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1. Boundary condition

In the present section, the standard procedure to generate a free stream of particles (Bird

1994, 2013) is described for the problem in question. At the front boundary G = −'3 , the

particle are generated in the velocity component ranges 0 < EG < ∞, −∞ < EH < ∞ and

−∞ < EI < ∞. The components EH and EI obey the distributions
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, 8 = H, I. (1.1)

First, two quantities are generated as

E ? = E∞
√

− ln ' 5 , i = 2c' 5 , (1.2)

then the components EH and EI are calculated by

EH = E ? cos i, EI = E ? sin i. (1.3)

Here, ' 5 are random fractions in the range [0,1]. Note, when a random fraction ' 5 is

generated it is used only once. Another fraction is generated for a next operation. The EG

† Email address for correspondence: sharipov@fisica.ufpr.br



2

component obeys the distribution
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where � is the normalization constant which does matter for the generation because we will

use only the ratio of 5 (EG ) to its maximum value
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In this case, the acceptance-rejection method is used. First, a component values is generated

as

EG = E∞(10 + ()' 5 . (1.6)

Then the generated value is accepted if the condition

5 (EG)
max[ 5 (EG )]

> ' 5 (1.7)

is true for the generated EG .

In the rear boundary, G = '3 , the procedure is the same with the difference that only

negative values of EG are generated as

EG = −E∞(10 − ()' 5 . (1.8)

In the upper boundary, H = '3 and −'3 6 G 6 '3 , the EG and EI components are

generated as

EG = E ? cos i +*∞, EI = E ? sin i, (1.9)

where E ? and i are generated by (1.2). The component EH is generated as

EH = E∞
√

− ln ' 5 . (1.10)

2. Numerical error

The coefficients �� and �� calculated using several combinations of the parameters ΔA, ΔC,

and '3 are given in Table 1 for X = 0.1 and in Tables 2 and 3 for X = 10. These data show

the convergence of �� and �� within 0.5% when the parameters ΔA and ΔC decrease and

the parameter '3 increases.

To estimate the statistical scattering, let us denote the coefficient calculated in one time
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"0 = 1 "0 = 2 "0 = 5 "0 = 10
'
ΔA

ΔC
E∞
'

'3

' �� �&
'3

' �� �&
'3

' �� �&
'3

' �� �&

40 0.005 4 4.910 0.4527 4 3.021 0.2965 4 2.167 0.2367 4 1.958 0.2252
20 0.002 4 4.905 0.4517 4 3.020 0.2963 4 2.167 0.2367 4 1.957 0.2251
20 0.005 4 4.911 0.4527 4 3.018 0.2961 4 2.168 0.2368 4 1.957 0.2251
20 0.005 8 4.876 0.4497 8 3.003 0.2943 8 2.155 0.2352 6 1.954 0.2246
20 0.005 12 4.882 0.4495 12 2.996 0.2934 12 2.159 0.2356 9 1.954 0.2246

Table 1: Influence of domain size '3 , cell size ΔA , and time step ΔC on the drag �� and
energy transfer �& coefficients for X = 0.1.

"0 = 1 "0 = 2

ΔC
E∞
'

'3

'
'
ΔA

�� �&
'3

'
'
ΔA

�� �&

0.002 10 90 2.024 0.09350 4 90 1.528 0.07667
0.001 10 60 2.025 0.09355 4 60 1.530 0.07699
0.002 10 60 2.024 0.09357 4 60 1.531 0.07696
0.002 20 60 2.061 0.09339 6 60 1.531 0.07705
0.002 30 60 2.064 0.09325

Table 2: Influence of domain size '3 , cell size ΔA , and time step ΔC on the drag �� and
energy transfer �& coefficients for X = 10 and "0 = 1, 2.

"0 = 5 "0 = 10

ΔC
E∞
'

'3

'
'
ΔA

�� �&
'3

'
'
ΔA

�� �&

0.002 4 120 1.239 0.07101 3 240 1.177 0.07049
0.001 4 80 1.242 0.07148 3 160 1.178 0.07042
0.002 4 80 1.243 0.07150 3 160 1.179 0.07069
0.002 6 80 1.242 0.07152 5 160 1.179 0.07070

Table 3: Influence of domain size '3 , cell size ΔA , and time step ΔC on the drag �� and
energy transfer �& coefficients for X = 10 and "0 = 5, 10.

step as �8 . Then its mean value is given as

�̄ =
1

#B

#B
∑

8=1

�8 , (2.1)

where #B ≫ 1 is the number of the time steps. The relative standard error of the mean is

given as

f =
1

�̄#B

√

√

√

#B
∑

8=1

(

�8 − �̄
)2 × 100%. (2.2)

The values of f for �� and �& are given in Table 4 showing that f 6 0.1% in all cases.
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"0 = 1 "0 = 2 "0 = 5 "0 = 10
f(%) f(%) f(%) f(%)

X #B �� �& #B �� �& #B �� �& #B �� �&

0.1 105 0.1 0.17 105 0.07 0.09 104 0.09 0.09 104 0.05 0.05

10 105 0.04 0.1 5 · 104 0.03 0.08 104 0.03 0.04 104 0.08 0.01

Table 4: Relative standard error of the mean f for the drag �� and energy transfer �&

coefficients.

