields

t
V(t) =v(xo, 1) + / Vdrt - Vv(xg,t) + O (3.2)
0

t
f/=9+e/ VdT-V9+0(62). (3.3)
0
Henceforth, to simplify notation, we drop the use of [*], thus assuming all quantities to be
non-dimensional. We next perturb the particles velocity V and Eulerian velocity field v to
O (€), and then substitute in the equation above to obtain

Vo+eV,+0 (62) = o +ev + e/ot Vodr- Vg + O (62) . (3.4)

At zeroth order O (1), Eq. (3.4) reduces to
V() =Vp. (3~5)

Thus to the zeroth order approximation, the Lagrangian velocity of the particle is the same
as the Eulerian velocity field. At first order O (€), with substitution of Eq. (3.5), Eq. (3.4)
reduces to

t
Vi=v +/ vOdT . VV(). (36)
0

Since we are interested in steady streaming flow, we consider the time averaged form of
Eq. (3.6) (i.e. we drop the time derivative), yielding

<V1) = <V1> + (L vOdT . VV()>. (37)

Following Raney et al. (1954), Eq. (3.7) can be expressed in streamfunction form as

1 t
(lP]>=<l,lI]>+§VX<V0X‘/O vodT). (3.8)

As seen from Eq. (3.8), the Lagrangian steady streamfunction (¥;) can thus be expressed as
the sum of the Eulerian steady streamfunction (i) (Eq. 3.20 of main text) and the Stokes
drift correction (last term on RHS). The explicit form of the Stokes drift term, as previously
computed in Raney ef al. (1954) is then given by

1 t
EV X {vq x/ vodt) =sin260 B(r), r>1 3.9
0

where

Hy(mr)  Holmr)Hy(mr) =~ Ho(mr)Ha(m) — Hy(m)
Ho(m) — Ho(m)Hg(m) — Ho(m)Hg(m)r*  Ho(m)r?

B(r) = %Im [ (3.10)
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Figure 2: Effect of elasticity on streaming flow strength. (a) Radial variation of tangential
Eulerian velocity v¢ along 6 = 45° for M = 10 and Cau = 0 (rigid limit). Grey and orange
markers correspond to the maximum (v g ;;4x) and minimum (v g ;) velocities,
respectively. (b, ¢c) Heat-maps tracking |v g max| and [vg min| as functions of M and Cau.
Red dashed lines are iso-contours.

Here, H;,*, m and Im[ ] refer to the i’ h order Hankel function of first kind, complex conjugate,
Womersley number and the imaginary part, respectively.

This concludes the derivation of the Stokes drift correction, in the case of steady streaming
flow from a cylinder.

4. Effect of elasticity on flow strength

In this section, we present how variations in flow inertia (M) and cylinder elasticity (Cau)
affect the flow strength of the resulting streaming field. Following classical streaming
literature (Bertelsen et al. (1973)), we characterize the flow strength via the Eulerian velocity
along 6 = 45°. Since the radial component of the velocity is v, = 0 along 6 = 45°, we can
equivalently characterise the flow strength via the tangential velocity v 4. Figure 2a (reported
below) shows a typical variation of vy (6 = 45°) for M = 10 and Cau = 0 (rigid limit). To
characterise flow strength consistently, in Fig. 2b,c we track maximum (v g 4y, grey marker,
Fig. 2a) and minimum (vg, ,n, orange marker, Fig. 2a) velocities within the DC layer as
functions of M and Cau. As seen in Fig. 2(b), |ve,max| decreases with an increase in cylinder
elasticity (Cau), while is approximately independent of the flow inertia M (given the near
horizontal red iso-contours). In Fig. 2(c), instead, |v¢ min| increases with both M and Cau.
The above analysis provides then a compact rulebook to manipulate streaming flow strength,
via variations in flow inertia (M) and cylinder elasticity (Cau).

5. Effect of pinned zone radius on streaming flow

In this section, we present the effects of varying the pinned zone radius ¢ of a soft
circular cylinder, on the emergent streaming flow. We first consider the elasticity-based
streaming modification term A(r), and specifically the prefactor G(¢), which captures the
{-dependence of A(r). Figure 3(a) presents the variation of G () with £, where G(¢) is
observed to decrease with increasing £. As { — 1, G1({) is seen to approach zero. This
behaviour is expected since { — 1 implies pinning the entire cylinder, rendering the cylinder
rigid and thus with no body elasticity contribution to streaming. On the other hand, as { — 0,
a singularity is observed for G|({) — oo. This is because it is physically unrealistic to "pin"
the soft cylinder and enforce the no-slip condition in a region of zero thickness. Then, for a
realistic range of pinned zone radii £, theory predicts that decreasing the pinned zone radius ¢
leads to an increase in the elastic contribution to streaming (Fig. 3a), as intuitively expected.



513
514
515
516
517
518
519
520
521
522
523

524

525
526
527
528
529
530
531
532
533
534
535
536
537

19

(a)2 sk (b)2 . —— Rigid body, Cau =0 (Bertelsen etal, 1973)
Ut FoE Elastic body, Cau = 0.025, { = 0.6
r | B Elastic body, Cau = 0.025, { = 0.4
2r S i = =
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Figure 3: Effect of pinned zone radius on streaming flow. (a) Prefactor G (¢), which
captures the ¢-dependence of the elasticity-based streaming modification term A(r)
versus pinned zone radius {. (b) Normalized DC boundary layer thickness § pc /a versus
the inverse of Womersley number (1/M) from theory (solid lines) and simulations
(circles), for rigid cylinder (Cau = 0) and soft cylinder (Cau = 0.025) with varying pinned
zone radius .

