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This supplementary material provides the detailed derivation of the system of Grad
(d+3)(d? + 6d + 2)/3!-moment equations—which corresponds to the system of the Grad
29-moment (G29) equations in three dimensions—for d-dimensional inelastic Maxwell
molecules (IMM). Recall that I shall refer to the number of moments with 29 (the
corresponding number in three dimensions) for simplicity.

1. Derivation of the 29 moment equations

The transport equation for the property v is obtained by multiplying the Boltzmann
equation (2.1) with ¢ and integrating the resulting equation over the velocity space c.
After some algebra, the transport equation for the property 1) reads

D 0 0v; D b o -
g 1o+ g, fvoisder g furae— [ (B + g+ RgE) rae=Po
(1.1)

The typical form of ¥ is m CQ‘IC’QIC’i2 ...Cyy, where a,n € Ny, and the angle brackets
around the indices denote the symmetric and traceless part of the corresponding quantity
(see appendix A of the main paper for its definition). Thus, a general moment of the

velocity distribution function is defined as

uf g, i = m/C’Q“C’@-lC’Z—2 ...Cyy fde, a,neN. (1.2)

The moment equations for the 29 field variables, namely n, v;, T', 0y, ¢, ugjk, u?, ullj,
2

u;

7, are derived as follows.

1.1. Mass balance equation

Taking ¢ = 1 in the transfer equation (1.1), one obtains the mass balance equation

Dn 01),-
—_— p— 1.
Dt "o, 0 (1.3)

The mass balance equation (1.3) can also be written as

% 8%— o
Dt paac,- N

0 (1.4)
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1.2. Momentum balance equation

The momentum balance equation is obtained by taking ¢ = ¢; in the transfer equation
(1.1). Taking ¢ = ¢;, the transfer equation (1.1) changes to

D(nv;) 0 801
Dt +8—xj/(c )Cfdc—i—nvt /F

or

Du; Dn ov; 1 0
. - O — F.5. =0.
nDt —l—vt( +n j) + (m/CLC]fdc) j0i; xn =0

Using the mass balance equation (1.3) and the identity

m/CC’fdcm/( J) + = C 52])fdco—ij+nT5ijUij+p95ij; (15)

the above equation simplifies to
n
Dt m 6

-(0ij +nT i) —nF; = 0.

Therefore the momentum balance equation reads

D’Ui L |:60'ij + 6(nT)

ERT e e I @)

The momentum balance equation (1.6) can also be written as

Dt O0x; pamt ox;

Fi=0 (1.7)

1.3. Energy balance equation

The energy balance equation is obtained by taking 1) = %mC’2 in the transfer equation
(1.1). Taking ¢ = 2mC?, the transfer equation (1.1) changes to

D(nT) 1 0 9 ov;
Dt +Ea : <m/C C’zfdc>+nTami

_m/< D"’Z cg +FC§Z]>fdc$P1.

Rearranging the terms, the above equation simplifies to

DT 2 Jq; Dn 81}1 g ov;
d z; aac d Ox;

1
m/C’iijdc = E’Pl

Using the mass balance equation (1.3) and identity (1.5), one obtains

DT 2 dq L2 v,

1
(O'ij + nT(Sij) = E'Pl.
Therefore the energy balance equation reads

— 4+ =5 +o0i T =—CT 1.
ern <6xi+0]8mj+n a:c,-> ¢ (18)
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where ( = 7dnLT,P1' The energy balance equation (1.8) can also be written as

Do 21 6qi 8%‘ 01),- 11 1
— 4 ZZ Sl ——Ipl— 1.
Dt dp (8:@ i Ox; +p98:ci) dpp ¢6 (1.9)

1.4. Stress balance equation

The stress balance equation is obtained by taking 1) = mC;C}y in the transfer equation
(1.1). Taking ¢ = mC\;C}y, the transfer equation (1.1) changes to

Do 0 vy,
Dt + a—xk (m/C’@C’J)Ckfdc) +O—1J%

Y D”Jchca— 9F.C\.6 de = PO
(i 6 + 2F:C 05y, | f de =Py

Using (A 3),
1 2
m/C@CﬁCkf de = m/C@CjC@fchr d—+2m/02 {Ci(sjk + Cj(sik - ECkéij}fdc

2 2

= uyy, + PR (Qi(sjk + qjoik — E‘]k(sij)
2 2

= ugy + d12 <Qz‘5jk + q;0ik — E‘]l(slk(sij)
4

= uyy, + d—+2%5j>k- (1.10)

Hence, the stress balance equation simplifies to

Doi; +‘9“zak+ 2 (5%‘ 9q; 26%5_.) O

Dt ' Oz,  d+2 \ 0, axi do 9 By,
0v;j ov; oy 0
+/ck<ca +C]a dcla 5)fdc73ij.

Using identity (1.5),

Do;; N ugsy, N 2 (%4 , 9q; 20qk ,  Ouk
Dt oxy, d+ 2 *J oxy

0z, Oz dom,

+ |:(0'1CZ + TLT(S]“) av

ov; 2 ov
B +(0k]+nT5kj) Ui okl+nT5kl) l ]7)?]
Tk

Oxy, d( oxy, '

On tidying up the terms, the stress balance equation reads

Doi; | Ougy, 4 Oau Q. 9vjy G 0
» 2 nT —2 — po. 1.11
Dt " Owy T dt20m, Uom, T2, T g, =T (L11)
The stress balance equation (1.11) can also be written as
Doij | Ouly, | 4 Oqy vy Ovj) 906 _ o
i 204+ 2pb =P 1.12
Dt " Owe T dt20m, TTom, MG, T, =T (1.12)
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1.5. Heat flux balance equation

The heat flux balance equation is obtained by taking 1 = %mC’QCi in the transfer
equation (1.1). Taking ¢ = %mC’QC’Z—, the transfer equation (1.1) changes to

Dq; g [1 9 _avj 1 2D Du;
DI + <2m/C’ C’Zijdc)Jrqz = 2m/ c D —2C;C5—= D1

amj 0 j
5 0V; vy, 9 1
+Cj -C —2C;C— +Fk(C Oix +2C;C; 5jk) fde= _Pi~
O0x; Oz 2
Using the identity
m/CQCC fdc—m/(C’2 y+ = C4 U) fdc-u + du 2514, (1.13)

the heat flux balance equation simplifies to
Dg; 10uj; 1 du? ov; d Du; Duv;
e — i—— + —pb L _F —L — F; C;C; fd
Dt+28xj+2d8xz+ 8x]+2p - Dt I m/ 5 Jde

0v; o, 1_,
C; d 7t Zpl
+ 02, <m /C CiCrf c) +qj oz, P;

Using the momentum balance equation (1.6), identity (1.5) and the identity

1
m/CZCJCkf de = m/C@C]Ck)fdc + mm/CQ (C,'(Sjk + Cj(sik + Ckéij)fdc

qidjr + 40k + qrdiz), (1.14)

2
”’“er+2(

the heat flux balance equation can be written as

Dt  20x; 2d0z; T O

1 80’jk tol7} ap
- - — + 0= ij + p00;
<6xk +p8mj+ ax)((”ﬂ) i)

0
6xj er@xl + 6301

Dg; N l@u}j N 10u® Oy _9 (80ij 00 ap)

L0 %_‘_i av]+ GUJ+ ov; +q avl_lpl
“’”kax d+2 axj Jé):r J(‘f)xj ]81] 2 v

On tidying up the terms, the heat flux balance equation reads

Dg; 10uj 1 0u?> d+2, (doy; 00 dp 0i (0o, p

Z 2% 0 _ 2y ik
Dt + 2 Ox; * 2 2d amt 2 Oz +p6xi + o0x; P oxy, +6 ax]
00 o Ov; d+ 4 vy d+4 v 2 ov; 1

— i — - . = _pl
T 5z, T, T a1 2%z, Tdr 2%, Tdr 2V, 2

(1.15)
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0
1.6. (o

The balance equation for ugjk is obtained by taking i = mC(;C;Cy,y in the transfer
equation (1.1). Taking ¢ = mC;C;C},y, the transfer equation (1.1) changes to

balance equation

Du! v
ijk 0 1
- +—( /c CiChy ledc) gt
0
m/<—+cl +Fla )C@C Ck fde="P wk (1.16)

The integrals in the above equation are computed separately in appendix B. On using
(B1), (B2), (B3) and (B4), the balance equation for u?., simplifies to

ijk
Duzgk au%kz 3 au}z‘j 40 du
Dt Ov, | d+4 0z, Fox

D’Uk> 8vk> 12 Ov;
+ 30 (D—t Fk>) +3ul<” 921 d+2q<i0x2> :Pfjk.

