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This supplementary material provides the detailed derivation of the system of Grad
(d+3)(d2 +6d+2)/3!-moment equations—which corresponds to the system of the Grad
29-moment (G29) equations in three dimensions—for d-dimensional inelastic Maxwell
molecules (IMM). Recall that I shall refer to the number of moments with 29 (the
corresponding number in three dimensions) for simplicity.

1. Derivation of the 29 moment equations

The transport equation for the property ψ is obtained by multiplying the Boltzmann
equation (2.1) with ψ and integrating the resulting equation over the velocity space c.
After some algebra, the transport equation for the property ψ reads

D

Dt

∫

ψf dc+
∂

∂xi

∫

ψCif dc+
∂vi
∂xi

∫

ψf dc −

∫
(

Dψ

Dt
+ Ci

∂ψ

∂xi
+ Fi

∂ψ

∂ci

)

f dc = P(ψ).

(1.1)

The typical form of ψ is mC2aC〈i1Ci2 . . . Cin〉, where a, n ∈ N0, and the angle brackets
around the indices denote the symmetric and traceless part of the corresponding quantity
(see appendix A of the main paper for its definition). Thus, a general moment of the
velocity distribution function is defined as

uai1i2...in = m

∫

C2aC〈i1Ci2 . . . Cin〉 f dc, a, n ∈ N0. (1.2)

The moment equations for the 29 field variables, namely n, vi, T , σij , qi, u
0
ijk, u

2, u1ij ,

u2i , are derived as follows.

1.1. Mass balance equation

Taking ψ = 1 in the transfer equation (1.1), one obtains the mass balance equation

Dn

Dt
+ n

∂vi
∂xi

= 0 (1.3)

The mass balance equation (1.3) can also be written as

Dρ

Dt
+ ρ

∂vi
∂xi

= 0 (1.4)
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1.2. Momentum balance equation

The momentum balance equation is obtained by taking ψ = ci in the transfer equation
(1.1). Taking ψ = ci, the transfer equation (1.1) changes to

D(nvi)

Dt
+

∂

∂xj

∫

(Ci − vi)Cjf dc+ nvi
∂vj
∂xj

−

∫

Fj
∂ci
∂cj

f dc = 0

or

n
Dvi
Dt

+ vi

(

Dn

Dt
+ n

∂vj
∂xj

)

+
1

m

∂

∂xj

(

m

∫

CiCjf dc

)

− Fjδij × n = 0.

Using the mass balance equation (1.3) and the identity

m

∫

CiCjf dc = m

∫
(

C〈iCj〉 +
1

d
C2δij

)

f dc = σij + nT δij = σij + ρ θ δij , (1.5)

the above equation simplifies to

n
Dvi
Dt

+
1

m

∂

∂xj

(

σij + nT δij
)

− nFi = 0.

Therefore the momentum balance equation reads

Dvi
Dt

+
1

mn

[

∂σij
∂xj

+
∂(nT )

∂xi

]

− Fi = 0 (1.6)

The momentum balance equation (1.6) can also be written as

Dvi
Dt

+
1

ρ

(

∂σij
∂xj

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi

)

− Fi = 0 (1.7)

1.3. Energy balance equation

The energy balance equation is obtained by taking ψ = 1
dmC

2 in the transfer equation
(1.1). Taking ψ = 1

dmC
2, the transfer equation (1.1) changes to

D(nT )

Dt
+

1

d

∂

∂xi

(

m

∫

C2Cif dc

)

+ nT
∂vi
∂xi

−
2

d
m

∫
(

−Ci
Dvi
Dt

− CiCj
∂vi
∂xj

+ FiCjδij

)

f dc =
1

d
P1.

Rearranging the terms, the above equation simplifies to

n
DT

Dt
+

2

d

∂qi
∂xi

+ T

(

Dn

Dt
+ n

∂vi
∂xi

)

+
2

d

∂vi
∂xj

m

∫

CiCjf dc =
1

d
P1.

Using the mass balance equation (1.3) and identity (1.5), one obtains

n
DT

Dt
+

2

d

∂qi
∂xi

+
2

d

∂vi
∂xj

(

σij + nT δij
)

=
1

d
P1.

Therefore the energy balance equation reads

DT

Dt
+

2

d

1

n

(

∂qi
∂xi

+ σij
∂vi
∂xj

+ nT
∂vi
∂xi

)

= −ζ T (1.8)
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where ζ = − 1
d nT P

1. The energy balance equation (1.8) can also be written as

Dθ

Dt
+

2

d

1

ρ

(

∂qi
∂xi

+ σij
∂vi
∂xj

+ ρθ
∂vi
∂xi

)

=
1

d

1

ρ
P1 = −ζ θ (1.9)

1.4. Stress balance equation

The stress balance equation is obtained by taking ψ = mC〈iCj〉 in the transfer equation
(1.1). Taking ψ = mC〈iCj〉, the transfer equation (1.1) changes to

Dσij
Dt

+
∂

∂xk

(

m

∫

C〈iCj〉Ckf dc

)

+ σij
∂vk
∂xk

−

∫
(

−2C〈i

Dvj〉

Dt
− 2CkC〈i

∂vj〉

∂xk
+ 2FkC〈iδj〉k

)

f dc = P0
ij .

Using (A 3),

m

∫

C〈iCj〉Ckf dc = m

∫

C〈iCjCk〉f dc+
1

d+ 2
m

∫

C2
[

Ciδjk + Cjδik −
2

d
Ckδij

]

f dc

= u0ijk +
2

d+ 2

(

qiδjk + qjδik −
2

d
qkδij

)

= u0ijk +
2

d+ 2

(

qiδjk + qjδik −
2

d
qlδlkδij

)

= u0ijk +
4

d+ 2
q〈iδj〉k. (1.10)

Hence, the stress balance equation simplifies to

Dσij
Dt

+
∂u0ijk
∂xk

+
2

d+ 2

(

∂qi
∂xj

+
∂qj
∂xi

−
2

d

∂qk
∂xk

δij

)

+ σij
∂vk
∂xk

+

∫

Ck

(

Ci
∂vj
∂xk

+ Cj
∂vi
∂xk

−
2

d
Cl
∂vl
∂xk

δij

)

f dc = P0
ij .

Using identity (1.5),

Dσij
Dt

+
∂u0ijk
∂xk

+
2

d+ 2

(

∂qi
∂xj

+
∂qj
∂xi

−
2

d

∂qk
∂xk

)

+ σij
∂vk
∂xk

+

[

(

σki + nTδki
) ∂vj
∂xk

+
(

σkj + nTδkj
) ∂vi
∂xk

−
2

d

(

σkl + nTδkl
) ∂vl
∂xk

δij

]

= P0
ij .

On tidying up the terms, the stress balance equation reads

Dσij
Dt

+
∂u0ijk
∂xk

+
4

d+ 2

∂q〈i

∂xj〉
+ σij

∂vk
∂xk

+ 2σk〈i
∂vj〉

∂xk
+ 2nT

∂v〈i

∂xj〉
= P0

ij (1.11)

The stress balance equation (1.11) can also be written as

Dσij
Dt

+
∂u0ijk
∂xk

+
4

d+ 2

∂q〈i

∂xj〉
+ σij

∂vk
∂xk

+ 2σk〈i
∂vj〉

∂xk
+ 2ρθ

∂v〈i

∂xj〉
= P0

ij (1.12)
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1.5. Heat flux balance equation

The heat flux balance equation is obtained by taking ψ = 1
2mC

2Ci in the transfer
equation (1.1). Taking ψ = 1

2mC
2Ci, the transfer equation (1.1) changes to

Dqi
Dt

+
∂

∂xj

(

1

2
m

∫

C2CiCjf dc

)

+ qi
∂vj
∂xj

−
1

2
m

∫
[

−C2Dvi
Dt

− 2CiCj
Dvj
Dt

+Cj

(

−C2 ∂vi
∂xj

− 2CiCk
∂vk
∂xj

)

+ Fk

(

C2δik + 2CiCjδjk
)

]

f dc =
1

2
P1
i .

Using the identity

m

∫

C2CiCjf dc = m

∫
(

C2C〈iCj〉 +
1

d
C4δij

)

f dc = u1ij +
1

d
u2δij , (1.13)

the heat flux balance equation simplifies to

Dqi
Dt

+
1

2

∂u1ij
∂xj

+
1

2d

∂u2

∂xi
+ qi

∂vj
∂xj

+
d

2
ρθ

(

Dvi
Dt

− Fi

)

+

(

Dvj
Dt

− Fj

)

m

∫

CiCj f dc

+
∂vj
∂xk

(

m

∫

CiCjCkf dc

)

+ qj
∂vi
∂xj

=
1

2
P1
i .

Using the momentum balance equation (1.6), identity (1.5) and the identity

m

∫

CiCjCkf dc = m

∫

C〈iCjCk〉f dc +
1

d+ 2
m

∫

C2
(

Ciδjk + Cjδik + Ckδij
)

f dc

= u0ijk +
2

d+ 2

(

qiδjk + qjδik + qkδij
)

, (1.14)

the heat flux balance equation can be written as

Dqi
Dt

+
1

2

∂u1ij
∂xj

+
1

2d

∂u2

∂xi
+ qi

∂vj
∂xj

−
d

2
θ

(

∂σij
∂xj

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi

)

−
1

ρ

(

∂σjk
∂xk

+ ρ
∂θ

∂xj
+ θ

∂ρ

∂xj

)

(

σij + ρθδij
)

+ u0ijk
∂vj
∂xk

+
2

d+ 2

(

qi
∂vj
∂xj

+ qj
∂vj
∂xi

+ qj
∂vi
∂xj

)

+ qj
∂vi
∂xj

=
1

2
P1
i .

On tidying up the terms, the heat flux balance equation reads

Dqi
Dt

+
1

2

∂u1ij
∂xj

+
1

2d

∂u2

∂xi
−
d+ 2

2
θ

(

∂σij
∂xj

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi

)

−
σij
ρ

(

∂σjk
∂xk

+ θ
∂ρ

∂xj

)

− σij
∂θ

∂xj
+ u0ijk

∂vj
∂xk

+
d+ 4

d+ 2
qi
∂vj
∂xj

+
d+ 4

d+ 2
qj
∂vi
∂xj

+
2

d+ 2
qj
∂vj
∂xi

=
1

2
P1
i

(1.15)
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1.6. u0ijk balance equation

The balance equation for u0ijk is obtained by taking ψ = mC〈iCjCk〉 in the transfer
equation (1.1). Taking ψ = mC〈iCjCk〉, the transfer equation (1.1) changes to

Du0ijk
Dt

+
∂

∂xl

(

m

∫

C〈iCjCk〉Cl f dc

)

+ u0ijk
∂vl
∂xl

−m

∫
(

D

Dt
+ Cl

∂

∂xl
+ Fl

∂

∂cl

)

C〈iCjCk〉f dc = P0
ijk. (1.16)

The integrals in the above equation are computed separately in appendix B. On using
(B 1), (B 2), (B 3) and (B 4), the balance equation for u0ijk simplifies to

Du0ijk
Dt

+
∂u0ijkl
∂xl

+
3

d+ 4

∂u1〈ij

∂xk〉
+ u0ijk

∂vl
∂xl

+ 3σ〈ij

(

Dvk〉

Dt
− Fk〉

)

+ 3u0l〈ij
∂vk〉

∂xl
+

12

d+ 2
q〈i

∂vj
∂xk〉

= P0
ijk.

