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Supplementary Material for “Perturbation analysis of
baroclinic torque in low-Mach-number flows”

by Shengqi Zhang, Zhenhua Xia and Shiyi Chen

A. Detailed proofs
A.1. Proof for the ansatz (2.15) when ε < 1

If a vector field v and a scalar field φ satisfy{
V : ∇2φ = ∇ · v,
∂V : n · ∇φ = n · v. (A.1)

It can be proved that ‖∇φ‖ 6 ‖v‖:

‖v‖2 − ‖∇φ‖2

=

∫
V

(v · v −∇φ · ∇φ) dV

=

∫
V

[2 (v · ∇φ−∇φ · ∇φ) + (v −∇φ) · (v −∇φ)] dV

> 2

∫
V

(v · ∇φ−∇φ · ∇φ) dV

= 2

∫
V

[
∇ · (φv)− φ∇ · v − 1

2
∇2
(
φ2
)

+ φ∇2φ

]
dV

= 2

∫
V

[
∇ · (φv)− 1

2
∇2
(
φ2
)

+ φ
(
∇2φ−∇ · v

)]
dV (A.2)

= 2

∫
V

[
∇ · (φv)− 1

2
∇2
(
φ2
)]
dV

= 2

∮
∂V

[
n · (φv)− 1

2
n · ∇

(
φ2
)]
dS

= 2

∮
∂V

(φn · v − φn · ∇φ) dS

= 2

∮
∂V

[φ (n · v − n · ∇φ)] dS

= 0.

And since equation (2.16) could be written as

k = 0 :

{
V : ∇2Π

(0)
Y = ∇ · (ρ0Y ) ,

∂V : n · ∇Π(0)
Y = n · (ρ0Y ) ,

k > 1 :


V : ∇2Π

(k)
Y = ∇ ·

(
η∇Π(k−1)

Y

)
,

∂V : n · ∇Π(k)
Y = n ·

(
η∇Π(k−1)

Y

)
,

(A.3)

it is easy to prove that

k = 0 : ‖∇Π(0)
Y ‖ 6 ‖ρ0Y ‖, (A.4)
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by letting v = ρ0Y , φ = Π
(0)
Y , and that

k > 1 : ‖∇Π(k)
Y ‖ 6 ‖η∇Π

(k−1)
Y ‖, (A.5)

by letting v = η∇Π(k−1)
Y , φ = Π

(k)
Y .

Recalling that |η(x, t)| 6 1, it is easy to prove from equation (A.5) that

k > 1 : ‖∇Π(k)
Y ‖ 6 ‖∇Π

(k−1)
Y ‖. (A.6)

Straightforwardly, equation (A.4), (A.6) and mathematical induction gives that

∀k > 0 : ‖∇Π(k)
Y ‖ 6 ‖ρ0Y ‖. (A.7)

Therefore, according to the Minkowski inequality, the Cauchy criterion is satisfied if
ε < 1:

∀δ > 0,∃k1 > max

[
0, logε

(1− ε) δ
‖ρ0Y ‖

]
, s.t. ∀k2 > k1 :∥∥∥∥∥

k2∑
k=k1

(
εk∇Π(k)

Y

)∥∥∥∥∥ 6
k2∑
k=k1

(
εk‖∇Π(k)

Y ‖
)

6 ‖ρ0Y ‖
k2∑
k=k1

εk (A.8)

= ‖ρ0Y ‖εk1
1− εk2−k1+1

1− ε

< ‖ρ0Y ‖
εk1

1− ε < δ,

proving that the infinite series in expansion (2.15) is L2 convergent when ε < 1.
In order to prove that the infinite series converges to ∇ΠY when ε < 1, define

∇Π ′Y =

∞∑
k=0

(
εk∇Π(k)

Y

)
−∇ΠY , (A.9)

which satisfies {
V : ∇ · [(1− εη)∇Π ′Y ] = 0,

∂V : n · [(1− εη)∇Π ′Y ] = 0.
(A.10)

Consequently there is∫
V

(1− εη)∇Π ′Y · ∇Π ′Y dV

=

∫
V
{∇ · [Π ′Y (1− εη)∇Π ′Y ]−Π ′Y∇ · [(1− εη)∇Π ′Y ]} dV

=

∫
V
∇ · [Π ′Y (1− εη)∇Π ′Y ] dV (A.11)

=

∮
∂V
Π ′Y n · [(1− εη)∇Π ′Y ] dS

=0.