Using the momentum balance equation (1.6), the balance equation for u ik reads

Dugyy,  Ougyy 3 Ouy, W0 du
Dt oxy d+4 8:ck ik oxy

(1.17)

+

—3 , = po.
1{ij a d+ 2q(z 8:ck> szk‘

M (&IW 00 10 8p

Ovpy 12 0v;
3 J 0
p 0xy P Oz, Oz, )

1.7. u? balance equation

The balance equation for u? is obtained by taking ¢» = mC* in the transfer equation
(1.1). Taking ¢ = mC*%, the transfer equation (1.1) changes to

Du?  Ou? 5 0V, 9 -~ Dv; 9 ov; 9
i i 4 i _4 ; 1 4 F(SZ de = 2
—Dt+_0xi+u0xi /( CCDt C’C’C’a +4C°C; j>fc P2,

Finally, on using identity (1.13), the u? balance equation simplifies to

Du?  Ou? 5 0v; Du; 1 0v;
— - L4 8¢ (= — F ) + 4 ui; 25 | — = P2

Using the momentum balance equation (1.6), the u? balance equation reads

Du?  Ou? _q (0o 00 dp L Ov; d+4 50 )
Dt Oz -8 (axj +p8xi 0x; ) +du ”8 +TU oz, =P (1.18)

On taking d = 3, the above equation matches with the first equation on page 79 of
Struchtrup (2005) for a = 2.
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L.8. uj; balance equation

The balance equation for u is obtained by taking ¢ = mC? C(;Cjy in the transfer

equation (1.1). Taking ¢ = mC C(;Cjy, the transfer equation (1.1) changes to

Du}; c%k
) D —

i +8:ck< /CCC Ckfdc>+u”a

- / +C, a+F 9 ) c2c o fde="P (1.19)
T IADE T 0, T e ¢ '

The integrals in the above equation are computed separately in appendix C. On using
(C1), (C2), (C3) and (C4), the balance equation for uj; simplifies to

1 1 2
Duj;  Ougy, 2 Oug;

i Ok Duj, Ad+4) (D
! 2u —_* _F ) D) _p
Dt Oxy, * d+ 28xj> T ”8 T T Zik ( Dt k|t q(i )

d+2 Dt J
vy, 6 a%) 4 1 O 1 avﬁ 2(d+4) 4 ov

2 - ) 2
T2kt 1 0, T a3 g, T 2k g,

€ _pL
dd+2)" oz, ~ T

Using the momentum balance equation (1.6), the u}. balance equation reads

Dul.  Ou! 2 Ou? u?.
’U,Z] n ijk n (i +u21] a’U]g _9 ijk aa'kl T o7 +9 22 ap
Dt oxy, d+2 8:cj> Oxp P oxy 8:ck Oxp
(d + 4) 80J>k 00 ap 0 ovy, 6 1 8vk>
0 200, 28— b T (1.20
d+2 p oxp pax + 0z e + d+4u<” oxp ( )
4 4 O 1 Oy 2(d+ 4) u? vy
, 2 — pl
* d+2 ki dxjy Ui Oxy, + d(d+ 2) dxjy Y

On taking d = 3, the above equation matches with equation (5.16) of Struchtrup (2005)
for a = 1.

1.9. u? balance equation

The balance equation for u? is obtained by taking 1 = mC*C; in the transfer equation
(1.1). Taking v = mC*C;, the transfer equation (1.1) changes to

Du? 0 4 0v; 4 Dui 2 Du,
D1 63@( /C’C’C’fdc)Jruta /{C —4C*C;C;

7 Dt
o, (—r 2% _yere0, 2% 1k (C*641, +4C°CiCy651,) | f de = P}
i 6xj i kax‘ k ik i“ 305k = /-

j
Using identities (A1) and (A 2), one obtains the relations:

m/04cc fdcm/<04 Cj + dc 513) fde=u}; + L 365, (1.21)

d
m/C’QC’Z-CjC’kf de = m/C2C<,-CjCk>fdc + —2m/04(0i5jk + Cjdi + Crdij) f de

1
= ujp, + d—H(U?@'k + u3bir + uidij), (1.22)
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which simplify the balance equation for u? to

Du?  Oui  10ud Du; Du; 1
Duf  Ouly 10w o0 , o <UZFZ_>+4<AFJ.)<U%+_U25M>

Dt ' Oxz; ' dow | 0w Dt Dt d
ov; avk 1
2 ? 1 2 2 2 _ D2
+uj oz, + 48% { T (i 0k + usdan + ukéij)} =P

Using the momentum balance equation (1.7) reduces to

Du? aufj 1 ou? 5 0v;  d+4u? (aaij 00 dp )

Dt Ox;j d Oz u‘ Oz, d p \ Oxj pa:cz- + 98:@-

ul. , ’
ath (G g0

p oxy, Oz, Oz, 70z
vy, 4 ov; ov; 50V
qut., Z2E T[22 27 J ) — p2
T “”’“amj+d+2< 19z, " Migg, T axl) Pi

On tidying up the terms, the balance equation for u? reads

- 0
Dt axj d Ox; d p \ Ox; pam,- + ox;

00 00 ap vy,

4t J 19 du 1.23
p (axk TP 8:5] * axj>+ ”ké)xj (1.23)
d+6u2%+d+6 5 0v; 4 avji 2
d+2 " 0xr; d+2 J@x] d+2 Ja !

Du? N duz; N 10u® d+ 4 u? (8@7 n 00 5‘p>

On taking d = 3, the above equation matches with equation (5.15) on page 80 of
Struchtrup (2005) for a = 2. Note that u? with the Maxwellian distribution function
is 105063 for d = 3.

2. Moment equations in new variables

Recall that the new variables
2

ol PR
Mijh == Yijk> dd+2)p02 (2.1)
Rij = u — (d+4)00y;, @i = ui — 4(d + 4)0q;

were introduced in the moment equations so that the new variables in (2.1) vanish with
any Grad distribution function based on the 29 or less moments (see §3.2, 3.3 of the
main paper). Therefore the moment equations derived above are expressed in the new
variables as follows.

The mass, momentum and energy balance equations (1.3), (1.6), (1.8) remain the same
while the other moment equations in new variables are obtained as follows.