Using the momentum balance equation (1.6), the balance equation for u0ijk reads

Du0ijk
Dt

+
∂u0ijkl
∂xl

+
3

d+ 4

∂u1〈ij

∂xk〉
+ u0ijk

∂vl
∂xl

− 3
σ〈ij
ρ

(

∂σk〉l
∂xl

+ ρ
∂θ

∂xk〉
+ θ

∂ρ

∂xk〉

)

+ 3u0l〈ij
∂vk〉
∂xl

+
12

d+ 2
q〈i

∂vj
∂xk〉

= P0
ijk

(1.17)

1.7. u2 balance equation

The balance equation for u2 is obtained by taking ψ = mC4 in the transfer equation
(1.1). Taking ψ = mC4, the transfer equation (1.1) changes to

Du2

Dt
+
∂u2i
∂xi

+ u2
∂vi
∂xi

−m

∫
(

−4C2Ci
Dvi
Dt

− 4C2CiCj
∂vi
∂xj

+ 4C2CiFjδij

)

f dc = P2.

Finally, on using identity (1.13), the u2 balance equation simplifies to

Du2

Dt
+
∂u2i
∂xi

+ u2
∂vi
∂xi

+ 8qi

(

Dvi
Dt

− Fi

)

+ 4

(

u1ij +
1

d
u2δij

)

∂vi
∂xj

= P2.

Using the momentum balance equation (1.6), the u2 balance equation reads

Du2

Dt
+
∂u2i
∂xi

− 8
qi
ρ

(

∂σij
∂xj

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi

)

+ 4u1ij
∂vi
∂xj

+
d+ 4

d
u2
∂vi
∂xi

= P2 (1.18)

On taking d = 3, the above equation matches with the first equation on page 79 of
Struchtrup (2005) for a = 2.
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1.8. u1ij balance equation

The balance equation for u1ij is obtained by taking ψ = mC2C〈iCj〉 in the transfer

equation (1.1). Taking ψ = mC2C〈iCj〉, the transfer equation (1.1) changes to

Du1ij
Dt

+
∂

∂xk

(

m

∫

C2C〈iCj〉Ckf dc

)

+ u1ij
∂vk
∂xk

−m

∫
(

D

Dt
+ Ck

∂

∂xk
+ Fk

∂

∂ck

)

C2C〈iCj〉 f dc = P1
ij . (1.19)

The integrals in the above equation are computed separately in appendix C. On using
(C 1), (C 2), (C 3) and (C 4), the balance equation for u1ij simplifies to

Du1ij
Dt

+
∂u1ijk
∂xk

+
2

d+ 2

∂u2〈i

∂xj〉
+ u1ij

∂vk
∂xk

+ 2u0ijk

(

Dvk
Dt

− Fk

)

+
4(d+ 4)

d+ 2
q〈i

(

Dvj〉

Dt
− Fj〉

)

+ 2u0ijkl
∂vk
∂xl

+
6

d+ 4
u1〈ij

∂vk〉

∂xk
+

4

d+ 2
u1k〈i

∂vk
∂xj〉

+ 2u1k〈i
∂vj〉

∂xk
+

2(d+ 4)

d(d+ 2)
u2
∂v〈i

∂xj〉
= P1

ij .

Using the momentum balance equation (1.6), the u1ij balance equation reads

Du1ij
Dt

+
∂u1ijk
∂xk

+
2

d+ 2

∂u2〈i
∂xj〉

+ u1ij
∂vk
∂xk

− 2
u0ijk
ρ

(

∂σkl
∂xl

+ ρ
∂θ

∂xk
+ θ

∂ρ

∂xk

)

−
4(d+ 4)

d+ 2

q〈i
ρ

(

∂σj〉k
∂xk

+ ρ
∂θ

∂xj〉
+ θ

∂ρ

∂xj〉

)

+ 2u0ijkl
∂vk
∂xl

+
6

d+ 4
u1〈ij

∂vk〉
∂xk

+
4

d+ 2
u1k〈i

∂vk
∂xj〉

+ 2u1k〈i
∂vj〉

∂xk
+

2(d+ 4)

d(d+ 2)
u2
∂v〈i

∂xj〉
= P1

ij

(1.20)

On taking d = 3, the above equation matches with equation (5.16) of Struchtrup (2005)
for a = 1.

1.9. u2i balance equation

The balance equation for u2i is obtained by taking ψ = mC4Ci in the transfer equation
(1.1). Taking ψ = mC4Ci, the transfer equation (1.1) changes to

Du2i
Dt

+
∂

∂xj

(

m

∫

C4CiCjf dc

)

+ u2i
∂vj
∂xj

−m

∫
[

−C4Dvi
Dt

− 4C2CiCj
Dvj
Dt

+Cj

(

−C4 ∂vi
∂xj

− 4C2CiCk
∂vk
∂xj

)

+ Fk

(

C4δik + 4C2CiCjδjk
)

]

f dc = P2
i .

Using identities (A 1) and (A2), one obtains the relations:

m

∫

C4CiCjf dc = m

∫
(

C4C〈iCj〉 +
1

d
C6δij

)

f dc = u2ij +
1

d
u3δij , (1.21)

m

∫

C2CiCjCkf dc = m

∫

C2C〈iCjCk〉f dc+
1

d+ 2
m

∫

C4(Ciδjk + Cjδik + Ckδij)f dc

= u1ijk +
1

d+ 2

(

u2i δjk + u2jδik + u2kδij
)

, (1.22)
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which simplify the balance equation for u2i to

Du2i
Dt

+
∂u2ij
∂xj

+
1

d

∂u3

∂xi
+ u2i

∂vj
∂xj

+ u2
(

Dvi
Dt

− Fi

)

+ 4

(

Dvj
Dt

− Fj

)(

u1ij +
1

d
u2δij

)

+ u2j
∂vi
∂xj

+ 4
∂vk
∂xj

[

u1ijk +
1

d+ 2

(

u2i δjk + u2jδik + u2kδij
)

]

= P2
i .

Using the momentum balance equation (1.7) reduces to

Du2i
Dt

+
∂u2ij
∂xj

+
1

d

∂u3

∂xi
+ u2i

∂vj
∂xj

−
d+ 4

d

u2

ρ

(

∂σij
∂xj

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi

)

− 4
u1ij
ρ

(

∂σjk
∂xk

+ ρ
∂θ

∂xj
+ θ

∂ρ

∂xj

)

+ u2j
∂vi
∂xj

+ 4u1ijk
∂vk
∂xj

+
4

d+ 2

(

u2i
∂vj
∂xj

+ u2j
∂vi
∂xj

+ u2j
∂vj
∂xi

)

= P2
i .

On tidying up the terms, the balance equation for u2i reads

Du2i
Dt

+
∂u2ij
∂xj

+
1

d

∂u3

∂xi
−
d+ 4

d

u2

ρ

(

∂σij
∂xj

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi

)

− 4
u1ij
ρ

(

∂σjk
∂xk

+ ρ
∂θ

∂xj
+ θ

∂ρ

∂xj

)

+ 4u1ijk
∂vk
∂xj

+
d+ 6

d+ 2
u2i
∂vj
∂xj

+
d+ 6

d+ 2
u2j
∂vi
∂xj

+
4

d+ 2
u2j
∂vj
∂xi

= P2
i

(1.23)

On taking d = 3, the above equation matches with equation (5.15) on page 80 of
Struchtrup (2005) for a = 2. Note that u3 with the Maxwellian distribution function
is 105ρθ3 for d = 3.

2. Moment equations in new variables

Recall that the new variables

mijk := u0ijk, ∆ :=
u2

d(d+ 2)ρθ2
− 1,

Rij := u1ij − (d+ 4)θσij , ϕi := u2i − 4(d+ 4)θqi











(2.1)

were introduced in the moment equations so that the new variables in (2.1) vanish with
any Grad distribution function based on the 29 or less moments (see § 3.2, 3.3 of the
main paper). Therefore the moment equations derived above are expressed in the new
variables as follows.
The mass, momentum and energy balance equations (1.3), (1.6), (1.8) remain the same

while the other moment equations in new variables are obtained as follows.

2.1. Stress balance equation

The stress balance equation (1.11) in new variables reads

Dσij
Dt

+
∂mijk

∂xk
+

4

d+ 2

∂q〈i
∂xj〉

+ σij
∂vk
∂xk

+ 2σk〈i
∂vj〉
∂xk

+ 2nT
∂v〈i
∂xj〉

= P0
ij (2.2)
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2.2. Heat flux balance equation

The heat flux balance equation (1.15) in new variables reads

Dqi
Dt

+

(

1

2

∂Rij

∂xj
+
d+ 4

2
θ
∂σij
∂xj

+
d+ 4

2
σij

∂θ

∂xj

)

+
d+ 2

2

[

ρθ2
∂∆

∂xi
+ (1 +∆)

(

θ2
∂ρ

∂xi
+ 2ρθ

∂θ

∂xi

)]

−
d+ 2

2
θ

(

∂σij
∂xj

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi

)

−
σij
ρ

(

∂σjk
∂xk

+ θ
∂ρ

∂xj

)

− σij
∂θ

∂xj
+mijk

∂vj
∂xk

+
d+ 4

d+ 2
qi
∂vj
∂xj

+
d+ 4

d+ 2
qj
∂vi
∂xj

+
2

d+ 2
qj
∂vj
∂xi

=
1

2
P1
i .

On tidying up the terms, the heat flux balance equation in new variables reads

Dqi
Dt

+
1

2

∂Rij

∂xj
+
d+ 2

2

[

ρθ2
∂∆

∂xi
+∆θ2

∂ρ

∂xi
+ (1 + 2∆)ρθ

∂θ

∂xi
+ σij

∂θ

∂xj

]

+ θ
∂σij
∂xj

−
σij
ρ

(

∂σjk
∂xk

− θ
∂ρ

∂xj

)

+mijk
∂vj
∂xk

+
d+ 4

d+ 2
qi
∂vj
∂xj

+
d+ 4

d+ 2
qj
∂vi
∂xj

+
2

d+ 2
qj
∂vj
∂xi

=
1

2
P1
i

(2.3)

2.3. mijk balance equation

The mijk balance equation follows from the u0ijk balance equation (1.17), which on
inserting the new variables (2.1) reads

Dmijk

Dt
+
∂u0ijkl
∂xl

+

(

3

d+ 4

∂R〈ij

∂xk〉
+ 3θ

∂σ〈ij
∂xk〉

)

+ 3σ〈ij
∂θ

∂xk〉
+mijk

∂vl
∂xl

− 3
σ〈ij
ρ

(

∂σk〉l
∂xl

+ ρ
∂θ

∂xk〉
+ θ

∂ρ

∂xk〉

)

+ 3ml〈ij

∂vk〉
∂xl

+
12

d+ 2
q〈i

∂vj
∂xk〉

= P0
ijk.

