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The derivation consists of five steps which were described by Faltinsen et al. (2003) and
Faltinsen & Timokha (2013) for other tank shapes. In the most general case, the third-order
adaptive modal system is derived suggesting that the finite liquid depth, the forcing magnitude
is equal to O(ε), and all generalised coordinates and velocities in (2.8) are of the lowest order
O(ε1/3). Furthermore, the o(ε)-order quantities can be neglected.

The first step suggests the Taylor expansion by ζ of I(0)
(Ab), I

(1)
(Ab)(Mn), and I(2)

(Ab)(Mn) by (2.13) and

(2.14). By definition, ζ = O(ε1/3). Analysis shows that I(0)
(Ab) should be expanded up to the third

order but I(1)
(Ab)(Mn) and I(2)

(Ab)(Mn) require expansion up to the second order, i.e.

I(0)
(Ab) = k−1

Ab tanh(kAbh) + ζ + 1
2κAbζ

2 + 1
6 k2

Abζ
3 + . . . , ( 1a)

I(1)
(Ab)(Mn) = O(1) + ζ + 1

2 (κAb + κMn)ζ2 + . . . , ( 1b)

I(2)
(Ab)(Mn) = O(1) + κAbκMnζ + 1

2 (k2
AbκMn + k2

MnκAb)ζ2 + . . . . ( 1c)

Inserting ( 1b) and ( 1c) into (2.13) gives

G
(1)
(Ab)(Mn) = O(1) + (R′AbR

′
Mn + RAbRMnκAbκMn) ζ

+ 1
2 [(κAb + κMn)R′AbR

′
Mn + RAbRMn(k2

AbκMn + k2
MnκAb)]ζ2, ( 2a)

G
(2)
(Ab)(Mn) = O(1) + r−2AMRAbRMn ζ + 1

2 r−2AM(κAb + κMn)RAbRMn ζ
2. ( 2b)

By the second step, Ap
Ab and Ar

ab should be expanded up to O(ε) in terms to the sloshing-
related generalised coordinates. For this purpose, (2.8a) is inserted into expressions of ( 1a) and,
thereafter, substituted into the corresponding formulas of (2.12). This gives

Ap
Ab = ΛAA,pAb + 1

2

Iθ ,Ir∑
MN,i j

χ
pp
(Mi)(N j),(Ab) pMi pN j + 1

2

Iθ ,Ir∑
mn,i j

χrr
(mi)(n j),(Ab)rmirn j

+ 1
3

Iθ ,Ir∑
MNK,i jl

χ
ppp
(Mi)(N j)(Kl),(Ab) pMi pN j pKl +

Iθ ,Ir∑
Mnk,i jl

χ
prr
(Mi),(n j)(kl),(Ab) pMirn jrkl, ( 3a)
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Ar
ab = Λ,aarab +

Iθ ,Ir∑
Mn,i j

χ
pr
(Mi),(n j),(ab) pMirn j + 1

3

Iθ ,Ir∑
mnk,i jl

χrrr
(mi)(n j)(kl),(ab)rmirn jrkl

+

Iθ ,Ir∑
MNk,i jl

χ
ppr
(Mi)(N j),(kl),(ab) pMi pN jrkl, Iθ, Ir → ∞, ( 3b)

where

χ
pp
(Mi)(N j),(Ab) = κAbΛAMN,λ(Ab)(Mi)(N j), χ

rr
(Mi)(n j),(Ab) = κAbΛA,mnλ(Ab)(mi)(n j),

χ
ppp
(Mi)(N j)(Kl),(Ab) = 1

2 k2
AbΛAMNK,λ(Ab)(Mi)(N j)(Kl),

χ
prr
(Mi),(n j)(kl),(Ab) = 1

2 k2
AbΛAM,nkλ(Ab)(Mi)(n j)(kl),

χ
pr
(Mi),(n j),(ab) = κabΛM,anλ(Mi)(n j)(ab), χ

rrr
(mi)(n j)(kl),(ab) = 1

2 k2
abΛ,amnkλ(mi)(n j)(kl)(ab),

χ
ppr
(Mi)(N j),(kl),(ab) = 1

2 k2
abΛMN,akλ(Mi)(N j)(kl)(ab)

within the Λ-tensor whose elements

ΛM...N,i... j =

∫ π

−π

cos(Aθ) . . . cos(Mθ) · sin(iθ) . . . sin( jθ) dθ. ( 4)

which can be computed by recursive formulas

ΛM,i = 0, Λ,i j = πδi j, ΛMN, = πδMN , M2 + N2 , 0, Λ00, = 2π,

ΛM...NK,i... j = 1
2 (ΛM...|N−K|,i... j + ΛM...|N+K|,i... j),

ΛM...N,i...l jk = 1
2 (ΛM...| j−k|,i...l − ΛM...| j+k|,i...l)

following from the corresponding trigonometrical relations and the λ-tensors defined by the
formula