3. Flow field

Two dimensional distributions of density =(G, A), temperature ) (G, A) and gas speed D(G, A)
are given in Figures1, 2, and 3 for "0 = 1, 5, and 10, respectively. The axial distributions

of the same quantities for the diffuse and non-diffuse reflections are given in Figure 4. The

axial distributions of the same quantities for the cold sphere ()F = )∞) and for the hot sphere

()F = )B) are given in Figure 5. The distribution of the local coefficients �? and �ℎ for the

cold and hot spheres are given in Figure 6.

4. Comparison with data available in the literature

In Figure 7, the drag coefficient�� calculated in the present work for 4He at diffuse scattering

and )F = 300 K or )F = )B is compared with that published in the literature. In addition,

the semi-empirical formulas of �� by Henderson (1976); Loth et al. (2021) are also plotted

in Figure 7. The conditions for each data set used in the comparison are summarized in

Table 5, which shows that the data available in the literature were obtained under conditions

different from those used in the present work. Some previously published paper do not

provide information necessary to reproduce their results. Therefore, the comparison given in

Figure 7 is only qualitative without a deep analysis of discrepancies.

As can be seen, the semi-empirical formulas by Henderson (1976); Loth et al. (2021) are

in a disagreement between them, but the curve by Loth et al. (2021) is closer to the results

based on AI potentials. The experimental data by Bailey & Hiatt (1971) are in a reasonable

agreement with the present results at the small Mach numbers, i.e. at "0 = 1 and 2. At

"0 = 5, the data by Bailey & Hiatt (1971) have a significant dispersion and discrepancy with

the present data. The results by Vogenitz et al. (1968) at )F = )B fit well our results obtained

under the same thermal condition. The data by Dogra et al. (1994) are close to our results

at )F = )B . Loth et al. (2021) reported just few values of �� obtained under the condition

)F = )∞ which are in agreements with the present results corresponding to the same )F .
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Figure 1: Fields of density =/=∞, temperature )/)∞, and speed D/*∞ of neon at "0 = 1,
diffuse scattering , )∞ = )F = 300 K: left - X = 1; right - X = 10.
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Figure 2: Fields of density =/=∞, temperature )/)∞, and speed D/*∞ of neon at "0 = 5,
diffuse scattering , )∞ = )F = 300 K: left - X = 1; right - X = 10.
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Figure 3: Fields of density =/=∞ , temperature )/)∞, and speed D/*∞ of neon at "0 = 10,
diffuse scattering , )∞ = )F = 300 K: left - X = 1; right - X = 10.
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Figure 4: Axial distributions of density =/=∞ , temperature )/)∞, and velocity DG/*∞ at

)∞ = )F = 300 K for 4He: left - "0 = 5; right - "0 = 10; solid lines - diffuse scattering ;
dashed lines - UC = 0.4, U= = 0.01.
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Figure 5: Axial distributions of density =/=∞ , temperature )/)∞, and velocity DG/*∞ at

)∞ = 300 K and diffuse scattering : left - "0 = 5; right - "0 = 10; solid lines - 4He at

)F = 300 K; dashed lines - 4He at )F = )B .
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Figure 6: Pressure �? and energy transfer coefficients �ℎ vs. angle \ for 4He, diffuse
scattering , )∞ = 300 K: left - "0 = 5; right - "0 = 10; solid lines - )F = 300 K; dashed

lines - )F = )B .
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Ref. Method Gas species and Gas-surface
molecular model interaction model )∞, )F

Bailey & Hiatt (1971) Experiment air )F = )∞

Vogenitz et al. (1968) 2D DSMC Not specified diffuse )F = )∞

Dogra et al. (1994) 2D DSMC air, VHS diffuse )∞ ≈ 20 K,
)F = 600 K

Volkov (2011) 3D DSMC HS diffuse )F = )∞

Loth et al. (2021) 2D DSMC Not specified diffuse-specular )F = )∞
(U = 0.9)

Table 5: Experimental and simulation conditions for the data sets compared in Figure 7.
Here, )∞ is the free stream temperature, )F is the sphere surface temperature.

Figure 7: Comparison of drag coefficient �� obtained in the present work for 4He at
diffuse scattering with that obtained by Bailey & Hiatt (1971); Vogenitz et al. (1968);
Dogra et al. (1994); Volkov (2011); Loth et al. (2021). The solid curves represent the

semi-empirical equations at )F = )∞ by Henderson (1976); Loth et al. (2021).
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