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1. Proofs of virtual conservation theorems

THEOREM 1 (VIRTUAL KELVIN’S THEOREM). Let C(t) be a closed curve moving with
a globally smooth virtual velocity v. Then the circulation I' is a virtual Lagrangian scalar
as
D, I
Dt

0. (1.1)

Proof. Expanding the virtual material derivative of I" in (1.1) and considering the
rate of change of a line element

D,dl
=dl- 1.2
D,t Vo, (12)
we have
D, I ou
= — -dl -Vu)-dl + (dl - Vv) - u| . 1.3
o= |G v e @)l (1.3
Applying vector identities to last two terms in the integrand yields
D,I" ou
- = — +V(v-u)-— -dl. 1.4
Dl ﬁ(t)l:at+ (v-u) 'vxw} (1.4)
According to the Stokes theorem and vorticity transport equation
%‘:—Vx(vxw):o, (1.5)
where w is transported in v, we have
D, I’ Ow
_ o -ndS = 1.
D¢ /(t)[at Vx(vxw)] ndS =0, (1.6)
where S(t) is a surface bounded by C(t) with the surface normal n. U]

THEOREM 2 (VIRTUAL HELMHOLTZ’S THEOREM). (1) Let a vortex tube move with a
globally smooth virtual velocity, and then the vorticity flux
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through cross section S of the vortex tube is a virtual Lagrangian scalar as

D,
=0. 1.8
D.i (1.8)

(2) Let a vortex line move with a globally smooth virtual velocity, and then the line
elements moving with the virtual velocity lying on the vortex line at some instant continue

to lie on that vortex line, i.e.
D, [w
— x40l =0 1.9

Dt (,D > (19)
1s satisfied with the initial condition

“xsl=0. (1.10)
p

Proof. (1) We apply Stokes’ theorem to (1.1) in virtual Kelvin’s theorem and then

obtain
D, D, D,
= . = -dl = 0. 1.11
Dt th/sw ndS thjgu dl=0 (1.11)
(2) First we expand the left hand side (Lh.s.) of (1.9) as

D, (w D, [w w D,
— x| = — ol + — . 1.12
th<px ) th(p)x JrPX Dyt ( )

Then we derive the virtual transport equation for w/p

D (w) 1D @ Dup, (119
D,Ut 1% P th p2 th
and re-express (1.5) as the virtual transport equation for vorticity
D,
D:: =w-Vv— (V. vw. (1.14)
Substituting (1.14) and the continuity equation
0
9DV (pu) =0 (1.15)
ot
into the first and second terms on the r.h.s of (1.13), respectively, we obtain
D, [w w w
— ) =— -Vuo+x— 1.16
Dyt (p> p p (1.16)
with a scalar
1
XE—;’Ud'Vp—V-’Ud. (1.17)
Then substituting (1.16) and (1.2) into the r.h.s. of (1.12) yields
D
“(“’xél):(“’.w)><51+°"><(5l-w)+x(“’xal). (1.18)
Dyt \ p p p p

At the initial time ¢ = to, a virtual material line element 6l governed by (1.2) coincides
with the local vector w/p. The initial condition (1.10) is equivalent to 0dlg = wo/po
with a scalar g, so the first two terms on the r.h.s. of (1.18) cancel each other at ¢ = t.
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In addition, (1.10) implies that the last term on the r.h.s. of (1.18) is also vanishing at
t = to. Thus (1.18) is reduced to

D
v (“’ x 5l> =0 (1.19)
Dyt \ p
at t = to with the initial condition (1.10). Finally, (1.9) is valid because all the terms on
the r.h.s. of (1.18) are always vanishing with (w/p) x dl = 0. L]

THEOREM 3 (VIRTUAL ERTEL’S THEOREM). Let ¢ be a virtual Lagrangian scalar
convected by a globally smooth virtual velocity as

D,
D,t

0 (1.20)
with

‘Vp=0 (1.21)
at the initial time, and then (w/p) -V

D,
ot

18 also a virtual Lagrangian scalar as

— S 2 |&

= V¢> =0. (1.22)

)

Proof. First we expand the Lh.s. of (1.22) as

DrU w D'u w w DU(V¢)
2 .Ve)=Ve- bl I A 24 1.23
Dt (p ¢> ? Dyt <p> - 4 Dyt ( )
Taking the gradient of (1.20), we have
D, (V) Dy¢
_ Ve Vo , 1.24
D.i v (th V¢ -Vv—Ve¢x(Vxov) (1.24)
Substituting (1.16) and (1.24) into (1.23) yields
D, [w w
v (X y — ~.v =0, 1.25
Dyl ( p ¢> * ( p ¢) 12
where the r.h.s. vanishes when (1.21) is satisfied at the initial time. O

THEOREM 4 (VIRTUAL CONSERVATION OF HELICITY). Let a volume V(t) enclosed by
a vortex surface move with a smooth virtual velocity, and then the helicity

HE/w~udV (1.26)
%
18 a virtual Lagrangian scalar as
D,H
— =0. 1.27
Dt (1.27)

Proof. First we derive the virtual transport equation for the helicity density as

D,h D,u D,w
0 . . : 1.2
Dt Y Dyt " Dyt (1.28)
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Substituting
ou
5+ Viu=VII+F (1.29)
and (1.14) into (1.28) and expanding the r.h.s. of (1.28), we have
D,h
Dt = (VII+ F—-—u-Vu+v-Vu) w+w:-Vv— (V- -v)w] - u. (1.30)
Substituting the constraint of the virtual velocity
Vg X w=F+4+VV¥ (1.31)
into (1.30) and rearranging terms on the r.h.s. of (1.30), we have
D,h u?
Dt:fV HJrWJr? w4+ (w-Vu+Vo-u) - w—(V-v)h (1.32)
Applying vector identities to the r.h.s. of (1.32) yields
D,h 2
=V [(D+7+% —u-v)w|—(V-v)h (1.33)
D,t 2
Applying the Reynolds transport theorem to (1.26) yields
D,H D,h
= V -v)h|dV. 1.34
b= [ B (v (134
Then substituting (1.33) into (1.34) yields
B~y T Ly )
= V- [\ H+P+— —u-v|w|dV, (1.35)
Dyt V(t) 2
From the divergence theorem, we have
D, H u? ) }
= DN+9v+——-—u-v|w| -ndS=0, 1.36)
D,t S(t) K 2 (

where n denotes the surface normal and the boundary S(t) of V(¢) is a vortex surface
with w-n =0. U