λ(Ab)...(Mn) =

∫ 1

r1

rRAb(r) . . .RMn(r) dr. ( 5)

The partial derivatives of ( 3) by the generalised coordinates take the form

∂Ap
Ab

∂pD f
= ΛAD,δb f +

Iθ ,Ir∑
M,i

χ
pp
(Mi)(D f ),(Ab) pMi +

Iθ ,Ir∑
NK, jl

χ
ppp
(D f )(N j)(Kl),(Ab) pN j pKl

+

Iθ ,Ir∑
nk, jl

χ
prr
(D f ),(n j)(kl),(Ab)rn jrkl, ( 6a)

∂Ap
Ab

∂rd f
=

Iθ ,Ir∑
m,i

χrr
(mi)(d f ),(Ab)rmi + 2

Iθ ,Ir∑
Mn,i j

χ
prr
(Mi),(n j)(d f ),(Ab) pMirn j, ( 6b)

∂Ar
ab

∂pD f
=

Iθ ,Ir∑
n, j

χ
pr
(D f ),(n j),(ab)rn j + 2

Iθ ,Ir∑
Mn,i j

χ
ppr
(Mi)(D f ),(n j),(ab) pMirn j, ( 6c)

∂Ar
ab

∂rd f
= Λ,adδb f +

Iθ ,Ir∑
M,i

χ
pr
(Mi),(d f ),(ab) pMi +

Iθ ,Ir∑
mn,i j

χrrr
(mi)(n j)(d f ),(ab)rmirn j

+

Iθ ,Ir∑
MN,i j

χ
ppr
(Mi)(N j),(d f ),(ab) pMi pN j, Iθ, Ir → ∞. ( 6d)
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The third step should lead to analogous expressions for App
(Ab)(Mn), A

rr
(ab)(mn) and Apr

(Ab),(mn) but
up to the second-order terms, O(ε2/3). The O(1)-order term can be taken from the linear modal
theory. The result is

App
(Ab)(Mn) = ΛAM,δbnκAb +

Iθ ,Ir∑
K,l

Π
p,p
(Kl),(Ab)(Mn) pKl

+

Iθ ,Ir∑
KC,ld

Π
p,pp
(Kl)(Cd),(Ab)(Mn) pKl pCd +

Iθ ,Ir∑
kc,ld

Π
p,rr
(kl)(cd),(Ab)(Mn)rklrcd, ( 7a)

Arr
(ab)(mn) = Λ,amδbnκab +

Iθ ,Ir∑
K,l

Π
r,p
(Kl),(ab)(mn) pKl

+

Iθ ,Ir∑
KC,ld

Π
r,pp
(Kl)(Cd),(ab)(mn) pKl pCd +

Iθ ,Ir∑
kc,ld

Π r,rr
(kl)(cd),(ab)(mn)rklrcd, ( 7b)

Apr
(Ab),(mn) =

Iθ ,Ir∑
k,l

Π r
(kl),(Ab),(mn)rkl +

Iθ ,Ir∑
Kc,ld

Π
pr
(Kl),(cd),(Ab),(mn) pKlrcd, ( 7c)

where

Π
p,p
(Kl),(Ab)(Mn) = ΛAMK,G

(11)
(Ab)(Mn),(Kl) + ΛK,AMG(12)

(Ab)(Mn),(Kl),

Π
r,p
(Kl),(ab)(mn) = ΛK,amG(11)

(ab)(mn),(Kl) + ΛamK,G
(12)
(ab)(mn),(Kl),

Π r
(kl),(Ab),(mn) = ΛA,mkG

(11)
(Ab)(mn),(kl) − Λm,AkG

(12)
(Ab)(mn),(kl),

Π
p,pp
(Kl)(Cd),(Ab)(Mn) = ΛAMKC,G

(21)
(Ab)(Mn),(Kl)(Cd) + ΛKC,AMG(22)

