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1. Governing equations and boundary conditions

The linearised equations and boundary conditions are
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Note that in obtaining a linearised expression for (V -n)._p 4y We have used the

following expressions for the (surface) divergence of n in cylindrical coordinates.
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(1.7)

In further analysis, we use governing equations 1.1 and 1.2 alongwith boundary conditions
1.3-1.6.
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2. Linear stability analysis - Normal modes
2.1. Discrete spectrum

We seek normal mode solutions of standing wave form and set,

0(6,1) = ag cos(md) B exp(ot) + c. c} , (2.1)
w(r.0,) = sin(mé) :;Q(r) exp(ot) + c.c ] , (2.2)
W(r,0,1) = sin(m) %\I/(r) exp(ot) + c.c} (2.3)
(1,0, 1) = cos(m#) %P(r) exp(ot) + c.c } (2.4)

where c.c. stands for complex conjugate. Here Q(r), U(r) and P(r) are the eigenfunc-
tions while o is related to it’s eigenvalue. We assume that ap and m are real (the
latter restricted to only integer values for periodicity) while o is allowed to be complex
(temporal analysis). Due to o being complex, Q(r), ¥(r) and P(r) are complex functions
of a real argument as will be seen in subsequent algebra.

Substituting 2.1-2.4 into equations 1.1 and 1.2, we obtain

a’Q 140 m? o exp(ot)
e 28 (M T &Y L o = 2.
{dr2+rdr <r2+y) ] 2 te.c. =0 (25)

and

Pv 100w
dr2 o dr 72

exp(ot) _
\I/—Q]2+c.c.—0 (2.6)

If equations 2.5 and 2.6 are to hold at all time ¢, the coefficient of exp(ct)/2 (or
equivalently that of exp(at)/2), must be zero. The resultant equations are,

2 2
ﬁ+i‘ﬁ—(j+ﬁ)9:o7 (2.7)
v 1dv m?
@ Trar
Note that equation 2.7 has complex coefficients (since o € C). Consequently both £(r)

and U(r) are complex functions of a real argument (equation 2.8 has real coefficients but
a complex inhomogenous term). The solution to the first of equations 2.14 is

=0 (2.8)

Q(r) = CKy (Ir) + DLy, (Ir) (2.9)

where C, D are complex constants of integration (coefficients of equation 2.7 are complex
asoceC),l= \/g and I,,, K,, are mth order, modified Bessel functions of the first and
second kind respectively. For preventing divergence of Q(r) as r — oo, we set D = 0. In
doing this, we are inherently assuming that R(l) > 0f, since for fixed m (Abramowitz &
Stegun 1965),

~—

exp(z

lim I,,,(z) ~
Z—00 ( ) 27‘(‘2

: (2.10)

1 R(z) and (=) denote the real and imaginary part of z
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which diverges as z — oo only if R(z) > 0. We thus have Q(r) = CK,,, (Ir) and

20 14y  m?

—+-———- =V =CK, (I 2.11

drz  rdr 12 m (Ir) (2.11)
The general solution to equation 2.11 can be written as a linear combination of the two
independent homogenous solutions vy () = 7™ and va(r) = r~™ and their Wronskian W

(see equation 2.2.13 in Prosperetti (2011)),

U(r) = {OLC/T qu] vy (1) + {BHZ/T qu] va(r)

(2.12)

where o and 3 are real constants of integration (since coefficients of the left hand side of
equation 2.8 are real) whose value depends on the choice of the lower limits of integration
inside both the square brackets and ¢ = q\/g = ql. We choose the lower limit as infinity

_2m
q7

U(r) = {a + C/T 7q*m+1](m (@) dq] ™4 {ﬂ -C ' 7qm+1:;n (@) dq} r=m

and Ry in the first and second integrals respectively. With W (q) = we obtain

0o 2m Ry 2
(2.13)
We set @ = 0 to prevent divergence as r — oo t and obtain,
r _m+1K ~ T m+1K 4
U(r)=C [/ £ Kn(@) dq} o {5 Y i .0 dq] P
oo 2m Ro 2m
(2.14)

The first integral inside the square brackets in equation 2.14 may be simplified as follows.

i ' —m+1 5 _i 4 -3 72A*erl N A4
2m/ooq Ko (§) dg = ( ) /q Ko () dg (2.15)

2m \o oo
where § = q\/g = ¢l. Using the following identity (Weisstein 2001a),

d

= (27K (2)) = =27 " Kpg1(2) (2.16)
we obtain,
C v\1-% ’FAfm ~ ~ C vy\1/2 —-m o
i (5) L @di= o (0) @) @)

Note that in writing the right side of equation 2.17, we have explicitly used the fact that

lim ¢~™"'K,,_1(q) = 0 for any positive integer m. Using similar arguments, we can also
G—o0

simplify the second integral in expression 2.14. Using the identity (Weisstein 2001b)

d m _ m
= (Kn(2) = ="K 1 (2)

T This is because K., (z) decays as /5= exp(—z) as z — oo and so the integral goes to zero
exponentially fast.
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we obtain
C m+1 o C v\ 5 " ~m4-1 I8
o [ @ da = 5 (2)7 [ @) da
C (UNY2T s X —_— .
= o (;) { Kot (7) — Ry K1 (RO)} (2.18)

where Ry = Ry \/g . Combining expressions for the first and second integrals in equation
2.14, we obtain an expression for ¥(r)

c —m—+1 N m
50" K1 (r)} T

U(r) = [

+ [ﬁ + % {Tm+1Km+1 (f) - R81+1Km+1 <R0> }] " (2'19)

which can be re-written as

U(r)=pr "+ ;ﬂzl{KmH (7) = Ky (7) } - % (;%) - (Ro) (2.20)