On tidying up the terms, the mijk balance equation in new variables reads

Dmijk

Dt
+
∂u0ijkl
∂xl

+
3

d+ 4

∂R〈ij

∂xk〉
+ 3θ

∂σ〈ij

∂xk〉
− 3

σ〈ij

ρ

(

∂σk〉l

∂xl
+ θ

∂ρ

∂xk〉

)

+mijk
∂vl
∂xl

+ 3ml〈ij

∂vk〉

∂xl
+

12

d+ 2
q〈i

∂vj
∂xk〉

= P0
ijk

(2.4)

2.4. ∆ balance equation

The ∆ balance equation follows from the u2 balance equation (1.18), which on inserting
the new variables (2.1) reads

d(d+ 2)

[

ρθ2
D∆

Dt
+ (1 +∆)

(

θ2
Dρ

Dt
+ 2ρθ

Dθ

Dt

)]

+

[

∂ϕi

∂xi
+ 4(d+ 4)θ

∂qi
∂xi

+ 4(d+ 4)qi
∂θ

∂xi

]

− 8
qi
ρ

(

∂σij
∂xj

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi

)

+ 4[Rij + (d+ 4)θσij ]
∂vi
∂xj

+ (d+ 2)(d+ 4)ρθ2(1 +∆)
∂vi
∂xi

= P2
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or

D∆

Dt
+ (1 +∆)

1

ρ

Dρ

Dt
+

2(1 +∆)

θ

Dθ

Dt

+
1

d(d+ 2)

1

ρθ2

[

∂ϕi

∂xi
+ 4(d+ 4)θ

∂qi
∂xi

+ 4(d+ 2)qi
∂θ

∂xi
− 8

qi
ρ

(

∂σij
∂xj

+ θ
∂ρ

∂xi

)

+4Rij
∂vi
∂xj

]

+
4(d+ 4)

d(d+ 2)

σij
ρθ

∂vi
∂xj

+
d+ 4

d
(1 +∆)

∂vi
∂xi

=
1

d(d+ 2)

1

ρθ2
P2

or

D∆

Dt
+

4(d+ 4)

d(d+ 2)

1

ρθ

(

∂qi
∂xi

+ σij
∂vi
∂xj

)

+ (1 +∆)
1

ρ

(

Dρ

Dt
+ ρ

∂vi
∂xi

)

+
2(1 +∆)

θ

[

Dθ

Dt
+

2

d
θ
∂vi
∂xi

]

+
1

d(d+ 2)

1

ρθ2

[

∂ϕi

∂xi
+ 4(d+ 2)qi

∂θ

∂xi
− 8

qi
ρ

(

∂σij
∂xj

+ θ
∂ρ

∂xi

)

+ 4Rij
∂vi
∂xj

]

=
1

d(d+ 2)

1

ρθ2
P2.

Using the mass balance equation (1.4) and replacing the time derivative θ using the
energy balance equation (1.9), one obtains

D∆

Dt
+

4(d+ 4)

d(d+ 2)

1

ρθ

(

∂qi
∂xi

+ σij
∂vi
∂xj

)

+
2(1 +∆)

θ

[

1

d

1

ρ
P1 −

2

d

1

ρ

(

∂qi
∂xi

+ σij
∂vi
∂xj

+ ρθ
∂vi
∂xi

)

+
2

d
θ
∂vi
∂xi

]

+
1

d(d+ 2)

1

ρθ2

[

∂ϕi

∂xi
+ 4(d+ 2)qi

∂θ

∂xi
− 8

qi
ρ

(

∂σij
∂xj

+ θ
∂ρ

∂xi

)

+ 4Rij
∂vi
∂xj

]

=
1

d(d+ 2)

1

ρθ2
P2

or

D∆

Dt
+

4(d+ 4)

d(d+ 2)

1

ρθ

(

∂qi
∂xi

+ σij
∂vi
∂xj

)

−
4(1 +∆)

d

1

ρθ

(

∂qi
∂xi

+ σij
∂vi
∂xj

)

+
1

d(d+ 2)

1

ρθ2

[

∂ϕi

∂xi
+ 4(d+ 2)qi

∂θ

∂xi
− 8

qi
ρ

(

∂σij
∂xj

+ θ
∂ρ

∂xi

)

+ 4Rij
∂vi
∂xj

]

=
1

d(d+ 2)

1

ρθ2
P2 −

2(1 +∆)

d

1

ρθ
P1.

On tidying up the terms, the ∆ balance equation in new variables reads

D∆

Dt
+

8

d(d+ 2)

1

ρθ

(

1−
d+ 2

2
∆

)(

∂qi
∂xi

+ σij
∂vi
∂xj

)

+
1

d(d+ 2)

1

ρθ2

[

∂ϕi

∂xi
+ 4(d+ 2)qi

∂θ

∂xi
− 8

qi
ρ

(

∂σij
∂xj

+ θ
∂ρ

∂xi

)

+ 4Rij
∂vi
∂xj

]

=
1

d(d + 2)

1

ρθ2

[

P2 − 2(d+ 2)(1 +∆)θP1
]

,

(2.5)
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2.5. Rij balance equation

The Rij balance equation follows from the u1ij balance equation (1.20), which on
inserting the new variables (2.1) reads

DRij

Dt
+ (d+ 4)θ

Dσij
Dt

+ (d+ 4)σij
Dθ

Dt
+
∂u1ijk
∂xk

+
2

d+ 2

∂ϕ〈i

∂xj〉
+

8(d+ 4)

d+ 2
θ
∂q〈i

∂xj〉
+

8(d+ 4)

d+ 2
q〈i

∂θ

∂xj〉
+
[

Rij + (d+ 4)θσij
] ∂vk
∂xk

− 2
mijk

ρ

(

∂σkl
∂xl

+ ρ
∂θ

∂xk
+ θ

∂ρ

∂xk

)

−
4(d+ 4)

d+ 2

q〈i

ρ

(

∂σj〉k

∂xk
+ ρ

∂θ

∂xj〉
+ θ

∂ρ

∂xj〉

)

+ 2u0ijkl
∂vk
∂xl

+
6

d+ 4
R〈ij

∂vk〉

∂xk
+ 6θσij

∂vk〉

∂xk
+

4

d+ 2
Rk〈i

∂vk
∂xj〉

+
4(d+ 4)

d+ 2
θσk〈i

∂vk
∂xj〉

+ 2Rk〈i

∂vj〉

∂xk
+ 2(d+ 4)θσk〈i

∂vj〉

∂xk
+ 2(d+ 4)(1 +∆)ρθ2

∂v〈i

∂xj〉
= P1

ij .

Replacing the time derivatives of θ and σij using the energy balance equation (1.9) and
the stress balance equation (2.2), one has

DRij

Dt
− (d+ 4)θ

[

∂mijk

∂xk
+

4

d+ 2

∂q〈i

∂xj〉
+ σij

∂vk
∂xk

+ 2σk〈i
∂vj〉

∂xk
+ 2ρθ

∂v〈i

∂xj〉
− P0

ij

]

− (d+ 4)σij

[

2

d

1

ρ

(

∂qk
∂xk

+ σkl
∂vk
∂xl

+ ρθ
∂vk
∂xk

)

−
1

d

1

ρ
P1

]

+
∂u1ijk
∂xk

+
2

d+ 2

∂ϕ〈i

∂xj〉
+

8(d+ 4)

d+ 2
θ
∂q〈i

∂xj〉
+

4(d+ 4)

d+ 2
q〈i

∂θ

∂xj〉
+
[

Rij + (d+ 4)θσij
] ∂vk
∂xk

− 2
mijk

ρ

(

∂σkl
∂xl

+ ρ
∂θ

∂xk
+ θ

∂ρ

∂xk

)

−
4(d+ 4)

d+ 2

q〈i

ρ

(

∂σj〉k

∂xk
+ θ

∂ρ

∂xj〉

)

+ 2u0ijkl
∂vk
∂xl

+
6

d+ 4
R〈ij

∂vk〉
∂xk

+ 6θσ〈ij
∂vk〉
∂xk

+
4

d+ 2
Rk〈i

∂vk
∂xj〉

+
4(d+ 4)

d+ 2
θσk〈i

∂vk
∂xj〉

+ 2Rk〈i

∂vj〉

∂xk
+ 2(d+ 4)θσk〈i

∂vj〉

∂xk
+ 2(d+ 4)(1 +∆)ρθ2

∂v〈i

∂xj〉
= P1

ij

or

DRij

Dt
+

2

d+ 2

∂ϕ〈i

∂xj〉
+

4(d+ 4)

d+ 2
θ
∂q〈i

∂xj〉
+

4(d+ 4)

d+ 2
q〈i

∂θ

∂xj〉
−

4(d+ 4)

d+ 2

θ

ρ
q〈i

∂ρ

∂xj〉

−
4(d+ 4)

d+ 2

q〈i

ρ

∂σj〉k

∂xk
+

4(d+ 4)

d+ 2
θσk〈i

∂vk
∂xj〉

+ 6θσ〈ij
∂vk〉

∂xk
−

2(d+ 4)

d
θσij

∂vk
∂xk

−
2(d+ 4)

d

σij
ρ

∂qk
∂xk

−
2(d+ 4)

d

σij
ρ
σkl

∂vk
∂xl

− (d+ 4)θ
∂mijk

∂xk

− 2
mijk

ρ

(

∂σkl
∂xl

+ ρ
∂θ

∂xk
+ θ

∂ρ

∂xk

)

