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1. Approximation of the Curvature Stretch Term

In the following, justification for omitting the correlations between s and the normal
displacement speed s,,,, as well as between 2 and the the thermal diffusivity Dy, in (1.9)
and (1.10) in the paper will be provided. Wang et al. (2017) investigated the correlation
between curvature and displacment speed along the axial direction of a premixed jet
flame using the following decomposition of the curvature stretch term:

(sar) = (a)y (K0, + [(5a), — {5}, {R),]. (S-1.1)

All terms in (S-1.1) have been evaluated in the planar-flame dataset discussed in the
paper, as well as in an identical flame computed with non-unity Lewis numbers. Wang
et al. (2017) have shown that the correlation between displacement speed and curvature,
quantified by [(sak), — (sa), (k),], dominates the r.h.s. of (S-1.1), which is confirmed by
the results provided in figure S-1 (a).

The displacement speed sq can be expressed by a normal-propagation velocity s,, and
a curvature term, after splitting the diffusion term of the reaction progress variable ¢
into contributions by normal and tangential diffusion (Echekki & Chen 1999):

1 ) 0
Sq = 7p ‘VCl < we — 871‘71 (thh |V<|)> — Dk = spn — Dik. (8_12)

Hence, the curvature stretch term can be rewritten as
(sak)s = (k) — <Dthm2>s . (5-1.3)

Now, each term in the r.h.s. of (S-1.3) may be separately decomposed in analogy
to (S-1.1):

(Smk)g = (Sm)s (K)s + [(Srnk)g — (Sen) (R)], (5-1.4)
— <Dth/‘52>s = — <Dth>s <l<62>S — [<Dth/€2>s — <Dth>s <I€2>s} . (S—15)

In figure S-1 (b) it is shown that approximating (synk), by (Sm), (k) is not very accurate
during flame development in general and in the non-unity-Lewis-number flame in par-
ticular. When the unity-Lewis-number flame is fully developed, the correlation between
the normal propagation velocity and curvature is rather weak. However, the contribution
of the normal-propagation term (s;nk), to the overall curvature stretch effect is quite
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FIGURE S-1. Contributions to the curvature stretch term as function of time.

small due to the cancellation of terms from positively and negatively curved flame
regions (Falkenstein et al. 2019). By contrast, the scalar dissipation term — <Dthm2>s
is the dominant curvature stretch effect under the present conditions as shown in
figure S-1(c). Further, neglecting the correlation between the thermal diffusivity and
curvature magnitude [<Dth/<;2>s — (D) s <n2>s] seems to be a reasonable approximation
in both unity- and non-unity-Lewis-number flames.

2. Flame Front Geometry Evolution
2.1. Mean Curvature Evolution

To distinguish curvature evolution in positively and negatively curved flame regions,
the generalized iso-surface average of any quantity ¥ (Boger et al. 1998) is rewritten as

_ fol fQFﬁé(C_CO) IV¢[dVidgy IV o

(0,0 = =
Y [ F (¢ — o) V¢V dd Zo
Covd| s R
X Yo 2+ Yo
X X+

= <19>S,K,7 : E_Q + <19>s,,t-cJr : E_Q . (8_2]‘)
Contributions from both regions to the global flame average may differ due to unequal
probabilities of finding negatively /positively curved flame segments, or differences in
the conditional averages, or both. In figure S-2(a) it is shown that in both engine-
relevant flame kernel realizations, X, /X, is very similar during flame kernel develop-



Premized Turbulent Flame Development under Engine Conditions 3

1.0 1 T

Engirlm Kornlcl I - I1(t=0.53-75) —= -Vm/—._
0.8 | Engine Kernel IT -a- 08 | M(E=0537) -&
Large Kernel -e- I(t=0.70-7) /
= II (t=0.70 - 7)) /
&= L
0 0.6 = 0.6
~ o - E
Lq‘z 0.4 //B / o 04 /
0.2 ¥ 0.2 4
00 L~ 0 bsimm”
0.0 0.2 0.4 0.6 0.8 1.0 1.2 -3 -2 -1 0 1 2 3
mali : t
(a) Normalized Time = [-] (b) lp-k [-]

FIGURE S-2. Probability of finding flame surface with negative curvature as function of
time (a) and surface-weighted cumulative density functions at two selected time instants (b).
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FIGURE S-3. Conditionally surface-averaged curvatures for all flames.

ment. Accordingly, the surface-weighted cumulative density functions (CDFs) of Engine
Kernel T and II depicted in figure S-2 (b) are almost identical near x = 0. However, the
probabilities of finding large negative and positive curvature magnitudes differ between
both realizations. At (t = 0.53-7¢), Engine Kernel I has more flame surface with negative
and positive curvature radii smaller than the laminar flame thickness. While the fraction
of negatively curved kernel surface area of Engine Kernel IT has developed to a similar
level at (¢t = 0.70 - 1), Engine Kernel I still features higher probability of finding flame
surface with large positive curvature. Consequently, the conditionally averaged flame
curvature shown in figure S-3 differs significantly during the early development phase
of both engine-relevant flame kernel realizations. Overall, the comparison to the other
flame configurations is qualitatively similar to the conditional variance results shown in
figure 5 in the paper.