Using the following identity (Abramowitz & Stegun 1965)
2m
Kit1(2) — Kpm—1(2) = 7Km(z) (2.21)

we simplify our expression for ¥(r) and obtain,

U(r) = fr—™ + (g) Ko (7) — % <}§0> o (RO) (2.22)

For further algebra, we need expressions for the first and second derivative of W(r),

v 1 (CN\, C T .
E = 77)’157" + (l) Km(T’) + 5[ (Ro) Km+1 (RO) (223)
d*w 2 v Cm+1[r\ ™2 A
2
where K] (2) = dKm(2) KD (2) = Lm;'z) and so on. In order to satisfy the boundary

dz
conditions, we need an expression for perturbation pressure. This is obtained from the

(linearised) momentum equation for the radial component of velocity i.e.,

ot por

ou, 10p 0%u, 10u, 1 8%u, wu, 2 Oug
_ —Zr — 2.2
Y ( Oor? r Or + r2 002 r2  r2 90 ) (2.25)
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which may be re-written in terms of streamfunction

Lop 1% [1dw 10w 1 0%
pOr 1000t |73 903~ r20rdd  r 0r200

mcos(mb) |1 v 1dv m?
= z{”‘P‘”<dﬂ+w‘rz‘I’ p(of) +c-c.

= M ;{O“I’ - VCKm(f)} exp(ot) +c.c.
_1 oC [\ " .
= m cos(m#) [2 {aﬁr‘m_l ~ o (Ro) Kint1 (RO) } exp(ot) + c.c.]

(2.26)

Equation 2.26 can be integrated from 7 to oo to obtain

1 B 1 m OCRy [T\ " -
p (p(00, 8,t) — p(r,0,t)) = cos(mb) [2 {JBT ~ o <Ro> K1 (RO) } exp(ot) +c.c.
(2.27)
p(r,0,t) = cos(mb) BP(T) exp(ot) +c.c } + p(00,0,t) (2.28)
. _ “m  OCRy [\ - . .
with P(r) = p¢ — ofr + ol (Ro) Kint1 (R()) } Similar conclusions are

obtained from the # momentum equation which is

Oug 110p , (82u9 10ug 1 0%up wg 2 8uT)

a2 T rar 2902 12 200

(2.29)

o prod
Equation 2.29 may be re-written in terms of streamfunction as

118p a2¢+y<33¢ 10% 1 & 109 28%) (2.30)

ar3 T ror? T r20020r 12 9r 13 062

prdd  Otdr

Using 2.3 in 2.30, we obtain

11@—sin(m9) _ ﬂ+y d37\11+1d27\117m72ﬂ
- 7 dr3  r dr? r2 dr

2
1
— —|-\IJ> }2exp(at)+c.c.

r2 dr 73

119p sin(mé) dv i a3 + 1d?°T  m?dv 1 dv 2m2\P
~-— =sin —o—4v|—t ) |5 -
pr oo mn dr dr3 = rdr2 12 dr r2 dr r3

1
}2exp(ot)—|—c.c.

(2.31)
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The derivative of 2.8 can be used to simplify equation 2.31. It may be re-written as

110p aw QY 14V 2m? 1d¥  2m?
bl e LR 7 N (e L
pr o0 sin(mf) [{ “ar T (dr T 3 ) v (r2 dr r3 )

1
}2exp(at) +c.c. (2.32)
which further simplifies to,
11 dv dQ |1
;;% = sin(mb) { —o— +Vdr}2 exp(ot) Jrc.c.] (2.33)

Substituting the expressions for ¥(r) and Q(r), we obtain

110 N\ (i C o :
;;£ = sin(m#) l{ -0 (—mﬁrml + <l> Ko (7) + 3 (1;) K41 (Ro))

1
+ClvK! (7) } 3 exp(ot) + c.c. (2.34)
which simplifies to,
o . m Co(r\ " . 1
50 = sin(m#) [p{amﬁr o <Ro> RoKpt1 (R()) }2 exp(ot) + c.c.]
(2.35)

Integrate equation 2.35 with respect to 6, we obtain

p(r,0,t) — p(r,0,t) = (cos(mb) — 1) lp{ —ofr ™

Co r\ " R 1
o (Ro) RoKomin (Ro) }2exp (ot) +c.c. 1 (2.36)

Comparing 2.36 with 2.27, we see that both lead to the same expression for p(r, 6, t) if we

- 1
set p(oo, 8,t) = 0 with p(r,0,t) = [ { —ofr=™+ le (RLO) RoK m+1 Ro }2 exp(ot) +c.c.
It is seen that p(r,0,t) — 0 as r — co. We thus have,
Q(r) = CX,y, (7) (2.37)
Cm C ~_ CRo -
_m . VICR r\ "
P(r) = p{ — VPR T <R0> Kot 1 (RO> } (2.39)

Equations 2.37-2.39 are to be used subsequently. Expressions 2.1-2.4 in boundary condi-
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tions 1.3-1.5 lead to