Therefore, when ε < 1, there is ∇Π ′Y = 0 since 1− εη > 0.
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A.2. Proof for the accuracy of buoyancy terms

A.2.1. ρ′g/ρ0

For general flows, it is reasonable to assume that

∃α ∈ R :


0 < lim

λ→0+

{∥∥∥∇η ×∇Π(0)
f

∥∥∥/εα} <∞,
0 < lim

λ→0+

{∥∥∥∇η × (2η∇Π(0)
f −∇Π(1)

f

)∥∥∥/εα} <∞. (A.12)

Therefore the relative error of the partial buoyancy term ρ′g/ρ0 is O(ε):

lim
λ→0+

{ ∥∥∇× (ρ′ρ−10 g
)
− ρ−2∇ρ×∇Πf

∥∥
‖ρ−2∇ρ×∇Πf‖

/
ε

}

= lim
λ→0+


∥∥∥∇× (ρ′ρ ρ

ρ−ρ′ ρ
−1
0 ∇Π

(0)
f

)
− ρ−2∇ρ×∇Πf

∥∥∥
‖ρ−2∇ρ×∇Πf‖

/
ε


= lim
λ→0+


∥∥∥∥ερ−10 ∇ η

1−εη ×∇Π
(0)
f − ερ−10 ∇η ×

∞∑
k=0

(
εk∇Π(k)

f

)∥∥∥∥∥∥∥∥ερ−10 ∇η ×
∞∑
k=0

(
εk∇Π(k)

f

)∥∥∥∥
/
ε


= lim
λ→0+


∥∥∥∥ερ−10

1
(1−εη)2∇η ×∇Π

(0)
f − ερ−10 ∇η ×∇Π

(0)
f − ερ−10 ∇η ×

∞∑
k=1

(
εk∇Π(k)

f

)∥∥∥∥∥∥∥∥ερ−10 ∇η ×
∞∑
k=0

(
εk∇Π(k)

f

)∥∥∥∥
/
ε


= lim
λ→0+


∥∥∥∥ε2ρ−10

2η−εη2
(1−εη)2∇η ×∇Π

(0)
f − ερ−10 ∇η ×

∞∑
k=1

(
εk∇Π(k)

f

)∥∥∥∥∥∥∥∥ερ−10 ∇η ×
∞∑
k=0

(
εk∇Π(k)

f

)∥∥∥∥
/
ε

 (A.13)

= lim
λ→0+


∥∥∥ε2ρ−10 ∇η ×

(
2η∇Π(0)

f −∇Π(1)
f

)∥∥∥∥∥∥ερ−10 ∇η ×∇Π
(0)
f

∥∥∥
/
ε


= lim
λ→0+

∥∥∥∇η × (2η∇Π(0)
f −∇Π(1)

f

)∥∥∥∥∥∥∇η ×∇Π(0)
f

∥∥∥ .

A.2.2. −ρ′Ω × (Ω × r)/ρ0

For general flows, it is reasonable to assume that

∃α ∈ R :


0 < lim

λ→0+

{∥∥∥∇η ×∇Π(0)
f

∥∥∥/εα} <∞,
0 < lim

λ→0+

{∥∥∥∇η × (2η∇Π(0)
f −∇Π(1)

f

)∥∥∥/εα} <∞, (A.14)
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Therefore the relative error of the partial buoyancy term −ρ′Ω × (Ω × r)/ρ0 is O(ε)
(following equation (A.13)):

lim
λ→0+

{ ∥∥∇×Bf − ρ−2∇ρ×∇Πf

∥∥
‖ρ−2∇ρ×∇Πf‖

/
ε

}
= lim
λ→0+

∥∥∥∇η × (2η∇Π(0)
f −∇Π(1)

f

)∥∥∥∥∥∥∇η ×∇Π(0)
f

∥∥∥ .

