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1. Asymptotic analysis for a concentric compound droplet shape in an unbounded domain
In the creeping flow regime (Re ≪1), the analytical solution of the current EHD problem in an unbounded domain can be achieved by regular perturbation method considering CaE as the perturbation variable. Using perturbation method, we can get an analytical solution of the electrical potential and flow field. According to small deformation theory, the expansion of any field variable χ takes the following form (Vlahovska. P. M. 2011; Mandal & Chakraborty 2017)
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Here 
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stands for the leading-order term of χ , when shape deformation is not present and 
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 symbolize the first and second order corrections to the spherical shape of the droplet. In this study, we have obtained a higher-order analytical solution (droplet shape correct upto O(Ca2E) ) and have performed a comaprison with the numerical result.

The electric potential in the inner droplet, outer droplet and suspending medium satisfies Laplace equation and its general solution can be expressed as
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(A2)

where the unknown coefficients at each order of perturbation are obtained by applying the boundary conditions as follows

(i) electric potential is continuous at the fluid-fluid interface 

(ii) normal component of current density is also continuous at the fluid-fluid interface .

In the Stokes flow limit, the stokes equation for ith  fluid in terms of stream function can be  written as 
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The general solutions of the stream function inside and outside of the droplet can be written as
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(A4)

where the unknown coefficients at each order of perturbation are obtained by applying the  boundary condition as follows

(i) flow field satisfies the no-slip and no-penetration boundary condition at the interface

(ii) tangential stress is continuous at the interface.

We have employed normal stress boundary condition for obtaining the droplet shape. The coefficients of equation (30)

 are represented as 
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Details of the constant coefficients present in equation (A5) are shown in the following section 2.1. On the other hand, 
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are obtained by solving the following differential equations
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Here, all the coefficients of equation (A6) are functions of (R, S, λ, K). The expressions of 
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 are displayed in the following section S.2.2 of the supplementary material for certain typical values of R, S, λ, K.
2 The expression of the constant coefficients that appear in equations (A5) and (A6).
2.1. Expression of the constant coefficients in equation (A5)
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2.2. Expression of the constant coefficients in equation (A6)


The expressions of 
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(i = 2,4; j = 0,1) are too lengthy to be presented in the current text. So, we have shown the expression for some constant values of R, S, λ and K. We have considered a LD-LD-LD system having: (S23, R23) = (0.4397, 0.033), (S23, R23) = (2.274, 30.33), K = 0.5, λ = 1
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2.3. The expressions of the coefficients in equations (A2) and (A4) .
The expressions of the coefficients in equations (A2) and (A4) are too large to be provided in a doc file. Hence the same has been given as an extract (.pdf file) from the MAPLE files in the supplementary material2.
3. Scaling Arguments to confirm the validity of the assumption ReE≪1

For the present analysis, we have considered that the value of ReE is very small (ReE≪1). For justifying the assumption, we have considered two cases (i) case 1: a millimeter sized silicon oil droplet is suspended in oxidized castor oil and (ii) case 2: a millimeter sized droplet of castor oil is suspended in silicon oil. The properties of the interacting fluids that have been used in the present analysis are given in the Table S1. 
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	Fluid 
	σ  (S/m)
	ε  (F/m)
	μ (Pa-s)
	ρ (Kg/m3)

	Silicon oil
	3.33×10-11
	2.44×10-11
	12
	980

	Oxidized Castor oil

	10-9
	5.57×10-11
	6.5
	980

	TABLE S1. Important properties of the fluids used (Torza et al. 1971)
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The interfacial tension between the interacting fluids is 5.5.mN/m. The radius of the droplet is 4 mm and the strength of electric field is 1×105 V/m. Using the properties of the fluid in both the cases, we have obtained that the Reel ~ O(10-2). 