1
oay + —\II(RO) —exp(ot)+c.c. =0, (2.40)
Ry 2
v 14y m? 1
—_— ——+ U - t .C. = 2.41
(er TS + 2 )7-=R0 2exp(cf )+c.c 0, ( )
1dv 1 Tag o | 1
P(RO)+2[Lm <rd’"_7“2\Il>T:RO_R(2](1_m ) iexp(at)—i-c.c::o,

(2.42)

Since the above expressions must hold at all time ¢, the coefficients must be zero. This
leads to the following homogenous equations.

oag + 7W(RO) =0 (2.43)

Ry

v 140 m?
1 m v — 2.44
(dr2 r dr r2 )T Ro 0 ( )
14v 1 Tag 9

2 — = - — (1-— =0 2.45
P(Ro) + um( dr 2 >7~R0 R(Z) ( " ) ( )

Substituting expressions for ¥(r) and P(r) from 2.37-2.39 into equations 2.43-2.45, we
obtain (prime indicates differentiation with respect to the argument)

12 1 . 1 .
ZI/TO 0o+ % (gLKm(RO) - 2Km+1(Ro)> C+mR;™ 2?8 =0 (2.46)
0 0
( —m—2 " 1 / me m+1 . B
m+ ) ﬁ+ Km_ AKm+ ~2 Km - ~ Km—i—l(RO) C=0
r r F=Ro Ry
(2.47)
T R R
—W(l —m?)ag — vI?R;™ B t5 7 Kmt1(Ro) C+ 2ym[ (m+1)Ry™ 23
0
1 R Ko (R 1 R
= {Kinu%o) - K ) (”;; ) Km+1<Ro>}c 0 (2.48)
0 0

The above set of equations are simplified further. We extensively use the following
identities in subsequent algebra (Abramowitz & Stegun 1965)

Kin(2) = —Km—1(2) — TKM(Z), Kin(2) = =Kt (2) + %Km@)a (2.49)

K 1(2) K1 () = Ko (2), K 1(2)  Knia(2) = 2K () (2:50)

Consider equation 2.46. The coefficient of C using one of the identities in equation 2.49
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can be re-written as

Zme — RoK m R
< (RO) nL+1 0 +1( 0)
Ro Ro 2]%O
me Ro + me(Ro) RQKm+1(R0)
2R,
_ 1 MK (Ro) + RoK},, (Ro)
Ry 2R,
_ 1 RoK;—1(Ro)
Ry 2R,
_ _Km—lA(RO) (2.51)
2Ry
Thus equation 2.46 reduces to
Z/l2 m 1(R0) _ 2
fa—ic—f— mRy™" =0 2.52
Ro 0 2R, (2.52)
For simplifying equation 2.47, we differentiate the first identity in 2.49 leading to,
KI(2) = Kby (2) + =Ko (2) = 2K, (2). (2.53)
z z
Using 2.53 in the expression below, we obtain
. . m? . m+1 1 . m .
K () = 2K (7) + f—zw ) = =K1 () = "o (K,(7) = K (7))
N, om+1 .
“Koma (1) + =K (7) (2.54)

where we have used the second identity 2.49 in writing the second step. This can be used
to simplify equation 2.47 to,

2m (m+1) o 2B KTYL 1(R0)C 0 (255)

Similarly, equation 2.48 can be written as

_i(l — m2)a0 _ VZQRam (1 =+ 2(m+1)> B

PR3 p
R? ’ L Ku(R .
];/ 0 Km+1 (Ro) + 2m <K:R(R0) — ]é 0)) + (m + 1) Km+1(R0) C=0
0 0

(2.56)

The coefficient of C equation in 2.56 can be simplified as follows. Using the identities
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written earlier in 2.49

[ R2 . s Kn(R 5
1/ 70Km+1(R0) + 2m K/m(Ro) — A( 0) + (m + 1) Km+1(R0)
0 _2m Ry
[ R2 . - Kn(Ro) om,
= AO -ﬁKm—H(RO) + 2m (K/m(Ro) - EO + (m + 1) <K;H(R0) + ]%OKm(Ro)>
[ R2 . Ko (R Ko (R . .
= | 52K (Ro) - mKn(Bo) | o, (m’(o) + K;,L(Ro)> — X, (Ro)
0 | 0 0
[ R2 . mK(Ro) ,
= — 7Km — ~ - Km— R - K R
fio |2m +1(Ro) R mKp,—1(Ro) — K, (Ro)
v [ R2 R
= 5 |2 Kt () = 5 (Koo (o) + Ko (o)) = K1 (Fo)
1
+5 (Kin1(fo0) + KmH(RO)ﬂ
v | R R
= — | —Knt1(Ro) — (m — 1)K —1(R, 2.57
B |2m +1(Ro) — (m ) 1(Ro) ( )
Thus equation 2.56 simplifies to
T _ 2m(m+1) v | R? .
—— (1 -m?ag—vI?Ry;™ [ 1+ ——~~ — | 2K g1 (R
pR%( m*)ag — VI*R, < + fi7 >5+R0 m +1(Ro)
—(m = 1)Km-1(Ro)|C =0 (2.58)
After these algebraic manipulations we obtain the final forms of equations 2.46-2.48.
Z/l2 Km—l(RO) —m—2
—ag— ———=C Ry™ =0 2.59
RO Qo 2R0 +m 0 6 ( )
—K/,_1(Ro) C+2m(m+1)R;™ 28 =0 (2.60)
———(1—=m?)ag + v @K (R )—(m—-1)XK (R )|C
OR2 0 o |2m m+1(f10 m—1(L10
_ 2m(m + 1)
0
Equations 2.59-2.61 are linear equations in ag,C and (. For a non-trivial solution, the
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determinant of the left hand side must be zero. Thus,

Km—l(RO) m

12 _ .