2.1. Stress balance equation

The stress balance equation (1.11) in new variables reads

Do;;  Omy; 4 0qy 0
aj+m]k+ q s Vi

200 22 g 2% =P (2.2)
Dt | 0w, | d+20x;  Vomy | M — '

8 8%)
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2.2. Heat flux balance equation

The heat flux balance equation (1.15) in new variables reads

Dg; (1 8R” d+4980'ij " d+4 tol7} )

Dt " \20z;, ' 2 oz; 2 "Yox;
d+2[ ,0A ap 00
+ [p@ axi+(1+m< - 8@)}

d+2 (00 00 op oij [ 00k ap
] J 0 Y J H—=
(&fcj +p8 ; 8:@-) p (&ck + axj)

2
00 ov; d+4 0Ov; d+4 O 2 av] 14

"%, T e, T ar 2% 0z, T 2Yon; T d12%0s 20

On tidying up the terms, the heat flux balance equation in new variables reads

Dg; 10R;; d+2[ ,0A dp o0 a0
- 0 142A)p0— i
Dt 20, | 2 { oz, g, T (L2 o
Ooii o0 [ Ooip ap ov;
0 J 7Y Ik == i ) 2.3
T O0x; p < Oxy, axj> m * O 23)
d+4 ov; d+4  Ov; 2 ov; 1 _,
2%, T av2 Yo, Tdv2%os, 2

2.3. myj, balance equation

The my;, balance equation follows from the u‘z)]k balance equation (1.17), which on
inserting the new variables (2.1) reads

Dmijk augjkl 3 8R<ij 80(2-]- 00 oy,

30 30— ik =—

Dt + Ox; d+4 Oz + Oy + 504 Oy tm I 92,

aak 1 00 ap 8@k> 12 8vj
_3 p (6301 +p8mk +96xk 3 oxy +d+2q<i8mk P’Jk

On tidying up the terms, the m;;;, balance equation in new variables reads

mige Ok 3 ORbj o 0(13&<0k>l+ 3p>

Dt oxy d+4 Oz, Oz p oxy oxy, (2.4)
0 Gvk> 12 6vj 0 .
i 3my i i =P,
+mgka + ]axl+d+2q<8xk> Pijk

2.4. A balance equation

The A balance equation follows from the u? balance equation (1.18), which on inserting
the new variables (2.1) reads

27— 2_ it

Op; 0q; 00 qi aaij 00 op
4 4)q; g
* {&ci (d+4) Ox; (d+ )qlaxi] 8p (axj +p8:ci +98:ci
ov;

+ (d +2)(d + 4)p6*(1 + )8:c = Pp?

ov;
+4[Ri; + (d+ 4)00,;] — oz,



Moment theories for a granular gas of Mazwell molecules
or

1Dp  2(1+ A)D#
o P St T o
1 1 [0¢; 0q; 00 00;j op
— A(d + 4 d+2)g— — 8L 6
a2 o6 {a FAld+ )G Ad+ e (axj o
ov; 4(d+4) 0ij ov; d+4 ov; 1 1 9
4 i) Sy Ry e A
+R”8 } d(d+2) pd Oz; d (1+ )8:192- d(d+2)p927)
or
DA Ad+4)1 (0g Ov
i " d(d+2) pb amt ”a
1 81}Z 201+ A4) [DO 2 0v;
”A;( 7)o
1 [0p; 00 Jo; dp Av;
— A(d + 2)q; & I 40 4AR;
N (d+2)p92 [a +Ald+ ez - 5 (amj * 8m,>+ i g ]
_ 1 1 2
N d(d+2)p92p '

Using the mass balance equation (1.4) and replacing the time derivative 6 using the
energy balance equation (1.9), one obtains

DA 4(d+4)i<aqi _ 8vi>

Dt

d(d+2) p0 \0z; "7 0u;
20+4) [11_, dq; ov; ov; 2 Ov;
+T[a;7"a;(a—%+%%+/’% 3o,
1 1 [0¢; o7 do; dp 0v;
Ad+2)g— — 8L (L7 1 4R
dd12) 00 [a At Dag (8:5] * axz)+ i 0z, ]
11,
= dd+2) 2
or
DA  4(d+4) 1 8qi+ COui\ 40 +4) 1 8qi+ v
Dt ' d(d+2)pf \9z; 7o, d p0 \ 0z ' 770,
1 1 8901 00 q; adij 8p 8
— A(d+2 — gL 0 AR,
T 2) 002 [a FAld+ Dag -8 (axj 050 ) TG,
:#L 2 M_fpl
d(d + 2) po? d_ pb

On tidying up the terms, the A balance equation in new variables reads
DA 8

1 d+2 0q; Jv;
E‘Ld(dm)ﬁ(l_ 2 A) (a T %igg, )
1 1 [0p; 00 Jdo; Op ov;

4 2 = J 4 2.5
T dy2) 2 {a TAd+2ag - 5 (8:5] +eaxz)+ i g ] (2:5)
1 e 1
- D [P 2(d +2)(1 + A)IP }
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2.5. R;; balance equation

The R;; balance equation follows from the u . balance equation (1.20), which on
inserting the new variables (2.1) reads

— +(d+4)0—= + (d+ 4)o;; — J
Dt +ld+d) Dt T )Uth * Oxy,
2 Opu  8(d+4) Oqu  8(d+4) Y Ov
. . 4 .
d+20z, ' d+2 0z,  d+2 q“a;cj) + [Rij + (d + ooy ] 5

miin [ Ok 00 ap 4(d + 4) Doy ol ap
—oWE (= — 0= | - 0
p ( oxy Tt axk * Oy, d+2 p oxy, + pé):cj> + 0z j
vy, 6 avk> a’l)k 4 Oy, 4(d+4) vy,
2 > . 4 17 9 Z 1 9 Z
+ u”kla d+4R<U D2 + 600 D d+2Rk< O 7 + 412 Ok 8$j>

ov; v vy,
2Rpii 2l 4 2(d + )02k + 2(d + 4)(1 + A)pp2 2 — p1

Replacing the time derivatives of § and o;; using the energy balance equation (1.9) and
the stress balance equation (2.2), one has

DRZ']' ﬁmz ik 4 8q<l 8 v ) 8v<i
— (d+4)p | 2 z 20112+ 28 0
br 4T { dre dt 20z, 90z M Pm, T oz, T

21 /0 0 0 11
— (d+ 9oy {3;<ﬂ+ oG+ b vk)‘”’l]

oxy ox; oxy, dp
oul 2 Opi  8(d+4),0qs  4A(d+4) 00 ov
ijk (i (i k
0 - Rii + (d+ 4)0,;] 2
T or, Tdt20w;, | dv2 Com, | d+2 q“axﬂ + [ + 4+ o] 5
mii [ Ok 00 ap (d+4) 0o jy ap
_ oMk (G9KL |, 9T g 9P 0
p (axl +p8:ck + Oxy, d+2 p oxy, + 0z 5
ov Vi 6 8@k> a’Uk 4 a’l)k 4(d+4) ﬁvk
2 —Ry; =2 + 600, 4 00,0
2t T 10 G, TGy T e g, T T VMg,
v v ov
IR o) 4 9 (d 4 D)oy 2 4+ 2(d + 4)(1 + A)pf2 28— pl
+ Rk(t axk + ( + ) Ok (i aIk + ( + )( + )P 6%) sz
or
DR | 2 Opu  Ad+4),0q;  4d+4) 90  Ad+4)0  dp
Dt ' d+20x;, ' d+2 0wy d+2 Nox, d+2 pow,
4(d + 4) 80J>k 4(d +4) vy, 8vk> 2(d+4) vy,
- 00; 6o, fo,; ok
Q12 p Owm | dra (TMigg, TO0uiG, PR T
_ 2(d+4) o0 O 2(d+4) 0” 31} o+ 4)98mijk
d p Oy d "oz, T Oxy,
Mmiji {00k 00 ap dujjy, Ouy,
) BRI Bl = J 249
P (axl Porr T Vomn ) T 0w, T MM Gy,
6 61},@ 4 Ov, 61)] Ov, 5 av@
. - P ) +2(d+4)A
T T i G, T g gy, T gy, Ry, T2 O S
4oy
=Pl — (d+4)ppy — LA (2.6)

d p
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For further simplification, one can use the following relation stemming from the definition

of the traceless parts of rank two and three tensors (see equations (A1) and (A2) of the
main paper):

