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The derivation consists of five steps which were described by Faltinsen ef al. (2003) and
Faltinsen & Timokha (2013) for other tank shapes. In the most general case, the third-order
adaptive modal system is derived suggesting that the finite liquid depth, the forcing magnitude
is equal to O(e), and all generalised coordinates and velocities in (2.8) are of the lowest order
O(€'?). Furthermore, the o(€)-order quantities can be neglected.

The first step suggests the Taylor expansion by ¢ of I((g)b), &L)( Mny® and I((i;,)( M) by (2.13) and

(2.14). By deﬁmtlon ¢ = O(e'3). Analysis shows that 1) should be expanded up to the third

(AD)
order but 1! and 1% require expansion up to the second order, i.e.

(AD)(Mn) (Ab)(Mn)
I((g)b) = ky; b tanh(kaph) + ¢ + 3 KA;,§ + kzbg T+ (1a)
1((/14)}))(Mn) = O(1) + ¢ + S(kap + ku) + -, (1b)
L = O + Kaokund + 3 (Kyann + Kygkan)S + ... (lo)

Inserting ( 1b) and ( 1¢) into (2.13) gives
Gonpam = O + Ry, Ry, + RapRunkankon) £
+ 3 1kap + ki) R R + RavRotn sy kntn + Kypkan)IC>,  (2a)
Gistm = O + 1 PAMR Rt £ + 3172 AM(Kap + Knan)RapRoan £ (2b)
By the second step, AZb and A’ should be expanded up to O(e) in terms to the sloshing-
related generalised coordinates. For this purpose, (2.8a) is inserted into expressions of ( 1a) and,
thereafter, substituted into the corresponding formulas of (2.12). This gives

Iy,I, Ip.I.
p _ 1 pp 1 rr
App = Aaapab + 5 Z X(Mi(Nj)ApPMiPNj T 3 ZX (mi)(nj)(Ab)'miTnj
MN.,ij mn,ij
19 1 Ig 1

1
t3 Z X iV j(Ki)(Aby PMiPN DKL+ Z X i njamy PMiTnTias - (3)
MNK,ijl Mnk,ijl
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Iy I, Iy I,
roo_ pr . 1 rer .
Aup = Aaalab + Z X (Miy(nj) (abyPMiTnj T 3 Z X (mi)n j) ki), (ab) ' miTnj Tk
Mn,ij mnk,ijl
Iy, I

+ Z Xfﬁ%)(/\/j)’(kl)’(ab)pMipNjrkl» Ip, I, — oo, (3D)

MNKijl
where
X Z\l;i)(N by = KabAAMNAABMIN s X (Mixnjab) = KabAamnAAb)mi)nj)s
X o HEDAB) = SR AAMNK.AAbYMiN (KD)»
X fz\r;z) (kD) (Ab) — k A AAM Ak AAb)(Mi)(n j) (kD) s
Xty aby = KabAM.anAMidnabs X (miycnjy ity (ab) = = 3k A amnk Amixonjkiyab)
X {AIZ)(N kD (ab) — 2kubAMN,ak/l(M D j)(kI)(ab)

within the A-tensor whose elements

AN =f cos(A0) ...cos(M0) - sin(if) . .. sin(j6O) d6.

U3

which can be computed by recursive formulas
AM,,‘ = O, A,,‘j = 71'6,'j, AMN, = 7T6MN, ZW2 +N2 * O, A()(), = 27T,
AM.NK.j = %(AM...lN—Kl,i.“j + AM.IN+Kli...j)»

1
ApNiodje = 5 Apj=klid — AM.)j+kli..0)

(4)

following from the corresponding trigonometrical relations and the A-tensors defined by the

formula
1
/l(Ab)A..(Mn):f rRap(r) . .. Run(r) dr.
r

The partial derivatives of ( 3) by the generalised coordinates take the form

(5)

(6b)

(60)

aAP Ig,1, Iy.I.
por = AapOps + ZX D) anyPMi + Z XD puanPNIPKI
f NK,jl
* ZX DNkt An) ik (60)
nk, jl
aAP Ip. I, Iy I,
Ab
g ZX (mixaan)mi + 2 Z X ot i ity PMT
daf m,i Mn,ij
oAy,
9 ZX D ar i 2 Z XD o Gay P
Pof Mn,ij
6 r Ind, IoJI,
ard = Aaadpy + ZXWl) (df)abyPMi + ZX (mi)nj)(df).ab) miTnj
f mn,ij
Io.I,

ppr
+ Z X (MixN () abyPMiPNjs Loy Iy = 00

MN,ij

(6d)
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The third step should lead to analogous expressions for A{Y, A", and Af;, = but

up to the second-order terms, O(€2?). The O(1)-order term can be taken from the linear modal
theory. The result is