(Ab)(Mn),(Kl)(Cd),

Π
p,rr
(kl)(cd),(Ab)(Mn) = ΛAM,kcG

(21)
(Ab)(Mn),(kl)(cd) + Λ,AMkcG

(22)
(Ab)(Mn),(kl)(cd),

Π
r,pp
(Kl)(Cd),(ab)(mn) = ΛKC,amG(21)

(ab)(mn),(Kl)(Cd) + ΛKCam,G
(22)
(ab)(mn),(Kl)(Cd),

Π r,rr
(kl)(cd),(ab)(mn) = Λ,amkcG

(21)
(ab)(mn),(kl)(cd) + Λam,kcG

(22)
(ab)(mn),(kl)(cd),

Π
pr
(Kl),(cd),(Ab),(mn) = 2[ΛAK,mcG

(21)
(Ab)(mn),(Kl)(cd) − ΛKm,AcG

(22)
(Ab)(mn),(Kl)(cd)];

G(11)
(Ab)(Mn),(Kl) = λ′(Ab)(Mn),(Kl) + κAbκMnλ(Ab)(Mn)(Kl),

G(12)
(Ab)(Mn),(Kl) = AMλ̄(Ab)(Mn)(Kl),

G(21)
(Ab)(Mn),(Kl)(Cd) = 1

2 [(κAb + κMn)λ′(Ab)(Mn),(Kl)(Cd) + (k2
AbκMn + k2

MnκAb)λ(Ab)(Mn)(Kl)(Cd)],

G(22)
(Ab)(Mn),(Kl)(Cd) = 1

2 AM(κAb + κMn)λ̄(Ab)(Mn)(Kl)(Cd)

and

λ′(Ab)(Mn),(Cd)...(E f ) =

∫ 1

r1

rR′Ab(r)R′Mn(r) · RCd(r) . . .RE f (r) dr,

λ̄(Ab)...(Mn) =

∫ 1

r1

r−1 RAb(r) . . .RMn(r) dr.

( 8)

The partial derivatives of ( 7) by the generalised coordinates are

∂App
(Ab)(Cd)

∂pE f
= Π

p,p
(E f ),(Ab)(Cd) + 2

Iθ ,Ir∑
M,i

Π
p,pp
(Mi)(E f ),(Ab)(Cd) pMi, ( 9a)
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∂App

(Ab)(Cd)

∂re f
= 2

Iθ ,Ir∑
m,i

Π
p,rr
(mi)(e f ),(Ab)(Cd)rmi, ( 9b)

∂Arr
(ab)(cd)

∂pE f
= Π

r,p
(E f ),(ab)(cd) + 2

Iθ ,Ir∑
M,i

Π
r,pp
(Mi)(E f ),(ab)(cd) pMi, ( 9c)

∂Arr
(ab)(cd)

∂re f
= 2

Iθ ,Ir∑
m,i

Π r,rr
(mi)(e f ),(ab)(cd)rmi, ( 9d)

∂Apr
(Ab),(cd)

∂pE f
=

Iθ ,Ir∑
n, j

Π
pr
(E f ),(n j),(Ab)(cd)rn j, ( 9e)

∂Apr
(Ab),(cd)

∂re f
= Π r

(e f ),(Ab),(cd) +

Iθ ,Ir∑
M,i

Π
pr
(Mi),(e f ),(Ab)(cd) pMi. ( 9f )

By the fourth step, the kinematic equations (2.9) should be resolved with respect to the
generalised velocities PAb and Rab by postulating

PAb =
1
κAb

ṗAb+

Iθ ,Ir∑
MN,i j

V pp
(Mi),(N j),(Ab) ṗMi pN j+

Iθ ,Ir∑
mn,i j

Vrr
(mi),(n j),(Ab)ṙmirn j+

Iθ ,Ir∑
Mnk,i jl

V prr
(Mi),(n j),(kl),(Ab) ṗMirn jrkl

+

Iθ ,Ir∑
MNK,i jl

V ppp
(Mi),(N j),(Kl),(Ab) ṗMi pN j pKl +

Iθ ,Ir∑
Mnk,i jl

Vrpr
(n j),(Mi),(kl),(Ab)ṙn j pMirkl, ( 10a)