2.2. Mean Curvature Transport

To support the discussion of flame curvature transport during flame kernel development
(cf. figure 6 in the paper) and to relate the present results to previous studies (Cifuentes
et al. 2018; Alqallaf et al. 2019), the curvature-conditioned mean straining and bending
terms due to fluid motion and flame propagation are provided in figure S-4. Note that the
data has been evaluated on the temperature iso-surface corresponding to the maximum
heat release rate in an unstretched laminar flame. Overall, both engine-relevant flame
kernels closely follow the behaviour of the planar flame, with one exception. Shortly after
ignition, the bending term due to second derivatives of the fluid velocity (cf. figure S-4 (b))
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FIGURE S-4. Curvature-conditioned curvature transport terms due to straining (a,c) and
bending (b,d) caused by the fluid velocity (a,b) and flame displacement speed (c,d). Data has
been conditioned on the temperature iso-surface corresponding to the maximum heat release
rate in a laminar unstretched flame.

governs the production of negative curvature in Engine Kernel I. With respect to the
production of positive curvature, it is evident from figure S-4 (a) that the on average
positive curvature intrinsic to the engine-relevant flame kernel configuration favours the
initial amplification of positively curved flame geometry. Further, the reversed flame-
propagation straining/bending balance observed when Engine Kernel 1 exhibits large
positive curvature (cf. figure 6 (f) in the paper) can be explained by the change in sign
of T} at large positive curvatures, as well as the initial deviation of ¥} from the behaviour
of a developed flame (cf. figures S-4 (c) and (d)).

2.3. Skewness of the Mean Curvature Distribution
2.3.1. Alignment of Curvature and Strain Principal Azes

As described in section 4.3 in the paper, large positive curvatures are mainly produced
by the tangential strain term in the mean curvature equation. To quantify the length-scale
dependence of T}, one may express mean flame curvature as function of the largest and
smallest principal curvature, (k = k1 + k3). Flame surface regions which feature large
positive curvatures will be governed by k;. Results showing that the corresponding
principal direction is mostly aligned with the most compressive principal strain are
provided in figure S-5. Since the most compressive principal strain during early flame
kernel development is governed by the large-scale flow structures, this phenomenologically
demonstrates the major curvature production mechanism. For a quantitative analysis,
one may follow the considerations of Pope (1988).
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FIGURE S-5. Engine flame kernels: Alignment of the principal axes belonging to the most
compressive strain and the most positive curvature at two different times.

2.3.2. Local Flame-Segment Analysis

To enable more conclusive analyses, distinctive observations during flame kernel devel-
opment have been examined in local flame segments extracted from the large reference
flames. In this way, fluctuations that are artefacts of the present engine-relevant flame
kernel realizations can be distinguished from effects which cannot be observed in devel-
oped flames or in flames with larger length scale ratio Dy/l;. For such analyses, the flow
domain of the planar flame was divided into (N, X Ny x N, = 1 x 7 x 7) subsets, where
the z-direction is the mean propagation direction of the flame. This number of analysis
volumes was chosen, since the instantaneous flame surface area of the planar flame at a
characteristic time instant during flame kernel development (¢t = 0.6-7¢) is approximately
49 times larger than the area of the small flame kernel. Expressed in integral length scales,
each planar-flame subset contains a mean flame area of (21 x 21l;). Similarly, the flow
domain of the large flame kernel has been decomposed into (N, x N, x N, =2 x 2 x 2)
segments.

To investigate if the inversely skewed curvature distribution observed in the early,
engine-relevant flame kernel configuration (cf. sect. 4.3 in the paper) is an artefact of the
present flame realization or a feature of small flame kernels in general, the flame-segment
analysishas been conducted to obtain local curvature distributions from the reference
flames. As shown in figure S-6 (a), several segments of the planar flame surface show
skewness towards positive curvatures during early turbulent flame development. In some
subsets, maximum positive skewness is comparable to the data extracted from the large
flame kernel. Hence, the behaviour of the large flame kernel is likely an effect of the
particular flame realization. However, the inverse skewness in all planar flame surface
segments is much less pronounced than in the small-flame-kernel dataset. Analogously,
the flame surface of the large kernel has been divided into sections. In figure S-6 (b), it is
apparent that the maximum skewness towards positive curvatures in all analysis volumes
of the large flame kernel stays well below the peak reached by the small flame kernel.