We next proceed to validate the above theoretical predictions by comparing against results
from numerical simulations. With body softness (Cau = 0.025) fixed, we vary the pinned
zone radius ¢ and observe its effect on streaming, characterized via the normalised DC layer
thickness (6pc/a). Figure 3(b) presents variation of dpc/a with the Womersley number
(1/M), for different values of pinned zone radius . Additionally, we plot the DC layer scaling
for the rigid cylinder Cau = 0 (equivalently ¢ = 1) for reference, in Fig. 3(b). Figure 3(b)
reveals a decrease in 6pc with decrease in ¢ across all flow regimes M, although this
contraction is more pronounced for regimes of lower inertia (higher 1/M). These theoretical
predictions (solid lines) are confirmed by simulations (circles) across M. Thus, the body
pinned zone radius ¢ is an additional parameter that can be tuned, to rationally modulate
streaming flow topologies via elasticity.

6. Equivalent experimental parameters

Here, we report the range of realistic experimental parameters, equivalent to the values of
M, € and Cau considered in the main text, for which body elasticity significantly affects
streaming. The non-dimensional quantities (M, € and Cau) and corresponding experimental
parameter ranges are tabulated in Table 1. For streaming setup properties that include fluid
density p s, angular oscillation frequency w, fluid kinematic viscosity v and cylinder radius
a, we assume ranges typically employed in streaming applications (Lutz et al. 2005, 2006;
Vishwanathan & Juarez 2019; Bhosale et al. 2021). Then, we derive ranges for the shear
modulus G of the body, showcased in the last row of Table 1. As seen from Table 1, the
shear modulus (G) range corresponds to materials that can be realistically employed in
microfluidic settings, from soft biological tissues (Liu ef al. 2015) to common polymeric
materials such as Polydimethylsiloxane (PDMS) (Lotters et al. 1997; Wang et al. 2014). We
conclude that within the range of experimental parameters shown in Table 1, body elasticity
can be realistically used to significantly modulate streaming flows.
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Parameter Value range

Non-dimensional quantities

M O (10)
e o(107)
Cau o107
Equivalent experimental quantities
of o (103 kg - m~3 (Lutz et al. 2005; Vishwanathan & Juarez 2019; Bhosale et al. 2021)
v o (10—6) m? - s7! (Lutz ef al. 2005; Vishwanathan & Juarez 2019; Bhosale et al. 2021)
a @] (10’3 m (Lutz et al. 2005; Vishwanathan & Juarez 2019; Bhosale ef al. 2021)
w 0] (103) -0 (104) rad - s~! (Lutz et al. 2005; Vishwanathan & Juarez 2019; Bhosale ez al. 2021)
G 0 (1) -0 (10?) kPa

Table 1: Range of realistic experimental parameters for which body elasticity significantly
affects streaming.

%— Rigid body, Cau =0
oL E— Elastic body, Cau = 0.025

0.5F

e . oy T |
0.05 0.075 0.1 0.125 0.15 0.175 0.2
1/M

Figure 4: Normalized DC layer thickness 6 p¢/a vs. inverse of Womersley number
(1/M) from theory, for rigid (Cau = 0) and soft (Cau = 0.025) cylinders.

7. Behavior of 6pc with M in the limit M — O (1)

To investigate the behavior of 6 pc with M for a soft cylinder, in the low inertia limit i.e. for
M — O (1), we extend the range of M considered in the main text (Fig. 2d), and present
the corresponding theoretically predicted DC layer thickness 6 p¢c/a values in Fig. 4. As it
can be seen, approach to divergence is observed for Cau > 0, although at values of M lower
than those of the rigid cylinder limit. This is expected since, for Cau > 0, the rigid body
contribution ®(r) is the same as in classic streaming and will diverge, with the elasticity
contribution A(r) only shifting the curve.



546

547
548
549
550
551
552
553

554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582

21

M=~T M ~ 10 M =~ 14
@] (b) © —
0.01F 0.01F 0.01F JassstsstssseILL:
’ §88888888900 o
o o rrreres ISt L o
‘ﬁ Sl & /
-0.01 o, * -0.01}- d -0.01}-
N £ oy o
~ g ©/@/—— Theory, rigid body, Cau =0 it 3 b o
2 -0.02[ e o®® Theory, rigid body, Cau = 0 -0.02 -0.02¢
[ e .. ® Simulations, elastic body, Cau = 0.025 HH °
003E % @ Simulations,elasic body, Cau =025 ¢ 3 f X ) ) L l-003EY ) ) )
1.2 1.6 r 2 24 1.2 1.6 r 2 24 1.2 1.6 r 2 24

Figure 5: Radial decay of time-averaged velocity magnitude along 6 = 0°, from theory
(lines) and simulations (scatter points), for rigid (Cau = 0, black) and soft (Cau = 0.025,
blue) cylinders, with varying flow conditions (a) M =7, (b) M = 10 and (a) M = 14,
respectively.

8. Velocity decay with variation of M

In this section, we extend the validation of our asymptotic theory to streaming flow
magnitudes across different flow conditions (M). We do this by plotting the radially-varying
time-averaged velocity at 8 = 0° for varying flow conditions M, in Fig. 5(a-c). We plot our
theoretical predictions as solid lines, for rigid (Cau = 0, black) and soft (Cau = 0.025, blue)
cylinders, upon which we overlay simulation results as scatter points. These curves display
agreement for the rigid and the soft cylinder considered, across a range of M values, thus
providing further validation for our theory.
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