Rab =
1
κab

ṙab +

Iθ ,Ir∑
Mn,i j

V pr
(Mi),(n j),(ab) ṗMirn j +

Iθ ,Ir∑
Mn,i j

Vrp
(n j),(Mi),(ab)ṙn j pMi +

Iθ ,Ir∑
mnk,i jl

Vrrr
(mi),(n j),(kl),(ab)ṙmirn jrkl

+

Iθ ,Ir∑
MNk,i jl

Vrpp
(kl),(Mi),(N j),(ab)ṙkl pMi pN j +

Iθ ,Ir∑
MNk,i jl

V ppr
(Mi),(N j),(kl),(ab) ṗMi pN jrkl, ( 10b)

substituting ( 10) into the kinematic subsystem (2.9), and matching the similar quantities. The
procedure derives the V-coefficients as

V pp
(Mi),(N j),(Ab) =

1
ΛAAκAb

χpp
(N j)(Mi),(Ab) −

Π
p,p
(N j),(Ab)(Mi)

κMi

 ,
Vrr

(mi),(n j),(Ab) =
1

ΛAAκAb

χrr
(n j)(mi),(Ab) −

Π r
(n j),(Ab),(mi)

κmi

 ,
Vrp

(n j),(Mi),(ab) =
1

Λaaκab

χpr
(Mi),(n j),(ab) −

Π
r,p
(Mi),(ab)(n j)

κn j

 ,
V pr

(Mi),(n j),(ab) =
1

Λaaκab

χpr
(Mi),(n j),(ab) −

Π r
(n j),(Mi),(ab)

κMi

 ,
V ppp

(Mi),(N j),(Kl),(Ab) =
1

ΛAAκAb

χppp
(Mi)(N j)(Kl),(Ab) −

Π
p,pp
(N j)(Kl),(Ab)(Mi)

κMi

−

Iθ ,Ir∑
C,d

V pp
(Mi),(N j),(Cd)Π

p,p
(Kl),(Ab)(Cd)

 ; V prr
(Mi),(n j),(kl),(Ab) =

1
ΛAAκAb
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×

χprr
(Mi),(n j)(kl),(Ab) −

Π
p,rr
(n j)(kl),(Ab)(Mi)

κMi
−

Iθ ,Ir∑
c,d

V pr
(Mi),(n j),(cd)Π

r
(kl),(Ab),(cd)

 ,
Vrrr

(mi),(n j),(kl),(ab) =
1

Λaaκab

χrrr
(n j)(kl)(mi),(ab) −

Π r,rr
(n j)(kl),(ab)(mi)

κmi

−

Iθ ,Ir∑
C,d

Vrr
(mi),(n j),(Cd)Π

r
(kl),(Cd),(ab)

 ; Vrpp
(kl),(Mi),(N j),(ab) =

1
Λaaκab

×

χppr
(Mi)(N j),(kl),(ab) −

Π
r,pp
(Mi)(N j),(ab)(kl)

κkl
−

Iθ ,Ir∑
c,d

Vrp
(kl),(Mi),(cd)Π

r,p
(N j),(ab),(cd)

 ,
V ppr

(Mi),(N j),(kl),(ab) =
1

Λaaκab

2χppr
(Mi)(N j),(kl),(ab) −

Π
pr
(N j),(kl),(Mi)(ab)

κMi

−

Iθ ,Ir∑
C,d

V pp
(Mi),(N j),(Cd)Π

r
(kl),(Cd),(ab) −

Iθ ,Ir∑
c,d

V pr
(Mi),(kl),(cd)Π

r,p
(N j),(ab)(cd)

 ,
Vrpr

(n j),(Mi),(kl),(Ab) =
1

ΛAAκAb

2χprr
(Mi),(kl)(n j),(Ab) −

Π
pr
(Mi),(kl),(Ab)(n j)

κn j

−

Iθ ,Ir∑
C,d

Vrr
(n j),(kl),(Cd)Π

p,p
(Mi),(Ab)(Cd) −

Iθ ,Ir∑
c,d

Vrp
(n j),(Mi),(cd)Π

r
(kl),(Ab),(cd)

 .
By the fifth step, expressions ( 6), ( 9) and ( 10) are substituted into the dynamic equations