+
∂u1ijk
∂xk

+ 2u0ijkl
∂vk
∂xl

+
6

d+ 4
R〈ij

∂vk〉

∂xk
+

4

d+ 2
Rk〈i

∂vk
∂xj〉

+ 2Rk〈i

∂vj〉

∂xk
+Rij

∂vk
∂xk

+ 2(d+ 4)∆ρθ2
∂v〈i

∂xj〉

= P1
ij − (d+ 4)θP0

ij −
d+ 4

d

σij
ρ

P1. (2.6)
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For further simplification, one can use the following relation stemming from the definition
of the traceless parts of rank two and three tensors (see equations (A1) and (A2) of the
main paper):

σ〈ij
∂vk〉

∂xk

=
1

3

(

σij
∂vk
∂xk

+ σki
∂vj
∂xk

+ σkj
∂vi
∂xk

)

−
2

3(d+ 2)

(

σkl
∂vl
∂xk

δij + σli
∂vl
∂xk

δjk + σlj
∂vl
∂xk

δik

)

=
1

3

(

σij
∂vk
∂xk

+ 2σk〈i
∂vj〉

∂xk
+

2

d
σkl

∂vl
∂xk

δij

)

−
2

3(d+ 2)

(

σkl
∂vl
∂xk

δij + σli
∂vl
∂xj

+ σlj
∂vl
∂xi

)

=
1

3

(

σij
∂vk
∂xk

+ 2σk〈i
∂vj〉

∂xk
+

2

d
σkl

∂vl
∂xk

δij

)

−
2

3(d+ 2)

(

σkl
∂vl
∂xk

δij + 2σl〈i
∂vl
∂xj〉

+
2

d
σlk

∂vl
∂xk

δij

)

which on tidying up the terms reduces to

σ〈ij
∂vk〉

∂xk
=

1

3
σij

∂vk
∂xk

+
2

3
σk〈i

∂vj〉

∂xk
−

4

3(d+ 2)
σk〈i

∂vk
∂xj〉

. (2.7)

Using relation (2.7), the following terms in (2.6) can be rewritten as

4(d+ 4)

d+ 2
θσk〈i

∂vk
∂xj〉

+ 6θσ〈ij
∂vk〉

∂xk
−

2(d+ 4)

d
θσij

∂vk
∂xk

= 4θσk〈i
∂vk
∂xj〉

+ 4θσk〈i
∂vj〉

∂xk
−

8

d
θσij

∂vk
∂xk

.

Consequently, the Rij balance equation reduces to

DRij

Dt
+

2

d+ 2

∂ϕ〈i

∂xj〉
+

4(d+ 4)

d+ 2
θ
∂q〈i

∂xj〉
+

4(d+ 4)

d+ 2
q〈i

∂θ

∂xj〉
−

4(d+ 4)

d+ 2

θ

ρ
q〈i

∂ρ

∂xj〉

−
4(d+ 4)

d+ 2

q〈i

ρ

∂σj〉k

∂xk
+ 4θσk〈i

∂vk
∂xj〉

+ 4θσk〈i
∂vj〉

∂xk
−

8

d
θσij

∂vk
∂xk

−
2(d+ 4)

d

σij
ρ

∂qk
∂xk

−
2(d+ 4)

d

σijσkl
ρ

∂vk
∂xl

− (d+ 4)θ
∂mijk

∂xk
− 2

mijk

ρ

(

∂σkl
∂xl

+ ρ
∂θ

∂xk
+ θ

∂ρ

∂xk

)

+
∂u1ijk
∂xk

+ 2u0ijkl
∂vk
∂xl

+
6

d+ 4
R〈ij

∂vk〉

∂xk
+

4

d+ 2
Rk〈i

∂vk
∂xj〉

+ 2Rk〈i

∂vj〉

∂xk
+Rij

∂vk
∂xk

+ 2(d+ 4)∆ρθ2
∂v〈i

∂xj〉
= P1

ij − (d+ 4)θP0
ij −

d+ 4

d

σij
ρ

P1.

Note that this equation matches with eq. (7.3) of Struchtrup (2005). However, I shall
further exploit a similar relation as (2.7) for the following term

R〈ij

∂vk〉

∂xk
=

1

3
Rij

∂vk
∂xk

+
2

3
Rk〈i

∂vj〉

∂xk
−

4

3(d+ 2)
Rk〈i

∂vk
∂xj〉

(2.8)
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to obtain

DRij

Dt
+

2

d+ 2

∂ϕ〈i

∂xj〉
+

4(d+ 4)

d+ 2
θ
∂q〈i
∂xj〉

+
4(d+ 4)

d+ 2
q〈i

∂θ

∂xj〉
−

4(d+ 4)

d+ 2

θ

ρ
q〈i

∂ρ

∂xj〉

−
4(d+ 4)

d+ 2

q〈i

ρ

∂σj〉k

∂xk
+ 4θσk〈i

∂vk
∂xj〉

+ 4θσk〈i
∂vj〉

∂xk
−

8

d
θσij

∂vk
∂xk

−
2(d+ 4)

d

σij
ρ

∂qk
∂xk

−
2(d+ 4)

d

σijσkl
ρ

∂vk
∂xl

− (d+ 4)θ
∂mijk

∂xk
− 2

mijk

ρ

(

∂σkl
∂xl

+ ρ
∂θ

∂xk
+ θ

∂ρ

∂xk

)

+
∂u1ijk
∂xk

+ 2u0ijkl
∂vk
∂xl

+
6

d+ 4

(

1

3
Rij

∂vk
∂xk

+
2

3
Rk〈i

∂vj〉

∂xk
−

4

3(d+ 2)
Rk〈i

∂vk
∂xj〉

)

+
4

d+ 2
Rk〈i

∂vk
∂xj〉

+ 2Rk〈i

∂vj〉

∂xk
+Rij

∂vk
∂xk

+ 2(d+ 4)∆ρθ2
∂v〈i

∂xj〉
= P1

ij − (d+ 4)θP0
ij −

d+ 4

d

σij
ρ

P1.

On tidying up the terms, the Rij balance equation reads

DRij

Dt
+

2

d+ 2

∂ϕ〈i

∂xj〉
+

4(d+ 4)

d+ 2

(

θ
∂q〈i

∂xj〉
+ q〈i

∂θ

∂xj〉
−
q〈i

ρ

∂σj〉k

∂xk
−
θ

ρ
q〈i

∂ρ

∂xj〉

)

+ 4θσk〈i
∂vk
∂xj〉

+ 4θσk〈i
∂vj〉

∂xk
−

8

d
θσij

∂vk
∂xk

−
2(d+ 4)

d

σij
ρ

(

∂qk
∂xk

+ σkl
∂vk
∂xl

)

+
∂u1ijk
∂xk

− (d+ 4)θ
∂mijk

∂xk
− 2

mijk

ρ

(

∂σkl
∂xl

+ ρ
∂θ

∂xk
+ θ

∂ρ

∂xk

)

+ 2u0ijkl
∂vk
∂xl

+
d+ 6

d+ 4

(

Rij
∂vk
∂xk

+ 2Rk〈i

∂vj〉

∂xk

)

+
4

d+ 4
Rk〈i

∂vk
∂xj〉

+ 2(d+ 4)∆ρθ2
∂v〈i

∂xj〉

= P1
ij − (d+ 4)θP0

ij −
d+ 4

d

σij
ρ

P1,

(2.9)

2.6. ϕi balance equation

The ϕi balance equation follows from the u2i balance equation (1.23), which on inserting
the new variables (2.1) reads

Dϕi

Dt
+ 4(d+ 4)θ

Dqi
Dt

+ 4(d+ 4)qi
Dθ

Dt
+
∂u2ij
∂xj

+
1

d

∂u3

∂xi

−
d+ 4

d

d(d + 2)ρθ2(1 +∆)

ρ

(

∂σij
∂xj

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi

)

− 4
Rij + (d+ 4)θσij

ρ

(

∂σjk
∂xk

+ ρ
∂θ

∂xj
+ θ

∂ρ

∂xj

)

+ 4u1ijk
∂vk
∂xj

+
d+ 6

d+ 2

[

ϕi + 4(d+ 4)θqi
] ∂vj
∂xj

+
d+ 6

d+ 2

[

ϕj + 4(d+ 4)θqj
] ∂vi
∂xj

+
4

d+ 2

[

ϕj + 4(d+ 4)θqj
]∂vj
∂xi

= P2
i .
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Replacing the time derivatives of θ and qi using the energy balance equation (1.9) and
the heat flux balance equation (2.3), one has

Dϕi

Dt
− 4(d+ 4)θ

[

1

2

∂Rij

∂xj
+
d+ 2

2

{

ρθ2
∂∆

∂xi
+∆θ2

∂ρ

∂xi
+ (1 + 2∆)ρθ

∂θ

∂xi
+ σij

∂θ

∂xj

}

+θ
∂σij
∂xj

−
σij
ρ

∂σjk
∂xk

−
σij
ρ
θ
∂ρ

∂xj
+mijk

∂vj
∂xk

+
d+ 4

d+ 2
qi
∂vj
∂xj

+
d+ 4

d+ 2
qj
∂vi
∂xj

+
2

d+ 2
qj
∂vj
∂xi

−
1

2
P1
i

]

+ 4(d+ 4)qi

[

1

d

1

ρ
P1 −

2

d

1

ρ

(

∂qj
∂xj

+ σjk
∂vj
∂xk

+ ρθ
∂vj
∂xj

)]

+
∂u2ij
∂xj

+
1

d

∂u3

∂xi
− (d+ 2)(d+ 4)(1 +∆)θ2

(

∂σij
∂xj

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi

)

− 4
Rij + (d+ 4)θσij

ρ

(

∂σjk
∂xk

+ ρ
∂θ

∂xj
+ θ

∂ρ

∂xj

)

+ 4u1ijk
∂vk
∂xj

+ 4(d+ 4)θ

[

d+ 6

d+ 2
qi
∂vj
∂xj

+
d+ 6

d+ 2
qj
∂vi
∂xj

+
4

d+ 2
qj
∂vj
∂xi

]

+
d+ 6

d+ 2
ϕi
∂vj
∂xj

+
d+ 6

d+ 2
ϕj
∂vi
∂xj

+
4

d+ 2
ϕj
∂vj
∂xi

= P2
i .