[image: image27]
Figure S1. Transient variation of deformation characteristic. Others parameters are S=0.5, ρr= 0.5, λ=1 and Re =1. 
Furthermore, Lanauze et al. (Lanauze et al. 2013) have depicted that, in presence of electric field, for a millimeter sized droplet ( having εi=3 εo, σi= 1.2×10-12 S/m and μi=0.0484 Pa∙s) suspended in another liquid medium (having εi=5.3 εo, σi= 4.5×10-9 S/m and μi=0.029 Pa∙s) with interfacial tension 4.8 mN/m, the calculated value of ReE=0.01. Furthermore, with the help of figure S1, we have shown that smaller values of ReE have negligible effect on the deformation dynamics of droplet. With this observation, we have discarded the terms multiplied by ReE. A wide gamut of literature has been reported in which the authors have neglected the effect of charge convection in their analysis (Zhang et al. 2013; Baygents et al. 1998; Mahlmann S. and Papageorgiou D.T 2009; Esmaeeli 2016; Mandal et al. 2016; Lanauze et al. 2013; Vizika & Saville 1992; Santra et al. 2018; Nganguia et al. 2016; Lac & Homsy 2007; Sherwood 1988; Behjatian & Esmaeeli 2013; Deshmukh & Thaokar 2013; Taylor 1966; Esmaeeli & Behjatian 2012; Reddy & Esmaeeli 2009)
4.Cahn number (Cn) and grid size independence test
Here, we perform a grid independency study to ensure that our outcomes are independent of the size of grid as shown in figure S2. 

 SHAPE  \* MERGEFORMAT 



Figure S2. Temporal variation of deformation parameter of a LD-LD-LD system having (S23, R23)=(0.4397, 0.033) and (S23, R23)=(2.274, 30.33).Other parameters used are  Re = 0.01, λ=1 and Wc=0.2. 

In the present analysis, the Cahn number and the grid size are same (Mandal et al. 2015; Santra et al. 2018). So, the numerical results are also independent of Cahn number. Here, we have shown the transient evolution of the deformation parameter for different values of the Cahn number and it is seen that variation in Cahn number shows a negligible change in the deformation parameter. In the present study, we have chosen Cn = 0.01 for all the plots.

5. Domain confinement independence test.

For performing the numerical analysis in unbounded domain, first of all, we have performed a domain confinement independence test on temporal variation of deformation parameter for three lower values of Wc figure S3.

[image: image29] 
Figure S3. Transient variation of deformation characteristic for different values of Wc. Others parameters are (S23, S12) =(10, 0.1) , CaE =0.15, λ=1 and Re =1. 

Wc is defined as the ratio of droplet radius and half height of the channel. Therefore for a fixed droplet radius, if we decrease the value of Wc, it necessarily means the enhancement  of  channel height. Figure S3 shows that there is negligible difference between the obtained results for the chosen values of Wc. Hence, we can conclude that the domain confinement has negligible effect on the dynamics of the compound droplet for very lower values of Wc (Wc≤0.2) and the flow field nearly approximates an unbounded flow field

6. Dielectrophoretic force and EHD force on a concentric compound droplet.

The dielectrophoretic force on a liquid droplet in solo presence of electric field is expressed as 
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 and is generated due to the non-uniformity of electrical permittivity of the system. On the other hand, EHD force is generated due to the asymmetric distribution of the fluid flow around the inner droplet. From figure S4(a) and S4(b), it can be observed that the distribution of E2 and the fluid flow are symmetric in the direction of the electric field. Therefore the net dielectrophoretic force and electrohydrodynamic force acting on the inner droplet along the direction of electric field is also zero which confirms that the inner droplet does not exhibit any motion towards the direction of electric field. 


[image: image31]
Figure S4. Variation of (a) E2 (b) U with y along a vertical line passing through the center of the droplet and drawn from bottom wall electrode to upper wall electrode. Other parameters are (S23,R23) = (1,10) and (S12,R12) = (1,0.1), Re = 0.01, ​CaE=0.125, t=10 and λ=1. 

7. Effect of viscosity ratio on the dielectrophoretic force on a eccentric compound droplet.

In this section, we have discussed about the effect of viscosity ratio on the dielectrophoretic force on a concentric compound droplet. In figure S5, it is shown that the variation of viscosity ratio of the system has negligible effect on the distribution electric field along the axial direction both in confined and unbounded domain. Therefore, the change in the dielectrophoretic force due to alteration of viscosity ratio of the system is also negligible and the variation in the motion of the inner droplet occurs due to the sole effect of the net EHD force.


[image: image32]
Figure S5. Effect of viscosity ratio on the variation of E2 both in confined and unbounded domain along a horizontal straight line passing through the center of the droplet from east pole to west pole. Other parameters are CaE=0.20, Re = 0.01, e =0.25, (S23,R23) = (2,0.5), (S12,R12) = (0.5,2).
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