8vk>
.
= % (O'ijg—zli +am§—Z +0'kjg—;;) - ﬁ ( g L5 +Uzzgv Ok +Uz]g Lo )
% <0ijg—;z + 2%("% + gaklg—;;éij) — ﬁ ( Okl g;]l 0ij + O'lzg + o4 g?}l)
(o )
_ ﬁ <O’klaa—;‘]i51'j + 2al<i% + %O’lkg—;);(si])

which on tidying up the terms reduces to

Ovgy 1 Jup 2 vjy 4 vy,
ii T — 04— — i — i . 27
76 Bz, 37 0m, T 37 0n, 3+ 2) i aa, 27)
Using relation (2.7), the following terms in (2.6) can be rewritten as
4(d + 4) 8Uk 61}k> 2(d + 4) 8’Uk
005 600 —- — ———00;; —
d—+2 Tk al'j> + i oxp d UJaCL'k
vy, dvjy 8 vy,
=400 —— + 400y —= — =00 —
Uk(Z al'j> + Uk(z aIL'k d 7ij 8xk
Consequently, the R;; balance equation reduces to
DR;; n 2 O0pi  Ad+ 4)9 dqi;  A(d+4) 00 4(d + 4)Q ~Op
Dt | d+20w,  d+2 oz d+2 Nox,  d+2 pliou,
4(d +4) q; 0o v, d+4) oy,
CAd+4) g TIE | 4907y D0 0% | 46, i L. 2(d +4) oij Iqi
d+2 p Oz 63@ Ooxr d oxy d p Ox
2(d + 4) 0Okl vy, 6mijk Mijk ok 00 op (9u11jk
e 4)60 -2 60— —
d p  Oxy (d+4) oxy, p ox; e &rk + oxy, + oxy,
8vk 6 Ovy 4 vy, 0vj) vy,
) g R IR, — P
2t g, T ag s Mgy, T2, Rug
v d+4 0y
d +4) Apt? L —(d+4)0P) - ———LPpl.
FAL A <P @)Y - TP

Note that this equation matches with eq. (7.3) of Struchtrup (2005). However, I shall
further exploit a similar relation as (2.7) for the following term

vy _Lp Qv 2p Ovy 4 o O
oz, 3 oxy 3 0z, 3(d+2) "oy,

(2.8)
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to obtain

DR;; 2 0p 4(d+4)98q<i 4d+4) 00 Ad+4)6  Op

Dt d+2 0z d+2 Oy d+2 q@amj) o d+2 pquaacj)
(dJr 4) 80 vy v V) 8 vy, (d+ 4) Oij Aq
- + 460 460, — 290, S _ %ij 9k
it2 p am Thi gy >+ i ome  d Y Dy 4 p om

2(d —+ 4) 00kl vy, 8mijk Mijk ok 00 ap au”k
— ——— —(d+4)0 -2 — + 00—
d p  Oxy (d+4) oxy p ox; + p@xk + oxy, + oxy,

avk 6 (1 avk 2 8’Uj> 4 avk ) 4 avk

+ 2u) + — R R

Bz, T a1 A\3 Bz, 3 KB,  3d+2) *ax, ) T dr2 o,

Ov; Ok duy d+ 40
2 ; d + 4)Apb* =Pl —(d+4)0P); — —— —LPt,
+Rk8 +RJ8 (Jr)pam]> Pi; — (d+4)0P;; 7 p7>

On tidying up the terms, the R;; balance equation reads

DR;; 2 8(,0(1- 4(d—|—4) ( 8q<i 00 q¢i 6aj> 0 ap )

Dt "dt20m,  dt2 \or, %oz,  p om  pidm,

vy,
4 4001 —2L — Z00;; —= — =k
+ 90’k + 9 90’ axk Ol axl

dvjy 8 vy, 2(d+4) oy 3qk Ouy,
ax]> oz, d Yoz, d p

oul
i Ok (d+4)98muk _ Qmuk (aakl i ﬁ L 92P dp ) 1 2u0 vy (2.9)

dxy, dxy, p \ 0z Loz, oz TR day
d+6 c%k 8vj> 8 28 (i
y 2R}.i ; + 2(d + 4)Apb
d+4<RJamk+ Brtigg, d+4Rk<aj> @+ DA s
d+4o0;;
=P}, — (d+4)0Py; — 77]731,

2.6. @; balance equation

The ¢; balance equation follows from the u? balance equation (1.23), which on inserting
the new variables (2.1) reads

D9 ouZ  10oud
4 Yoo

B d+4d(d+2)p92(1+A) 00ij ol +98p
d p Oz, pé):ri ox;

Rij + (d+4)00;; (Oojk 00 dp
4 J J J I ==
p (&ck +e axj * 0z

D(Pi D
4(d + 4
D T4d+4)

ov, d+6 ov; d-+6 ov;
daut, ZE - A(d + 4)0g;] =L+ 2 s 4 4(d + 4)0q;
+ ”’fa +d+2[goz+ (d+ 4)0q ]8:19 + T 2[<pj+ (d+ )eq]}axj

d 5 [@j +4(d + 4)0g;] 630 =P
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Replacing the time derivatives of 6 and ¢; using the energy balance equation (1.9) and
the heat flux balance equation (2.3), one has

De; 10R;; d+2 5 0A op 00 06
—A(d+4)0 | = °re 1+ 2A)pf— + 0y —
T )9[2 0z, 2 {p9 oz o T )”eaxﬁ"”axj}
do;; 04 0o, 045, Op ov;, d+4 0Ov, d+4 Ov;
[ R R L N i J oY o= O
oz, T 0z p 0z o, +d+2 z; d+2Y 0z,
2 ov; 1_, 1 0q; 0v; 0v;
2 —p! 4 g, |==Zpt 22 4L
d+2q38:ri 27)1] FAd+ g, [ pP dp (&fcj ch? te 98:5]
ou?, 1 oud Do o0 dp
L= d+2)(d+4)(1+ A)0* | -2 0
gz, T dos, dTDEFHA+A <a T axi)
4Rz]+(d+4)90w 8ojk ﬁ+9ﬂ
p Oxy, aacj O0x;
vy, d+6 Ov, d+6 Ov; 4 ov
4u; 4(d+4)0 L g .
Fugg, AT Lz+2 Bz, A+ 2Y0z, Tds2¥ axz]
d+6 31)] d+6 Ou 4 81)]7 9
d+2%0z; " d+2%0z; T d+2% 0z,
On tidying up the terms, the ¢; balance equation reads
De; 8(d+4)q aq] v, 81)] ouz; 1 0u’ OR;;
- = — + pf— - 2(d+4)0
D T\, T %, )t an, T ds 2 IG
06 do 00
— 4R —— — 4 A2 749 9(d + 4)200,; -
R,Jaxj (d+4)[(d+6) + (d+2)A]6 o, (d+ )ea]axj
0A dp 06
_ 3 3 2
(d+2)(d+4) [2p9 oz, + (14 3A)0 oz, + (34 5A)p0 oz,
00 ik op 0v; 0v;
Bt (D0 g O Ly d+ 4)0m; i =2
p <6xk+ ax)* Ui gy~ AT Doz
+8(d+4)9 %+ aszr v, Jrd+6 du; d+6 Oy
d+2 \"0z; TY9z; Vo) Td+2" 0z, " d+ 27 0u;
4 ‘%J 2 1 4d+4) g,
+d+2<'0 0z, =P; —2(d+4)0P; — 7 P
(2.10)