Y 2 Ro

. 2m(m +1
0 KR T =0
T Vo 2m(m + 1)
———(1—m? —G(R 1+ —
et ath ( 5

R R2 R R
with G(Ry) = ﬁKmH(RO) — (m = 1)X,,—1(Rp). Note that in the last column of the

determinant, R, " has been factored out as it appears in all the three terms. Similarly,
1/ Ry has been factored out from the first row. Solving the determinant, we obtain

Ry R3
 TK;,_1(Ro)
pRY

2| 12y 2
vl lyl K., _1(Ro) (1 + 72 >

TKpm—1(Ro)
IpR}

2m(m + 1)> ~ vG(Ro) 2m(m +1)

m(m +1)(1 —m?) m(1 —m?) =0 (2.62)

Re-arranging equation 2.62 we can write

« 2m(m + 1) vG(Ro) 2m(m + 1)
vi? |Kl,_ (Ro)vi® [ 1+ = - —
m 1( O) ( R(Q) RO R(Q)
T Kim—1(Ro) m(m +1) , Aom
+——(1 —m? . — X, _(Ro)— ] =0 2.63
pR(Q)( )( RO RO 1( O)RO ( )

!

m_l(ﬁo) (it is checked that there are no zeroes

Dividing equation 2.63 throughout by K
of this on the complex plane whose R (]:20> > 0), and re-arranging we obtain

g <1+ 2m(m+l)> _ 2m(m A1) PG (R)

R3 RIK, 1(Ro) Ro
L omm® — 1) 1 - (m + 1,)Km*}(R°) =0 (2.64)
PR; RoK:, 1 (Ro)

Equation 2.64 may be re-written as

) 2m(m + 1) G(Ry) ) Tm(m? —1) (m+1)Kp_1(Ro) |
l/l4+R(2)<1—A>l/l4+ pRg’ <1— )—0

Dividing and multiplying equation 2.65 by v? and Rj respectively, we obtain

29 G(Ro) 52 4 La m(m? — _(m+1)Km—1(E0) _
o (1~ 20 w2t
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2.2. Continuous spectrum

In our analysis in the previous section, we had assumed that %(l) > 0. We now allow
for the possibility that R (I) = 0. Suppose | = \/g = I¢ where € € RT. This implies that

o is a real negative quantity (0 = —v€2). In terms of ¢, equations 2.7 and 2.8 may be
written as
a’Q 140 , m?
- — Q=0 2.67
d7"2+7“d7“+<f 7“2) (2.67)

v 14V m?*

_t - = U =) 2.68
dr?2  rdr r2 ( )

The solution to equation 2.67 is
Qr) = Clm(&r) + DY (&r) (2.69)

where C,D are (real) constants of integration as coefficients of equation 2.67 are real.
Equation 2.68 now becomes

v 14V 2
7 T T:—Q\I/ = CJn(E7) + DY, (E7) (2.70)

whose solution is (Prosperetti 2011)

T 02(@){Clm (€0) + DYon <sq>}dq "

- W(q)
[ @{0n (€0) + DYn(0)}
e[ . dq| vs(r) (271)

With solution of the homogenous part of equation 2.70, v1(g) = ¢, va(q) = ¢~™, their

Wronskian W(q) = 2m and a = 0 for boundedness at r — 0o, we obtain
oo —m-+1 —m—+1
T Iy L Y R 1P
T m+1 T m+1
+ {5 —c qu D A ] (2
Ro 2m Ro 2m

Using the following identities (Abramowitz & Stegun 1965)

d d
% (ZiQO(Z)) = _ZiQO+1(Z)a @ (ZerlQm-i-l(Z)) = Zm+1Qm(Z) (273)
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where Q,,, = J,, or Y,,,. We can simplify the integrals in equation 2.72 as follows.

C o C m—2 o]
om /7: q_m-i-l]m <£Q) dq = §2m /72 (j—m+1]m (qA) dq, ((j ={q,f= 674)
= @,ﬁ*mﬁ’l] (A 1 2
T 2m m—1(F), (m >1/2)
- QCTgT_mH]m*l(f) (2.74)
C r C —m—2 T R
2m ¢ m (€q) dg = 52m /R ", (6) dd, (o = €R0)
C —m—2 . .
= §2m (fm+1lm+1(f) — R6n+1177L+1(R0)>
= Ime (“”“Imﬂ(f) - Rgﬁljmﬂ(éo)) (2.75)

As Y, satisfies the same identities as J,,, the other two integrals can be handled in
exactly the same way. We obtain now,

W) = [— e () -

D —m+1 ~ m
omE — le(r)]r

2mé

C

{Tmﬂlmﬂ(f) - RBnHImH(RO)}

i 2mé

B

D
2mé

rfm

{rm+1vm+1(f) - R()"“Ymﬂ(f%o)}

= ﬂ’l"im - ;ﬂ;{]m—l(f) + ]m+1(f)} - ;)ﬂ”;{Ym_l(f) + Ym+1(7ﬁ)}

CRy [ Ro\™ . DRy [ Ro\™ .
+2m2<7~0> Jm+1(Ro)+2m§ <TO> Yo41(Ro) (2.76)