By comparison to local regions in both reference flames, it has been confirmed that
the occurrence of strong skewness towards positive curvatures is a distinctive feature of
the engine-relevant flame kernel configuration.
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FIGURE S-6. Skewness of surface-averaged curvature for all flames, in comparison to local
regions (cf. sect. 2.3.2) in planar flame (a) and local regions in large flame kernel (b).

3. Length-Scale-Dependent Flame Front/Flow Field Alignment
3.1. Flame Front Alignment with the Unfiltered Flow Field

In figure S-7, the PDFs of the cosines of the angle between the temperature gra-
dients and the principal axes of the strain tensor are plotted for all flame kernels.
The most extensive and most compressive strain eigenvectors are denoted as 551) and

553), respectively. To quantify the temporal development of the scalar fields, alignment
statistics have been computed at (¢t = 0.25-7) and (¢ = 1.0 - 7). At this later time,
the three respective PDF's of all flame kernels are in fact quite similar, which indicates
that the scalar/flow alignment is already well developed. Preferential alignment with
the most compressive strain is observed, which is most pronounced in the large flame
kernel dataset. Note that the PDFs have been computed from data points throughout
the flame, without conditioning on a particular iso-surface. Results reported by Kim &
Pitsch (2007) showed preferential alignment with the most compressive strain at low and
high values of the reaction progress variable, as well as at low curvature magnitudes, but
less significant. Preferential alignment with the most extensive strain was observed for
negative curvatures, as well as for intermediate progress variable values, although much
less distinct. Conditional statistics are not considered here for brevity.

At early times, temperature iso-surface orientation is generally much less governed
by one principal strain component. In case of the large flame kernel (cf. figure S-7 (¢)),
angles between the temperature gradient and the most compressive strain eigenvector are
mainly very small, since the peak of the corresponding PDF is located very close to unity,
similarly to later times. However, the maximum is significantly smaller, since overall,
preferential alignment with the most extensive strain is found. This is likely caused
by ignition or early heat release and indicates that the ignition kernel determines the
orientation of the scalar field. It seems though, that smaller kernel size leads to much less
pronounced initial alignment with the most extensive strain (cf. figures S-7 (a) and (b)).
Instead, the scalar field orientation of the engine relevant flame kernels mainly follows
the most compressive strain. However, significant differences between both small kernel
realizations exist at (t = 0.25- 7). While Engine Kernel IT exhibits the most pronounced
alignment of all kernels with the compressive principal strain axis, the corresponding
alignment PDF of Engine Kernel I peaks at intermediate angles. This characteristic
behaviour of Engine Kernel I is in line with its stronger initial deformation (cf. figure 3
in the paper) and can be attributed to preferential alignment with the large flow scales.
Regarding alignment with the intermediate principal strain, both flame kernels show
similar trends over time.
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3.2. Flame Front Alignment with the Filtered Flow Field

To illustrate the analysis conducted in §5 of the paper, temperature iso-contours
extracted from all three flame kernels at (¢ = 0.25 - 7¢) are given in figure S-8. The most
compressive principal strain vectors are plotted in the vicinity of the flame contours,
scaled by the local strain eigenvalue. In regions of large compressive strain, the flame
contour normal vectors are mostly aligned with the depicted principal strain axes. To
visualize the effect of large-scale flow structures on the flames, regions that exhibit better
alignment of the surface normal vectors with the principal strain axes evaluated from the
filtered velocity fields are plotted in black, while regions where better alignment with the
unfiltered flow fields is found are plotted in grey colour. Both engine-relevant flame kernels
show preferential alignment with large flow scales in significant portions of the flame
contours, which is in contrast to the large flame kernel. Since flame kernels have positive
mean curvature, the alignment of the flame contours with large-scale flow structures
generates flat nibs with very high positive curvature (cf. figures S-8 (a) and (b)).

4. Flame Images

To illustrate early flame kernel development, a sequence of flame images has been
extracted from the engine-relevant DNS dataset and is plotted in figure S-9.
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FIGURE S-8. Temperature iso-contours and eigenvectors of the most compressive strain at
(t = 0.25- 7). The normal vectors of the black portions of the flame contours are preferentially
aligned with the most compressive principal strain computed from a low-pass filtered velocity
field. Engine Kernel I (a), Engine Kernel II (b) and the large flame kernel plotted at reduced
scale (c).
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