(A.15)

A.2.3. −ρ′u · ∇u/ρ0
For general flows, it is reasonable to assume that

∃α ∈ R :


0 < lim

λ→0+

{∥∥∥∇η ×∇Π(0)
C

∥∥∥/εα} <∞,
0 < lim

λ→0+

{∥∥∥∇× [η (ρ0C −∇Π(0)
C

)]∥∥∥/εα} <∞. (A.16)

Therefore the relative error of the partial buoyancy term −ρ′u · ∇u/ρ0 is O(1):

lim
λ→0+

{∥∥∇× (ρ′ρ−10 C
)
− ρ−2∇ρ×∇ΠC

∥∥
‖ρ−2∇ρ×∇ΠC‖

}

= lim
λ→0+


∥∥∥∥ε∇× ( η

1−εηC
)
− ερ−10 ∇×

∞∑
k=0

(
εkη∇Π(k)

C

)∥∥∥∥∥∥∥∥ερ−10 ∇×
∞∑
k=0

(
εkη∇Π(k)

C

)∥∥∥∥
 (A.17)

= lim
λ→0+


∥∥∥ε∇× (ηC)− ερ−10 ∇×

(
η∇Π(0)

C

)∥∥∥∥∥∥ερ−10 ∇×
(
η∇Π(0)

C

)∥∥∥


= lim
λ→0+

∥∥∥∇× [η (ρ0C −∇Π(0)
C

)]∥∥∥∥∥∥∇η ×∇Π(0)
C

∥∥∥ .

A.2.4. 2ρ′u×Ω/ρ0
For general flows, it is reasonable to assume that

∃α ∈ R :


0 < lim

λ→0+

{∥∥∥∇η ×∇Π(0)
f

∥∥∥/εα} <∞,
0 < lim

λ→0+

{∥∥∥∇× [η (ρ0f −∇Π(0)
f

)]∥∥∥/εα} <∞. (A.18)

Therefore the relative error of the partial buoyancy term 2ρ′u×Ω/ρ0 is O(1) (following
equation (A.17)):

lim
λ→0+

{∥∥∇× (ρ′ρ−10 f
)
− ρ−2∇ρ×∇Πf

∥∥
‖ρ−2∇ρ×∇Πf‖

}
= lim
λ→0+

∥∥∥∇× [η (ρ0f −∇Π(0)
f

)]∥∥∥∥∥∥∇η ×∇Π(0)
f

∥∥∥ .

(A.19)
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A.2.5. B(n), n > 1

For general flows, it is reasonable to assume that

∃α ∈ R :


0 < lim

λ→0+

{∥∥∥∇η ×∇Π(0)
∥∥∥/εα} <∞,

0 < lim
λ→0+

{∥∥∥∇η ×∇Π(n)
∥∥∥/εα} <∞. (A.20)

Therefore the relative error of the buoyancy term B(n) is O(εn):

lim
λ→0+

{ ∥∥∇×B(n) − ρ−2∇ρ×∇Π
∥∥

‖ρ−2∇ρ×∇Π‖

/
εn

}

= lim
λ→0+


∥∥∥∥ερ−10 ∇η ×

n−1∑
k=0

(
εk∇Π(k)

)
− ερ−10 ∇η ×

∞∑
k=0

(
εk∇Π(k)

)∥∥∥∥∥∥∥∥ερ−10 ∇η ×
∞∑
k=0

(
εk∇Π(k)

)∥∥∥∥
/
εn


= lim
λ→0+


∥∥∥∥ερ−10 ∇η ×

∞∑
k=n

(
εk∇Π(k)

)∥∥∥∥∥∥∥∥ερ−10 ∇η ×
∞∑
k=0

(
εk∇Π(k)

)∥∥∥∥
/
εn

 (A.21)

= lim
λ→0+

{ ∥∥εn+1ρ−10 ∇η ×∇Π(n)
∥∥∥∥ερ−10 ∇η ×∇Π(0)

∥∥
/
εn

}

= lim
λ→0+

∥∥∇η ×∇Π(n)
∥∥∥∥∇η ×∇Π(0)
∥∥ .