3. Grad closure for the 29 moment equations

Clearly, the system of 29 moment equations in new variables (egs. (1.3), (1.6), (1.8),

(2.2), (2.3), (2.4), (2.5), (2.9) and (2.10)) derived above is not closed since it contains
the additional unknowns u?jkl, ugjk, ufj and u3. The system is closed using the G29
distribution function which reads
104;C;C; ¢ C; 1 C? 1m;i1C;C;Cy
_ 14 =T i~ T ) 4 2 Magketi© Yk
fig2e = fM[ T e (d+2 g )+6 PE
+d(d+2)A 1_20_2 ot +1RijCiCj 1 0_2_1
8 d 0 d(d+2) 62 4 pb3 d+4 46
1¢;C; 2 C? 1 ct
— 1-— — — 3.1
+8 P03 ( d+2 6 +(d+2)(d+4)92 ’ (3:1)
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B 1 d/2 CQ
v = fu(t,z,c)=n (2—71'9) exp <2—9> (3.2)

is the Maxwellian distribution function (see appendix D of the main paper for the
derivation of the G29 distribution function).

where

3.1. Closure for ugjkl

Ignoring the vanishing integrals and using identities (A 11) and (A 13), it turns out
that

u?jklngg = m/C@CjCkCl) f‘GQg dc =0 (3.3)

3.2. Closure for u%jk

Ignoring the vanishing integrals and using identities (A7), (A8) and (A 11), it turns
out that

UijkiGag = m/CQC@CjCk) fla2o de

1mlrs
= 6 003 m/CQC(iCjCk>ClCTCS farde

- %ng;m ; (27r9 )d/2 /02 [C C;Cr — Jlr c? (C Ok 4 Cjoir + Ckém)
x C1CCye= @120 qc
1 myys 1 15

"6 07 (2n0)i” [d(d+2><d+4)

3 2
*m{(s(iz(srs)csjk + 0j10r5)0ik + 5(kl5rs)5ij}] /CS e~/ qc

1 1 6 mijk 8 _—C2/(20)
& (270)72 d(d + 2)(d + 1) / ¢re e

1 mgey 1 2n?? / Cd+T o—C?/(20) 40
d(d+2)(d+4) 6 (2r0)42 T (

)
1 mi 1 2 (d/2)+3 (d/2)+4 <d )
X 2 0 I'i-+14
d(d+2)(d+4) 6 (20)42T1 (%) 2
1
)

0(ijOk10rs)

1
T 60

= My a) M+ 6)(d+4)(d+2)d

or

uzljk|G29 = (d+6)0my (3.4)
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3. Closure for u?j

Ignoring the vanishing integrals and using identities (A 6), (A7) and (A 10), it turns
out that

= m/C4C<Z-Cj> f|G29 de

1owCLC;  1RuCWC [ 1 C2
_ 4 lowCrC 1 RCLC (O
*m/C CuCiy Iu {2 P2 4 o3 <d+4 0 )}dc
_ el low 1R ( 1 C°
fm/C’ C<1C]> CrLC fM |:2p92 + = 4p93 d—|—4 g 1 de
Y S S v e - 13 —C?/(20)
= g /C (Czcj ~C 513) .0 e

1Ukl 1Rkl 1 02
* {2p92+4p93 <d+4 0 1)}(16
oy 1 L s s s s ss s 8 o—C?/(20) 4O
262 (2n0)4? a2 OO+ Oikdie + Ou i) = g i ‘

1 Ry 1 1 1
—— 0;50 0ikbj1 + 6i10jk) — — 6450
105 (270)772 {d(d+2)( jOkl + 0ik051 + 041 ]k) 2% kl}

<di49/01() —C?/( 29)dc /CS —C?/( 29)dc)

_ 1 204 1 2n¢? /Oocdw e—C?/29) g0
2d(d+2)6% (2r0)4/2 T ()
L1 2Ry 1 2pd/2
*ad (d+2)63 (27r9)d/2 (%)
(ma 9 o —C?%/(26) ac — / O o —C?%/(26) dC)
ij 2 owmssgastap (4
- T T 6 2

1 Ry 1 2
2d(d+2) 603 (20)2 T (4)
11 d d
L L wragaesp (@ _ola/2)+3gd/+ap (¢ Ly

X {d+49 X 0 5 +5 0 5 +
_ 1
~d(d+2)
= (d + 6)(d + 4)920'1'3‘ + 2(d + 6)9RU

+

020 x (d+6)(d+4)(d +2)d + OR;; x 4(d+6)(d+2)d

1
2d(d + 2)

or

u§j|G29 = (d + 6) 0 [QRij + (d + 4)90'1‘3‘] (3'5)
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3.4. Closure for u®
Ignoring the vanishing integrals and using identity (A 10), it turns out that

3
UG29

= m/CGf‘Ggg de
d(d+2)A 22 1
6
— 1___ -
m/C [ 8 ( a6 Taara e )|

o2 d(d +2)A 2 C? 1 ct
_ 6 ,—C2/(20) 1_ ¢
e (27r9 (2r0)i/2 /C [ 8 ( ig Taqarae)|C

d [e%}
:LQW_/Q/ citsg-ct/o) [y L dd2A (202 L CUNT
(2r60)72 T (2) 8 46 ddr2) e

__r 2 dld+2)A (/2422437 [ 4
= @ T [<1+ - 2 0 r(5+3

(d+2)A  a/2)+3n0/2)+4 [ @ A d/2)+and/24s [ @
S—" X 2 0 r 2+4 +892><2 0 r 2+5

3 d 2 2
2r(5+3) [(1+ CMJFTQ)A) 0% — W(d-f—ﬁ)-ﬁ-%(d-f—ﬁ)(d-f—&]
= p03(d + 4)(d + 2)d [1 + ?{d(dJrQ) —2(d+2)(d+6) + (d+6)(d+8)}]

= p03(d +4)(d +2)d (1 + ? X 24>

or

Ujgg = d(d + 2)(d +4)(1 + 34)p0° (3.6)

4. The system of the 29 moment equations with closed left-hand sides

The left-hand sides of 29 moment equations in new variables (egs. (1.3), (1.6), (1.8),
(2.2), (2.3), (2.4), (2.5), (2.9) and (2.10)) derived above are closed with closures (3.3),
(3.4), (3.5) and (3.6), which were obtained with the G29 distribution function (3.1). Note
that the mass, momentum, energy, stress, heat flux and A balance equations (egs. (1.3),
(1.6), (1.8), (2.2), (2.3) and (2.5)) will not change as they do not contain the additional
unknowns. On the other hand, the left-hand sides the m;;i, R;; and ¢; balance equations
(egs. (2.4), (2.9) and (2.10)) need to be closed using the G29 closures (3.3), (3.4), (3.5)
and (3.6).