Ig,1,
pp — 124
Aabyarmy = Aam ObnKap + Z g apyamPKI
K,

Iy, 1, Iy,
p.op parr
+ Z T cay avyumPKIPCd + Z LTG0 cay apyamy T eds - (1)
KCid kcd

Io. I,

rr _ r.p

(ab)(mn) — A amObnKap + Z 1T (K1) (ab)(mn)PK1
K.l

Io.1, Iy,
npp rrr
+ Z I xiyca cabyomm PKIPC + Z TL30 ey capyommy TP eds— (1D)

KC,ld ke,ld
Iy.1, Io.1,
APT = >y IT T+ nr; T, (7c)
(Ab)(mn) — (kl).(Ab),(mn) "kl (K1), (cd),(Ab)(mn)PK1 cd>
k.l Kc,ld
where
p.p _ (11) (12)
1T; (KD).(AbY(Mn) — AAMKvG(Ab)(Mn),(Kl) + Axam G(Ab)(Mn),(Kl)’
.p _ (11) (12)
1 (KD),(ab)(mn) — AKﬂmG(ab)(mn),(Kl) + AamK’G(ab)(mn),(K/)’

r — (11) (12)
1 (kD),(Ab),(mn) — AAsmkG(Ab)(mn),(kl) - Am’AkG(Ab)(mn),(kl)’

P-PP _ (21) (22)
H(Kl)(Cd),(Ab)(Mn) - AAMKC*G(Ab)(Mn),(Kl)(Cd) + Akcam G(Ab)(Mn),(Kl)(Cd)’

prr _ @1 (22)
1T (kl)(cd) (Ab)(Mn) — AAM’kCG(Ab)(Mn),(kl)(cd) + AsAMkCG(Ab)(Mn),(kl)(cd)’

r,pp _ 21) (22)
1 (KI)(Cd),(ab)(mn) — AKCﬂmG(ab)(mn),(Kl)(Cd) + AKC‘””’G(ah)(mn),(Kl)(Cd)’

rrr _ (21) (22)
H(kl)(cd),(ab)(mn) - A*amkcG(ab)(mn),(kl)(cd) + AamvkcG(ab)(mn),(kl)(('d)’

pr _ (21) (22) .
(KD)(cd)(Ab),(mn) — 2[AAK-’"CG(Ab)(mn),(KI)(cd) - AK’”vA"G(Ab)(mn),(l(l)(cd)]’
(11) _

G apynm.kny = Aapym,kn + KabKmnAdabymny kD,

(12) _ 3
G(Ab)(Mn),(Kl) - AM/l(Ab)(Mn)(Kl)a

21) _ 1 2 2
G iamynm.knca = 31&ab + knn) Aapy vy kicay T Kapknan + Kygukan) Aapymmykicals

(22) _ 1 3
G Ganyouny kiycay = 2AMKap + Kntn) AabymnyKD(Cd)

and
1

AEAb)(Mn)!(Cd)“_(Ef) = er;‘b(r)R;wn(r) - Rea(r) ... Reg(r) dr,
| " (8)
Aab)..(Mny = f r Rap(r) ... Run(r) dr.

r

The partial derivatives of (7) by the generalised coordinates are

P APPb y 1o, 1,
(AD)XCd) _ rp.p p.ppP .
9 =g apvca + 2 Z Hadiye pavycaPmi (9a)
PEf E
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aAPP
94 abyca) - |
(9r ef =2 Z H('m)(ef) (Ab)(Ca) mi> (9b)
aArr
(ab)(cd) _ pyrp |
W — TUES),(ab)(cd) +2 Z (Ml)(Ef)(ab)(cd)lea (9¢)
(ab)(cd) o
6r—ef =2 Z H(ml)(ef) (ah)(ﬁd)rmi, ( 9d)
OAP" Il
(AD),(cd) Z o
N ’ (9e)
(Ef),(nj)(Ab)(cd)" >
Opef =
OAP" L
Ab)(cd) _ oy -
Tef Iy caby cay + Z (Mi)(ef)(Ab)(cdyPMi- 9
. M,i

By the fourth step, the kinematic equations (2.9) should be resolved with respect to the
generalised velocities Pyj, and R, by postulating

