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1. Relating the partial derivatives 
[image: image381.emf] 

0

B

D

C





1

A



i



K



iK







I



II



, 
[image: image2.wmf]yh

¶¶

 and 
[image: image3.wmf]x

y

¶¶

, 
[image: image4.wmf]y

y

¶¶

                                to the 
[image: image5.wmf](,)

h

qy

 and 
[image: image6.wmf](,)

Jh

y

 functions.


To transform eq. (3.5), 
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into the Cauchy-Riemann equations (3.8), we write the exact differentials of functions 
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Using eqs. (S.1), these exact differentials are written in the form
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To express functions 
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Consequently, from these exact differentials (S.3), the partial derivatives of 
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These equations constitute the first step in the derivation of the Cauchy-Riemann equations (3.8).

2. Expressing 
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Following Chaplygin1, 2 and squaring each equation of the first line of (S.4) and summing them, we have 
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The ratios of each pair of eqs. in (S.4) give: 
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Now, the idea is to relate the derivatives 
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 using eqs. (S.6) and (S.5). Differentiating the first eq. (S.6) with respect to 
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Then, using the first eq. (S.5), we finally write
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Differentiating the second eq. (S.6) with respect to 
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, we obtain
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Then, using the second eq. (S.5), we have
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Replacing 
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Analogously, differentiating the first eq. (S.5) with respect to 
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, and the second eq. (S.5) with respect to 
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, we have 
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Similarly replacing 
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The right-hand sides of eqs. (S.9) and (S.14) are the same; the pairs of eqs. (S.10) and (S.13) also has the same right-hand sides. Thus, we conclude that the functions 
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3. The Cauchy-Riemann equations analogous to eqs. (S.15), (S.16)


To transform eqs. (S.15), (S.16) to the Cauchy-Riemann equations, we substitute the definition (3.2) of the function 
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in eqs. (S.15), (S.16):
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To reduce eqs. (S.18), (S.19) to the Cauchy-Riemann equations, we need to eliminate the factors at the derivatives on the right hand sides of these equations. To do this, we introduce yet unknown function 
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This function 
[image: image68.wmf]()

ttJ

=

 is chosen to turn the bracketed term into 
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Integrating this equation, we find 
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Consequently, eqs. (S.20), (S.21) take on the Cauchy-Riemann form as 
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Introducing the complex-valued functions 
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 the Cauchy-Riemann equations can be written in inverse form as
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We use this form in our analysis of minimal surfaces.
4. How to construct the minimal surface

 
Using (S.23) to replace 
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We seek solutions
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as functions of the variables 
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Substituting (S.26) and (5.2) for the partial derivatives on the right-hand sides of (S.27), we arrive at eqs. (6.3) – (6.4) in the main text:


[image: image83.wmf]cossinh,sinsinh

22

xHyH

tt

KK

qq

xx

¶¶

==

¶¶

,
(S.28)



[image: image84.wmf]sincosh,coscosh

22

xHyH

tt

KK

qq

hh

¶¶

=-=

¶¶

.
(S.29)

5. Non-uniqueness of surfaces 
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 as shown by non-monotonicity of function 
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A non-monotonic behavior of the separation distance on the auxiliary parameter 
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The difference between the classical catenoid and the studied surfaces is that the hole in the middle forming contour 
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 is not circular for the polygonal frames. It is convenient to introduce a quantitative metric of roundness of this hole comparing the distances from points 
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Fig. S.1. Dependence of parameters 
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where functions 
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where functions 
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In Fig. S.1, we plot 
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6. Derivation of expression (5.5).


Using (5.3), (5.4), we write for 
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where 
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The complex valued arcsine function is multivalued therefore, to select a single valued branch of this function, we rewrite the arcsine function using its logarithmic representation as4 
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where we used 
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where the branches of logarithm and square root are fixed by choosing the correspondence of points 
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Thus, we obtain
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7. Calculation of the surface area defined by expression (7.5). 