4.1. myj balance equation with the closed left-hand side

The myj;, balance equation (2.4) with the closed left-hand side reads

Dy R 3 ORy; +3980<,-j 3l (80k>z i Op )

Dt d+4 amk Oz p oz Oy
(4.1)
m Ly 3m _8vk> n 12 » 0v; _p0
ijk 5 a 1(ij o1, d+2 (i a$k> ijk
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4.2. R;; balance equation with the closed left-hand side
The R;; balance equation (2.9) on substituting closures (3.3)—(3.6) becomes

DR; | 2 Opy , 4(d+4) <93% 00 .09k 0 .‘9”>

Dt d+2 0z d+2 O R dx;y  p Oy pq@ Oy

vy 81} 8 vy, (d + 4) Tij qu vy,
46 400 —lo;; — — (== =
+ 400y i75— U . + k(ta ~ ]ax p P <8$k + okt 8$l>
Omiix tolY} Omiik
d 0——2 + mijr=—— | — (d+4)0——=
+( +6)< D, +mjkaxk> (d+4) 0,

miir [ OOk 00 ap d+6 vy, 61}
_ ok [ 7 — = — | R; +2 =5
<6xl o o +d+4 Rij Gy T Mkt g,
wﬂpl’

vy
+2(d +4)Apt* ——= =P}, — (d+ 4)0P); — 7

Z3) D)

which on tidying up the terms give the R;; balance equation with the closed left-hand
side:

DRy , 2 Opi  A(d+4) <9 9q; + 90 46995k 0 (i@>
Dt d+ 2 Oxj d+2 x5 Oxjyy  p Orp  p " Oxy
+490k<i§7v; +490’“<i% - 29%% _ (d;r 4)% <§—ZZ + Ukl%)
+(d+ 4)mijkaa—i + 29852’“ - 2m;j’“ @Zl + 0%) (4.2)
% (ng + 2Ry g” ) d+4Rk<L§ E 2 +4) 4 92§m]>
— PL — (d+4)0P, — Aty p

d p

4.3. ¢; balance equation with the closed left-hand side
The ¢; balance equation (2.10) on substituting closures (3.3)—(3.6) becomes

Dy;  8(d+4)q (9q; dv; v;
Di d (axj Tk g T o,
OR; o0 do; o0
2d+6) (01— + R;j— d+4)(d+6) [ 0>="L + 200,; —
r2(d+ >( S Ry ) (04 )+ 0) (2572 4 200,77 )
DA dp. o0 OR;
2 4 3 1+34) (6 2 —2(d+4)0—=—2
+ (d+2)(d + )[3;)9 axi+( +3 )(9 pr + 3p0 8%)} (d+ )Ha:cj
o0 Doy o0
—4R;;i —— — 4 9)A102274 _ 9(d + 4)%00,; —-
Rtjazj (d+4)[(d+6)+ (d+2)A]6 o, (d+ )9%8%
A o0
_ 3 2
(d+2)(d+4) [2;;9 P, + (14 34)6° a% + (3+5A4)p0 axz]
Rij (Ooji ap ov;j ovj
4= p (axk +Gax]) +4(d+6)9m”ka L (d+4)9mwka o
8(d+4)9 '%Jr 8'Uz+ Ov; Jrd+6 %+d+6 v,
d+2  \Toz; "YUz, TYor, ) Td+ 2 0x; " d+277 05
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4 ov; d+4)q;
(,0] J ( ) Pl
d+2"7 0x; d p
which on tidying up the terms give the ¢; balance equation with the closed left-hand
side:

Dy, 8(d+4)a (8q]+ %_’_ 981)]>+498R

+ =P? —2(d+4)0P} —

Dt d p \az; "oz, o, D
+(d+2)(d+4)92[ gﬁ_ pgi —AZZ]
+8(dd++24)9( gﬂ+ ng’ + JgUJ)JrZ—ig %ﬁﬁg Jg;);
+d12%gvﬂ P2 —2(d+ 4)9P} — (dd+4)q;7>1

(4.3)

Thus the 29 moment equations (having the closed left-hand sides, which were closed
using the G29 closures (3.3)—(3.6)) consists of equations (1.3), (1.6), (1.8), (2.2), (2.3),
(4.1), (2.5), (4.2) and (4.3).

Finally, the collisional production terms on the right-hand sides of these moment
equations are computed for inelastic Maxwell molecules (IMM), which are given in
equations (3.11)—(3.17) of the main paper. Inserting the collisional production terms into
the aforementioned system of the 29 moment equations (with the closed left-hand sides),
one obtains the system of the G29 equations for IMM, which are given in (3.22)—(3.30)
of the main paper.

Appendix A. Some identities

CiCy = CuCiy + - 02511, (A1)

CiC;Cy = C;iC;Chy + d—HCQ(C’iéjk + Cjbik + Crdij), (A2)

1 1 2
C;iCjyCr = C;C;C, — ECQCkaij = C,C;Cly + mﬁ [ciajk + Gk — 5Crij |

(A3)
CaCiCrnCi = [Cicjck ﬂCQ (C Ojk + Cjdir + Ckéij>:| C
_ __d SC(CiCd + CiCidix + CuCidiy ) + CiCyCiC
— 7—d + 20 (Cicl(sjk +CCiou + CkCl(L-j) + C;CiCrCyy
* ﬂc {Cicﬁkz + CiCrdji + CiCidji + CjCréu + C;Cidik + CrCidi;

1
~ @O (B + dudi + dudy).
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On tidying up the terms the above equation reduces to
1
C(iCjCk>Cl = C(iCjCka + d—-i-402 (CiCj(Skl + CiC’chjl + CjCkéil)
2 (CiCiyn + C5Cib + CrCidiy )
(d+2)(d+4) B T "

1
_ qu (51]519[ + 5ik5jl =+ 5215jk)

1
= C(iCjCka + d—-i-402 (C(icj>5kl + C<,L-Ck>5jl + C’UC’k)&il)
2

- = (2 . ) _ ) ). A4
arnarnC (Celndi+ CuCydu+CuCydy). (A1)

A.1. Some integral identities

The integrals of type
Iirin.in = /C’Z-IC’Z-2 ...Ci, h(C)dC, (A5)

where h(C') is an an even function, vanish when n is odd while for an even n, they are
evaluated as follows.

e The tensorial form of the integrand of the integral .#;; suggests that it should have
the following form

I = /cicjh(C) dC = 71 6y /CQh(C) dc,

where the coefficients 7 is unknown and computed as follows. Multiplying the above
equation with d;;, one gets

/C2h(0) ac =y d/CQh(C) ac,

which gives v = 1/d. Hence,

Sy = / C,C;h(C)dC = ééij / C2h(C)dC, (A6)

e The tensorial form of the integrand of the integral .%;;i; suggests that it should have
the following form

Tt = / CiCCLCI(C) AC = 75 (8136 + Syt + Sudye) / C*h(C)de,

where the coefficients 5 is unknown and computed as follows. Multiplying the above
equation with d;;0x;, one gets

/C4h(0) dC =2 (d* +d +d) /C4h(0) dc,

which gives y5 = 1/[d(d + 2)]. Hence,

Sijkl = /Cicjckcl h(C)dC =

Sipdu + b+ 8ady) [ Ch(€)dC

1
a@+2)

(A7)
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e The tensorial form of the integrand of the integral %, suggests that it should
have the following form

Fiikirs = /CiCjCkCleCsh(C) dC = 1573 0(i0ki0rs) /Cﬁh(C) dc,

where the coefficients 3 is unknown and computed as follows. Multiplying the above
equation with d;0,0,5, one gets

/cﬁh(C) dC = 73 (d® + 6d* + 8d) /CGh(C) dc,

which gives 72 = 1/[d(d + 2)(d + 4)]. Hence,

15

<]ijkl7‘s == /CLC]Ck0107CSh(C) dC = m

5(ss0ut6re) / Coh(C)dC| (A8)

e Continuing in a similar way, for an even n, one finds that

Iiin.in = /C’Z-IC’Z-2 ...Ci h(C)dC

__n 1 N o " (A9)
= e A - 8(iriabisis -0 i) / C"h(C)dC

'Ho (d+29)