On tidying up the terms, the ϕi balance equation reads

Dϕi

Dt
−

8(d+ 4)

d

qi
ρ

(

∂qj
∂xj

+ σjk
∂vj
∂xk

+ ρθ
∂vj
∂xj

)

+
∂u2ij
∂xj

+
1

d

∂u3

∂xi
− 2(d+ 4)θ

∂Rij

∂xj

− 4Rij
∂θ

∂xj
− (d+ 4)

[

(d+ 6) + (d+ 2)∆
]

θ2
∂σij
∂xj

− 2(d+ 4)2θσij
∂θ

∂xj

− (d+ 2)(d+ 4)

[

2ρθ3
∂∆

∂xi
+ (1 + 3∆)θ3

∂ρ

∂xi
+ (3 + 5∆)ρθ2

∂θ

∂xi

]

− 4
Rij

ρ

(

∂σjk
∂xk

+ θ
∂ρ

∂xj

)

+ 4u1ijk
∂vj
∂xk

− 4(d+ 4)θmijk
∂vj
∂xk

+
8(d+ 4)

d+ 2
θ

(

qi
∂vj
∂xj

+ qj
∂vi
∂xj

+ qj
∂vj
∂xi

)

+
d+ 6

d+ 2
ϕi
∂vj
∂xj

+
d+ 6

d+ 2
ϕj
∂vi
∂xj

+
4

d+ 2
ϕj
∂vj
∂xi

= P2
i − 2(d+ 4)θP1

i −
4(d+ 4)

d

qi
ρ
P1

(2.10)

3. Grad closure for the 29 moment equations

Clearly, the system of 29 moment equations in new variables (eqs. (1.3), (1.6), (1.8),
(2.2), (2.3), (2.4), (2.5), (2.9) and (2.10)) derived above is not closed since it contains
the additional unknowns u0ijkl, u

1
ijk, u

2
ij and u3. The system is closed using the G29

distribution function which reads

f|G29 = fM

[

1 +
1

2

σijCiCj

ρθ2
+
qiCi

ρθ2

(

1

d+ 2

C2

θ
− 1

)

+
1

6

mijkCiCjCk

ρθ3

+
d(d+ 2)∆

8

(

1−
2

d

C2

θ
+

1

d(d+ 2)

C4

θ2

)

+
1

4

RijCiCj

ρθ3

(

1

d+ 4

C2

θ
− 1

)

+
1

8

ϕiCi

ρθ3

(

1−
2

d+ 2

C2

θ
+

1

(d+ 2)(d+ 4)

C4

θ2

)]

, (3.1)
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where

fM ≡ fM (t,x, c) = n

(

1

2 π θ

)d/2

exp

(

−
C2

2 θ

)

(3.2)

is the Maxwellian distribution function (see appendix D of the main paper for the
derivation of the G29 distribution function).

3.1. Closure for u0ijkl

Ignoring the vanishing integrals and using identities (A 11) and (A 13), it turns out
that

u0ijkl|G29 = m

∫

C〈iCjCkCl〉 f|G29 dc = 0 (3.3)

3.2. Closure for u1ijk

Ignoring the vanishing integrals and using identities (A 7), (A 8) and (A 11), it turns
out that

u1ijk|G29 = m

∫

C2C〈iCjCk〉 f|G29 dc

=
1

6

mlrs

ρθ3
m

∫

C2C〈iCjCk〉ClCrCs fM dc

=
1

6

mlrs

ρθ3
m
ρ

m

1

(2πθ)d/2

∫

C2

[

CiCjCk −
1

d+ 2
C2

(

Ciδjk + Cjδik + Ckδij
)

]

× ClCrCs e
−C2/(2θ) dc

=
1

6

mlrs

θ3
1

(2πθ)d/2

[

15

d(d+ 2)(d+ 4)
δ(ijδklδrs)

−
3

d(d+ 2)

{

δ(ilδrs)δjk + δ(jlδrs)δik + δ(klδrs)δij

}

]
∫

C8 e−C2/(2θ) dC

=
1

6

1

θ3
1

(2πθ)d/2
6mijk

d(d+ 2)(d+ 4)

∫

C8 e−C2/(2θ) dC

=
1

d(d+ 2)(d+ 4)

mijk

θ3
1

(2πθ)d/2
2πd/2

Γ
(

d
2

)

∫ ∞

0

Cd+7 e−C2/(2θ) dC

=
1

d(d+ 2)(d+ 4)

mijk

θ3
1

(2θ)d/2
2

Γ
(

d
2

) × 2(d/2)+3θ(d/2)+4Γ

(

d

2
+ 4

)

=
1

d(d+ 2)(d+ 4)
θmijk(d+ 6)(d+ 4)(d+ 2)d

or

u1ijk|G29 = (d+ 6) θmijk (3.4)
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3.3. Closure for u2ij

Ignoring the vanishing integrals and using identities (A 6), (A 7) and (A 10), it turns
out that

u2ij|G29

= m

∫

C4C〈iCj〉 f|G29 dc

= m

∫

C4C〈iCj〉fM

[

1

2

σklCkCl

ρθ2
+

1

4

RklCkCl

ρθ3

(

1

d+ 4

C2

θ
− 1

)]

dc

= m

∫

C4C〈iCj〉 CkCl fM

[

1

2

σkl
ρθ2

+
1

4

Rkl

ρθ3

(

1

d+ 4

C2

θ
− 1

)]

dc

= m
ρ

m

1

(2πθ)d/2

∫

C4

(

CiCj −
1

d
C2δij

)

CkCl e
−C2/(2θ)

×

[

1

2

σkl
ρθ2

+
1

4

Rkl

ρθ3

(

1

d+ 4

C2

θ
− 1

)]

dc

=
1

2

σkl
θ2

1

(2πθ)d/2

[

1

d(d + 2)

(

δijδkl + δikδjl + δilδjk
)

−
1

d2
δijδkl

]
∫

C8 e−C2/(2θ) dC

+
1

4

Rkl

θ3
1

(2πθ)d/2

[

1

d(d+ 2)

(

δijδkl + δikδjl + δilδjk
)

−
1

d2
δijδkl

]

×

(

1

d+ 4

1

θ

∫

C10 e−C2/(2θ) dC −

∫

C8 e−C2/(2θ) dC

)

=
1

2

2σij
d(d+ 2)θ2

1

(2πθ)d/2
2πd/2

Γ
(

d
2

)

∫ ∞

0

Cd+7 e−C2/(2θ) dC

+
1

4

2Rij

d(d+ 2)θ3
1

(2πθ)d/2
2πd/2

Γ
(

d
2

)

×

(

1

d+ 4

1

θ

∫ ∞

0

Cd+9 e−C2/(2θ) dC −

∫ ∞

0

Cd+7 e−C2/(2θ) dC

)

=
1

d(d + 2)

σij
θ2

1

(2θ)d/2
2

Γ
(

d
2

) × 2(d/2)+3θ(d/2)+4Γ

(

d

2
+ 4

)

+
1

2d(d+ 2)

Rij

θ3
1

(2θ)d/2
2

Γ
(

d
2

)

×

[

1

d+ 4

1

θ
× 2(d/2)+4θ(d/2)+5Γ

(

d

2
+ 5

)

− 2(d/2)+3θ(d/2)+4Γ

(

d

2
+ 4

)]

=
1

d(d + 2)
θ2σij × (d+ 6)(d+ 4)(d+ 2)d+

1

2d(d+ 2)
θRij × 4(d+ 6)(d+ 2)d

= (d+ 6)(d+ 4)θ2σij + 2(d+ 6)θRij

or

u2ij|G29 = (d+ 6) θ
[

2Rij + (d+ 4)θσij
]

(3.5)
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3.4. Closure for u3

Ignoring the vanishing integrals and using identity (A 10), it turns out that

u3|G29

= m

∫

C6f|G29 dc

= m

∫

C6fM

[

1 +
d(d+ 2)∆

8

(

1−
2

d

C2

θ
+

1

d(d+ 2)

C4

θ2

)]

dc

= m
ρ

m

1

(2πθ)d/2

∫

C6 e−C2/(2θ)

[

1 +
d(d+ 2)∆

8

(

1−
2

d

C2

θ
+

1

d(d+ 2)

C4

θ2

)]

dC

=
ρ

(2πθ)d/2
2πd/2

Γ
(

d
2

)

∫ ∞

0

Cd+5 e−C2/(2θ)

[

1 +
d(d+ 2)∆

8

(

1−
2

d

C2

θ
+

1

d(d+ 2)

C4

θ2

)]

dC

=
ρ

(2θ)d/2
2

Γ
(

d
2

)

[(

1 +
d(d + 2)∆

8

)

× 2(d/2)+2θ(d/2)+3Γ

(

d

2
+ 3

)

−
(d+ 2)∆

4θ
× 2(d/2)+3θ(d/2)+4Γ

(

d

2
+ 4

)

+
∆

8θ2
× 2(d/2)+4θ(d/2)+5Γ

(

d

2
+ 5

)]

= ρθ
23Γ

(

d
2 + 3

)

Γ
(

d
2

)

[(

1 +
d(d+ 2)∆

8

)

θ2 −
(d+ 2)θ2∆

4
(d+ 6) +

θ2∆

8
(d+ 6)(d+ 8)

]

= ρθ3(d+ 4)(d+ 2)d

[

1 +
∆

8

{

d(d+ 2)− 2(d+ 2)(d+ 6) + (d+ 6)(d+ 8)
}

]

= ρθ3(d+ 4)(d+ 2)d

(

1 +
∆

8
× 24

)

or

u3|G29 = d(d+ 2)(d+ 4)(1 + 3∆)ρθ3 (3.6)

4. The system of the 29 moment equations with closed left-hand sides

The left-hand sides of 29 moment equations in new variables (eqs. (1.3), (1.6), (1.8),
(2.2), (2.3), (2.4), (2.5), (2.9) and (2.10)) derived above are closed with closures (3.3),
(3.4), (3.5) and (3.6), which were obtained with the G29 distribution function (3.1). Note
that the mass, momentum, energy, stress, heat flux and ∆ balance equations (eqs. (1.3),
(1.6), (1.8), (2.2), (2.3) and (2.5)) will not change as they do not contain the additional
unknowns. On the other hand, the left-hand sides the mijk, Rij and ϕi balance equations
(eqs. (2.4), (2.9) and (2.10)) need to be closed using the G29 closures (3.3), (3.4), (3.5)
and (3.6).