Using the identity (Abramowitz & Stegun 1965)
2m
Q- 1(2) + Q1(2) = - QO (2) (2.77)

where Q,,(2) = Jn(2) or Y, (2), we can simplify equation 2.76 to

W(r) = pr ;{am(m - Dvmm} - fnfg{cmﬂ(z%o) - DYmH(Ro)} ()



Capillary waves on a hollow filament 13

For later algebra, we need the following expressions

e gt é{cdl’;f@ +DdY§f(f)}
- I{C]mﬂ(}?o) +DYm+1(RO)} (Ro)mﬂ (2.79)
28 r
‘57‘3 = m(m +1)Brm - {cdz';(f) + DdQZ’;(” }
m+1 . . Ro\ ™2
; %RO{CJWH(RO) +DYm+1(R0)} (r> (2.80)

An expression for pressure is obtained from the radial momentum equation.

Lop 10 T10% 10w 1 9%
pOr T 000t 3963  r20rdd  r or2d6

= % (0@ — vQ2) cos(mB) exp(ot). (2.81)

The following expression is obtained

m , OR - . Ro\™
ol — Q) = 0'67” + 2TTL2{CIm+1(RO) + DYerl(Ro)} (TO> (282)
and we have
1 ap o 8’L+1 . . N
oor = cos(m@) exp(ot) |mop + 2 Clma+1(Ro) + DY i1 (Ro) o | 7 (2.83)

We thus obtain an expression for pressure by integrating from r to co. With p(r, 6,t) =
cos(mb) exp(ot)P(r) and P(oco) = 0, we obtain

P(r)=—p [Uﬁr_m + ggi{C]erﬂRo) + DYm+1(Ro)} (}}))m (2.84)
We thus have
n(0,t) = ag exp(ot) cos(mb) (2.85)
w(r,0,t) = exp(ot) sin(mé)Q(r), (2.86)
Y(r,0,t) = exp(ot) sin(mb)¥(r) (2.87)
p(r,0,t) = exp(ot) cos(mb)P(r) (2.88)

Note that unlike the discrete spectrum case, o in the continuous spectrum is real (as
o = —v&?) and hence complex conjugation is not required in equations 2.85-2.88. Explicit
boundary conditions have not been imposed so far (except boundedness at r — o0).
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Substituting equations 2.85-2.88 in 1.3-1.5, we obtain

oag + —-T(Ry) = 0 (2.89)
Ry
U 14V m?
_ - —\y = 2.
(dr2 r dr + r2 >r—Ro 0 (2.90)
14dv 1 T
) - — — (1= m? = 2.91
P(Ro) + 2um (7“ - >7'—R0 I ( m )ao 0 (2.91)

Equations 2.89-2.91 represent three linear homogenous equations in four unknowns viz.
ao,C,D and (. In terms of these variables, 2.89 is

3 £

_v€aq + 1{;17”“(1%0) _ T]m(fzo)}c n 1{1Ym+1(R0) _ i”vm(Ro)}D +mR;™ B =0

Ro 2 RO
and equation 2.90 is

o d*,, 14dJ,, m%. .
2m(m + 1)R0 25 - { d’llg - ; d{rA + 72 Im(r)} ¢
#=Ro

a*Y,,  1dY, o m?, m+1 A )
i { - fdf+f?Ym(r)} Py (P =0
#=Ro 7=Ro
Its can be shown that using identities for J,,, and Y,, (Abramowitz & Stegun 1965) (see
2.53 and 2.54 for similar algebra) that

d®°Q,  1dQ, m’

a2 7R e

with O, (2) = Jin(2) or Y,,(2). Using this in equation 2.93 we may re-write it as,

d9,._ 1 R
O (7) = Qd?2 - + m: Q1 (7) (2.94)

—m— d] — de,1
m—=25 [ Zm-1 _ —
2m(m + 1)R, B ( i )fRO C ( O )fRO D =0. (2.95)
Equation 2.95 may be re-written as
d]mfl de,1 —m—2
D-2 1 = 2.
< i )f_RU C+ ( ar )i}%o m(m + 1)R, 8=0 (2.96)
Writing equation 2.91 as,
2 —m VEO 5 5
p |VEBRy™ + D Clm+1(Ro) + DYm41(Ro)
o C d]m(f)) D (de(f)) C R
+2mmRm2A( N - = | T/ - —= Jm R
! [ e Ry dr Ji_r, Ro dr )i, 2RoJ +1.(Ho)
D » —m—2 1 ~ ~
———Ym+1(Ro) — BR, + = Clm(7) + DY (7)
2Ry, Rj P—F
1 - A T 9
————CJm+s1(Ro) + DYpi1(Ro) p| — =5 (1—=m?) ag =0 (2.97)
2mR0 RO

(2.92)

(2.93)
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Equation 2.97 may be further simplified to

T (1—m?) o 2m (m+ 1)
Tm ek (1 r )’
R2 ;o m(R X
ALO Tﬁi]mﬂ —2m (]m(Ro) - I}(%OO)> —(m+1)Jmt1(Ro)| C
R? Ca Ym(R -
+}§0 ﬁvmﬂ —2m (Ym(RO) - }(%OO)> —(m+1) Y1 (Ro) | D=0 (2.98)

Using the same set of steps as equation 2.57 and identities for J,, and Y,, (Abramowitz
& Stegun 1965), the coefficient of C and D may be simplified in 2.98 to obtain,

T (1-m?) o 2m (m + 1)
_Wao + VfZRO <1 — Tﬁ 153

1% f%% A A 14 R% A ~

RO %Jm-ﬁ-l (RO) - (m - 1) ]m—l (RO) C+ RO %Ym-l-l (RO) - (m - 1) Ym—l (RO) D
_0 (2.99)

We write the final form for the three boundary conditions in equations 2.89,2.90 and 2.91
together below. As these are three equations in four unknowns, we can determine three
ratios which we choose to be ag/3, C/5 and D/S.

—220 1{;]m+1(RU) - tnlm(Ro)}c + 1{1Ym+1(R0) - gYm(RO)}? = —mRy"

g€ Ro B &2 0
(2.100)
(d]g";l)r_R % + (dY(;’;‘l)LéO % =2m(m+1)Ry™ 2 (2.101)
L e R”O B8 s (o) = o= 1) (o) |
+1;0 fiYmH (f0) = (m = 1) You 1 (Ro) % — 2Ry (1 _2m (gg‘L U) (2.102)

Equations 2.100, 2.101 and 2.102 are three inhomogenous equations. For obtaining a
non-trivial solution, the determinant of the coeflicients of the left hand side should not
be zero. It is clear that there is no dispersion relation in the present case and a non-trivial
value of ag/B, C/B, D/B is obtained for every value of 0 < £ < co by solving equations
2.100-2.102. Note that since 0 = —v€2, this implies that —oco < o < 0 for the continuous
spectrum.
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3. Initial value problem (IVP)

For studying the IVP, we set

n(6,t) = a(t) cos(mb), (3.1)
w(r,0,t) = sin(m0)Q(r, ), (3.2)
Y(r,0,t) = sin(mb)¥(r,t) (3.3)
p(r,0,t) = cos(mb)P(r,t) (3.4)

In order to avoid profusion of symbols in the algebra, we have retained the same symbols
for the radial part of the w, 1 and p as in earlier sections. Substituting expressions 3.1-3.4
in equation 1.1 and 1.2, we obtain

o0 9?Q 199 m?
—_— = _— _—— — 79 .
ot Ulorz Trar 12 (3:5)
PV 10¥  m?

9T My )
or?2 ror 2 (36)
Define the Laplace transform and inverse transform pair f(t) and f(s) as,

F(s) = /0 " F () exp(—st)dt (3.7)

With initial conditions a(0) = ag,a(0) = 0, Q(r,0) = 0, the Laplace transform of
equations 3.5 and 3.6 is (Laplace transformed variables are indicated with a tilde on top)

Gzt e otz )0=0 oo - =05 (3.8)

v o or? or2  r or 72

920 100 (s m2>~ 2V 190 m2

The algebra henceforth is entirely similar to the discrete spectrum algebra except that
now equations 3.8 are partial differential equations. The solution to the first of equations
3.8 is

Q(r,s) = C(5)Ky (hr) + D(s)1,,, (hr) (3.9)

where h = /% and C(s),D(s) are complex functions of s, h = V2 and Iy, Ky, are mth
order modified Bessel functions of the first and second kind respectively. For preventing
divergence of Q(r, s) as r — 0o, we set D(s) = 0. We thus have Q(r, s) = C(s)K,, (hr).

2V 19¥ m2
9.2 2

a2 T rar 7 U =C(s)Kp (hr),  R(h) >0 (3.10)
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Similar to the discrete spectrum case, we obtain

Q(r,s) = C(s)Ky, (hr) (3.11)
U(r,s) = B(s)r™ ™ + (Cfij)> Ky (hr) — Cé!;)f;o <To> Kina1 (RRo) (3.12)
% = —mB(s)r ™t + <C§LS)> K., (hr) + CT;) (];0>_ ) Kint1 (hRo) (3.13)
2= 5 —m—2
%’ = m(m +1)5(s)r—" "% + C(s)Kl (hr) — % mRJ; ! (é{)) Kun1 (hRo)
(3.14)
P(r,s) = P{ — sB(s)r ™ + 862(250 (];O) . Kim+1 (hRo) } (3.15)

Laplace transforming the boundary conditions 1.3-1.5 and using 3.1-3.4, we obtain

sa(s) + ﬂ\iJ(RO, s) = ag (3.16)
Ry
PU 10V m? .
(ara Trar T ) =0 (3.17)
’I‘:Ro
10V 1. U
P(Ro, s) + 2um <8r - TQ\P) ) " (1—m?)a(s) =0 (3.18)
r=Ro

Substituting expressions for ¥(r, s) and its derivatives alongwith P(r,s) from 3.12-3.15
into equations 3.16-3.18 and following the same algebra as in the discrete spectrum, we
obtain

S . Kmfl(hRO) 5 —m—273 _ Qo
ﬁoa(s) T 9hR, C(s) +mRy™ "fB(s) = Re (3.19)
—K.,_,(hRo) C(s) +2m(m 4+ 1)R;™ 2f3(s) = 0 (3.20)
v 2 p2 ~
_pTRg(l i) + %Kmﬂ(h}%o) — (m - D)Km_1(hRo) | C(s)
—sRy™ (1 + W) B(s) =0 (3.21)
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Equations 3.19-3.21 are linear equations in a(s), 5(s) and C(s). To solve for a(s), using

Cramer’s rule we obtain,

a 7Km—1(hRO) ﬁ
0 2h Ro
2m(m + 1
0 Ky (hE) SR
0
v 2m(m + 1)
0 —G(hR —s(1
i(s) = il U ),
B 5  Kin—1(hRo) m
2 Ro
2 1
0 KL, (hRy) m{m + 1)
o
T v 2m(m + 1)
- (1-m?) —G(h —s(14 2T
i) et s (1 2
2 2
where G(hRy) = PR K1 (7o) —(m—1)Ks—1(hRo). Note that the homogenous part

of equations 3.19-3.21 is identical to what was obtained earlier (see determinant above
equation 2.62), if one replaces s with o and h with I. The expression for a(s) may be

simplified as follows,

als) = . 2vm(m+ 1) G(hRo) Tm(m? — 1) (m + 1) K1 (hRo) \
’ Rj <1 - hROKinl(hRO)) o PR} (1 ~ hRg Kfml(hRO)>
[5 <1 N 2m(m + 1)) _ 2vm(m+1) G(hRy) }
R W K, (hRo)
- oy 2vmln 4 1) (1 ~ G(hRy) ) o Im(m® 1) (1 () Km_l(hR0)> o
Rj hRoK;,,_1 (hRo) PR} hRo  Kj,_1(hRo)
[s N 2mv(m+1) 2vm(m+1) G(hRo) }
. 7 MR Ky (01 )
g2y Zvm(m+1) <1 ~ G(hRy) ) o Tm(m? —1) <1 ~(m+1) Km_l(hR0)> 0
R hRoK_,(hRo) PR3 hRo K. _ (hRo)
2mrv(m +1 hR
[s i (RE - (1 } hRoi:(nj;lRo))]
- oy 2vmm+ 1) <1 ~ G(hRy) ) o Tm(m® 1) <1 “(mt 1) Kml(hR0)> 0
R hRoK,_, (hRo) PR3 hRe K. . (hRo)
(3.22)
The final expression for a(s) may be written in compact form as,
~ s+ M(s
a(s) = LQ - 3/\:(5) —f—zugx(s)] ao (3.23)
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with
21/m(m + 1) ( g(hRo) ) (m + 1) Km_l(hRo)
M(s) = 1-— , x(s)=1-—
(=) R3 hRoK;,,_1 (hRo) =) hRo  Ki,_1(hRo)
Tm(m? — 1)
2 e ——
and wy = PG .

Note that wq is the inviscid frequency of oscillation of a Fourier mode of index m.

4. Test cases
4.1. Lid driven cavity

Lid driven cavity is the classic test case for one phase Navier-Stokes equations in
CFD. Here we have a square cavity of side length unity with no slip and no-penetration
conditions on three boundaries. except the lid which moves with constant velocity. We
benchmark our solver against the data of Ghia et al. (1982)

u=1 v=0 2—5:0

u=20 p:]_ u=>0

5 —0001 ) ’
dp f—

_ _ op __
u=0 v=0 8_;*0

(a) Simulation geometry for square cavity

0.4 4
101 « Ghiaet. al.(1982) M + Ghia et. al.(1982)
—— in-house code —— in-house code
0.8 4
0.2 4
0.6 4
0.4 4 0.0 .
=] >
0.2 4
0214
0.0 4
-0.2 -0.4
041
0.0 02 0.4 0.6 0.8 10 0.0 02 0.4 0.6 0.8 10
y X
(b) u velocity along y = 0.5 (c) v velocity along z = 0.5

Figure 1: Reynolds no. Re=1000
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4.2. Dam break test (Cartesian), Experimental Verification

In this section, we validate our in-house developed solver against experimental data
for the dam-break test. A rectangular two dimensional column of fluid is initialised with
zero velocity and spreads under the influence of gravity.

(i) Domain: [0,1.61] x [0,0.805] m

(ii) Initial Interface: Dam of height 0.3 m and length 1.0 m

(i) Grid size: 128 x 256

(iv) pg = 1.226 kg/m?, p; = 997.0 m?3,

(v) g =178 x 1075, py = 8.8733 x 1074

(vi) o9 = 0.0728 N/m

(vii) g =9.81 m/s?
(viii) Boundary Condition : no slip at all boundaries.

0.8 0.8
0.6 106
0.4} 1 0.4
0.2} 102 f-a
% 0.5 1 15 % 0.5 1 15
(a) (b)
0.8 : : — 08
0.6 | 06
0.4} | 04
0.2} M(M(/w""" 0.2 M
% 05 1 s % 0.5 1 15
(c) (d)
0.8 0.8
0.6/ 0.61.
0.4}
0.2t .,
% 0.5 1

() ()

Figure 2: Verification of in-house code (solid line) and with experimental data (symbols)
obtained from Lobovsky et al. (2014)
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4.3. Free oscillations at the interface between two fluids

In order to benchmark the inhouse viscous solver, we simulate free capillary oscillations
of two immiscible, incompressible viscous fluids of density and viscosity pu, fhu, P1,
(subscript u for upper and 1 for lower) on horizontally and vertically unbounded domain.
The interface is initiated in the form of a single Fourier mode with zero velocity
everywhere and the subsequent motion of the interface is tracked in time at a particular
x location. We use symmetry boundary conditions on all four sides of the computational
domain taken to be [0,1] x [0,3]. In the linearised limit, the analytical expression for
amplitude of the standing wave (in the Laplace domain) is given by Prosperetti (1981).

a(s) = (HA(S)> ao (4.1)

s2 + A(s)s + wd

where,
Als) = Ak(=prpus + k(pu — ) (pu(k = M) = pr(k = Au)) + K (e — pra)® (k = M) (k = Au)s ™)
(o + pu)(pr(k = Au) + pulk — A1) '
3
Ma= K2+ and wi= LR
Viu Pl +pu

For these simulations, we have chosen p; = 1, p, = 0.01, w; = 0.01, p, = 0.0001, T'=1, k =27
with zero gravity. The simulation geometry is shown in figure 3a. Results from DNS conducted
using our inhouse solver, the numerical Laplace inversion of expression 4.1 and the open-source
solver Basilisk (Popinet 2014) is shown in figure 3b.

1007 o Busilisk
‘ 0.75 *  Prosperetti(1981)
U er Y —— in-house code
p p 0.50 1
a(7)0.25 4
a(0)
15 - | 0.00 1
Lower ~0.25 1
—0.50 4
—0.751
‘ ; 0 % % D
0 0'5 1 T = tW[)
(a) Simulation geometry: Grid - 64 x 192 (b) Amplitude vs time

Figure 3: Planar wave viscous oscillations

4.4. Inviscid capillary oscillations

The simulation geometry is the same as that studied in the main manuscript with
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20

_DNS
15 o Eq.42

-15

two
2

(a) Case 0 in table 2 of the main manuscript

Figure 4: Benchmarking of the inhouse developed DNS code with frequency predicted by
equation 4.2

(4.2)

5. Extraction of vorticity data from DNS

Our in-house solver is written in two dimensional Cartesian coordinates (z-y) while the

analytical expressions for Q(r, t) have been obtained using plane-polar (r-6) coordinates.
We show here that the out-of-plane z component of the vorticity wSaresian = % — %
as obtained from DNS; is the same as the (axial) z component of vorticity in cylindrical
coordinates (or polar coordinates) (w = %{% (rug) — 85‘; ). We have the following

relations between plane polar coordinates (r, ) and Cartesian coordinates ((x,y))

x = rcos(f), y = rsin (6) (5.1)

(.2 2)1/2 _ -1 (Y
r=(z*+y*)"", 0 =tan (:U) (5.2)

And the relations between velocity components in Cartesian (u, v) and polar components
(U,-, UQ)

u = u, cos(0) — ug sin (6) (5.3)
v = ug cos(f) + wu,. sin ()

The partial derivatives have the following relation

o _ sin(f) 9
5 05— = "5 (5:5)
g . 0 cos(d) O
aiy = Sln(a) 8r , 69 (56)
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Substituting expressions 5.5 and 5.6 into,

- v  Ju
Cartesian _ 7~ _ Y™
e 0x Oy
B 0 0 - sin(6 ) + )]
= 4 CoS )5 . 3 [ug cos( u, sin ()
. 0 0
_{ Sm(a)af + COST( ) 8} [u, cos(0) — ug sin (6)] (5.7)
After some algebra on 5.7, we can show that
. 1(0 ou
Cartesian __ T _
wy = {(% (rug) — 50 } =w (5.8)

6. List of symbols

For the benefit of the reader, we provide here a list of symbols which are used in the
main manuscript in the nomnclature below.

7. Appendix

The series representation of K,,(z) for m = 0,1,2 and 3 are obtained below from
Mathematica (Wolfram Research, Inc. 2017) or eqn. 4.16 in the main manuscript. For
m > 0, it is seen that z = 0 is a pole and a logarithmic branch point.

Ko(z):—{’y—&-ln(%)} +...

1 1
Kl(z):f—kz[211(1(5)—1-1-27]24-... (7.1)
z
Ko(z)= = 141 [3 4 41()} 2 4 (7.2)
=—=—3 n .. .
2T 2T T ToRmg))F
8 1 =z z
Ks(z) = — — =+~ —[ 11+ 12y + 121 (f)} 3y 7.3
@)= F -t gt [T R2in(g)] (7.3)
Nomenclature P Radial part of perturbation pres-
n Location of perturbed interface suré p
3 Axial coordinate v Radial part of perturbation
I m' order modified Bessel function streamfunction ¢
of the first kind P Axial component of perturbation
Jm m* order Bessel function of the streamfunction
first kind ot The density of inner fluid
K,, m'™ order modified Bessel function p®  The density of outer fluid
of the second kind o Complex frequency
pur  The viscosity of inner fluid 0 oot Azimuthal coordinate
pu®  The viscosity of outer fluid a Str§ss tensor
Y,, m'™ order Bessel function of the k Axial wavenumber
second kind m Azimuthal wavenumber
Q Radial part of perturbation vortic- p Perturbation pressure
ity w T Radial coordinate
w Axial component of perturbation Ry Radius of cylindrical filament
vorticity s Laplace variable
wo  Inviscid frequency T Surface tension coefficient
La  Laplace number La
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