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1. Detailed Derivation

The viscous potential flow approach employing a decomposition of the velocity field
into a curl-free and vortical part used in our derivation and earlier (Lamb 1932; Miles
1968; Prosperetti 1976; Menikoff et al. 1978; Prosperetti 1981), relies on the following
identity for a vector field vp(x),

V(V-vp) =V x (V xvp) = Vv, (1.1)
If vp = V¢, then identity 1.1 reduces to
V (Vi) = V3 (Vy). (1.2)

This implies that a potential velocity field v, and a corresponding pressure field p,
obtained from the Bernoulli’s equation, satisfies the Navier-Stokes equation exactly
(Joseph 2003), since according to identity 1.2 the viscous term in the Navier-Stokes
equation vanishes identically for a potential flow field. However this potential flow field v
and p,, does not satisfy continuity of tangential stresses and of tangential velocities (slip)
at an interface separating two fluids of different viscosities and densities. An additional
velocity and pressure field, v, and p, is needed and the composite fields viz. v, + vy and
Dp + Py are determined subject to the constraint that each field individually satisfies the
linearised Navier-Stokes as well as continuity equations while the composite field satisfies
the kinematic boundary condition, continuity of tangential and normal stresses and that
of tangential velocities. Due to linearity, the composite solution will automatically satisfy
the linearised Navier-Stokes equation as well. We determine v, and p, from solving the
Laplace and linearised Bernoulli’s eqution respectively.

1.1. Potential Flow

The potential solution satisfies the axisymmetric Laplace equation. From variable
separation the radial part of the solution is given by Bessel function of the first kind
(boundedness at r = 0, eliminates the Bessel function of the second kind)

(blg(n z,t) = F(2)Jo(kr)a(t), (;55(7”, z,t) = G(2)Jo(kr)ax(t), (1.3)

with n(r,t) = ag(t)Jo(kr). We set the time dependence of ¢, equal to a(t) anticipating
the linearised kinematic boundary condition at the interface Eq. 1.7. The axisymmetric
Laplace equation is obtained from the continuity equation V-v, = 0 written in cylindrical
axisymmetric coordinates with u, = % and v, = %. This is (Kundu & Cohen 2002),
a2¢p + 1% + %
or?2 r or 022

= 0. (1.4)
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Substituting Eq. 1.3 in this and using the equation for Jo(7) (7 = kr),
d>Jo(7)  1dJy

- 7 = 1.
d,,72 + 7 dr + JO(T) 07 ( 5)
we obtain
d2F G
—— +kF=0, — +kF=0. L.
7+ 0, T3+ 0 (1.6)

Using ¢¥(r,00,t) — 0 and ¢*(r, —00,t) — 0, and the linearised kinematic boundary
condition

oY
B2

_ 9%y

ae0 0z

_

= (1.7)

z2=0
we obtain

QSZ{)’(T, z,t) = —k L exp[—kz]Jo(kr)ax(t), gbg(r, z,t) = kY explkz])Jo(kr)an(t) (1.8)
The potential part of pressure pll’f and pzf is given by the linearised Bernoulli’s equation,

Do
ot
U

P u
5 P 9% (1.9)

If the flow is purely irrotational, then continuity of pressure at the linearised interface,
leads to the following equation for a(t),

Pt — oM

b:k(t) + |:<> gk:| ak(t) =0 (110)
pE 44

As we include viscous effects, instead of imposing continuity of pressure, we impose a

condition on viscous normal stresses (accounting for jump due to surface tension) at the

interface and this will lead to a modified viscous equation for ax(t). This equation is

derived in the next section.

pi(r,z,t) = —p~ pCgz

p?(rv th) = _pl/{

1.2. Viscous Flow

The viscous part of the flow satisfies the linearised Navier-Stokes equation in both the
fluids

ov Y 1 ovE 1
‘(;; — _pfuvpg LUV U % - —p—Efo + AV, L (1.11)

Note that gravity has already been included as a body force in the potential part of the
calculation and hence is excluded in the vortical calculation. We solve the viscous part
of the flow in stream-function vorticity formulation. The curl of Eqs. 1.5 gives us the
vorticity equation

u c
7‘9;5 — MV2H, L;’t — MV2E, (1.12)
The Stokes stream function 7, (Miles 1968) is defined as
M= O M= 713(7’%{)
v 8z " r Or
L 1 L
ub = 0%, vE = _190ry) (1.13)