A.2.6. B̂(n), n > 1

For general flows with f = ∇Φ and (‖f‖/‖A+C +D‖) ∼ O(ε−1), it is reasonable to
assume that

∃α ∈ R :


0 < lim

λ→0+

{∥∥∥∇η ×∇Π(0)
f

∥∥∥/εα} <∞,
0 < lim

λ→0+

{∥∥∥∇η ×∇(εΠ(n)
f +Π

(n−1)
A +Π

(n−1)
C +Π

(n−1)
D

)∥∥∥/εα+1
}
<∞.
(A.22)

Therefore the relative error of the buoyancy term B̂(n) is O(εn):

lim
λ→0+


∥∥∥∇× B̂(n) − ρ−2∇ρ×∇Π

∥∥∥
‖ρ−2∇ρ×∇Π‖

/
εn


= lim
λ→0+


∥∥∥∥ερ−10 ∇η ×

[
Π

(0)
f +

n−1∑
k=1

(
εk∇Π̂(k)

)]
− ερ−10 ∇η ×

∞∑
k=0

(
εk∇Π(k)

)∥∥∥∥∥∥∥∥ερ−10 ∇η ×
∞∑
k=0

(
εk∇Π(k)

)∥∥∥∥
/
εn



= lim
λ→0+



∥∥∥∥∥ερ−10 ∇η ×
{
∞∑
k=n

(
εk∇Π(k)

f

)
+

∞∑
k=n−1

[
εk∇

(
Π

(k)
A +Π

(k)
C +Π

(k)
D

)]}∥∥∥∥∥∥∥∥∥ερ−10 ∇η ×
∞∑
k=0

[
εk∇

(
Π

(k)
f +Π

(k)
A +Π

(k)
C +Π

(k)
D

)]∥∥∥∥
/
εn


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= lim
λ→0+


∥∥∥εn+1ρ−10 ∇η ×

[
∇Π(n)

f + ε−1∇
(
Π

(n−1)
A +Π

(n−1)
C +Π

(n−1)
D

)]∥∥∥∥∥∥ερ−10 ∇η ×∇Π
(0)
f

∥∥∥
/
εn


= lim
λ→0+

∥∥∥∇η × [∇Π(n)
f + ε−1∇

(
Π

(n−1)
A +Π

(n−1)
C +Π

(n−1)
D

)]∥∥∥∥∥∥∇η ×∇Π(0)
f

∥∥∥ . (A.23)

B. Computation procedures of type-I and type-II buoyancy terms
B.1. Type-I buoyancy terms

Following the definition (2.20), the nth-order type-I buoyancy term with n > 1 can be
written as

B(n) =
ρ′

ρ0ρ

n−1∑
k=0

(
εk∇Π(k)

)
, n > 1. (B.1)

with Π(k) = Π
(k)
A + Π

(k)
C + Π

(k)
D + Π

(k)
f . And Π(k) could be computed by solving the

following Poisson equations, which are the linear combinations of equations (2.16):

k = 0 :


V : ∇2Π(0) = ρ0

[
∇ · (C +D + f) +

∂

∂t

(
Q

ρ

)]
,

∂V : n · ∇Π(0) = ρ0

[
n · (C +D + f)− ∂(n · u)

∂t
+
∂n

∂t
· u
]
,

k > 1 :


V : ∇2Π(k) = ∇ ·

(
η∇Π(k−1)

)
,

∂V : n · ∇Π(k) = n ·
(
η∇Π(k−1)

)
.

(B.2)

Therefore, for n > 1, computing B(n) requires solving n Poisson equations for Π(k) with
0 6 k 6 n− 1.

B.2. Type-II buoyancy terms
Following the definition (2.21), the nth-order type-II buoyancy term with n > 2 can

be written as

B̂(n) =
ρ′

ρ
f +

ρ′

ρ0ρ

n−1∑
k=1

[
εk∇Π̂(k)

]
, (B.3)

where Π̂(k) = Π
(k)
f +ε−1

(
Π

(k−1)
A +Π

(k−1)
C +Π

(k−1)
D

)
could be computed by solving the

following Poisson equations, which are also the linear combinations of equations (2.16):

k = 1 :


V : ∇2Π̂(1) = ε−1ρ0

[
∇ · (C +D + εηf) +

∂

∂t

(
Q

ρ

)]
,

∂V : n · ∇Π̂(1) = ε−1ρ0

[
n · (C +D + εηf) +

∂(n · u)

∂t
− ∂n

∂t
· u
]
,

k > 2 :


V : ∇2Π̂(k) = ∇ ·

(
η∇Π̂(k−1)

)
,

∂V : n · ∇Π̂(k) = n ·
(
η∇Π̂(k−1)

)
.

(B.4)
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Therefore, for n > 2, computing B̂(n) only requires solving n − 1 Poisson equations for
Π̂(k) with 1 6 k 6 n−1, and computing B̂(1) does not require solving any extra Poisson
equation.