(2.10). Excluding the o(ε)-terms gives the required adaptive weakly-nonlinear modal equations

Iθ ,Ir∑
M,i

p̈Mi

δMEδi f +

Iθ ,Ir∑
N, j

dpp,(E f )
(Mi),(N j) pN j +

Iθ ,Ir∑
NK, jl

dppp,(E f )
(Mi),(N j),(Kl) pN j pKl

+

Iθ ,Ir∑
nk, jl

dprr,(E f )
(Mi),(n j),(kl)rn jrkl

 +

Iθ ,Ir∑
mn,i j

r̈mirn j

drr,(E f )
(mi),(n j) +

Iθ ,Ir∑
K,l

drrp,(E f )
(mi),(n j),(Kl) pKl


+

Iθ ,Ir∑
MN,i j

ṗMi ṗN j

tpp,(E f )
(Mi),(N j) +

Iθ ,Ir∑
K,l

tppp,(E f )
(Mi),(N j),(Kl) pKl

 +

Iθ ,Ir∑
Mnk,i jl

tprr,(E f )
(Mi),(n j),(kl) ṗMiṙn jrkl

+

Iθ ,Ir∑
mn,i j

ṙmiṙn j

trr,(E f )
(mi),(n j) +

Iθ ,Ir∑
K,l

trrp,(E f )
(mi),(n j),(Kl) pKl

 + σ2
E f pE f

= −(η̈1 − gη5 − S bη̈5)δ1Eκ1 f P f ; E = 0, . . . , Iθ; f = 1, . . . , Ir, ( 11a)

Iθ ,Ir∑
m,i

r̈mi

δmeδi j +

Iθ ,Ir∑
N, j

drp,(e f )
(mi),(N j) pN j +

Iθ ,Ir∑
NK, jl

drpp,(e f )
(mi),(N j),(Kl) pN j pKl

+

Iθ ,Ir∑
nk, jl

drrr,(e f )
(mi),(n j),(kl)rn jrkl

 +

Iθ ,Ir∑
Mn,i j

p̈Mirn j

dpr,(e f )
(Mi),(n j) +

Iθ ,Ir∑
K,l

dprp,(e f )
(Mi),(n j),(Kl) pKl


+

Iθ ,Ir∑
Mn,i j

ṗMiṙn j

tpr,(e f )
(Mi),(n j) +

Iθ ,Ir∑
K,l

tprp,(e f )
(Mi),(n j),(Kl) pKl
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+

Iθ ,Ir∑
MNk,i jl

tppr,(e f )
(Mi),(N j),(kl) ṗMi ṗN jrkl +

Iθ ,Ir∑
mnk,i jl

trrr,(e f )
(mi),(n j),(kl)ṙmiṙn jrkl + σ2

e f re f

= −(η̈2 + gη4 + S bη̈4)δ1eκ1 f P f ; e = 1, . . . , Iθ; f = 1, . . . , Ir, ( 11b)

where the natural sloshing frequencies σE f are defined by (2.5), P f and S b come from (2.7) and
(2.11), respectively, and the hydrodynamic coefficients at the nonlinear quantities can explicitly
be computed, as functions of h and r1, by the formulas

dpp,(E f )
(Mi),(N j) =

κE f

ΛEE

ΛEEV pp
(Mi),(N j),(E f ) +

χ
pp
(N j)(E f ),(Mi)

κMi

 ,
dppp,(E f )

(Mi),(N j),(Kl) =
κE f

ΛEE

ΛEEV ppp
(Mi),(N j),(Kl),(E f ) +

χ
ppp
(E f )(N j)(Kl),(Mi)

κMi

+

Iθ ,Ir∑
A,b

V pp
(Mi),(N j),(Ab)χ

pp
(Kl)(E f ),(Ab)

 ,
dprr,(E f )

(Mi),(n j),(kl) =
κE f

ΛEE

ΛEEV prr
(Mi),(n j),(kl),(E f ) +

χ
prr
(E f ),(n j)(kl),(Mi)

κMi

+

Iθ ,Ir∑
a,b

V pr
(Mi),(n j),(ab)χ

pr
(E f ),(kl),(ab)

 ,
drr,(E f )

(mi),(n j) =
κE f

ΛEE

ΛEEVrr
(mi),(n j),(E f ) +

χ
pr
(E f ),(n j),(mi)