0z’ r  Oor
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The azimuthal vorticity (w)g = wy, is given by

ol oYt oul  wt
U _ v v L _ v v
RGN a0 o, or (1.14)

Combining Eq. 1.13 and 1.14, the relation between vorticity and streamfunction is written
as

¢y Py 10Yy

%y Lowl | %

Pvy ¢
or? 72 r Or 022 +

or? r2 r Or 822 wo -
(1.15)

U
:we,

An equation for wy can be obtained from Eq. 1.12 using the expression for the laplacian
of a vector in cylindrical axisymmetric coordinates (Kundu & Cohen 2002)),

ouwY _ U (820.)54 Wi 10uY 82w7(§’> owf .y (82w§ whf  1owf 82w§>

or? r2 1 Or 022

or? r2 1 Or 0z2
(1.16)

ot ot o2

The solution of Egs. 1.15 and 1.16 subject to boundary and initial conditions, determine
the flow field in both fluids. We set the radial part of all quantities as Bessel function of
the first kind Jy (kr) viz.

WYz, t) = Q4 (2, t) T (kr), Y (r, 2, t) = OY (2, 1)1 (kr), (1.17)
Wk (r, 2, t) = Q°(2,t) 1 (kr),  VE(r, z,t) = O (2, t)J, (kr). (1.18)
Substitution of Eqs. 1.17 and 1.18 in Eq. 1.15, gives us an equation relating {2 to ¥,
o*wt 25U U P~ 2L c
5.2 — E*Ut = QY (2, 1), = — kUt = 0% (2, 1). (1.19)

Note that in deriving Eq. 1.19, we have used the equation governing J;(7) i.e.

d? J1 (77) 1dJ; 1

—— 1——= | Ji(r)=0. 1.20
=z T rar =) ) (1.20)

An equation involving {2 alone is obtained by substituting expressions for vorticity from

Egs. 1.17 and 1.18 into Eqgs. 1.16 and then using Eq. 1.20.

oM 024 00~ 020~
o = ( P kQQ“) L = ( — k29ﬁ> : (1.21)

Eqgs. 1.19 and 1.21 are the central equations. These turn out to be identical to those
derived by Prosperetti (1981) for a planar geometry. We follow the approach of Pros-
peretti (1981) for solving these equations. These steps involve additional manipulations
with Bessel functions not necessary in the planar case.

1.3. Viscous pressure

In order to obtain an equation for ay(t), we will need an expression for the viscous
part of pressure p, in both the fluids. This is obtained by integrating the vertical
momentum equation. We demonstrate the algebra for the lower fluid. The (linearised)
vertical momentum equation is (Kundu & Cohen 2002)

LOpE e [L0 (0 SE] onk o)

pr 0z ror or 022 ot

Note that gravity is already included in the potential flow and hence is not present
L

in the viscous part of the calculation. With v~ = f%% and Eq. 1.18, —vf =
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kW~ (d.J,(7)/dF + Jy /7). Substituting this in Eq. 1.22, using the equation governing .Jy
and the identity Ji(x) + J1(z)/x = Jo(x), prime indicating differentiation, we obtain

a%z/ﬁ> awﬁ}

1 op5
oL 022 + ot

pt 0z
Eq. 1.23 can be further simplified by using Eq. 1.19 on the right hand side to rewrite it
as

= kJo(kr) [uﬁ (kzwf - (1.23)

1 opf
pL 0z

(1.24)

L
= kJo(kr) [uﬁnﬁ Lo ]

ot

A similar equation can be written for the viscous pressure in the upper fluid.

2. Boundary /Initial conditions

In this section, we provide a derivation of the kinematic boundary condition, continuity
of shear stress and tangential velocities at the interface.