]:

e Using (A6),

/c@-c h(C)dC = /CCh 5U/02
Ea,-j /CQh(C) ac — Ea,-j /02 h(C)dC

or
/ C;Cjy h(C)dC =0 (A10)
o Using (A6) and (A7),

/ CiC;CCy h(C) dC

- /cz-cjckcl h(C)dC — ﬁ C,C? (cja,d + Chbji + clajk) h(C)dC

= m(aﬁam + ik + 0ubs) / C*h(C)dC

- i 5 % é(aijékl + Sik651 + 0ubs) /C4h(C) ac

or

/C,'C(jCkCD h(C) dC =0 (A 11)
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e Using eqgs. (A6) and (A7),

/ C;C;CCyy h(C) dC

/|:C C CrLC — —02 (C C or + C; Ck5]l + C’Z-Cléjk + C’jC’k(Sil
+ CiCi8i, + CrCid; ) PN S—GT (51- Ot + 00 + 51-15%) h(C)dC
J J (d+2)(d+4) J J J

1 1 2 1
- - p 8ij0k1 + Oirdj1 + 6ud; Lh(C)d
{d(d—i—?) d+4d+(d+2)(d+4)]( 0kl + 0ik0j1 + lgk)/c (C)dC

or

/C<i0j0kcl> h(C)dC =0 (A12)

e Using eqgs. (A6), (A7) and (A8),

/ C;C;CCy CrCy h(C) dC

1
= /|:CiCjCkCl — m02 (CiCj(Skl + CiCroj + C;Coji, + C;Croy

1 ;
+ Cjcléik + C’kC’l(Sij) + WCA (5ij5kl + 5ik5jl + 5i15jk) C.Cs h(C)dC

15 3
= | ——————03i0ki0rs) — ——————<90(;i0rs)0 0(ikOrs1051 + 051075104
|:d(d+2)(d+4) (ij9klOrs) d(d+2)(d+4){ (i39%rs) Kl + (ik%rs) jl+ (il9rs) 95k

3 ]
+0(jk0rs)0it + 0j10rs)0ik + 5(kl5rs)5ij} + m%ﬁmﬂsrs /CGh(C) dC

or

/ C;,C;CrCyCrCy h(C)dC = 0 (A13)

Appendix B. Few terms in the u?jk balance equation (1.16)

B.1. The term m/C’(iCjC@C’l fde
Using identity (A 4), this term turns out to be

m/C’iC’jC’;c C; fde

z;kl + d+ 1 (“}j(skl +ug i+ u;kéil> BCESCE) (Uzlzfsjk + U;zfsik + “zlczfsz‘j)

1 2
u?jkl + I {ugjém + uip b + U}kéil ) (Uzll(sjk + u}l(sik + Uzldfsij)]-

Therefore

m/C(LC Ck ledc ’L]kl +

3
T w0k (B1)
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D
B.2. The term m/EC@-CjC@ fde
Let us first evaluate the following.

D D 1
= CuCiCy = =-CiCiC = mﬁw (c Sin + Coan + ckaij)

Du; Du;
] + C’jC’k Dt )

1 5 Dv;
- 2 .
+d+2[(0 + CCl )@k

Duw; o Dy, Dy,
24 + 2 ik + — +2 — ) 0;i| .
(C C; Cl ) Oik (C Di CLC, Dt ) 6]]

(ch 5 T CiCks!

Using the above equation and (1.5), one obtains

D

D Du;
= - |:(O'ij + p95ij)_vtk + (oir + p952k) Di I 4 (o1 + pO;1)

1 Du;
+ m |:{d 9— + 2(0’11 + pt%zl) Dt }53'19

v, v Dv
+ {deD—tj +2(oj + p95jz)D—tl} dik, + {dp@— + 2(ok + pOOK) = : }5@‘]

D’Ui
Dt

Dt
Uy TRy D * Dt
2 D’Ul D Dv U
—— oy —6 52 —d0;i ).
d+2 (“l Dy Ok T iy Ok T IRy J)]
Therefore
D D’Uk>

B.3. The term m/C’l%C(iCjC’k) fde
l

Let us first evaluate the following.

9 9 o
OO0y = Cirg=CiCiCi — Cla—lC (C Sk + Cilu + ckaij)
B Ao, v, A
CI<C’Ca +C’Ck8 +Cck8l>
1 281)1' ov r
50 Kc oo * 201@6]) Sin

) ov, ) ov,
+(C2a“11+2008 )5ik+(02ai’;+2ckca )%].
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Using the above equation and (1.14), one obtains
0
m Cla_wlc<i0j0k> fdc

2 vy, 2
=— { Uiy + —— 112 (q:i0;0 + q;0a + Qlfsij)] o { Uy + = PR (qi0k1 + qrda + Ql5zk)]

O0x;
2 (%Z- 2 ov; 81)] (%k
- [ Ujp + d+2(%5kl + qrdj +Qz5gk)] 8— pEL {6— ik + o Sik 0301 6”]
2 [, 2 vy
s (@ e @) | 505,
+d+2_um+d+2(q 1+ @i+ q )} D,
2 T, 2 vy
+ FI) -U/_jrl + m(q](srl + @05 + Ql5gr)] a—ml(szk
2 [, 2 vy
+ F _u,m +to03 3 (qrbri + qrb + QZ(SIW):| 8_9316”
vy, ov; ov; 2 ov ov v,
0 0 0 1 0 T 0 T 0 T
- { L P P L roll < Ui gy 9% ¥ M g Ok T Mtk 5”’)]
2 vy, vy, vy, 2 81)] 0v; 0v;
—= %5 e - 0ij | — 7% ——0;
d+2<q8 Y5z T4 J) d+2< oy T Wz, T Wz, 0%
2 ov; ov; ov; 2 ov; ov; vy,
2 (2 g 2 g D, Pis v+ Lis o ks
d+2<q]6xk+%6xj+maxl ) d+ 27 (a T 92, o J>
+L .%_’_ %J’_ % 5,_;’_# ,%4_ %J’_ % 0
(d n 2)2 qi oz qr o, qi oz, ik (d n 2)2 q; oz, qr aIEj qi oz, ik
4+ 74 % 4+ % + % s
d 1 2)2 qk oz, dr Dzr a Oz, )
vy 2 ov; vy, ov; vy, ov; ov;
.0 _ ov; i j
= Uiy, d+2[( oar Yoz, Y am T Yar, T %o, +qkazz)
2 Qo Ovi,  Ou
Cd+2 @ oxy @ ox; @ ox; gk
oy oy 0v; oy oy vy,
— — — 6 — — 0ii ¢l -
+<%8xl+qz6xj+%6xl L+ Qka +¢I18Ik+qlal j
Therefore
0 0 avk) 12 8vj
m/Clax CiCiCry fde = —=3uyy,; 0%, d+2q<i8xk> (B3)
0
B.4. The term m/ﬂa—CC<iCjCk> fde
1
Let us first evaluate the following.
0 0 0
F— = — F 2(Cy6. 0 ”
15 CuCiCiy = Fig-(CiCiCk) - d+2 B [C (05]k+0]5k+ck5])}

= F(CiC;6i + CiCrbji + C;Crby) +

1
( 5[ (O + 2C:Cr61)
+ (€051 + 2C;Crbnt) it + (C20u + 2CkCrdp) by |
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or

0
E—CC<iCj0k> = (CiCij + CiCij + CjCkFi) +

1
dg d+2

+ (C*F; +2C,C, Fy)8ix + (C2Fi + 2CC1 )y .

Using the above equation and (1.5), one obtains

0
= (045 + p90:;) Fr + (oir + p0ir ) Fj + (0 ji + p0ojr) F;

d
- d—Hpe(Fi(Sjk + Fjdir + Fidij)

e [(az, 4 08 ) Frbss + (040 + p085) Frbin + (0kr + pO0yr) 5”}

=0ijFy + ol + o Fy — {UirFr(sjk + 0jr Frdak + O'krFr(Sij} :

2
d+2

Therefore

1

Appendix C. Few terms in the u - balance equation (1.19)
C.1. The term m/C’QC’<iC’j>Ckf de

Using identity (A 3), this term turns out to be
m/CQC@CﬁC’kf de
—m/CCCCkfdc—i——m/C (C(S]k—i—C(Slk C’kém)fdc

1 2
= uijk —+ d——i—2 <u?5jk + u?dzk — Eui&]) .

Therefore

d+2 ¢

2
m/CQC@Cj)Ckfdc = u}jk + —uQ-(Sj)k

C.2. The termm/DRtC’QC’<iC’j> fde

Let us first evaluate the following.

D 7D2_.7124..
5. C204C5) = 5(C2CiCy) — 55O
D D D D
(2ccckﬂ+020 D”tj+c2cj Df;)+ focle) “’“5

{(CQF'Z + QCiCTFT)(Sjk
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Using the above equation and (1.14), one obtains

2 Doy,
/—C C »>fdc:f { ”k+ d+2(qi5jk+qj5ik+qk5ij)} D—t
Duw; Du; 8 ka
-2 I 94, -
U 20Dy T g%y O

9 ka 4 D’UJ t Du; n Duyg
'LL _ —0i;
WD d+2\U Dt "YUy Ty 0
Du; Dv; 8 Dug
— 2g; 3 9. — g —=0;;
Gipy ~ Uy T gy %

_oy® Duy, B 2(d+4) % Du; 2 ka(5~
Yiik D T Tdv2 \TDr "YU T g% 09
0 Duy, 4(d + 4) DUj)

kD T Td+2 WD

Therefore

Duv, 4(d+4) Duy

m [ iCCuCy Fae =it~ 2

(C2)

C.3. The termm/CkiCQC<iCj> fde
awk

Let us first evaluate the following.

0

Cr—C2C,;C,

kD 7

0, 1.0

= Cig(C°0i0y) = GOhg—CY,

oA 2CCCZ@+CQC 9 + 2, vy 4 CQCkC’l ‘9”5
or pr I D ozn

= -2 [C(iCjCka + d—-i-402 (CiCj(Skl + CiC’chjl + CiC’léjk + CjCk(Sil

1 v
+CjCl(5ik + CkC[(SU) - WCA (61_]6“ + 6ik6jl + 61[53k>:| a—xli
0v; Ov; ovy
2 2 2
(CCCka +CCCka )—i— CC’kC’la 0ij

Using the above equation and (1.13), one obtains
0
m/Cka—xlcCQC(LCJ) de
vy 2 1 1
*2U?jkla—xk T dra [(Uzlj + EUQ%') Okt + (uzlk + EuQ&k) dj1
1, Lo 1 L o 1, Lo
+ | u; + Eu 04l 5]'19 + Uy, + Eu 5]'19 dit + Uy + EU (Sﬂ Oik
2 avl

1 a’l)l 2
+ (u,lgl + Ezﬁ&d) 5ij:| a—k + m(&j&d + 5ik5jl + 5il5jk)u a—xk

1, 0v; ovy, 4, 1, ovy
( k+dU(5zk>ak ( k+ ua]k)ak+d(ukl+dU6kl axkézj
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or
m/Ck—C'2 5y fde
(%l 2
_ (Z)Jkl P Ird [ugj&cz + ul 61 + ui ik + u}kéﬂ + u}l(iik + upy0j
vy 2 2 oy
(5135kl + dindj + 5zl5]k>:| D + m (5z]5kl T 51l5]k)u Er
(o % , Ov; 4 avl GUJ ov; _ é%é
Uik oxy, Uik D oxy, d kl 8:15 ox; 8:cj doxy
vy, 2 1 Ovg 1 Ovj ol 8vk ol ov; L vy, oy
2uijkla—xl—d+4< zjax j 8— zka jka k+ ]ka +Ukl51J8
1 Ovj ol ov; 2( % 0v; avi)
Wa Ik ey, d . 630 d +4) Toxy | Oz Oxj
2 9 Ov,  Ov;  Ov 1 4 (0v; ov; 4 vy,
I S ok gy 2 2k s
+ (d+2)(d+ 4)u ( Tox,  Ox; aacj) du Ox;  Ox; doxy "
c%k 6 1 a’Uk 4 ﬁvk 1 8 8vk
—2
it gy T T 10 o, T @@ )\ am, T o, T g, O
2 1 Ovg 1 Oug 15 oy 1 Ov; , Ovp 4 | Oy
dr4 (“ik dx; + Uj o, + Ui ozn zka Yk Dar  d kla 0ij
B 2 22 (s Ov,  Ov;  Ov; B lu2 ov; ~ Ov; _ é%é
d(d + 2) 9ory, Oz | Ox, d \O0x; Ox; dox, 7))’
vy, 6 8vk> 2 1 Oug vy, vy
— o 7k _ 1 — 1
= 2 g T T 1 g a2 \ B, T kg, T g, O
ov; v, 4 , Oy d + 4 ov;  Ov; 2. Ou
S (S Mot RIS i | — 2 L — =85
< ke T U Dy T N By ) dd12)" oz, 0w 3% 0m,
S B B A
Uk dr,  d+4 I dxy,
2 1 Ovg 1 Ovp 2 8vk5 d+2 8vk6
d+2 ’”a ’Wa d kla d kla
ov; ov;, 2 4 Oy 2 Oug 2(d+4) ,0v
1 9Y; 1 o 2
< i T Uk T M G O )‘Ld“kla % " ad12)" Buy
Therefore
(%k 6 1 a’l)k 4 1 avk
m/ck c? C(z 7) fde= 2uwkla 1 d+4 Uij oxs, d—|— 2uk<iaxj> (C 3)
9 1 ‘%J) 2(d+4) 50vu
8:ck d(d -+ 2) aiﬂj>
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C.4. The term m/FkiCQC<iCj> fde
é)ck

Let us first evaluate the following.

0 0 0
F.—(C? = F.—(C?C.C.) — —F.—— (5.
kackc CuCj k@ck (c=c,cj) pi kackc 0ij
4
= F (2C;C;Ci1 + C*Cy6j3, + C?Cjdir) — Ec2cl5lk x Fj,6i
4
= QCiCjCka + CQCiFj + CQCjFi — ECQCka(Sij.
Using (A 2),
FGCQCC—2CCCF 20205 C;é Cr0;; ) F
ka—ck 3y = (ijk)k+m (ijk+ 30ik + kij)k
4
+ C?C,;Fj + C*C; F; — ECQC;CF;C&Z-]-
d+4 9 9 2 5
=20,C;Cky Fy + d52 C°CiF; + C°CF; — EC CrFroij ) .
Using the above equation,
2(d+4) 2
m/Fk—C2 iy fde = 2uj Fy, + WETH (%‘Fj +qiFi — E‘]ka(sij)
or
d+4
m/Fk—C C J>de—2u ka+ (dj2)q<iFj> (04)
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