Iy, I, I, Iy
Pay = _pAb"' Z Mi),(Nj),(Ab)pMipNj+Z (mi.(nj).cAb)miTnj Z (M0 kD Ay PMITn T
MN,ij mn,ij Mnk,ijl
oI,
ppp 5 rpr
+ Z V iy v (K (Aby PMIPN PKL + Z V(”j) My ki any TPyt (10a)
MNK,iji Mnkij
Lo,
Yo
Rap = _r ab Z oM+ D, Vil i can P + Z i () (kD (ab) i T
Mn,ij Mn,ij mnk,ijl
I,
rpp ppr 5
+ Z Vi, . (ay P MiPN Z Vv v .k Gapy PPN > (10D)
MNKijl MNKijl

substituting ( 10) into the kinematic subsystem (2.9), and matching the similar quantities. The
procedure derives the V-coefficients as

1 o o
172/ V7 SO ——.7 LGN
(MDNDAAB) A 4 geay [TNVDMD(AD) Ko
v __1 [er B H(rnj),mb),(mi)]
(mi),(nj),(Ab) AAA Kap (nj)(mi),(Ab) Ko ,
np
%48 ! ¥ _ 3 (abyny
()M ab) = A e, X Mm@ty T T T
.
1% 1 X _ TIG,jy vip ab
(Mi)(nj)(ab) — AuaKab (Mi),(nj),(ab) Kot >
HI;\’/p'pKl Ab)(Mi
Vi = e _ WD (Ab)Mi)
(D(NDKDAB) = Ay 4y, [ DN DD (AD) o
I, 1,
Ly P OnNCA I RDAOCD | MDD T
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Nriss Io.d,
o |y _ Dok ab) i var I
X (Mi),(nj)(kD)(Ab) Kot (Mi),(nj).(edy" " (kD) (Ab) (cd) | *
cd
rr
v 1 \ Ty abyomiy
(mi).(n).(kD)(ab) ~ Avakon (nj)(kl)mi) (ab) T k|
ol 1
Z VPP _
iy ey ccayan | (kDM (N pab) = 4
Cd aakab
I1°PP Io. I,
% ppr _ (Mi)(N j),(ab)(kl) _ Vrp Hr,p
X (Mi)(N j).(k).(ab) Kl (kD).(Mi).(cd)' (N j).(ab).(cd) | *
pr
v _ 1 2077 Ty ) kiy (iviaby
(MNP KD(ab) — A~ | “EMIN (kD (ab) Kot

Ip I, Io.I,
np
Z V(Ml) (N ), (Cd)H(kl) (Cd),(ab) Z (Mi),(k), (Cd)H(Nj),(ab)(Cd)} ’

Cd cd
pr
rpr 1 P 3 Mgy, amynp

(n)).(Mi), (kD) (Ab) ~ ApsKab (Mi),(kD)(n),(Ab) Knj

Ip I, Ig.1,
r PP rp r

- Z V(nj).(kl).(Cd)H(Mi),(Ab)(Cd) - Z V(n (M), (cd)H (kl),(Ab),(cd)} :

Cd cd

By the fifth step, expressions (6), (9) and (10) are substituted into the dynamic equations
(2.10). Excluding the o(e)-terms gives the required adaptive weakly-nonlinear modal equations

Ig,1,
Z Pwmi
E

19, 19»
Pp(Ef) pPP(Ef)
OmESif + Zd mi(NHPNI T Z Liptip ik PNIPKI
N,j

NK,jl
Iy,I, Iy,I,
prr(Ef) ; JTED rrpJEf)
+ Z iy chey i “} + Z FniTnj | Aoy iny + Z i (. kD P
nk, jl mn,ij
IoJd, IoJd,
PPL(ES) ppPp(ES) pri(Ef)
* Z PMiPNj | giy vy Z T, <K1>pK’} + D o Pwifnimia
MN.,ij K, Mnk,ijl
Iod,
.. rr(Ef) rrp (E,
+ Z Tmilnj [’(mn,(nj) + Z (mi), <n;> (Kl)p’“ + Oy PES
mn,ij

=—(ﬁ1—gﬂs—5bﬁ5)515K1fPf; E=0,....1p; f=1,....1, (lla)

0>1r Iy, Ig, 1,

. rp,(ef) rpp.(ef)
Z Fini | Ome0ij + Z Dy (njy PN+ Z Dmiy (N j kPN PKI
i N.j NK,ji

Iol, Io.d,
rrrief) , .| pnen prpsef)
+ Z d(mz) (up Gy ikl |+ Z Pmitnj | diagiy njy Z Aiptiy,n(knPKI
kol Mm,ij Kl