2.1. Initial conditions

There is no motion in the fluid at ¢ = 0 (we also assume a;(0) = 0 later). Hence,

M(2,0) = 2°(2,0) = WY (2,0) = ¥*(2,0) = 0. (2.1)

2.2. Decay at oo

All quantities decay to zero at 0o and hence

PH (00, t) = MM(00,0) =0, WX (—00,t) = 2(~00,0) =0 (2.2)

2.3. Kinematic Boundary Condition

The (linearized) kinematic boundary condition is

dn

WU (r,0,t) = v (r,0,t) = —. (2.3)
ot
Writing the velocity as a sum of potential and viscous parts,
O c dg~ c on
—_ 0,t) = — 0,t) = —. 2.4

Subtracting the kinematic boundary condition for potential flow viz. Eq. 1.7 from 2.4 we
find that

vl (r,0,8) = vy (r,0,8) = 0 (2.5)
Thus,
wHU(0,t) = *(0,t) =0 (2.6)

In deriving Eq. 2.6 we have used the identity Ji(z) + Ji(z)/x = Jo(z). Also note that
Eq. 2.5 implies

L

_ v

e0 or

oMt

v

or

(2.7)

z=0
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2.4. Continuity of shear stress

The shear stress 7., is continuous at the linearised interface implying,
u (O N ouH o[ OvF N our
K or 0z ) |y K or 0z

where vt = u¥f +u¥f, v = olf + Y and likewise for the lower fluid. Combining now Eq.
2.7 and Eq. 2.8 we find,
_ Ut vy n Quy  duf
2=0 or 0z 0z

u u
M vy N ouy  Oult
ar 0z 0z
Eq. 2.9 can be used to relate the vorticity on either sides of the interface at z = 0. As the
interface acts as a source of vorticity, the vorticity field is discontinuous at the linearised
interface z = 0. The potential part of the flow satisfies
(“)uff 81}? (“)ug avzf (2.10)
oz or’ 0z  Or’ '

everywhere in the flow. This can be used in Eq. 2.9 which simplifies to,

(2.8)

z=0

(2.9)

2=0

oM gui s ot
u P v L p v
2—— = 2—— 2.11
. ( or * 0z ||, a or * 0z | |,_o (2.11)
We now evaluate the following expression utilising Eq. 2.11.
oY oY ot ok
u, u L, L u v v L v v
_ = — — — 2.12
(uwg uwg) =0 K <82 07")2_0 a <8z 8r>z_0 ( )
Using Eq. 2.7, Eq. 2.12 can be simplified to obtain
oul our
U ou L AOL u 9ty £ 9y
024(0,t) — u=025(0,t)) Ji(kr) = - — 2.13
(0.0 = et ik = (5 -nGE) | )
Using Eq. 2.11 to simplify the right hand side of Eq. 2.14, we obtain
ok o
U ou L L %% up
027(0,t) — u~027(0,t)) Ji(kr) =2 — —ut—=
(:u ( ) ) 1% ( ) )) 1( T’) (;uf or 2 ar> 0
62¢£ (92(;5”
=2 | pft — Mt 2.14
(H aro: " oro- =0 (2.14)
Eq. 2.14 can be further simplified to,
M0, 1) — pP 0250, 8) = =2k — p)an(t) (2.15)
where we have used the relation %ﬂgm) = —Ji(x) to eliminate the radial dependence from

both sides.

2.5. Continuity of tangential velocities

It is clear that the tangential velocities are not continuous at z = 0 for potential flow.
Imposing the continuity of tangential velocities at the linearised interface implies,

00 OW\|  _ (9% , 7
or 9z | |._o \ or 0z

(2.16)

2=0
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Using expressions derived earlier, this can be written as

o v~
7 = (0,1) = —d = 2.1
(1) + 5 0,1) = (1) + F (0,1 (2.17)
where we have used %ﬂgx) = —Ji(x). Eq. 2.17 can be rearranged to obtain
v~ owH .

3. Laplace Transforms
3.1. Equations in the Laplace domain

Egs. 1.19 and 1.21 are easily solved in the Laplace domain. We define the Laplace
transform of 2(z,t) and ¥(z,t) as

L(02(z,t) = 2(z,5) = /000 2(z,t) exp|—st]dt, W(z,s) = /000 U (z,t) exp[—st]dt.