κmi

 ,
drrp,(E f )

(mi),(n j),(Kl) =
κE f

ΛEE

ΛEEVrpr
(mi),(Kl),(n j),(E f ) +

2χppr
(Kl)(E f ),(n j),(mi)

κmi

+

Iθ ,Ir∑
a,b

Vrp
(mi),(Kl),(ab)χ

pr
(E f ),(n j),(ab) +

Iθ ,Ir∑
A,b

Vrr
(mi),(n j),(Ab)χ

pp
(Kl)(E f ),(Ab)

 ,
tpp,(E f )
(Mi),(N j) =

κE f

ΛEE

ΛEEV pp
(Mi),(N j),(E f ) +

Π
p,p
(E f ),(Mi)(N j)

2κMiκN j

 ,
tppp,(E f )
(Mi),(N j),(Kl) =

κE f

ΛEE

ΛEEV̄ ppp
(Mi),(N j),(Kl),(E f ) +

Π
p,pp
(Kl)(E f ),(Mi)(N j)

κMiκN j

+

Iθ ,Ir∑
A,b

V pp
(Mi),(N j),(Ab)χ

pp
(Kl)(E f ),(Ab) +

Iθ ,Ir∑
A,b

Π
p,p
(E f ),(Mi)(Ab)

κMi
V pp

(N j),(Kl),(Ab)

 ,
trr,(E f )
(mi),(n j) =

κE f

ΛEE

ΛEEVrr
(mi),(n j),(E f ) +

Π
r,p
(E f ),(mi)(n j)

2κmiκn j

 ,
trrp,(E f )
(mi),(n j),(Kl) =

κE f

ΛEE

ΛEEVrpr
(mi),(Kl),(n j),(E f ) +

Π
r,pp
(Kl)(E f ),(mi)(n j)

κmiκn j

+

Iθ ,Ir∑
A,b

Vrr
(mi),(n j),(Ab)χ

pp
(Kl)(E f ),(Ab) +

Iθ ,Ir∑
a,b

Π
r,p
(E f ),(mi)(ab)

κmi
Vrp

(n j),(Kl),(ab)

 ,
tprr,(E f )
(Mi),(n j),(kl) =

κE f

ΛEE

ΛEEV̄ prr
(Mi),(n j),(kl),(E f ) +

Π
pr
(E f ),(kl),(Mi)(n j)

κMiκn j
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+

Iθ ,Ir∑
a,b

(
V̄ pr

(Mi),(n j),(ab)χ
pr
(E f ),(kl),(ab) +

1
κn j

V pr
(Mi),(kl),(ab)Π

r,p
(E f ),(ab)(n j)

)

+

Iθ ,Ir∑
A,b

Π
p,p
(E f ),(Mi)(Ab)

κMi
Vrr

(n j),(kl),(Ab)

 ,
dpr,(e f )

(Mi),(n j) =
κe f

Λee

ΛeeV pr
(Mi),(n j),(e f ) +

χrr
(n j),(e f ),(Mi)

κMi

 ,
dprp,(e f )

(Mi),(n j),(Kl) =
κe f

Λee

ΛeeV ppr
(Mi),(Kl),(n j),(e f ) +

2χprr
(Kl),(n j)(e f ),(Mi)

κMi

+

Iθ ,Ir∑
A,b

V pp
(Mi),(Kl),(Ab)χ

rr
(n j)(e f ),(Ab) +

Iθ ,Ir∑
a,b

V pr
(Mi),(n j),(ab)χ

pr
(Kl),(e f ),(ab)

 ,
drp,(e f )

(mi),(N j) =
κe f

Λee

ΛeeVrp
(mi),(N j),(e f ) +

χ
pr
(N j),(e f ),(mi)

κmi

 ,
drpp,(e f )

(mi),(N j),(Kl) =
κe f

Λee

ΛeeVrpp
(mi),(N j),(Kl),(e f ) +

χ
ppr
(N j)(Kl),(e f ),(mi)

κmi

+

Iθ ,Ir∑
a,b

Vrp
(mi),(N j),(ab)χ

pr
(Kl),(e f ),(ab)

 ,
drrr,(e f )

(mi),(n j),(kl) =
κe f

Λee

ΛeeVrrr
(mi),(n j),(kl),(e f ) +

χrrr
(n j)(kl)(e f ),(mi)