The surface area depends on the integral taken over the domain 
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where 
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At the point 
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 (see Fig. S.2), the integral (S.37) has an integrable singularity which, however, MATLAB toolboxes cannot adequately handle leading to unacceptable accuracy of numeric integration. After discovering this inaccuracy, we conducted the following asymptotic analysis to achieve acceptable numerical results. 
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Fig. S.2. The domain 
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of integration in eq. (S.32); it is constituted of an infinitesimally small circular quadrant 
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We are going to show that the first integral 
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while the second integral 
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 does not have any singularities and can be safely evaluated by the MATLAB subroutines.

Asymptotic analysis of integral 
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In the quadrant 
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Therefore, for the Jacobi function 
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, we use the asymptotic representation5
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Thus, the function 
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In the multivalued function 
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Substituting the estimate (S.44) in (S.40), and remembering that 
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Therefore, extracting the real part 
[image: image208.wmf](

)

,Re()

t

xhcz

=

, we have 


[image: image209.wmf](

)

(

)

1

1

222

4

:(,)lnlnln1||

1

n

n

I

tO

m

xhxhz

-

æö

éù

W=++++

ç÷

ëû

-

èø

.
(S.46)

Thus, the integrand in (S.39) is evaluated as 
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Expression (S.47) allows us to estimate the integral (S.39) as
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On the right-hand side of (S.48), the second integral over the quadrant 
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In the lamella case, one needs to add a real constant 
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 in the right hand side of (S.46); consequently, the right hand side of (S.49) needs to be multiplied by the real valued factor 
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This formula leads us to the estimate (S.39). In the MATLAB calculations, we used 
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8. Numeric calculations. 


MATLAB R2017 has been used for numeric calculations of the analytic results. To calculate the Jacobi function 
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where 
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and the Jacobi functions 
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Then 
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 is calculated using 16.38.5, 16.38.7 and 17.3.17, 17.3.18 from Ref. 4
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The parameter 
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 is obtained from (S.51).
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On the other hand, the following expression 
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where the function 
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and using 16.3.1 and 16.9.1 from Ref.4, we obtain 
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where 
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Comparing (S.54) and (S.57), we have 
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Solving (S.58) for 
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This is a new representation of 
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The formulas (S.59), (S.60) are convenient to calculate for any 
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On the other hand, from (5.3) similarly to the derivation of (S.55), we have on 
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For the Jacobi functions 
[image: image300.wmf](

)

sn|

m

z

 and 
[image: image301.wmf](

)

cd|

im

h

, the following representation holds true (we used 16.8.1, 16.3.1, 16.20.2, 16.20.3, 16.3.4 from Ref.4 )


[image: image302.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

1

1

1

:sn|sn|cd|

cn|nc|

nd|,

dn|dc|

CDmKimim

imm

m

imm

zhh

hh

h

hh

=-+=-=

=-=-=-


(S.63)
Applying the known relations between these Jacobi functions4, the function 
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Substituting (S.64) in (S.62), we obtain the boundary condition in the form


[image: image306.wmf](

)

1

:sn|

CDm

wh

=-

,
(S.65)


Comparing the right hand sides of (S.61) and (S.65), we write  
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Solving (S.66) for 
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This expression is applicable for the lamella case as well. For calculating 
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 at any small, the formula (S.67) is very convenient to use. 

4) Calculating the minimal surfaces. Calculating the shape 
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9. The process of fitting experimental data to the theoretical predictions. 

In the theory, the triangle 
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 made of wires cannot be made equilateral. Therefore we face two challenges: a) how to find an apparently equilateral frame which provides the best fit with the theory and place the center of theoretical triangle with respect to experimental; and b) how should we define the scaling factor 
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The theoretical critical contour 
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where a set of data points 
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 with coordinates 
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. This critical experimental contour is very difficult to identify, so the closest possible contour has been used for the fitting with the theory.


As soon as the position of center 
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 is found, we can measure the distances 
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As the scaling factor 
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 we have tried to use a) the mean value 
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[image: image358.wmf]1123

||min||,||,||

{}

OAOAOAOA

=

WWW

.

Checking all these methods, we found that the best fit of the experimental profiles is provided by the scaling factor 
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