Note that all quantities with a tilde on top are in the Laplace domain. The Laplace
transform of Eqgs. 1.19 leads to,

orH 25U _ AU o*ue 2L _ OL
5.2 — E*U" = Y (z, s), 5.2 — k20" = 2% (z,s). (3.1)
Laplace transforming Eqs. 1.21 and using initial conditions in Eq. 2.1, we obtain
PO (2, s) 9 S\ Ay
0% (2, 5) o S\ ~p
0z (k +U7:).Q (2,8) =0 (3.2)
Laplace transform of the viscous contribution to pressure in Eq. 1.23 leads to
1 9pg LAHL | GL
e = kolhr) [71/ OF + s } (3.3)

where W4 (2,0) = 0 is taken as initial condition. Similarly we can find an expression for
pressure for the upper fluid,

piu 855 — ko (kr) [—u“fzu + s@“} (3.4)
Laplace transforming Eqgs. 2.2, 2.6, 2.15 and 2.18, we obtain
¥ (00, 5) = QY (00,0) =0, W¥*(—o0,t) = 2%(—00,0) =0 (3.5)
M0, 5) — pf02(0,5) = =2k (p” — pH) L (an(t)), (3.6)
83%5(0, s) — %LZM(O, s) = 2L (ax(t)), (3.7)
PH(0,5) = ¥*(0,5) = 0. (3.8)

3.2. Solution in Laplace Domain
Our task is to first solve Eqgs. 3.1, 3.2 using Egs. 3.5 and 3.6. The solution of Eq. 3.2 is

M(z,5) = AY(s)exp [z, 25(z,5) = A%(s)exp [z),]. (3.9)
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Here A*(s) and AY(s) are constants of integration and following Prosperetti (1981), we
define \yy = \/k? + -3 and so on. Eqgs. 3.1 are solved using 3.5 and 3.6 to obtain,

. iu
(2, 5) = 217(5)2 (exp[—2zAy] — exp[—kz]) (3.10)
N, — k
. ic
TE(z,5) = 1378)2 (exp[zAz] — explkz]) (3.11)
X —k
Eqgs 3.7 and 3.8 can now be written as
P A (5) — pP A" (s) = =2k(u” — p*) L[ax(8)), (3.12)

AL S AU S
I::4+(>\l ;i&i = 2L[a ()] (3.13)

Eqs. 3.12 and 3.13 can be solved for A%(s) and AY(s) to obtain,
2L (ar(t)) (k + M) (uk + p“ )
pE(k+Ap) + 4 (k+X)
_ 2L(a()) (k + Ae) (k4 1)
pE(k + Ag) + pH(k + M)

The expression for the viscous part of pressure can also be simplified further. Eq. 3.3 can
be written as

AY(s) = (3.14)

and  A“(s) (3.15)

plz:aaf = kJo(kr) [—VLAL(S) exp [zAz] + s¥F (3.16)
Eq. 3.11 can be rewritten as
sWE(z,5) = AL (s)vF (explzAz] — explkz]) (3.17)
Using Eq. 3.17 in 3.16 we obtain
1 op5 p
o 8; = —kJo(kr) A% (s)v* explkz] (3.18)
which can be integrated from 2z’ = —oo to 2z’ = z (2’ being dummy variable) to obtain
PE(r, 2,8) = — = A*(s)Jo(kr) explkz]. (3.19)

Using a similar procedure and integrating from 2’ = z to 2’ = oo for the upper fluid,
B (r, 2, ) = AU (s) o (kr) exp[— k). (3.20)
The potential part of the flow in Laplace domain is written below.

M (r, 2, 8) = —k ' exp[—kz]Jo(kr)L (ar(t)), &5(r,z,s) =k~ " explkz]Jo(kr)L (a(t))

(3.21)
BE(r,208) = = (50F — 6£(r,2,0)) — p g2 (3.22)
py(r,z,8) = =p* (séﬁ’ — ¢ (r, z,O)) - Mgz (3.23)

3.3. Final assembly

We can now obtain an equation for a(s) by taking into account the jump in normal
stresses across the interface due to surface tension. This is (cf. Bush (2013)),

% (r,0,t) — o5 (r,0,t) = T(V - n). (3.24)
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where 7 is the local unit normal to an axisymmetric interface z = n(r,t) = ay(t)Jo(kr).
The local radius of curvature is given by (Bush 2013),

-y — T2 T
T .
Eq. 3.25 when linearised for small-amplitude oscillations becomes,
P, 10
dr?2 7 dr