κmi

+

Iθ ,Ir∑
A,b

Vrr
(mi),(n j),(Ab)χ

rr
(kl)(e f ),(Ab)

 ,
tpr,(e f )
(Mi),(n j) =

κe f

Λee

ΛeeV̄ pr
(Mi),(n j),(e f ) +

Π r
(e f ),(Mi),(n j)

κMiκn j

 ,
tprp,(e f )
(Mi),(n j),(Kl) =

κe f

Λee

ΛeeV̄rpp
(n j),(Mi),(Kl),(e f ) +

Π
pr
(Kl),(e f ),(Mi)(n j)

κMiκn j

+

Iθ ,Ir∑
a,b

V̄ pr
(Mi),(n j),(ab)χ

pr
(Kl),(e f ),(ab) +

Iθ ,Ir∑
a,b

Vrp
(n j),(Kl),(ab)

κMi
Π r

(e f ),(Mi),(ab)

+

Iθ ,Ir∑
A,b

V pp
(Mi),(Kl),(Ab)

κn j
Π r

(e f ),(Ab),(n j)

 ,
tppr,(e f )
(Mi),(N j),(kl) =

κe f

Λee

ΛeeV ppr
(Mi),(N j),(kl),(e f ) +

Π
p,rr
(kl)(e f ),(Mi)(N j)

κMiκN j

+

Iθ ,Ir∑
A,b

V pp
(Mi),(N j),(Ab)χ

rr
(kl)(e f ),(Ab) +

Iθ ,Ir∑
a,b

V pr
(N j),(kl),(ab)

κMi
Π r

(e f ),(Mi),(ab)

 ,
trrr,(e f )
(mi),(n j),(kl) =

κe f

Λee

ΛeeV̄rrr
(mi),(n j),(kl),(e f ) +

Π r,rr
(kl)(e f ),(mi)(n j)

κmiκn j

+

Iθ ,Ir∑
A,b

Vrr
(mi),(n j),(Ab)χ

rr
(kl)(e f ),(Ab) +

Iθ ,Ir∑
A,b

Vrr
(mi),(kl),(Ab)

κn j
Π r

(e f ),(Ab),(n j)

 ;
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V̄ ppp
(Mi),(N j),(Kl),(Ab) = V ppp

(Mi),(N j),(Kl),(Ab) + V ppp
(Mi),(Kl),(N j),(Ab),

V̄ prr
(Mi),(n j),(kl),(Ab) = V prr

(Mi),(n j),(kl),(Ab) + V prr
(Mi),(kl),(n j),(Ab) + Vrpr

(n j),(Mi),(kl),(Ab),

V̄ pr
(Mi),(n j),(ab) = V pr

(Mi),(n j),(ab) + Vrp
(n j),(Mi),(ab),

V̄rrr
(mi),(n j),(kl),(ab) = Vrrr

(mi),(n j),(kl),(ab) + Vrrr
(mi),(kl),(n j),(ab),

V̄rpp
(kl),(Mi),(N j),(ab) = Vrpp

(kl),(Mi),(N j),(ab) + Vrpp
(kl),(N j),(Mi),(ab) + V ppr

(Mi),(N j),(kl),(ab).

The formulas suggest finite Iθ and Ir.
The Narimanov–Moiseev modal equations (2.17)–(2.20) follow from the general third-order

equations ( 11) by using the simplifying asymptotic relations (2.16) neglecting the o(ε)-terms.
The hydrodynamic coefficients of this modal system are computed by the formulas

d1 = dppp,(11)
(11),(11),(11) = drrr,(11)

(11),(11),(11) = tppp,(11)
(11),(11),(11) = trrr,(11)

(11),(11),(11),

d2 = dprr,(11)
(11),(11),(11) = drpp,(11)

(11),(11),(11) = 1
2 tprr,(11)

(11),(11),(11) = 1
2 tprp,(11)

(11),(11),(11),

d1 − d2 = drrp,(11)
(11),(11),(11) = dprp,(11)

(11),(11),(11), d1 − 2d2 = trrp,(11)
(11),(11),(11) = tppr,(11)

(11),(11),(11),

d( j)
3 = dpp,(11)

(11),(2 j) = drr,(11)
(11),(2 j) = dpr,(11)