4.1. mijk balance equation with the closed left-hand side

The mijk balance equation (2.4) with the closed left-hand side reads

Dmijk

Dt
+

3

d+ 4

∂R〈ij

∂xk〉
+ 3θ

∂σ〈ij

∂xk〉
− 3

σ〈ij

ρ

(

∂σk〉l

∂xl
+ θ

∂ρ

∂xk〉

)

+mijk
∂vl
∂xl

+ 3ml〈ij

∂vk〉
∂xl

+
12

d+ 2
q〈i

∂vj
∂xk〉

= P0
ijk

(4.1)
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4.2. Rij balance equation with the closed left-hand side

The Rij balance equation (2.9) on substituting closures (3.3)–(3.6) becomes

DRij

Dt
+

2

d+ 2

∂ϕ〈i

∂xj〉
+

4(d+ 4)

d+ 2

(

θ
∂q〈i

∂xj〉
+ q〈i

∂θ

∂xj〉
−
q〈i

ρ

∂σj〉k

∂xk
−
θ

ρ
q〈i

∂ρ

∂xj〉

)

+ 4θσk〈i
∂vk
∂xj〉

+ 4θσk〈i
∂vj〉

∂xk
−

8

d
θσij

∂vk
∂xk

−
2(d+ 4)

d

σij
ρ

(

∂qk
∂xk

+ σkl
∂vk
∂xl

)

+ (d+ 6)

(

θ
∂mijk

∂xk
+mijk

∂θ

∂xk

)

− (d+ 4)θ
∂mijk

∂xk

− 2
mijk

ρ

(

∂σkl
∂xl

+ ρ
∂θ

∂xk
+ θ

∂ρ

∂xk

)

+
d+ 6

d+ 4

(

Rij
∂vk
∂xk

+ 2Rk〈i

∂vj〉
∂xk

)

+
4

d+ 4
Rk〈i

∂vk
∂xj〉

+ 2(d+ 4)∆ρθ2
∂v〈i

∂xj〉
= P1

ij − (d+ 4)θP0
ij −

d+ 4

d

σij
ρ

P1,

which on tidying up the terms give the Rij balance equation with the closed left-hand
side:

DRij

Dt
+

2

d+ 2

∂ϕ〈i

∂xj〉
+

4(d+ 4)

d+ 2

(

θ
∂q〈i

∂xj〉
+ q〈i

∂θ

∂xj〉
−
q〈i

ρ

∂σj〉k

∂xk
−
θ

ρ
q〈i

∂ρ

∂xj〉

)

+ 4θσk〈i
∂vk
∂xj〉

+ 4θσk〈i
∂vj〉

∂xk
−

8

d
θσij

∂vk
∂xk

−
2(d+ 4)

d

σij
ρ

(

∂qk
∂xk

+ σkl
∂vk
∂xl

)

+ (d+ 4)mijk
∂θ

∂xk
+ 2θ

∂mijk

∂xk
− 2

mijk

ρ

(

∂σkl
∂xl

+ θ
∂ρ

∂xk

)

+
d+ 6

d+ 4

(

Rij
∂vk
∂xk

+ 2Rk〈i

∂vj〉

∂xk

)

+
4

d+ 4
Rk〈i

∂vk
∂xj〉

+ 2(d+ 4)∆ρθ2
∂v〈i

∂xj〉

= P1
ij − (d+ 4)θP0

ij −
d+ 4

d

σij
ρ

P1,

(4.2)

4.3. ϕi balance equation with the closed left-hand side

The ϕi balance equation (2.10) on substituting closures (3.3)–(3.6) becomes

Dϕi

Dt
−

8(d+ 4)

d

qi
ρ

(

∂qj
∂xj

+ σjk
∂vj
∂xk

+ ρθ
∂vj
∂xj

)

+ 2(d+ 6)

(

θ
∂Rij

∂xj
+Rij

∂θ

∂xj

)

+ (d+ 4)(d+ 6)

(

θ2
∂σij
∂xj

+ 2θσij
∂θ

∂xj

)

+ (d+ 2)(d+ 4)

[

3ρθ3
∂∆

∂xi
+ (1 + 3∆)

(

θ3
∂ρ

∂xi
+ 3ρθ2

∂θ

∂xi

)]

− 2(d+ 4)θ
∂Rij

∂xj

− 4Rij
∂θ

∂xj
− (d+ 4)

[

(d+ 6) + (d+ 2)∆
]

θ2
∂σij
∂xj

− 2(d+ 4)2θσij
∂θ

∂xj

− (d+ 2)(d+ 4)

[

2ρθ3
∂∆

∂xi
+ (1 + 3∆)θ3

∂ρ

∂xi
+ (3 + 5∆)ρθ2

∂θ

∂xi

]

− 4
Rij

ρ

(

∂σjk
∂xk

+ θ
∂ρ

∂xj

)

+ 4(d+ 6)θmijk
∂vj
∂xk

− 4(d+ 4)θmijk
∂vj
∂xk

+
8(d+ 4)

d+ 2
θ

(

qi
∂vj
∂xj

+ qj
∂vi
∂xj

+ qj
∂vj
∂xi

)

+
d+ 6

d+ 2
ϕi
∂vj
∂xj

+
d+ 6

d+ 2
ϕj
∂vi
∂xj
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+
4

d+ 2
ϕj
∂vj
∂xi

= P2
i − 2(d+ 4)θP1

i −
4(d+ 4)

d

qi
ρ
P1,

which on tidying up the terms give the ϕi balance equation with the closed left-hand
side:

Dϕi

Dt
−

8(d+ 4)

d

qi
ρ

(

∂qj
∂xj

+ σjk
∂vj
∂xk

+ ρθ
∂vj
∂xj

)

+ 4θ
∂Rij

∂xj

+ (d+ 2)(d+ 4)θ2
[

ρθ
∂∆

∂xi
+ 4∆ρ

∂θ

∂xi
−∆

∂σij
∂xj

]

− 4
Rij

ρ

(

∂σjk
∂xk

+ θ
∂ρ

∂xj

)

+ 2(d+ 4)Rij
∂θ

∂xj
+ 4(d+ 4)θσij

∂θ

∂xj
+ 8θmijk

∂vj
∂xk

+
8(d+ 4)

d+ 2
θ

(

qi
∂vj
∂xj

+ qj
∂vi
∂xj

+ qj
∂vj
∂xi

)

+
d+ 6

d+ 2
ϕi
∂vj
∂xj

+
d+ 6

d+ 2
ϕj
∂vi
∂xj

+
4

d+ 2
ϕj
∂vj
∂xi

= P2
i − 2(d+ 4)θP1

i −
4(d+ 4)

d

qi
ρ
P1

(4.3)

Thus the 29 moment equations (having the closed left-hand sides, which were closed
using the G29 closures (3.3)–(3.6)) consists of equations (1.3), (1.6), (1.8), (2.2), (2.3),
(4.1), (2.5), (4.2) and (4.3).
Finally, the collisional production terms on the right-hand sides of these moment

equations are computed for inelastic Maxwell molecules (IMM), which are given in
equations (3.11)–(3.17) of the main paper. Inserting the collisional production terms into
the aforementioned system of the 29 moment equations (with the closed left-hand sides),
one obtains the system of the G29 equations for IMM, which are given in (3.22)–(3.30)
of the main paper.

Appendix A. Some identities

CiCj = C〈iCj〉 +
1

d
C2δij , (A 1)

CiCjCk = C〈iCjCk〉 +
1

d+ 2
C2

(

Ciδjk + Cjδik + Ckδij
)

, (A 2)

C〈iCj〉Ck = CiCjCk −
1

d
C2Ckδij = C〈iCjCk〉 +

1

d+ 2
C2

[

Ciδjk + Cjδik −
2

d
Ckδij

]

.

(A 3)

C〈iCjCk〉Cl =

[

CiCjCk −
1

d+ 2
C2

(

Ciδjk + Cjδik + Ckδij

)

]

Cl

= −
1

d+ 2
C2

(

CiClδjk + CjClδik + CkClδij

)

+ CiCjCkCl

= −
1

d+ 2
C2

(

CiClδjk + CjClδik + CkClδij

)

+ C〈iCjCkCl〉

+
1

d+ 4
C2

[

CiCjδkl + CiCkδjl + CiClδjk + CjCkδil + CjClδik + CkClδij

]

−
1

(d+ 2)(d+ 4)
C4

(

δijδkl + δikδjl + δilδjk

)

.
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On tidying up the terms the above equation reduces to

C〈iCjCk〉Cl = C〈iCjCkCl〉 +
1

d+ 4
C2

(

CiCjδkl + CiCkδjl + CjCkδil

)

−
2

(d+ 2)(d+ 4)
C2

(

CiClδjk + CjClδik + CkClδij

)

−
1

(d+ 2)(d+ 4)
C4

(

δijδkl + δikδjl + δilδjk

)

= C〈iCjCkCl〉 +
1

d+ 4
C2

(

C〈iCj〉δkl + C〈iCk〉δjl + C〈jCk〉δil

)

−
2

(d+ 2)(d+ 4)
C2

(

C〈iCl〉δjk + C〈jCl〉δik + C〈kCl〉δij

)

. (A 4)

A.1. Some integral identities

The integrals of type

Ii1i2...in =

∫

Ci1Ci2 . . . Cinh(C) dC, (A 5)

where h(C) is an an even function, vanish when n is odd while for an even n, they are
evaluated as follows.
• The tensorial form of the integrand of the integral Iij suggests that it should have

the following form

Iij =

∫

CiCjh(C) dC = γ1 δij

∫

C2h(C) dC,

where the coefficients γ1 is unknown and computed as follows. Multiplying the above
equation with δij , one gets

∫

C2h(C) dC = γ1 d

∫

C2h(C) dC,

which gives γ1 = 1/d. Hence,

Iij =

∫

CiCjh(C) dC =
1

d
δij

∫

C2h(C) dC, (A 6)

• The tensorial form of the integrand of the integral Iijkl suggests that it should have
the following form

Iijkl =

∫

CiCjCkClh(C) dC = γ2
(

δijδkl + δikδjl + δilδjk
)

∫

C4h(C) dC,

where the coefficients γ2 is unknown and computed as follows. Multiplying the above
equation with δijδkl, one gets

∫

C4h(C) dC = γ2 (d
2 + d+ d)

∫

C4h(C) dC,

which gives γ2 = 1/[d(d+ 2)]. Hence,

Iijkl =

∫

CiCjCkCl h(C) dC =
1

d(d+ 2)

(

δijδkl + δikδjl + δilδjk
)

∫

C4h(C) dC

(A 7)
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• The tensorial form of the integrand of the integral Iijklrs suggests that it should
have the following form

Iijklrs =

∫

CiCjCkClCrCsh(C) dC = 15γ3 δ(ijδklδrs)

∫

C6h(C) dC,

where the coefficients γ3 is unknown and computed as follows. Multiplying the above
equation with δijδklδrs, one gets

∫

C6h(C) dC = γ3 (d
3 + 6d2 + 8d)

∫

C6h(C) dC,

which gives γ2 = 1/[d(d+ 2)(d+ 4)]. Hence,

Iijklrs =

∫

CiCjCkClCrCsh(C) dC =
15

d(d+ 2)(d+ 4)
δ(ijδklδrs)

∫

C6h(C) dC (A 8)

• Continuing in a similar way, for an even n, one finds that

Ii1i2...in =

∫

Ci1Ci2 . . . Cinh(C) dC

=
n!

2n/2(n/2)!