Eq. 3.24 and 3.26 can be combined to obtain,

-V -n=xn.,+ %nr = ay(t) ( = —Kk2ay(t)Jo(kr). (3.26)

c U Ot £ Ov* 2
p~(r,0,t) — p*(r,0,t) + 2u" — —2u~ — =Tkay(t)Jo(kr) (3.27)
2 1(r,0,) 9z |(r0,1)
Note that we have used the Newtonian constitutive relation o,, = —p+ 2p%. Using the

decompositon p = p, + p, and v = vp + v for upper and lower fluids, Eq. 3.27 can be
rewritten after Laplace transformation as,

. % » » L O L O
By (r,0,5) + Py (1,0, 8) = 7, (1,0, 8) = iy (r, 0, ) + 207 == 207
Z 1(r,0,9) Z 1(r,0,9)
ol vk
ot ot %% = Tk>L(ay(t))Jo (kr) (3.28)
0% |(r,0,5) 9% |(1,0,6)

From Eqs. 3.22 and 3.23 we have

PE(r.0,5) = —p (s6f — o (1,0,0)) = p=gJo(kr) L(ax ()
= p© [—sk™ ' Jo(kr)L(ak(t)) + k' Jo(kr)ar(0)] — p“gJo(kr)L(ax(t))
(3.29)

Similarly,
B, 0,5) = = (564 = 9l (1,0,0)) = pHg.Jo (k) L(aw (1))
= " [sk™ Jo(kr)L(ax(t)) — k™ Jo(kr)ay(0)] — p*gJo(kr)L(ax(t))(3.30)
From Eq. 3.19 and 3.20, we obtain

BE(,0,) = 3H(r,0,1) = — (WEAL + W A1) o (hr) (3.31)
Also,
oY 0D~
2 ot k(4 ) Jo(kr) L (1)) (3.32)
0z |,_, 0z |,_,
It can be shown that
0E = —kWE (2, 5)Jo(kr) (3.33)
from which we obtain
ot ol ot o~
U v L v u L
— = 2ku" —— k 2k~ —— k
9= |, 9= |, 1 z:oJO( )+ 2kp EP z:OJO( 7)

u Lo
= 2k Jo(kr) ( Au“+ CAM(s) + AEZ kAﬁ(s)) (3.34)




Notes 9

In the final assembly, we substitute expressions from Egs. 3.29, 3.30, 3.31, 3.32 and 3.34
into Eq. 3.28 and divide throughout by Jy(kr) to obtain,

—(p" + )k s [sar(s) — ar(0)] + (p© + p*) k™ aw(0) — (p° — p¥) gar(s)
- (u%ﬁ + u“/x“) — 2%k (p + 1) [sa(s) — a(0)]

I/{AZ/{ L'AE
2k ( re 2 ) = Tk2d(s) (3.35)

e +k A+ k
which can be rewritten as,

(0" + p*)s%ax — (p° + p)sak(0) + 2k (UM + p*) sax — (p° + p*) ax(0) — 2> (UM + p”) ax(0)
: . u ju LA
LU T3] & LjL U ju\ _ o2 H I _
+ [(p~ = p")gk + k]a;ﬁ-k(u +u ) k )\u+k+)\g+k 0

(3.36)
We define £(s) and ((s) from Egs. 3.14 and 3.15 as
A(s) = ((s)(sax — ax(0))
AL (s) = &(s) (s, — ar(0)) (3.37)
Thus

_ 2(k 4 M) (K + pF )
R S WM

2(k + Ap)(u=k + 1" )
pE(k + Ag) + pH(k + M)

(3.38)

For this study, we will consider a;(0) = 0. Hence using Egs. 3.37, Eq. 3.36 can be
rewritten as

[(P" + p%) 8° 4+ 2k% (U + p®) s+ (p° — ) gk + Tk + k (n°6 + 1) s

u c
2 </\54§k + Affk> 5] ar(s) = [(p° + p*)s + 22 (p¥ + 1)

U L
k(€ + pM¢) — 2k (Asz + Ai‘fkﬂ ai(0) (3.39)

which can be expressed as

[S+ T {2k2(u“+u£)+k(uu<+ﬂﬁf) 2k (A Tt +k)H

s2+ G {2k2<ﬂu+ﬂ ) + k(pHC + ptE) — 2k2 (/\ kT )\L )}8+

(3.40)