(11),(2 j) = −drp,(11)
(11),(2 j) = tpr,(11)

(11),(2 j) = −tpr,(11)
(2 j),(11)

= tpp,(11)
(11),(2 j) + tpp,(11)

(2 j),(11) = trr,(11)
(11),(2 j) + trr,(11)

(2 j),(11),

d( j)
4 = dpp,(11)

(2 j),(11) = drr,(11)
(2 j),(11) = −dpr,(11)

(2 j),(11) = drp,(11)
(2 j),(11),

d( j)
5 = dpp,(11)

(11),(0 j) = drp,(11)
(11),(0 j) = tpr,(11)

(0 j),(11) = tpp,(11)
(0 j),(11) + tpp,(11)

(11),(0 j),

d( j)
6 = dpp,(11)

(0 j),(11) = dpr,(11)
(0 j),(11), d7,k = tpp,(2k)

(11),(11) = −trr,(2k)
(11),(11) = 1

2 tpr,(2k)
(11),(11),

d8,k = tpp,(0k)
(11),(11) = trr,(0k)

(11),(11), d10,k = dpp,(0k)
(11),(11) = drr,(0k)

(11),(11),

d9,k = dpp,(2k)
(11),(11) = −drr,(2k)

(11),(11) = dpr,(2k)
(11),(11) = drp,(2k)

(11),(11),

d11,k = dppp,(3k)
(11),(11),(11) = −drrr,(3k)

(11),(11),(11) = − 1
2 drrp,(3k)

(11),(11),(11),

d12,k = tppp,(3k)
(11),(11),(11) = −trrp,(3k)

(11),(11),(11) = − 1
2 tprr,(3k)

(11),(11),(11) = tppr,(3k)
(11),(11),(11)

= −trrr,(3k)
(11),(11),(11) = 1

2 tprp,(3k)
(11),(11),(11),

d( j)
13,k = dpp,(3k)

(11),(2 j) = −drr,(3k)
(11),(2 j) = dpr,(3k)

(11),(2 j) = drp,(3k)
(11),(2 j),

d( j)
14,k = dpp,(3k)

(2 j),(11) = −drr,(3k)
(2 j),(11) = dpr,(3k)

(2 j),(11) = drp,(3k)
(2 j),(11),

d( j)
15,k = tpp,(3k)

(11),(2 j) + tpp,(3k)
(2 j),(11) = −trr,(3k)

(11),(2 j) − trr,(3k)
(2 j),(11) = tpr,(3k)

(11),(2 j) = tpr,(3k)
(2 j),(11),

d16,n = dppp,(1n)
(11),(11),(11) = drrr,(1n)

(11),(11),(11), d17,n = dprr,(1n)
(11),(11),(11) = drpp,(1n)

(11),(11),(11),

d18,n = tppp,(1n)
(11),(11),(11) = trrr,(1n)

(11),(11),(11), d19,n = tprr,(1n)
(11),(11),(11) = tprp,(1n)

(11),(11),(11),

d16,n − d17,n = drrp,(1n)
(11),(11),(11) = dprp,(1n)

(11),(11),(11), d18,n − d19,n = trrp,(1n)
(11),(11),(11) = tppr,(1n)

(11),(11),(11),

d( j)
20,n = dpp,(1n)

(11),(2 j) = drr,(1n)
(11),(2 j) = dpr,(1n)

(11),(2 j) = −drp,(1n)
(11),(2 j),

d( j)
21,n = dpp,(1n)

(2 j),(11) = drr,(1n)
(2 j),(11) = −dpr,(1n)

(2 j),(11) = drp,(1n)
(2 j),(11),

d( j)
22,n = tpp,(1n)

(11),(2 j) + tpp,(1n)
(2 j),(11) = trr,(1n)

(11),(2 j) + trr,(1n)
(2 j),(11) = tpr,(1n)

(11),(2 j) = −tpr,(1n)
(2 j),(11),

d( j)
23,n = dpp,(1n)

(11),(0 j) = drp,(1n)
(11),(0 j); d( j)

24,n = dpp,(1n)
(0 j),(11) = dpr,(1n)

(0 j),(11),

d( j)
25,n = tpp,(1n)

(11),(0 j) + tpp,(1n)
(0 j),(11) = tpr,(1n)

(0 j),(11).