1
(n/2)−1
∏

j=0

(d+ 2j)

δ(i1i2δi3i4 . . . δin−1in)

∫

Cnh(C) dC (A 9)

• Using (A 6),
∫

C〈iCj〉 h(C) dC =

∫

CiCj h(C) dC −
1

d
δij

∫

C2 h(C) dC

=
1

d
δij

∫

C2 h(C) dC −
1

d
δij

∫

C2 h(C) dC

or

∫

C〈iCj〉 h(C) dC = 0 (A10)

• Using (A 6) and (A 7),
∫

CiC〈jCkCl〉 h(C) dC

=

∫

CiCjCkCl h(C) dC −
1

d+ 2

∫

CiC
2
(

Cjδkl + Ckδjl + Clδjk

)

h(C) dC

=
1

d(d+ 2)

(

δijδkl + δikδjl + δilδjk
)

∫

C4h(C) dC

−
1

d+ 2
×

1

d

(

δijδkl + δikδjl + δilδjk
)

∫

C4h(C) dC

or

∫

CiC〈jCkCl〉 h(C) dC = 0 (A11)
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• Using eqs. (A 6) and (A 7),
∫

C〈iCjCkCl〉 h(C) dC

=

∫
[

CiCjCkCl −
1

d+ 4
C2

(

CiCjδkl + CiCkδjl + CiClδjk + CjCkδil

+ CjClδik + CkClδij

)

+
1

(d+ 2)(d+ 4)
C4

(

δijδkl + δikδjl + δilδjk

)

]

h(C) dC

=

[

1

d(d + 2)
−

1

d+ 4

2

d
+

1

(d+ 2)(d+ 4)

]

(

δijδkl + δikδjl + δilδjk
)

∫

C4h(C) dC

or
∫

C〈iCjCkCl〉 h(C) dC = 0 (A12)

• Using eqs. (A 6), (A 7) and (A 8),
∫

C〈iCjCkCl〉CrCs h(C) dC

=

∫
[

CiCjCkCl −
1

d+ 4
C2

(

CiCjδkl + CiCkδjl + CiClδjk + CjCkδil

+ CjClδik + CkClδij

)

+
1

(d+ 2)(d+ 4)
C4

(

δijδkl + δikδjl + δilδjk

)

]

CrCs h(C) dC

=

[

15

d(d + 2)(d+ 4)
δ(ijδklδrs) −

3

d(d+ 2)(d+ 4)

{

δ(ijδrs)δkl + δ(ikδrs)δjl + δ(ilδrs)δjk

+δ(jkδrs)δil + δ(jlδrs)δik + δ(klδrs)δij

}

+
3

d(d+ 2)(d+ 4)
δ(ijδkl)δrs

]
∫

C6h(C) dC

or
∫

C〈iCjCkCl〉CrCs h(C) dC = 0 (A13)

Appendix B. Few terms in the u0ijk balance equation (1.16)

B.1. The term m

∫

C〈iCjCk〉Cl f dc

Using identity (A 4), this term turns out to be

m

∫

C〈iCjCk〉Cl f dc

= u0ijkl +
1

d+ 4

(

u1ijδkl + u1ikδjl + u1jkδil

)

−
2

(d+ 2)(d+ 4)

(

u1ilδjk + u1jlδik + u1klδij

)

= u0ijkl +
1

d+ 4

[

u1ijδkl + u1ikδjl + u1jkδil −
2

d+ 2

(

u1ilδjk + u1jlδik + u1klδij

)

]

.

Therefore

m

∫

C〈iCjCk〉Cl f dc = u0ijkl +
3

d+ 4
u1〈ijδk〉l (B 1)
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B.2. The term m

∫

D

Dt
C〈iCjCk〉 f dc

Let us first evaluate the following.

D

Dt
C〈iCjCk〉 =

D

Dt
CiCjCk −

1

d+ 2

D

Dt
C2

(

Ciδjk + Cjδik + Ckδij

)

= −

(

CiCj
Dvk
Dt

+ CiCk
Dvj
Dt

+ CjCk
Dvi
Dt

)

+
1

d+ 2

[(

C2Dvi
Dt

+ 2CiCl
Dvl
Dt

)

δjk

+

(

C2Dvj
Dt

+ 2CjCl
Dvl
Dt

)

δik +

(

C2Dvk
Dt

+ 2CkCl
Dvl
Dt

)

δij

]

.

Using the above equation and (1.5), one obtains

m

∫

D

Dt
C〈iCjCk〉 f dc

= −

[

(

σij + ρθδij
)Dvk
Dt

+
(

σik + ρθδik
)Dvj
Dt

+
(

σjk + ρθδjk
)Dvi
Dt

]

+
1

d+ 2

[{

d ρθ
Dvi
Dt

+ 2
(

σil + ρθδil
)Dvl
Dt

}

δjk

+

{

d ρθ
Dvj
Dt

+ 2
(

σjl + ρθδjl
)Dvl
Dt

}

δik +

{

d ρθ
Dvk
Dt

+ 2
(

σkl + ρθδkl
)Dvl
Dt

}

δij

]

= −

[

σij
Dvk
Dt

+ σik
Dvj
Dt

+ σjk
Dvi
Dt

−
2

d+ 2

(

σil
Dvl
Dt

δjk + σjl
Dvl
Dt

δik + σkl
Dvl
Dt

δij

)]

.

Therefore

m

∫

D

Dt
C〈iCjCk〉 f dc = −3σ〈ij

Dvk〉

Dt
(B 2)

B.3. The term m

∫

Cl
∂

∂xl
C〈iCjCk〉 f dc

Let us first evaluate the following.

Cl
∂

∂xl
C〈iCjCk〉 = Cl

∂

∂xl
CiCjCk −

1

d+ 2
Cl

∂

∂xl
C2

(

Ciδjk + Cjδik + Ckδij

)

= −Cl

(

CiCj
∂vk
∂xl

+ CiCk
∂vj
∂xl

+ CjCk
∂vi
∂xl

)

+
1

d+ 2
Cl

[(

C2 ∂vi
∂xl

+ 2CiCr
∂vr
∂xl

)

δjk

+

(

C2 ∂vj
∂xl

+ 2CjCr
∂vr
∂xl

)

δik +

(

C2 ∂vk
∂xl

+ 2CkCr
∂vr
∂xl

)

δij

]

.
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Using the above equation and (1.14), one obtains

m

∫

Cl
∂

∂xl
C〈iCjCk〉 f dc

= −

[

u0ijl +
2

d+ 2

(

qiδjl + qjδil + qlδij
)

]

∂vk
∂xl

−

[

u0ikl +
2

d+ 2

(

qiδkl + qkδil + qlδik
)

]

∂vj
∂xl

−

[

u0jkl +
2

d+ 2

(

qjδkl + qkδjl + qlδjk
)

]

∂vi
∂xl

+
2

d+ 2
ql

[

∂vi
∂xl

δjk +
∂vj
∂xl

δik +
∂vk
∂xl

δij

]

+
2

d+ 2

[

u0irl +
2

d+ 2

(

qiδrl + qrδil + qlδir
)

]

∂vr
∂xl

δjk

+
2

d+ 2

[

u0jrl +
2

d+ 2

(

qjδrl + qrδjl + qlδjr
)

]

∂vr
∂xl

δik

+
2

d+ 2

[

u0krl +
2

d+ 2

(

qkδrl + qrδkl + qlδkr
)

]

∂vr
∂xl

δij

= −

[

u0lij
∂vk
∂xl

+ u0lik
∂vj
∂xl

+ u0ljk
∂vi
∂xl

−
2

d+ 2

(

u0lir
∂vr
∂xl

δjk + u0ljr
∂vr
∂xl

δik + u0lkr
∂vr
∂xl

δij

)]

−
2

d+ 2

(

qi
∂vk
∂xj

+ qj
∂vk
∂xi

+ ql
∂vk
∂xl

δij

)

−
2

d+ 2

(

qi
∂vj
∂xk

+ qk
∂vj
∂xi

+ ql
∂vj
∂xl

δik

)

−
2

d+ 2

(

qj
∂vi
∂xk

+ qk
∂vi
∂xj

+ ql
∂vi
∂xl

δjk

)

+
2

d+ 2
ql

(

∂vi
∂xl

δjk +
∂vj
∂xl

δik +
∂vk
∂xl

δij

)

+
4

(d+ 2)2

(

qi
∂vl
∂xl

+ qr
∂vr
∂xi

+ ql
∂vi
∂xl

)

δjk +
4

(d+ 2)2

(

qj
∂vl
∂xl

+ qr
∂vr
∂xj

+ ql
∂vj
∂xl

)

δik

+
4

(d+ 2)2

(

qk
∂vl
∂xl

+ qr
∂vr
∂xk

+ ql
∂vk
∂xl

)

δij

= −3u0l〈ij
∂vk〉

∂xl
−

2

d+ 2

[(

qi
∂vj
∂xk

+ qi
∂vk
∂xj

+ qj
∂vi
∂xk

+ qj
∂vk
∂xi

+ qk
∂vi
∂xj

+ qk
∂vj
∂xi

)

−
2

d+ 2

{(

qi
∂vl
∂xl

+ ql
∂vi
∂xl

+ ql
∂vl
∂xi

)

δjk

+

(

qj
∂vl
∂xl

+ ql
∂vl
∂xj

+ ql
∂vj
∂xl

)

δik +

(

qk
∂vl
∂xl

+ ql
∂vl
∂xk

+ ql
∂vk
∂xl

)

δij

}]

.

Therefore

m

∫

Cl
∂

∂xl
C〈iCjCk〉 f dc = −3u0l〈ij

∂vk〉

∂xl
−

12

d+ 2
q〈i

∂vj
∂xk〉

(B 3)

B.4. The term m

∫

Fl
∂

∂cl
C〈iCjCk〉 f dc

Let us first evaluate the following.

Fl
∂

∂cl
C〈iCjCk〉 = Fl

∂

∂cl
(CiCjCk)−

1

d+ 2
Fl

∂

∂cl

[

C2
(

Ciδjk + Cjδik + Ckδij

)]

= Fl

(

CiCjδkl + CiCkδjl + CjCkδil
)

+
1

d+ 2
Fl

[

(

C2δil + 2CiCrδrl
)

δjk

+
(

C2δjl + 2CjCrδrl
)

δik +
(

C2δkl + 2CkCrδrl
)

δij

]
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or

Fl
∂

∂cl
C〈iCjCk〉 =

(

CiCjFk + CiCkFj + CjCkFi

)

+
1

d+ 2

[

(

C2Fi + 2CiCrFr

)

δjk

+
(

C2Fj + 2CjCrFr

)

δik +
(

C2Fk + 2CkCrFr

)

δij

]

.