0>1r 1,1,
S pri(ef) prp,(ef)
+ Z PMiTnj [’(Mw ) Z 1My )k PKI
Mn,ij K,
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Ip.1, Iy,
r.(ef) - rrref) P 2
D PN D 1 it + Ot
MNKk,ijl mnk,ijl
= —(ﬁg + gny + Sbi’]4)613K1fPf; e=1,...,1 f =1,...,1, ( 11b)
where the natural sloshing frequencies oy are defined by (2.5), Py and S come from (2.7) and

(2.11), respectively, and the hydrodynamic coefficients at the nonlinear quantities can explicitly
be computed, as functions of # and r, by the formulas

pp
po(Ef) _ KEF | vop XN jE ) (v
MNP = A |7 EE T MD.WNAED Kni ’
ppp
JPPPED  _ KEF N pp XEHN KD, Mi)
(M NPKD A | CEE T (M. (NDKDES) P
Iyl
PP pPp
* Z Voo paanX (Kl)(Ef),(Ab)} ’
Ab
prr
pre(Ef)  _ KEF | e XE )ik (i)
MiupkD) ~ A | EE T D (RDLAE ) Kui
1Iy,1,
pr pr
+ D Vi ank (Ef),(kl),(ab)l ’
ab
pr
(B _ KEF | XE P, mi)
(mi)(nj) = A |V EE Y mid.(ap(ES) P ’
ppr
rpdEf) _ KES | e ZXRDGE .0
() () (KD — A | EE Y oni) (KD E) Ko

Iy, Iy,
rp pr rr pp
+ Z Viomi (kD @by X (E(njyaby + Z Vimiy.njp.anX (ki f),(Ab)} )
Ab

a,b
HPvP
PoED _ KEF | (EN.(M)N,))
MNP~ App |©EE T MD.WNAED 2kmikn; |
I7PP
z“upp,(Ef) — KEf AEE‘—/ppp (KD(ESf),(Mi)(N j)
(Mi.(NAKD A (Mi).(Nj).(KDAE) KiKN
S D ian)
174 rp J).(Mt Pp
* Z Vit avpanX Kixes.an * Z Kni V(Nj>,<Kz>,<Ab>} ’
Ab Ab !
i’
mEN _ KEF Ay + _EDmiw))
(mi),(nj) AgE (mi),(nj)(Ef) 2KmiKnj ’
HV,I’P
rp(Ef) KBS e + KDEN.mi)ns)
(), () (KD~ A (mi)(KD.(n)E ) Kk,
S & ey mivaty
rr pp S(mi)la rp
* Z Vi 0 (ApX (KI)E ) T Z Komi V(n»,(m),(ah)] ’
Ab a,b

yocdd
prrdEf) KEf l AppVP"" (Ef),(kD)(Mi)nj)

(Mi).(nj).(kT) ~ AgE (Mi),(nj).(kDAES) KnMiKnj
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1
* Z ( (ot X (& )+ V(Mz) kb tan (rép.'ﬁ,(ab)(nj))
" IHZI] Do (k) <Ah>l ’
ap i o
rr
prien _ Kef { v X(nn,(ef),(Mi)}
wip = g [AeeVimnnpen b

prr
greeh K| ZX (Kiynjpte ).

ppr
i kp = 4 A eV,

M KD mjef) T

Kmi

Iy,I, Iy.I,
PP rr pr pr
+ Z Vit k. capX e any + Z VM. aX (KD e f),(ab)l ;
Ab a,b

pr
rpdef)  _ AV +X(Nj),(ef),(mi)
(mi)(Nj) = A (mi)(Nj)(ef) P ’
ee mi
ppr
geten ke ALV X (N KD, (ef),mi)
i) (KD T A N KD P
mi
Ig,I,
rp pr
+ Z Vi (abyX (Kl),(efl(ab)} )
ab
rrr
grren  _Ker L Xopwer o
i)k = 4 Vimopken T T
ee mi

rr rr
+ Z V(mi),(nj),(Ab)/\/(kl)(ef)»(Ab)} >
Ab

.
preh AV + iy ) vy )
(Mi)(nj) ~ A (Mi)(nj)(ef) KM—iKnj ’

a”
prp(ef) _ Ker A VPP (KD).(ef).(Mi)(nj)
(Mi),(n KD ~ Ave () (M) (KD),(ef) Kntiknj

pr (nj) (K1), (ab)
+ Z (Mi),(nj), (ﬂb)X(Kl) (ef).(ab) + Z . (ef) (Mi),(ab)