Thus we can write

_ s+ A(s)

ak(s) = makm) (3.41)

in a form analogous to that obtained in Prosperetti (1981), where

L U 3
2 _ p-—p Tk
“o _gk <p£_|_pu) +p[l+pZ/l (342)
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and,
u c
Als) = k(4 1E) + k(! Ley o2 IS S
(3.43)
3.4. Analytical expressions for v*- = Y

Analytical expressions are possible (Chandrasekhar 1961; Menikoff et al. 1978; Pros-
peretti 1981) in the limit of equal kinematic viscosities of both fluids. In this limit
Az = Ay = A, and we obtain

2(pMk + p£ ) 2(pFk + pM )
((s) = ﬁ, (s) = % (3.44)
3.4.1. Amplitude
Eq. 3.40, can now be written as
{od 28 (4 ) + & (P 040) - (£5389) | Jant0
ar(s) = (3.45)

2 L U
52 + {(p‘l M)+ g (pBE 4+ pHC) — (L5 } s + wp
It is algebraically easier to invert this expression post non-dimensionalisation as follows

- /452 L
o= o s VR A= (3.46)
ao wo wo P

Using these Eq. 3.45 can be simplified and written as

. 1 1+ A)?
ar(q) = - {1 - u} (3.47)
q G(q)
~ 1+ A2 A 1+ A2
_ 2| 2 LT a B 4p3/2 Lran
Glg)=(1+A4)" |¢° +20g+ 20q(1 A +4q+/0(q+0) e 40°7\/q + 0(1 Az
A 5 14+ A2 3/2 A
_89(q+9)(1+A)2 + 46 T + 80 \/q+97(1+A)2 +1
In order to compare our final expression with Prosperetti (1981), we introduce the non-
dimensional parameter 8 = (pfzjﬁ;)? =@ +AA)2‘ In terms of 3, the expression for é(q)
becomes
G(g) = (1+4)? [(q +0)% +20(1 - 68)(q+ 0) — 46°/*(1 — 38)\/q + 6
+40Y28(q + 0)%/% 1 62(1 — 48) + 1} (3.48)

Further define

I'(q) = |q* +20(1 — 68)q — 40%/%(1 — 38)/q + 4072 B¢ + 02(1 — 48) + 1} 71(3.49)

using which we can write Eq. 3.47 as

arl) = - (1-T(a+0)) (3.50)

Q| =
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In order to invert the above, we non-dimensionalise the following Laplace transform,

ak(s) = /000 exp[—st] ag(t) dt (3.51)
by
i = dZi‘Z;’O, ay = Z:((é)) T = two (3.52)
to obtain
oule) = [ exploarla(r) dr (359)
The inversion of Eq. 3.50 is
ag(r)=1-— /OT exp[—0m|I'(m)dm (3.54)

where I'(7) and I'(q) are non-dimensionalised Laplace transform pairs and m is a dummy
variable. Eq. 3.54 can be further evaluated once I'(m) is known. For this we need to invert
Eq. 3.49. Using h = —,/q, we transform this equation into a quartic,

1
ht — 40172813 + 20(1 — 68)h? + 463/2(1 — 38)h + 62(1 — 45) + 1

I=
(3.55)

The denominator is the same quartic which was obtained by Prosperetti (1981) earlier.
Define P(h) as

P(h) = h* — 40281 4+ 20(1 — 68)h% 4+ 403/2(1 — 38)h + 0*(1 —48) +1  (3.56)

Let the roots of the quartic be h; such that P(h) = Zle (h — h;) and using the partial
fraction decomposition P(h)~' = 37 A;(h — h;)~", Eq. 3.55 can be written as

I'(q) = ; \/; fihi (3.57)

Eq. 3.57 can be inverted to obtain a non-dimensional time-domain expression
(Abramowitz & Segun 1970) (page 1023)

4
1
Irirt) = ; —A; [\/ﬁ — hiexp [h3T] Erfe [hiv/7] (3.58)
Substituting this in Eq. 3.54, and using the fact that Zle A; = 0 we obtain
4 .
ar(t)=1- z hiAi/ exp [(h? — 0)m] Erfe [h;y/m] dm (3.59)
i=1 0
where Erfc is the complementary error function. We need the following result,
hiErf (V0T) 9
T 1 — ——— —exp[(h; — 0)7]|Erfc (hiy/T)
/ exp [(h} — 0)m] Erfc (hyv/m) dm = /6 7
0 -

(3.60)
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Substituting Eq. 3.60 into 3.59, we obtain

4

_ hi A; _1)2 A;h; exp[(h? — 0)7]Erfc (2;4/7)
() =1=2 55 it (V0 )Za h2 Z 6 — 12
=1 ? i

(3.61)

The following can be proven (for 5 = 0, they reduce to the one fluid expressions given
by Prosperetti (1976))

Aihy  46%(1 —4B) +1 Aih? —40%/%(1 — 4P)
D g Z

- = 62
g —h? T 862(1—48) + 1 O—h2  802(1—48)+1 (8:62)

Using these the first two terms in Eq. 3.61 can be combined as

2 2\ Ash; exp|(h2 — 0)7]Erfc (hiy/T
an(r) = 46°(1-48) o o (\/%)JFZAJLZ p(hi — O)7]Erfc (hiv/T) (3.63)

802 (1—4p8) + 1 0 — h2

We will now re-dimensionalise our equation and write the final answer

ar(t) A(vk?)? (1 — 4B8) T . Aihiw? expl(h? — vk?)t|Exfe (hiv/T)
ax(0)  8(wk?)Z(1—48) + Wi Erfc ( vkt ) ;

N k2 — 2

(3.64a)
where iLl = h;y/wq is the root of the equation
bt — A(wk®)V2 803 + 2(vk?) (1 — 68)h* + 4(wk?)*/2(1 — 38)h + (Wk?)?(1 — 48) + w2 = 0

Note that A; = /ng/ % as A, appears in the dimensional equation

W)
P — (yk2)1/25iz3 +2(0k2)(1 — 68)h2 + 4(vk2)3/2(1 — 38)h + (vk2)2(1 — 45) + Wl
4
=3 W Z Z‘”O (3.65)
=0 h — 1= 0 z

Finally note that if we know the roots ﬁi, A; for i = 1...4 can be calculated using the
partial fractions formula

Ay = (b =) (n —hs) (b —h)) (3.66)

Other formulae for Ag, As and A, arise similarly.

3.4.2. Vorticity
Thus the vorticity field becomes

Mz, s) = 2L(an () (k4 p" /2 + S/V [ 2/ k2 + S/V} (3.67)

’ P+ M
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With the help of following inverse Laplace Transform (see Abramowitz & Segun (1970),

page no. 1026)

o

2/t

2
exp[—i—t]

2/ gntl

and the first shifting theorem, Eq. 3.67 becomes

Lt {5%1 exp[—a 5]} =

m()

2
M (z,s) = <pZ;/p2L) L) |koir [ 2P - (I/f;t-i- =3
[, (ool o)
+%L - wt HQ(Q;E) ]

where H;(x) (i = 1,2...) are the Hermite polynomials with H;(x) = 2z and Ha(z)

(3.68)

(3.69)

422 — 2 (Abramowitz & Segun 1970). The linearity of the Laplace transform together

with the convolution theorem allows us to invert Eq. 3.69 and obtain,

y-1/2 b a(m)exp |~ (VR (t—m) + g
M (z,t) = <pu+p£> [[ dmr p| (W(t—m)3 )]
P~ 2
Tyt <21/(t—m)

(W
)

We can thus write an expression for the vorticity in the upper fluid

wé’(r, z,t) = ()u(z, t)J1(kr),

(3.70a)

(3.71)

where Eq. 3.69 gives the expression for 2(r, z,t). A similar expression can be obtained

for the lower fluid as

o (T t Gi(m) exp - (R -+ i
Q(vt)—(pu+pc> l/od 7(t —m)3
oM —2
Tt (M_m)

)] (k

)

(3.72a)
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3.4.3. Pressure

We present here an expression by inverting the viscous part of pressure. The inversion
of the potential part is easy and is not presented here. From Eq. 3.19, we have

PE(r, 2, 8) = — = A* (s)Jo(kr) exp[kz]. (3.73)

In order to invert Eq. 3.73, we need to simply invert A*(s), which from Eqs. 3.37 & 3.44
has the expression,

AL (s) = &(s) (san(s) — ax(0))
2 (p'ck; + pu)\)

- u
= p£2p+ iuL[dk(t)] + pf"%pu\/m(sdk(s) — ax(0)
= Af(s) + A5 (s) (3.74)

Note that in defining A%(s), we have used the definition of A. AL(s) in Bq. 3.74 is
directly invertible. We provide the algebra for inverting A% (s). The algebra is easier to
do in non-dimensional space. Using Eq. 3.46 we obtain

- 2p%a w
AL(q) = ’pru O\/q—&- 0(qa—1) (3.75)

Using Eq. 3.50, Eq. 3.75 can be written as

A5 (q) =~ 2p ax(0 \/7 q+0I(q+0) = _ 2 a(0) M(q+9) (3.76)

pr+pH e+ M
where ]\Zf(q) = \/(jl"(q). With the help of first shifting theorem, we can invert 3.76 to
obtain
QPUGk(O) wo
Af(r) = - — oT)M 3.77
£(r) = 2 [ S expl-oru () (3.77)

where M (1), M(q) and A% (7), A5 (q) are Laplace transform pairs. Using h = —/q, similar
to Eq. 3.55 we can write,

—h _ —h
Rt — 401/28h3 +20(1 — 68)h2 + 463/2(1 — 38)h +62(1 —48) + 1 P(h)

M = (3.78)

Using the partial fraction decomposition —hP(h)~' = S+, Bi(h — h;)~!, we obtain

4
-B
=> (3.79)
& Vath
Using Eq. 3.58 in Eq. 3.79, we obtain
4
=> -B [ — hjexp [hi7] Exfe [hi/7] (3.80)

i=1

Substituting this in expression 3.77 and using Z B; =0, we obtain

Ag(T) = quak(o)\/wiexp —07] ZB h; exp [h T] Erfc [h ﬂ (3.81)

pE+ ! im1
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Note that A%(7) is dimensionless and hence the dimensional version of it viz. A%,(t)
AL (T)wp can be written as

wo L+t v

L u 4 . . .
A%(t) __ % 2 (0) v/ “ exp[—vk?t] ZBihiwé/Q exp [h?t] Erfc [hzx/f] (3.82)
i=1

where similar to earlier algebra, B; = Biwg as B; appears in the dimensional equation

—hw/?
h4 — 4(vk2)V/28h3 4 2(vk2) (1 — 66)h2 + 4(vk2)3/2(1 — 38)h 4+ (VEk2)2(1 — 48) + w?
4 4 A
-y P g By (3.83)
“h—hi = h—h

and h = h\/wo. The expression for the viscous part of pressure in the lower fluid in time
domain can be written as

P (r,2,t) = = Jo(kr) explkz] (Af (t) + AZ,(t)) (3.84)

which can be rewritten as

C L1, —1 U /2. _1/2
pE(r, z,t) 205 kwy . 20" ag (0)w,’ “v
= = —Jo(k kz] | ———ax(t) —
,U’CWO 0( T‘) exp[ Z] p£+pz,{ ak( ) pL+p1/{
4
exp[—vk?t] ZBiﬁiwé/Q exp [ﬁft} Erfc [im/f” . (3.85a)
i=1

where h; are the roots of the equation,
Bt — 4k 2803 + 2wk?) (1 — 68)h2 + 4(vk?)%/2(1 — 38)h + (vk?)2(1 —48) + w2 =0

B;’s can be evaluated using partial fractions. A similar expression for viscous part of
pressure can be obtained for the upper fluid.

4. Additional Data

Axisymmetric simulations were also conducted for pure capillary waves. Data collapse
using the scales suggested in Denner (2016) is shown below.
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Figure 1: Collapse of the amplitude versus time curves for pure capillary waves using
the time scale t,. proposed in Denner (2016). The non-dimensional wave number in our

axisymmetric DNS was chosen to be k = 0.5 where k is defined in Denner (2016). The
parameters for cases I, II and III are provided in the data sheet available at Farsoiya
et al. (2017).
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