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1. Linearised Navier-Stokes equations

The explicit form of equation 2.25 is

Continuity (Lcqs,b = Fc):(
−iω +A1 −

A7

T̄

)
pb
P̄

+

(
iω −A1 − C1 +

A7

T̄

)
θb
T̄

+
ρ̄x
ρ̄
ub +

ρ̄y
ρ̄
vb + iβwb+

ub,x + vb,y +
Ū

P̄
pb,x +

V̄

P̄
pb,y −

Ū

T̄
θb,x −

V̄

T̄
θb,y = Fc(q̄,qw,qa) ,

X-momentum (Lxqs,b = Fx):[
µ̄TC2
R

+
ρ̄A2

T̄
+
µ̄TT

R

(
T̄xA4 + T̄yA3

)]
θb +

µ̄

R
(dub,xx + svb,xy + ub,yy)− ρ̄Ūyvb+(

µ̄T T̄y
R
− ρ̄V̄

)
ub,y −

ρ̄A2

P̄
pb +

(
dµ̄T T̄x
R

− ρ̄Ū
)
ub,x −

(
ρ̄Ūx − ρ̄iω +

β2µ̄

R

)
ub − pb,x+

isβµ̄

R
wb,x +

µ̄T

R

[
iβmT̄xwb + T̄yvb,x +A3θb,y +A4θb,x +mT̄xvb,y

]
= Fx(q̄,qw,qa) ,

Y-momentum (Lyqs,b = Fy):[
µ̄TC3
R

+
ρ̄A5

T̄
+
µ̄TT

R

(
T̄yA6 + T̄xA3

)]
θb +

µ̄

R
(dvb,yy + sub,xy + vb,xx)− ρ̄V̄xub+(

µ̄T T̄x
R
− ρ̄Ū

)
vb,x −

ρ̄A5

P̄
pb +

(
dµ̄T T̄y
R

− ρ̄V̄
)
vb,y −

(
ρ̄V̄y − ρ̄iω +

β2µ̄

R

)
vb − pb,y+

isβµ̄

R
wb,y +

µ̄T

R

[
iβmT̄ywb + T̄xub,y +A3θb,x +A6θb,y +mT̄yub,x

]
= dFy(q̄,qw,qa) ,

Z-momentum (Lzqs,b = Fz):

iβµ̄T

R

[
mA1θb + T̄yvb + T̄xub

]
+
µ̄

R
(wb,xx + wb,yy)−

(
dβ2µ̄

R
− iωρ̄

)
wb − iβpb+

isβµ̄

R
(ub,x + vb,y) +

(
µ̄T T̄y
R
− ρ̄V̄

)
wb,y +

(
µ̄T T̄x
R
− ρ̄Ū

)
wb,x = Fz(q̄,qw,qa) ,

Energy (Leqs,b = Fe):(
ΓP̄x − σρ̄T̄x

)
ub +

(
ΓP̄y − σρ̄T̄y

)
vb −

[
σρ̄A7

P̄
+ iωΓ

]
pb + ΓŪpb,x + Γ V̄ pb,y+

dΓ µ̄

R
(A8ub,x −A9vb,y) +

2Γ µ̄A3

R
(vb,x + ub,y) +

µ̄

R
(θb,xx + θb,yy)−

(
σρ̄Ū − 2µ̄T T̄x

R

)
θb,x−(

σρ̄V̄ − 2µ̄T T̄y
R

)
θb,y −

Γdiβµ̄A1

R
wb +

[
µ̄TT

R

(
T̄ 2
x + T̄ 2

y

)
+ σiωρ̄+

σρ̄A7

T̄
− β2µ̄

R
+

µ̄T

R

[
T̄xx + T̄yy + Γ

(
dŪ2

x − dŪxV̄y + dV̄ 2
y + V̄ 2

x + 2V̄xŪy + Ū2
y

)]]
θb = Fe(q̄,qw,qa) ,

whereas the bilinear forcing terms are given by
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ρ̄Fc =
[
(−iω +A1)B1 + ŪB1,x + V̄ B1,y

]
(pθ)w,a + V̄ B1

[
(pyθ)w,a + (θyp)w,a

]
−

2
[
(−iω +A1)B2 + ŪB2,x + V̄ B2,y

]
θaθw + ŪB1

[
(pxθ)w,a + (θxp)w,a

]
−

B3
[
(upx)w,a + (vpy)w,a + (pux)w,a + (pvy)w,a + iβwwpa

]
+ B4,y (vθ)w,a +

B4
[
(uθx)w,a + (vθy)w,a + (θux)w,a + (θvy)w,a + iβwwθa

]
− B3,y (vp)w,a−

2B2
[
Ū (θxθ)w,a + V̄ (θyθ)w,a

]
− B3,x (up)w,a + B4,x (uθ)w,a ,

Fx = ρ̄ (uux)w,a + ρ̄
(
iω − Ūx

)(uaθw
T̄
− pwua

P̄

)
+

ρ̄Ūx

(
pauw
P̄
− θauw

T̄

)
+
ρ̄Ū

P̄
(pux)w,a −

(
ρ̄Ū

T̄
+
dµ̄TT T̄x

R

)
(θux)w,a − B1A2 (pθ)w,a +[

2ρ̄A2

T̄ 2
− µ̄TTT

R

(
A3T̄y +A4T̄x

)
− µ̄TTC2

R

]
θaθw + ρ̄ (vuy)w,a +

ρ̄Ūy

(
(pv)w,a

P̄
−

(θv)w,a

T̄

)
+
ρ̄V̄

P̄
(puy)w,a −

(
ρ̄V̄

T̄
+
µ̄TT T̄y
R

)
(θuy)w,a−

µ̄TT

R

[
A4 (θθx)w,a +mT̄x (θvy)w,a +A3 (θyθ)w,a + T̄y (θvx)w,a + iβmT̄xwwθa

]
−

µ̄T

R

[
iβmwwθa,x + d (θuxx)w,a + (θuyy)w,a + s (θvxy)w,a + iβsθaww,x − β2θauw

]
−

µ̄T

R

[
d (uxθx)w,a +m (vyθx)w,a + (uyθy)w,a + (vxθy)w,a

]
,

dFy = ρ̄ (vvy)w,a + ρ̄
(
iω − V̄y

)(vaθw
T̄
− pwva

P̄

)
+

ρ̄V̄y

(
pavw
P̄
− θavw

T̄

)
+
ρ̄V̄

P̄
(pvy)w,a −

(
ρ̄V̄

T̄
+
dµ̄TT

R
T̄y

)
(θvy)w,a − B1A5 (pθ)w,a +[

2ρ̄A5

T̄ 2
− µ̄TTT

R

(
A3T̄x +A6T̄y

)
− µ̄TTC3

R

]
θaθw + ρ̄ (uvx)w,a +

ρ̄V̄x

(
(pu)w,a

P̄
−

(θu)w,a

T̄

)
+
ρ̄Ū

P̄
(pvx)w,a −

(
ρ̄Ū

T̄
+
µ̄TT T̄x
R

)
(θvx)w,a−

µ̄TT

R

[
A6 (θθy)w,a +mT̄y (θux)w,a +A3 (θxθ)w,a + T̄x (θuy)w,a + iβmT̄ywwθa

]
−

µ̄T

R

[
iβmwwθa,y + d (θvyy)w,a + (θvxx)w,a + s (θuxy)w,a + iβsθaww,y − β2θavw

]
−

µ̄T

R

[
d (vyθy)w,a +m (uxθy)w,a + (vxθx)w,a + (uyθx)w,a

]
,
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Fz = ρ̄vaww,y +
ρ̄V̄

P̄
paww,y −

(
ρ̄V̄

T̄
+
µ̄TT T̄y
R

)
θaww,y −

(
µ̄TT T̄x
R

+
ρ̄Ū

T̄

)
ww,xθa+

ρ̄ww,xua +
ρ̄Ū

P̄
ww,xpa −

µ̄T

R
θa
[
ww,yy + ww,xx + siβ (vw,y + uw,x)− dβ2ww

]
−

µ̄T

R
[iβmva,yθw + ww,yθa,y + iβvwθa,y + iβmθwua,x + θa,xww,x + iβθa,xuw]−

µ̄TT

R

[
iβT̄yθavw + iβT̄xθauw + iβmA1θwθa

]
,

Fe =

[
σiωρ̄

T̄
+
β2µ̄T

R
+

2σρ̄

T̄ 2
A7 −

µ̄TTT

R

(
T̄ 2
x + T̄ 2

y

)
− µ̄TT

R

(
T̄xx + T̄yy

)
+

Γ µ̄TT

R

(
2m
(
Ū2
x − ŪxV̄y + V̄ 2

y

)
− V̄ 2

x − 2V̄xŪy − Ū2
y

)]
θaθw−

σB1A7 (pθ)w,a −
σiωρ̄

P̄
pwθa −

σρ̄T̄y
T̄

(θv)w,a + ρ̄σ (uθx + vθy)w,a +

σρ̄Ū

P̄
(pθx)w,a +

σρ̄V̄

P̄
(pθy)w,a −

(
σρ̄Ū

T̄
+

2µ̄TT T̄x
R

)
(θθx)w,a−(

σρ̄V̄

T̄
+

2µ̄TT T̄y
R

)
(θθy) +

σρ̄T̄x
P̄

(pu)w,a +
σρ̄T̄y
P̄

(pv)w,a −
σρ̄T̄x
T̄

(θu)w,a−

Γ
[
(upx)w,a + (vpy)w,a

]
− 2Γ µ̄

R
[duw,xua,x + dvw,yva,y + vw,xva,x]−

Γ µ̄

R

[
2uw,yua,y − d (uxvy)w,a + 2 (vxuy)w,a − iβd (wwva,y + wwua,x)

]
−

µ̄T

R

[
2θa,xθw,x + 2θa,yθw,y + (θθxx)w,a + (θθyy)w,a + dΓA8 (θux)w,a

]
+

µ̄T

R

[
dΓA9 (θvy)w,a + dΓ iβA1θaww − 2ΓA3

(
(θvx)w,a + (θuy)w,a

)]
.

We have introduced the constants

d = 4/3 , s = 1/3 , m = −2/3 ,

and the following notation

A1 =
∂Ū

∂x
+
∂V̄

∂y
, A2 = Ū

∂Ū

∂x
+ V̄

∂Ū

∂y
, A3 =

∂Ū

∂y
+
∂V̄

∂x
, A4 = d

∂Ū

∂x
+m

∂V̄

∂y
,

A5 = Ū
∂V̄

∂x
+ V̄

∂V̄

∂y
, A6 = d

∂V̄

∂y
+m

∂Ū

∂x
, A7 = Ū

∂T̄

∂x
+ V̄

∂T̄

∂y
, A8 = 2

∂Ū

∂x
− ∂V̄

∂y
,

A9 =
∂Ū

∂x
− 2

∂V̄

∂y
, B1 =

ρ̄

P̄ T̄
, B2 =

ρ̄

T̄ 2
, B3 =

ρ̄

P̄
, B4 =

ρ̄

T̄
, B5 =

1

P̄ T̄
,

C1 =
Ū

ρ̄

∂ρ̄

∂x
+
V̄

ρ̄

∂ρ̄

∂y
, C2 = dŪxx + Ūyy + sV̄xy , C3 = dV̄yy + V̄xx + sŪxy .

The subscripts accommodate both the designation of the disturbance (w - wall-induced
steady disturbance, a - unsteady acoustic disturbance, b - boundary layer instability)
and the partial derivatives, separated by a comma in this order. Moreover, the bilinear
forcing terms have been contracted for brevity. For example (upx)w,a = uwpa,x +uapw,x.
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2. Adjoint linearised Navier-Stokes equations

The explicit form of equation 2.30 is

Continuity (L̃cq̃s,b = 0):

(iω − C1)
p̃b
P̄

+
Ū

P̄
p̃b,x +

V̄

P̄
p̃b,y + B3A2ũb − ũb,x +

B3A5

d
ṽb −

1

d
ṽb,y + iβw̃b+

[σB3A7 + Γ (iω +A1)] θ̃b + Γ
(
Ū θ̃b,x + V̄ θ̃b,y

)
= 0 ,

X-momentum (L̃xq̃s,b = 0):

− ρ̄x
ρ̄
p̃b + p̃b,x −

dµ̄

R
ũb,xx −

(
dµ̄x

R
+ ρ̄Ū

)
ũb,x −

µ̄

R
ũb,yy −

( µ̄y

R
+ ρ̄V̄

)
ũb,y

+

(
ρ̄Ūx − ρ̄iω +

β2µ̄

R

)
ũb −

sµ̄

dR
ṽb,xy +

m− s
dR

µ̄y ṽb,x +
1− s
dR

µ̄xṽb,y

+
ρ̄V̄x
d
ṽb +

siβµ̄

R
w̃b,x +

(s− 1)iβµ̄x

R
w̃b +

dΓ µ̄A8

R
θ̃b,x +

2Γ µ̄A3

R
θ̃b,y+[(

σρ̄T̄x − ΓP̄x

)
+
µ̄dΓA8,x

R
+
dΓ µ̄xA8

R
+

2Γ µ̄A3,y

R
+

2Γ µ̄yA3

R

]
θ̃b = 0 ,

Y-momentum (L̃yq̃s,b = 0):

− ρ̄y
ρ̄
p̃b + p̃b,y −

sµ̄

R
ũb,xy + ρ̄Ūyũb +

1− s
R

µ̄yũb,x +
m− s
R

µ̄xũb,y −
µ̄

R
ṽb,yy+(

ρ̄V̄y
d
− ρ̄iω

d
+
µ̄β2

dR

)
ṽb −

(
µ̄y

R
+
ρ̄V̄

d

)
ṽb,y −

µ̄

dR
ṽb,xx −

(
µ̄x

dR
+
ρ̄Ū

d

)
ṽb,x−

µ̄dΓA9

R
θ̃b,y +

2µ̄ΓA3

R
θ̃b,x +

sµ̄iβ

R
w̃b,y +

(s− 1)iβµ̄y

R
w̃b+[(

σρ̄T̄y − ΓP̄y

)
− dµ̄ΓA9,y

R
− dΓ µ̄yA9

R
+

2µ̄ΓA3,x

R
+

2Γ µ̄xA3

R

]
θ̃g = 0 ,

Z-momentum (L̃zq̃s,b = 0):

− iβp̃b +
iµ̄βs

R
ũb,x +

iβ(s−m)

R

(
µ̄xũb +

µ̄y

d
ṽb

)
+
iβsµ̄

dR
ṽb,y −

µ̄

R
(w̃b,xx + w̃b,yy) +(

dβ2µ̄

R
− ρ̄iω

)
w̃b −

( µ̄x

R
+ ρ̄Ū

)
w̃b,x −

( µ̄y

R
+ ρ̄V̄

)
w̃b,y +

iβdΓ µ̄A1

R
θ̃b = 0 ,

Energy (L̃eq̃s,b = 0):

(−iω + C1)
p̃b
T̄
− Ū

T̄
p̃b,x −

V̄

T̄
p̃b,y − B4A2ũb +

µ̄T

R
(A3ũb,y +A4ũb,x)− B4A5

d
ṽb

+
µ̄T

dR
(A3ṽb,x +A6ṽb,y)− iβmµ̄TA1

R
w̃b −

µ̄

R

(
θ̃b,xx + θ̃b,yy

)
− σρ̄

(
Ū θ̃b,x + V̄ θ̃b,y

)
+[

−iωσρ̄+
µ̄β2

R
− σB4A7 −

Γ µ̄T

R

(
dŪ2

x − dŪxV̄y + dV̄ 2
y + V̄ 2

x + 2V̄xŪy + Ū2
y

)]
θ̃b = 0 .

The right-hand side of equation 2.34 is given by
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F̃c =
1

P̄
(p̃b,xua + p̃b,yva) +

[
B5 (−iω +A1) +

(
ŪB1,x + V̄ B1,y

)
ρ̄

]
θap̃b −

(
ŪB5θap̃b

)
x
−

(
V̄ B5θap̃b

)
y

+ B5p̃b
(
Ūθa,x + V̄ θa,y

)
−
(
ρ̄xua
ρ̄

+
ρ̄yva
ρ̄

)
p̃b
P̄

+ B3
(
Ūx − iω

)
uaũb+

B3Ūua,xũb −A2B1θaũb + B3Ūyvaũb + B3V̄ ua,yũb +
B3
d

(
V̄y − iω

)
vaṽb +

B3V̄
d

va,y ṽb−

A5B1
d

θaṽb +
B3V̄x
d

uaṽb +
B3Ū
d

va,xṽb − σ [B1A7 + iωB3] θaθ̃b + σB3θ̃b
(
Ūθa,x + V̄ θa,y

)
+

σB3θ̃b
(
T̄xua + T̄yva

)
+ Γ θ̃ (ua,x + va,y) + Γ

(
uaθ̃b,x + vaθ̃b,y

)
,

F̃x =

(
p̃b,x −

ρ̄x
ρ̄
p̃b

)(
pa
P̄
− θa
T̄

)
− (ρ̄ũb)x ua +

(
µ̄Tβ

2

R
− B4Ūx

)
θaũb − Ū (B3paũb)x +[(

ŪB4 +
dµ̄TT T̄x

R

)
θaũb

]
x

− (ρ̄vaũb)y −
(
V̄ B3paũb

)
y

+

[(
V̄ B4 +

µ̄TT T̄y
R

)
θaũb

]
y

+(
dµ̄T

R
θa,xũb

)
x

+
( µ̄T

R
θa,yũb

)
y
− d

R
(µ̄T θaũb)xx −

(µ̄T θaũb)yy
R

+
ρ̄

d
va,xṽb +

B3V̄x
d

paṽb−

B4V̄x
d

θaṽb +
m

dR

(
µ̄TT T̄yθaṽb

)
x

+
m

dR
(µ̄T θa,y ṽb)x +

(
µ̄TT T̄xθaṽb

)
y

dR
+

(µ̄T θa,xṽb)y
dR

−

s

dR
(µ̄T θaṽb)xy −

iβµ̄TT T̄x
R

θaw̃b −
iβµ̄T

R
θa,xw̃b +

iβs

R
(µ̄T θaw̃b)x + σρ̄θa,xθ̃b + σB3T̄xpaθ̃b−

σB4T̄xθaθ̃b − Γpa,xθ̃b +
2Γd

R

(
µ̄ua,xθ̃b

)
x

+
2Γ

R

(
µ̄ua,y θ̃b

)
y
− Γd

R

(
µ̄va,y θ̃b

)
x

+

2Γ

R

(
µ̄va,xθ̃b

)
y

+
Γd

R

(
µ̄TA8θaθ̃b

)
x

+
2Γ

R

(
µ̄TA3θaθ̃b

)
y
,

F̃y =

(
p̃b,y −

ρ̄y
ρ̄
p̃b

)(
pa
P̄
− θa
T̄

)
+ ρ̄ua,yũb + B3Ūypaũb − B4Ūyθaũb +

m

R

(
µ̄TT T̄xθaũb

)
y

+

m

R
(µ̄T θa,xũb)y +

(
µ̄TT T̄yθaũb

)
x

R
+

(µ̄T θa,yũb)x
R

− s

R
(µ̄T θaũb)xy −

(ρ̄vaṽb)y
d

+
ρ̄

d
va,y ṽb+(

µ̄Tβ
2

Rd
− B4V̄y

d

)
θaṽb +

B3V̄y
d

paṽb −

(
B3V̄ paṽ

)
y

d
+

[(
B4V̄
d

+
µ̄TT T̄y
R

)
θaṽb

]
y

−

(ρ̄uaṽb)x
d

−
(
B3Ūpaṽ

)
x

d
+

[(
B4Ū
d

+
µ̄TT T̄x
Rd

)
θaṽb

]
x

+
(µ̄T θa,y ṽb)y

R
+

(µ̄T θa,xṽb)x
Rd

−

(µ̄T θaṽb)yy
R

−
(µ̄T θaṽb)xx

Rd
− iβµ̄TT T̄y

R
θaw̃b −

iβµ̄T

R
θa,yw̃b +

iβs

R
(µ̄T θaw̃b)y + σρ̄θa,y θ̃b+

σB3T̄ypaθ̃b − σB4T̄yθaθ̃b − Γpa,y θ̃b +
2Γd

R

(
µ̄va,y θ̃b

)
y

+
2Γ

R

(
µ̄va,xθ̃b

)
x
− Γd

R

(
µ̄ua,xθ̃b

)
y

+

2Γ

R

(
µ̄ua,y θ̃b

)
x
− Γd

R

(
µ̄TA9θaθ̃b

)
y

+
2Γ

R

(
µ̄TA3θaθ̃b

)
x
,
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F̃z = iβ

(
θa
T̄
− pa
P̄

)
p̃b −

iβmµ̄TT θa
R

(
T̄xũb +

T̄y
d
ṽb

)
− iβmµ̄T

R

(
θa,xũb +

θa,y ṽb
d

)
+

iβs

R
(µ̄T θaũb)x +

iβs

Rd
(µ̄T θaṽb)y − (ρ̄vaw̃b)y −

(
B3V̄ paw̃b

)
y

+

[(
B4V̄ +

µ̄TT T̄y
R

)
θaw̃b

]
y

+

( µ̄T

R
θa,yw̃b

)
y

+

[(
B4Ū +

µ̄TT T̄x
R

)
θaw̃b

]
x

+
( µ̄T

R
θa,xw̃b

)
x
− (ρ̄uaw̃b)x −

(
B3Ūpaw̃b

)
x

+

dβ2µ̄T

R
θaw̃b −

(
µ̄T θaw̃b

R

)
yy

−
(
µ̄T θaw̃b

R

)
xx

+
iβΓdµ̄

R

(
va,y θ̃b + ua,xθ̃b

)
+
iβdΓA1µ̄T

R
θaθ̃b ,

F̃e =

(
ρ̄y
ρ̄
va +

ρ̄x
ρ̄
ua

)
p̃b
T̄
− 1

T̄
(p̃b,yva + p̃b,xua) +

[
B5 (−iω +A1) +

ŪB1,x
ρ̄

+
V̄ B1,y
ρ̄

]
pap̃b−

2

[
(−iω +A1)

T̄ 2
+
ŪB2,x
ρ̄

+
V̄ B2,y
ρ̄

]
θap̃b −

(
ŪB5p̃b

)
x
pa + 2

(
Ū p̃b
T̄ 2

)
x

θa −
(
V̄ B5p̃b

)
y
pa+

2

(
V̄ p̃b
T̄ 2

)
y

θa + B4
(
iω − Ūx

)
uaũb −

(
ŪB4 +

dµ̄TT T̄x
R

)
ua,xũb − B1A2paũb+[

2B2A2 −
µ̄TTT

R

(
T̄yA3 + T̄xA4

)
− µ̄TT

R

(
dŪxx + Ūyy + sV̄xy

)]
θaũb − B4Ūyvaũb−(

V̄ B4 +
µ̄TT T̄y
R

)
ua,yũb +

d

R
(µ̄Tua,xũb)x + θa

(
µ̄TTA4

R
ũb

)
x

+
mµ̄T

R
(va,yũb)x +

(µ̄Tua,yũb)y
R

+ θa
(µ̄TTA3ũb)y

R
+
µ̄T

R
(va,xũb)y −

dµ̄T

R
ua,xxũb −

µ̄T

R
ua,yyũb −

sµ̄T

R
va,xyũb+

B4
d

(
iω − V̄y

)
vaṽb −

(
V̄ B4
d

+
µ̄TT T̄y
R

)
va,y ṽb −

A5B1
d

paṽb −
B4V̄x
d

uaṽb − σ
(
ŪB3paθ̃b

)
x

+[
2B2A5

d
− µ̄TTT

Rd

(
T̄xA3 + T̄yA6

)
− µ̄TT

Rd

(
dV̄yy + V̄xx + sŪxy

)]
θaṽb +

(
µ̄T va,y ṽb

R

)
y

−(
ŪB4
d

+
µ̄TT T̄x
Rd

)
va,xṽb + θa

(
µ̄TTA6

Rd
ṽb

)
y

+
mµ̄T

Rd
(ua,xṽb)y +

(
µ̄T va,xṽb
Rd

)
x

+

θa

(
µ̄TTA3ṽb

Rd

)
x

+
µ̄T

Rd
(ua,y ṽb)x −

µ̄T

R
va,yy ṽb −

µ̄T

Rd
va,xxṽb −

sµ̄T

Rd
ua,xy ṽb−

iβmµ̄T w̃b

R
(va,y + ua,x)− iβmµ̄TA1

R
θaw̃b − σB1A7paθ̃b − σ

(
ρ̄uaθ̃b

)
x
− σ

(
ρ̄vaθ̃b

)
y
−

σ
(
V̄ B3paθ̃b

)
y

+ θa

[(
σŪB4 +

2µ̄TT T̄x
R

)
θ̃b

]
x

+ θa

[(
σV̄ B4 +

2µ̄TT T̄y
R

)
θ̃b

]
y

−

σB4T̄xθ̃b (ua + va) +
2

R

(
µ̄T θa,xθ̃b

)
x

+
2

R

(
µ̄T θa,y θ̃b

)
y
−

(
µ̄T θaθ̃b
R

)
xx

−

(
µ̄T θaθ̃b
R

)
yy

−

µ̄T θa,xxθ̃b
R

− µ̄T θa,yy θ̃b
R

− dΓ µ̄TA8

R
ua,xθ̃b +

dΓ µ̄TA9

R
va,y θ̃b −

2Γ µ̄TA3

R
θ̃b (va,x + ua,y) .

The bilinear concomitant for the direct and adjoint fields qs,b, q̃s,b is given by
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K1 = ubp̃b +
Ū

P̄
pbp̃b −

Ū

T̄
θbp̃b − ρ̄Ūvb,2 · ṽb +

µ̄

R
(vb,x,3 · ṽb,2 − vb,2 · ṽb,x,3)− sµ̄

R
vbũb,y−

mµ̄y

R

(
vbũb −

ubṽb
d

)
+
µ̄TA4

R
θbũb − pbũb +

iβsµ̄

R
(wbũb + ubw̃b)−

sµ̄

Rd
ubṽb,y −

sµ̄y

dR
ubṽb+

µ̄TA3

dR
θbṽb + ΓŪpbθ̃b +

dΓ µ̄A8

R
ubθ̃b +

2Γ µ̄A3

R
vbθ̃b +

µ̄

R

(
θb,xθ̃b − θbθ̃b,x

)
+
µ̄x

R
θbθ̃b−

σρ̄Ūθbθ̃b ,

K2 = vbp̃b +
V̄

P̄
pbp̃b −

V̄

T̄
θbp̃b +

sµ̄

R
vb,xũb − ρ̄V̄ vb,2 · ṽb +

µ̄

R
(vb,y · ṽb − vb · ṽb,y)

+
µ̄TA3

R
θbũb +

mµ̄x

R
vbũb +

sµ̄

dR
ub,xṽb +

µ̄x

dR
ubṽb +

µ̄TA6

dR
θbṽb −

1

d
pbṽb +

iβsµ̄

dR
wbṽb+

iβsµ̄

R
vbw̃b + Γ V̄ pbθ̃b −

dΓ µ̄A9

R
vbθ̃b +

2Γ µ̄A3

R
ubθ̃b +

µ̄

R

(
θb,y θ̃b − θbθ̃b,y

)
+
µ̄y

R
θbθ̃b−

σρ̄V̄ θbθ̃b ,

where

vb = [ub, vb, wb]
> , vb,1 = [ub, vb, dwb]

> , vb,2 = [ub, vb/d, wb]
> ,

vb,x,3 = [dub,x, vb,x, wb,x]> , vb,y = [ub,y, vb,y, wb,y]> .