Iy,1, V
+Z (Ml)(Kl)(Ah)Hr
j (ef)(Ab),(n))
DI
porteh) _ Kef | yppr Ty e v
(Mi),(N (kD) — Ave ¢ (Mi),(Nj).(kD).(ef) KMiKN j

Iod, Io
9 V(NJ) (kl),(ab)

.
+ Z Vv an X e an Z > — e p) i, (ab)] ;
Ab

rrr

KmiKn j

rrr,(ef) Kt’f
fomi upky = 4 [/‘ Vimpnpnien) +

1,1,
Vimian.an)
+ Z Vi) 2 AX e . ab) Z T kg ey am), (nj)l ;
Ab
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i7PPP _ yPpp ppp

V(Mi),(Nj)‘(Kl),(Ab) - V(Mi),(Nj),(Kl),(Ab) + V(Mi),(KI),(Nj),(Ab)’

Y/ Prr _ prr prr rpr
V(Mi),(nj),(kl),(Ab) - V(Mi),(nj),(kl),(Ab) + V(Mi),(kl),(nj),(Ab) + v(nj),(Mi),(kl),(Ah)’
i7Pr _ yPr rp

V(Mi),(nj),(ab) - V(Mi),(nj),(ab) + V(nj),(Mi),(ab)’

/e _ yrer rer
(mi),(nj),(kD),(ab) — V(mi),(nj),(kl),(ab) + V(mi),(kl),(nj),(ab)’
V’PP V"PP + V”PP VPP”

(kD.(Mi).(N j).(ab) = ¥ (kD).(Mi).(N j).(ab) (kl),(Nj),(ﬁ’li),(ab)+ (Mi),(Nj),(kD).(ab)*

The formulas suggest finite /y and ..

The Narimanov—Moiseev modal equations (2.17)—(2.20) follow from the general third-order
equations ( 11) by using the simplifying asymptotic relations (2.16) neglecting the o(e)-terms.
The hydrodynamic coefficients of this modal system are computed by the formulas

di = di = d0manan = Ghanan = naban:
dy = di5han = donanan = Bnahan = Sananan:
dy—dy = d0 0y = D ane 4= 242 = 10000 = G
d’ = dil o = Aoy = dinen = ~dinen = ey = ~lapan
= 1han + pan = finey * Gnan
0 = B =, =, =2,
dd’ = dffyy oy = difiion = Hopan = Hopan * .oy
49 = gD gD g e O 00 1 prok)

6 0/),(11) 0),(11)° an,an —
_ op0k)  _ _rr(0k) _ gpp(0k)  _ rr(0k)
dgj = Tanan = fanany diox = d(ll),(ll) = d(ll),(ll)’

(ID,(11) = 271,11y’

_ gpp(2k)  _ rr(2k)  _ gpr(2k)  _ grp.(2k)
doy = d(ll),(ll) = _d(u),m) = d(n),(u) = d(ll),(ll)’
_ jppp,(3k) _ rrr,(3k) _ 1 grrp,(3k)
dig = d(11),(11),(11) = _d(11),(11),(11) = _Ed(11),(11),(11)’
din1 = tppp,(3k) _ _trrp,(Sk) __1 tprr,(3k) _ tppr,(3k)
126 = tan,an,an = Tran,an,an T T 25an,a,al T fanan
— _trrr,(3k) _ 1tprp,(3k)

(1,1, ~ 2fan,an,any’
49 = grrGR Gl gprGR) e 3k

B3k = Yane) = ~daney T Yanep T danep
dipy =i, =~y = iy = Ay
A5y =ian + Baan = ~inen ~ G = ey = pon
dign = dﬁliﬁ,’((llil)),(ll) = dfﬁﬁﬁuny dizn = dflrlr;f(llnl)x(u) = d(rflp)’.((llrll)),(u)’
disn = 100D an = Hiiinane 49 = G an = s
dig = dira = Aty = A0y disa = dioa = (G0 0y = HaDan:
dyp, = dih G = dinoy = diey = ~dih o
d(z?,n = dé?s‘,li’i) = d(£§>f?1)l> = —dé’}g,'('?l) = dg};](?w
Ay, = 15 + 1B = Uinen * Ganiin = My = ~apany

) _ gpep(n) _ grp(ln) . () _ gpp(1n) _ gpr(ln)
dyzn = diii0j) = dinops Gaan = diojan = ojany
) _ ,pp(In) pp,(ln) _ _pr,(in)

dys.n = tanop + lopan = Lojan:



