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Appendix A. Evaluation of collision integrals O,3, A.3, Eag and éag
The collision integrals On (2.14), Aas (2.16a), Eag (2.16b) and Gap (2.16¢) appearing

in the second-moment balance (2.24a-d) of the main text of Saha & Alam (2020) can
be simplified to:
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J 527 and ICi% represent tensorial integrals defined as

In the above expressions, HOP Iy
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where F(x) and &(x) are given by (2.18a) and (2.18b), respectively, and each integral is
evaluated over 6 € (0,27) and ¢ € (0,7); see figure 1 for the definitions of # and ¢ with
reference to the contact vector k. We follow an analytical approach to evaluate the above
elliptic integrals following our previous works (Saha & Alam 2014, 2016) on sheared dry
granular flows — the underlying methodology is identical to above works and is briefly
discussed below.

Since both F(x) and &(x) are analytical functions of x, we substitute (2.19) into (2.18a)
and (2.18b) and use the power-series representations for the complementary error function
and the exponential. This yields the following infinite series representation (Saha & Alam
2014) for F(x) and &(x):
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Substituting (A8-A9) into (A5-A7) and carrying out term-by-term integrations over
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FIGURE 1. Sketch of the coordinate system (z,y,z), with the shear-field [u.(y) = 9y] being
applied on the (z,y)-plane and z is the mean vorticity direction; adapted from Saha & Alam
(2016). The eigen-directions of the strain-rate tensor D are marked as (|D1), |D2), |D3)) and
that of the second moment tensor M as (|M1), |M2), |M3)). Note that k represents the contact
vector between two colliding particles, that makes an angle ¢ with z-direction and its projection
on the (z,y) shear-plane makes an angle 6 with |M1) of M. The principle azes frame (z',y', 2') is
given by the orthonormal triad of (|M1), |M2), |Ms)) which represents a rotation of the original
(z,y, z) axes by an angle ¥ = ¢ + m/4 about the z-axis.

TP and K

0 € (0,2) and ¢ € (0,7), we obtain infinite series expressions for #°Z by oy

as functions of 7, sin ¢, A\ and R.

Truncating the infinite series representatlons of Ha By J SZW and Kgfé7 at the Burnett
order [i.e. the second-order in O(n'\ R*sin' 2¢, with i + j + k + [ < 2)], the following
Burnett-order expressions are obtained:
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A.1. Stress tensor up-to fourth-order

The diagonal components of the dimensionless stress tensor, Py = P;;/ pprU%, with

Ugr = 40 /2, correct up-to O(n*\ R¥ sin! 2¢, i+j+k+1< 4), have following expressions:
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where T = T/ U% is the dimensionless temperature.

To calculate the fourth-order viscosity, we need to retain terms up-to the fifth-order
O(n' N Bk sin! 20, i+ j+k+1< 5) in the shear stress. The dimensionless shear stress,
Py, = oy PprUs, with Ur = 40/2, at O(RP), can be written as :
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Appendix B. Expressions for coefficients a; in Eqn. (3.1)

The expressions for the coefficients of the temperature equation (3.1) are given by:
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Note that a9 = 0 = ag = ag for e = 1, leading to a seventh-order polynomial for the
temperature equation (3.1).

B.1. Coefficients in equation (3.2)

The expressions for the coefficients of the quadratic polynomial (3.2) are given by
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Appendix C. Ignited state: analysis in the principal axes frame

The second-moment balance equation (4.1) in the principal-axes frame can be written
as four independent equations (Alam, Saha & Gupta 2019):

—AnpT+ cos 2¢ + 27 [(Ogrgr — Oyryr) €08 2¢p — 20,1, sin 2¢] + GPT7 =Aya, (C

4 (14 A2) pT¥ cos2¢ + 27 (Ogryr + Oyryr) cos 2¢ — 4/’”7 = FM —Tyy, (C

1)

—4npT7 cos 2¢ + 23[(Oprar — Oyryr) €08 2¢ — 20,1, sin 2] + M = -3, (C2)

3)

2074 [n— (14 A2) sin2¢] — (Oprar 4+ Oyryr) Y 8in2¢ = Ly (C4)

They represent (i) the trace of (4.1), with Ay o = Age + Ay + Aurur, (i) the 2/-2

component of the deviatoric part of (4.1) (iii) the difference between the a’-z’ and y’-

y' components and (iv) the off-diagonal z’-y’ component of (4.1). The expressions for

various integrals Ay, Eop, Gorp and O4p appearing in (C1-C4) remain the same

as those for the dry granular flow; these have been evaluated explicitly by Saha & Alam
(2016).

Retaining terms up-to fourth-order O(n* A\ R¥ sin’ 2¢), i+j+k+1 < 4 in the expressions

of Awgr, Eqpr, Gorgr and O s, the above equations (C1-C4) simplify to the following
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set of four coupled nonlinear algebraic equations
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+5\/TA R cos 26 — (1+ Jugo B{ $V/7[(4 = 3)(3)* = 8(1 + ¢)] cos26  (07)
+ 25 () [64(4 — 3e) — 32(5 + 3¢) cos g — 3(3 — €) ()2 + 36(3 — €)(3)?] } —0,

5(n — sin2¢) + 2(1 + €)(1 — 3e)vgo sin 2¢ — 5A? sin 2¢

5(1+ o B sin 20 8(1 +¢) — (4~ 36) ()2 + 5= (5 + 8e) cos 20} = 0.(C8)
Note that equations (C5-C6) contain only “even” order terms in (7,sin2¢, A, R), with
the neglected terms being of order six and beyond; on the other hand, equations (C 7-
C8) contain only “odd” order terms in (7, sin2¢, A, R), with the neglected terms being
of order five and beyond. Therefore, equations (C5-C8) belong to the “super-super-
Burnett” orders since they incorporate all terms up-to “quartic-order” in the shear-rate

(R ~7).

C.1. Ezxact solution at Burnett order for the whole range of density

Removing the terms within the second-brackets in (C5-C8), we obtain the Burnett-
order equations as given in (4.5). The latter equations admit an exact solution, given by
(4.10a) and (4.11), as discussed in §4.1.

C.2. Perturbation solutions beyond Burnett order

The super-Burnett and super-super-Burnett order equations [(C5-C8)] are solved
using a regular perturbation expansion around the exact Burnett-order solution (4.10a)
and (4.11):

= 7’](2) + 577(3) + 527’](4)

Ui

A = A(2) _|_ EA(3) + 52)\(4)

R = R® 4:RO) ;2R (C9)
sin2¢ = sin® 2¢ + £5sin 2¢(3) + 2 sin 26

In the above expressions € ~ 4 and the superscript “2” corresponds to the “Burnett-
order” solution [i.e. the closed form expressions (4.10a) and (4.11) as given in §4.1] and
the superscripts “3” and “4” correspond to the corrections at third and fourth orders,
respectively.

Plugging (C9) into corresponding third and fourth [(C5-C8)] order equations and



Anisotropy and nonlinear rheology in dense gas-solid suspensions 11

after performing some cumbersome algebra we obtain a null-solution at third-order
73 =0=\ =R®) =sin2¢6®. (C10)

The solutions at fourth-order are given by :

n® = — H\/;r(l + €)vgo cos 20D {5 — 2(1 + e)(1 — 36)1/90}{1024(5 + 36)R(2)4

—192(1 4 3e) R (n7 = 2% —9(1 — ) (" — 8y@*AD" 1 3x@") 1]

- [8{5ﬁn(2) c0s 202 + 2(1 + e)vgo (8(1 +3¢)R® — (1 — 3e)y/7n® cos 2¢(2)>}

X {210\/7?)\(2)2]%(2) 08202 — 48(1 + €)vTrgo R cos 262 ((4 3e)A@% _g(1 + e)R<2>2)
301+ g™ (3201 - 30RO - 3 ) - a2 ]

168 [ﬁcos 2¢(2){2ﬁcos 20 {5 —2(1 +e)(1 — 3e)rvgo} R — 3(1 — 62)1/9077(2)}

{5 —2(1 +e)(1 — 3¢)vgo} + 21/g0{3(1 te)3—e)+ 10\/ER§)}{5\/E17<2> cos 262

+2(1 4+ e)rgo (8(1 +3e)R® — (1 — 3e)y/mn® cos 2(;5(2)) H (C11)

A4 —
1 ([ 28(1 + ) {
IO\ |, {301+ €)(3 ) + 10y7RE) }

+96R®? (2(2 ~3e)@? —11(5 — 3e)>\(2)2) —9(3—e) <n<2>4 1@ \@% 66>\(2)4) }]

1024(5 + 3¢)R®"

a

132
L {3(1 te)3—e)+ 10\/7?R(S?}\/7r{5 — 2(1+ €)(1 — 3e)vgo}v2g2 cos 26(2)
X _35\/7?n(2) cos 202 4 8(1 + e)l/gO{S(l +3e)R® — (4 — 3e)\/7n? cos 29? H

< [T0VTAD? R cos 202 1 (1 + e)VgO{IGﬁR(Q) cos 262 (8(1 +e)R®? —(4— 36))\(2)2>

-32(1— 36)77(2)2R(2) +(3—en®? (77(2)2 — 12)\(2)2) }]]

V{35 —8(1 4+ e)(4 — 3e)rgo} R cos 20 — 6(3 — e)(1 + e)rgon®

018480(4){ {( +€)(3 — e)ugo + 10\/Trgo RS, }

(
{35v/n™® cos 2612 + 8(1 + €)ugo (8(1 + 3¢) R®) — (4 = 3¢) yn™ cos 262 }
V{5 —2(1 +¢e)(1 — 3e)rgo} cos 26(2) H)

+
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1 2
— 210vVTAD R (05(2) 9
42./7{5 — 2(1 + e)(1 — 3¢)vgo} cos 26 [ v cos™ 29

+48(1 + e)/mrgoR® cos® 2¢>{(4 ~ 307 _g(1 4 e)R<2)2}
1301+ e)yg0n<2>{32(1 ~3e)R®% _ (3 ¢) (0‘2)2 - 12>\(2)2)}

+42n<4>{3(3 —e)(1+e)+ 10\/%Rgi>}ugo} (C13)

R® —

: 2
21/7{5 — 2(1 4 ¢)(1 — 3e)vgo} [105f< @ >\(2 sin(® 2¢>

—8(1 + e)vgosin® 2¢>{ (5 + 3e)1PR® cos® 26 — 3\/7?((4 ~ 3007 _g(1 + e)R(2)2> H
(C14)

sin 2(1) 4 =

where R(SQt) = R(Q)/l/gostd. In absence of interstitial gas, i.e., in the limit of St; — oo,
the St-dependent terms in (C 11-C 14) disappear and we obtain the corresponding super-
super-Burnett order solutions for the dry-granular flow — the resulting expressions match
exactly with the solution provided by Saha & Alam (2016) for the uniform shear flow
of dry granular fluid.

In the dilute limit, the solutions at fourth-order are given by:

= . o) {a+e)@r—110)y"
56{3(5 — ) (1 + e)n® + 10y/T R, (St cos 26 + 27}
+252(1 — 62)A(2)4 + 560\/ECOS 2(;57](2)/\(2)25th§) _ 24(1 4 6)(13 _ 56)"7(2)2)\(2)2}7
(C15)
7(1
A = (L+e¢) {132(19 ~11e)a@*
1724802 {3(3 — €)(1 + €) + 10/7RY)}
—(13+ 36" + 1769@°AD” — 85(5 + 36}y @@}, (C 16)
@ = z o2 (@1 _ gpy@2)\ (22 (24 @), (1)
B = 560 ® cos® 2¢{ (1—e )(’7 7 AT+ 84N+ 560 )
—560/7 cos 26StR Py } (C17)
sin2¢(4) = {n(“) —A®% i@ 2¢}' (C18)

where Rgt) =R® /.

C.3. Burnett-order equations for dilute gas-solid suspension: scaling arguments

Considering the dry granular limit (St — oo0) of a dilute gas-solid suspension, the
Burnett-order second-moment balance equations are given by:

20y/TnR cos2¢ — 3(1 — e2)v(10 +1%) =0
35v/mnRcos2¢ — 3(1+¢€)(3 — e)v(n? +21)A%) =0
5y/mRcos2¢ —3(1+e)(3—e)vn =0
n—sin2¢ =0

(C19)
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This admits an analytical solution of the form (Saha & Alam 2016)

10(1 —e) 20(1—e) . 33—e)(1+e) 10
2 2
=—= AN=_—" 2¢ = R= Vv1—
T A1 3e) Tl —gey Sm2O=T Bymcos2p il—3e © . C
(C20)
At leading order, we have
V(1 —e) | [5(1—e) . V51 —e) 6
n—f, A= T, Sln2¢— 1 , R— \/5?1/\/].76, (CQI)
as was predicted also by Richman (1989). It is easy to verify that the following quantities,
7, A, sin2¢, R/v, ~ /1 —e, (C22)

are of the same order which holds for a sheared dilute granular gas. Equation (C22)
helps to prove a scaling between the Stokes number and the inelasticity.
Proposition: The following scaling,

St ~+1—e, (C23)

holds for a sheared dilute gas-solid suspension.
To clarify (C23), let us consider the second-moment balance equations for a dilute
suspension at the Burnett-order:

201/mnR cos 2¢ — 3(1 — e*)v(10 +1*) — 60\5{;?]% =0 (C24a)
2

35v/mnRcos2¢ + (1+e)v[ —3(3 —e)(n® + 211%)] — Msf# =0, (C24b)

5v/mRcos2¢ — 3(3 —e)(1 +e)vn — m\SFi:UR =0, (C24c)

5(n — sin 2¢) = 0. (C24d)

From (C24c¢), we find
5ymRcos2p ~ R~ vV/1—e and 3(1+e)(3—e)vn ~ vVl —e,

and hence

1 — —
0y/mnR o Vi—ewyli-e Wi
St V1i—e
which implies that all three terms in (C 24c¢) are of the same order. Similarly, from (C 24b)
we have

35y/mnRcos2¢ ~ v(l—e) and 3(1+e)(3—e)v(n® +21\?) ~ v(l—e),

and hence
210/7AR (I-evv/1—ce
o ~ — ~ v(l—e),

again implying that three terms in (C 24b) are of the same order. From the above ordering
arguments the proposition made in (C 23) is justified.
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