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baroclinic torque in low-Mach-number flows”
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A. Detailed proofs
A.1. Proof for the ansatz (2.15) when e < 1
If a vector field v and a scalar field ¢ satisfy

V: V2=V,
V: n-Vo=n-w.

It can be proved that ||V¢| < ||v]:
o] = Vo]?
:/ (v-v— V-Ve)dV
v
= [ 2@ V9-V6-0)+ (0= V0) - (v = VeV

>2 [ (v-Vé—Ve-Ve)dV
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2 V- (¢pv) — ¢V - v — %vz’ (¢°) + ¢>v2¢] dv
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V- (¢v) — %v2 (%) + ¢ (V2 —V- v)} av (A.2)
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n-v—¢n-Ve)dS
%

[p(n-v—n- Vo) dS
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=2
=0.
And since equation (2.16) could be written as

k=0: {V: vy = V- (pY),
V: n-VIY =n-(pY),

v v = v (yen ),
k>1:

oV : n~VH§f) =n- (nVHg_l)) ,

(A.3)

it is easy to prove that

k=0: |V < oY, (A.4)
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by letting v = poY, ¢ = Hg)), and that

k>1: VIR < |nvIy V|, (A.5)

by letting v = nVIIY ", ¢ = 1.
Recalling that |n(x,t)| < 1, it is easy to prove from equation (A.5) that

k k—
k=1 |VIRY| < [vIg Y. (A.6)
Straightforwardly, equation (A.4), (A.6) and mathematical induction gives that
k>0 | VILY ] < [lpoY | (A7)

Therefore, according to the Minkowski inequality, the Cauchy criterion is satisfied if
e<1:
(I—-¢€)0

Vo > O,Ekl > max |:0,10gE ”}/,|:|7 s.t. ka > kl :
Po

ko ko
> (¢vm?) | < 3 (v
k=k, k=k1
k2
<llpoY || Y € (A.8)
k=k1
1— ko—ki1+1
= oo e =
ek
< Jloo¥ Il <
— €

proving that the infinite series in expansion (2.15) is L? convergent when € < 1.
In order to prove that the infinite series converges to VIIy when € < 1, define

VI, = i (e’“VUS“)) ~ Vily, (A.9)
k=0

which satisfies

Vi V-[(1-en) VIIy] =0,
[(1 —en) ly} (A.10)
0V: n-[(1—en)VIly]=0.
Consequently there is
/ (1 —en) VIIy - VIT4dV
%
— [ (V- 1Ty (1= ) VITy] = 1,9 - (1~ ) VITy ]} dV
v
=/ V- [y (1 —en) VIIy ] dV (A.11)
%

=¢ Hyn-[(1—en) VI ]dS
oy
=0.

Therefore, when € < 1, there is VII{, = 0 since 1 — en > 0.



A.2. Proof for the accuracy of buoyancy terms
A2.1. p'g/po

For general flows, it is reasonable to assume that

o< i {[vwx v} <o

JaeR: © " (A.12)
0< tim {|[vnx (2o - vi)|| e} <
Jom {[[on s (2w = vir)| fer} < oo
Therefore the relative error of the partial buoyancy term p’g/pg is O(e):
i J IV oo g) = p2Vp x V|| [
S 102V x V]
' - 0
L Hv x (%#p()lVH( >) P2V x van
A0+ lp=2Vp x VIIy|
epy Vs x VITY — epy Vi % Z kvn(’“ H
= lim+ oo /
A0 €py 1V x ’“VH H
k
€y " T=egr VI X vn}o) —epg 'V x VI — epy Vi x 3 (Vi) H
= )\lirgl+ = k=1 €
- epy 'V x Y (ekVH}k)) H
k=0
> -
€py BEL Vi x VLY — epg 'V x > () H
= lim, _ / (A.13)
- €py V) x Z ( kVH(k)>H
He Po SV x (QWVH(O VH(I) H
= lim
A0+ epy 'V x VI H
an x (277v11<0> VH(”)H
= lim
A—0t an X VH(O) H
A22. —p'2x(2x7)/po
For general flows, it is reasonable to assume that
0< lim {an x vn}o)H/ea} < o0,
JaeR: A0 (A.14)

0< lim {an X (znVH}” - vn}“) H/e"} < 0,

A—0t
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Therefore the relative error of the partial buoyancy term —p'82 x (£2 x 7)/pg is O(€)
(following equation (A.13)):

i § IV X Bs = p7*Vp x VI L [vox (2nvir® — v
Ao lp=2Vp = Vilg| i an » VH}O)H

(A.15)

A23. —p'u-Vu/py
For general flows, it is reasonable to assume that

0< lim {||vnxvrQ||/e} < o,

A—0t

o< i oo (we - )|/} <

A—=0t

JaeR: (A.16)

Therefore the relative error of the partial buoyancy term —p'u - Vu/pg is O(1):

lim HV X (p’palc) —p2Vp x VHCH
A0t p=2Vp x ViIc||

eV % (linC) —epy 'V x Igjo (eanHgf)) H

= lim
A—0t

(A.17)

o0

epy 'V x 12:0 (eanUgf)) H

€V x (NC) — epg IV x (nvzzrg))) H
= lim
S ]

o [T (e -1 )|
Ao+ |0 x|

A24. 2p'u x £2/pg
For general flows, it is reasonable to assume that

0 < lim {HVn X VH}O)H/GQ} < 00,

A—0t

0 < lim {HVX {77 (pof—VH}O))}H/ea} < 0.

A—=0t

JacR: (A.18)

Therefore the relative error of the partial buoyancy term 2p'u x £2/pg is O(1) (following
equation (A.17)):

{HV < (p'pg ' £) = p~*Vip x V|| } ~ lm |v < [ (s — Vi) ]|

lim =
l0=2Vp x VI ol xovir?|

A—0t

(A.19)



A25 B™ n>1

For general flows, it is reasonable to assume that

0< lim {anxvn<0>H/ea}<oo,

A—=0t

JaeR: (A.20)
0< lim {an x VI /e”} < 0.
A—=0+F
Therefore the relative error of the buoyancy term B is O(e"):
i [V x B — p=2Vp x VII|| o
A0+ lp=2Vp x VII||
n—1 00
epy ' Vi xS (FVI®) ey 'V x 3 (skvnw)H
= lim =0 — k=0 / n
A0 epp LV x Z (eFVII(R)) ‘
epO_IVn X kVH H
= lim ’“OO" (A.21)
A0 lepatvn x (FV Tk H
, [|le"pg 1vn x vm” |
= lim
A—0+ Hepo 1V77 X VH(O)H
|V x v

—I [V Vo

A26. B™ n>1

For general flows with f = V& and (|| f||/||A + C + D||) ~ O(e™ 1), it is reasonable to
assume that

JaeR: 0<, 2, {HV”X VH}O)H/E"‘} < o0,

o< g (oo o+ s s ) <
. (A.22)
Therefore the relative error of the buoyancy term B™ is O(e"):

Hv x BM — 572V x VHH/ )

.
A0+ lp=2Vp x VII||
€py V) x { + Z ( kv I1(k) )] —epy 'V x Y (ekVH(k)) ‘
= lim+ = =0 /e
A—0 epalvn ~ kz (€kvﬂ(k)) H
=0
6p0_1V77X{Z(kVHk))+ > v () + 1 + }H
= lim, R k=n-1 /
A0 epy 'V x 30 [ kY (H(k) + 0% + ol + H(k)
k=0




€n+1 1v77 % |:VH(") +€71v (H(" 1) +H(” 1) +H"l 1) H
= lim
A—0t Hepo—lv77 « vaO)H /
Vo x [V + et (n§ = + mg ) + |
= lim . (A.23)
A—=01 an X VH}O)H

B. Computation procedures of type-I and type-I1 buoyancy terms
B.1. Type-I buoyancy terms

Following the definition (2.20), the nt"-order type-I buoyancy term with n > 1 can be
written as

n—1
B™ = pplp 3 (ekvmk)), n>1. (B.1)
oF  —

with I7(F) = Hf) + H(le) + Hg) + H](ek). And IT™) could be computed by solving the
following Poisson equations, which are the linear combinations of equations (2.16):

V: VQH(O):pO{ (C+D+f)+ ;(Qﬂ,
k=0: On - ) on

ot +8t'u]’ (B.2)

aV: n-vII® = p, {n-(C—i—D-i-f)_

Ve v =y (ywity),
V: n-viI® =n. (nvmk—l)) ,

Therefore, for n > 1, computing B(™) requires solving n Poisson equations for I7*) with
0<k<n—-1.

B.2. Type-II buoyancy terms

Following the definition (2.21), the n*'-order type-II buoyancy term with n > 2 can
be written as

; n—1

B(n) — P ko 7 (k)
B f pof’kzl[ viI ] (B.3)

where IT(%) = H](ck)—l—e_l (HXc 2 + H(k 2 + H(k b

following Poisson equations, which are also the linear combinations of equations (2.16):

) could be computed by solving the

V: Vzﬁ(l):eflpg {V (C+D+enf)+ ;<Q>],

el on-w) 9
oV : n-VfY(l):e1po[n-(C+D+enf)+ natu _(?;;'u]’ (BA)
Vi v = v (pwiatn),

k>2

V: n-VII® =n. (nVﬁ(k_l)) .



7

Therefore, for n > 2, computing B™ only requires solving n — 1 Poisson equations for
II'®) with 1 < k < n—1, and computing B™) does not require solving any extra Poisson
equation.