Using the above equation and (1.5), one obtains

m

∫

Fl
∂

∂cl
C〈iCjCk〉 f dc

= (σij + ρθδij)Fk + (σik + ρθδik)Fj + (σjk + ρθδjk)Fi

−
d

d+ 2
ρθ(Fiδjk + Fjδik + Fkδij)

−
2

d+ 2

[

(σir + ρθδir)Frδjk + (σjr + ρθδjr)Frδik + (σkr + ρθδkr)Frδij

]

= σijFk + σikFj + σjkFi −
2

d+ 2

[

σirFrδjk + σjrFrδik + σkrFrδij

]

.

Therefore

m

∫

Fl
∂

∂cl
C〈iCjCk〉 f dc = 3σ〈ijFk〉. (B 4)

Appendix C. Few terms in the u1ij balance equation (1.19)

C.1. The term m

∫

C2C〈iCj〉Ckf dc

Using identity (A 3), this term turns out to be

m

∫

C2C〈iCj〉Ckf dc

= m

∫

C2C〈iCjCk〉f dc +
1

d+ 2
m

∫

C4

(

Ciδjk + Cjδik −
2

d
Ckδij

)

f dc

= u1ijk +
1

d+ 2

(

u2i δjk + u2jδik −
2

d
u2kδij

)

.

Therefore

m

∫

C2C〈iCj〉Ckf dc = u1ijk +
2

d+ 2
u2〈iδj〉k (C 1)

C.2. The term m

∫

D

Dt
C2C〈iCj〉 f dc

Let us first evaluate the following.

D

Dt
C2C〈iCj〉 =

D

Dt
(C2CiCj)−

1

d

D

Dt
C4δij

= −

(

2CiCjCk
Dvk
Dt

+ C2Ci
Dvj
Dt

+ C2Cj
Dvi
Dt

)

+
4

d
C2Ck

Dvk
Dt

δij .
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Using the above equation and (1.14), one obtains

m

∫

D

Dt
C2C〈iCj〉 f dc = −2

[

u0ijk +
2

d+ 2

(

qiδjk + qjδik + qkδij
)

]

Dvk
Dt

− 2qi
Dvj
Dt

− 2qj
Dvi
Dt

+
8

d
qk

Dvk
Dt

δij

= −2u0ijk
Dvk
Dt

−
4

d+ 2

(

qi
Dvj
Dt

+ qj
Dvi
Dt

+ qk
Dvk
Dt

δij

)

− 2qi
Dvj
Dt

− 2qj
Dvi
Dt

+
8

d
qk

Dvk
Dt

δij

= −2u0ijk
Dvk
Dt

−
2(d+ 4)

d+ 2

(

qi
Dvj
Dt

+ qj
Dvi
Dt

−
2

d
qk

Dvk
Dt

δij

)

= −2u0ijk
Dvk
Dt

−
4(d+ 4)

d+ 2
q〈i

Dvj〉

Dt
.

Therefore

m

∫

D

Dt
C2C〈iCj〉 f dc = −2u0ijk

Dvk
Dt

−
4(d+ 4)

d+ 2
q〈i

Dvj〉

Dt
(C 2)

C.3. The term m

∫

Ck
∂

∂xk
C2C〈iCj〉 f dc

Let us first evaluate the following.

Ck
∂

∂xk
C2C〈iCj〉

= Ck
∂

∂xk
(C2CiCj)−

1

d
Ck

∂

∂xk
C4δij

= −Ck

(

2CiCjCl
∂vl
∂xk

+ C2Ci
∂vj
∂xk

+ C2Cj
∂vi
∂xk

)

+
4

d
C2CkCl

∂vl
∂xk

δij

= −2

[

C〈iCjCkCl〉 +
1

d+ 4
C2

(

CiCjδkl + CiCkδjl + CiClδjk + CjCkδil

+CjClδik + CkClδij

)

−
1

(d+ 2)(d+ 4)
C4

(

δijδkl + δikδjl + δilδjk

)

]

∂vl
∂xk

−

(

C2CiCk
∂vj
∂xk

+ C2CjCk
∂vi
∂xk

)

+
4

d
C2CkCl

∂vl
∂xk

δij .

Using the above equation and (1.13), one obtains

m

∫

Ck
∂

∂xk
C2C〈iCj〉 f dc

= −2u0ijkl
∂vl
∂xk

−
2

d+ 4

[(

u1ij +
1

d
u2δij

)

δkl +

(

u1ik +
1

d
u2δik

)

δjl

+

(

u1il +
1

d
u2δil

)

δjk +

(

u1jk +
1

d
u2δjk

)

δil +

(

u1jl +
1

d
u2δjl

)

δik

+

(

u1kl +
1

d
u2δkl

)

δij

]

∂vl
∂xk

+
2

(d+ 2)(d+ 4)

(

δijδkl + δikδjl + δilδjk
)

u2
∂vl
∂xk

−

(

u1ik +
1

d
u2δik

)

∂vj
∂xk

−

(

u1jk +
1

d
u2δjk

)

∂vi
∂xk

+
4

d

(

u1kl +
1

d
u2δkl

)

∂vl
∂xk

δij
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or

m

∫

Ck
∂

∂xk
C2C〈iCj〉 f dc

= −2u0ijkl
∂vl
∂xk

−
2

d+ 4

[

u1ijδkl + u1ikδjl + u1ilδjk + u1jkδil + u1jlδik + u1klδij

+
2

d
u2

(

δijδkl + δikδjl + δilδjk

)

]

∂vl
∂xk

+
2

(d+ 2)(d+ 4)

(

δijδkl + δikδjl + δilδjk

)

u2
∂vl
∂xk

−

(

u1ik
∂vj
∂xk

+ u1jk
∂vi
∂xk

−
4

d
u1kl

∂vl
∂xk

δij

)

−
1

d
u2

(

∂vj
∂xi

+
∂vi
∂xj

−
4

d

∂vk
∂xk

δij

)

= −2u0ijkl
∂vk
∂xl

−
2

d+ 4

(

u1ij
∂vk
∂xk

+ u1ik
∂vj
∂xk

+ u1ik
∂vk
∂xj

+ u1jk
∂vi
∂xk

+ u1jk
∂vk
∂xi

+ u1klδij
∂vl
∂xk

)

−

(

u1ik
∂vj
∂xk

+ u1jk
∂vi
∂xk

−
4

d
u1kl

∂vl
∂xk

δij

)

−
4

d(d+ 4)
u2

(

δij
∂vk
∂xk

+
∂vj
∂xi

+
∂vi
∂xj

)

+
2

(d+ 2)(d+ 4)
u2

(

δij
∂vk
∂xk

+
∂vj
∂xi

+
∂vi
∂xj

)

−
1

d
u2

(

∂vj
∂xi

+
∂vi
∂xj

−
4

d

∂vk
∂xk

δij

)

= −2u0ijkl
∂vk
∂xl

−
6

d+ 4
u1〈ij

∂vk〉

∂xk
−

4

(d+ 2)(d+ 4)

(

u1ik
∂vk
∂xj

+ u1jk
∂vk
∂xi

+ u1kl
∂vk
∂xl

δij

)

−
2

d+ 4

(

u1ik
∂vk
∂xj

+ u1jk
∂vk
∂xi

+ u1klδij
∂vl
∂xk

)

−

(

u1ik
∂vj
∂xk

+ u1jk
∂vi
∂xk

−
4

d
u1kl

∂vl
∂xk

δij

)

−
2

d(d+ 2)
u2

(

δij
∂vk
∂xk

+
∂vj
∂xi

+
∂vi
∂xj

)

−
1

d
u2

(

∂vj
∂xi

+
∂vi
∂xj

−
4

d

∂vk
∂xk

δij

)

,

= −2u0ijkl
∂vk
∂xl

−
6

d+ 4
u1〈ij

∂vk〉
∂xk

−
2

d+ 2

(

u1ik
∂vk
∂xj

+ u1jk
∂vk
∂xi

+ u1kl
∂vl
∂xk

δij

)

−

(

u1ik
∂vj
∂xk

+ u1jk
∂vi
∂xk

−
4

d
u1kl

∂vl
∂xk

δij

)

−
d+ 4

d(d+ 2)
u2

(

∂vi
∂xj

+
∂vj
∂xi

−
2

d
δij

∂vk
∂xk

)

= −2u0ijkl
∂vk
∂xl

−
6

d+ 4
u1〈ij

∂vk〉

∂xk

−
2

d+ 2

[

u1ki
∂vk
∂xj

+ u1kj
∂vk
∂xi

−
2

d
u1kl

∂vk
∂xl

δij +
d+ 2

d
u1kl

∂vk
∂xl

δij

]

−

(

u1ki
∂vj
∂xk

+ u1kj
∂vi
∂xk

−
2

d
u1kl

∂vl
∂xk

δij

)

+
2

d
u1kl

∂vk
∂xl

δij −
2(d+ 4)

d(d+ 2)
u2
∂v〈i
∂xj〉

.

Therefore

m

∫

Ck
∂

∂xk
C2C〈iCj〉 f dc = −2u0ijkl

∂vk
∂xl

−
6

d+ 4
u1〈ij

∂vk〉

∂xk
−

4

d+ 2
u1k〈i

∂vk
∂xj〉

− 2u1k〈i
∂vj〉
∂xk

−
2(d+ 4)

d(d+ 2)
u2
∂v〈i
∂xj〉

(C 3)
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C.4. The term m

∫

Fk
∂

∂ck
C2C〈iCj〉 f dc

Let us first evaluate the following.

Fk
∂

∂ck
C2C〈iCj〉 = Fk

∂

∂ck
(C2CiCj)−

1

d
Fk

∂

∂ck
C4δij

= Fk

(

2CiCjClδlk + C2Ciδjk + C2Cjδik
)

−
4

d
C2Clδlk × Fkδij

= 2CiCjCkFk + C2CiFj + C2CjFi −
4

d
C2CkFkδij .

Using (A 2),

Fk
∂

∂ck
C2C〈iCj〉 = 2C〈iCjCk〉Fk +

2

d+ 2
C2

(

Ciδjk + Cjδik + Ckδij
)

Fk

+ C2CiFj + C2CjFi −
4

d
C2CkFkδij

= 2C〈iCjCk〉Fk +
d+ 4

d+ 2

(

C2CiFj + C2CjFi −
2

d
C2CkFkδij

)

.

Using the above equation,

m

∫

Fk
∂

∂ck
C2C〈iCj〉 f dc = 2u0ijkFk +

2(d+ 4)

d+ 2

(

qiFj + qjFi −
2

d
qkFkδij

)

or

m

∫

Fk
∂

∂ck
C2C〈iCj〉 f dc = 2u0ijkFk +

4(d+ 4)

d+ 2
q〈iFj〉 (C 4)
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