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# The purpose of this supplementary document is to illustrate the key steps required to obtain
droplet velocity and shape in the presence of arbitrary Stokes flow, for compound droplets.
In section S1 we delineate the MAPLE scripts to evaluate the flow variables for concentric
drop theory. Subsequently the script files for specific cases of imposed extensional flow,
Poiseuille flow and evaluation of effective viscosity have been appended. Additionally, we
have also given the MATLAB script files to evaluate the flow field and the drop migration
velocities for eccentric drop configurations.

#S1. Calculation of flow field, surfactant concentration, migration velocity
and shape deformation for arbitrary Stokes flow

restart .

p—n—l,l ::A—n—l,m:

© =B, n

X—n—l,l = C—n—l,m:
_2-(2:n+3) )

pn, inf " n '@n,m'

1
q)n, inf = ; .nbn, m’

RN B
Xn,inf'_ l’l(l’l+1) ll/rz,m'
_2-(2n—1) )
p—n—l,inf'_ n+1 .Cb—n—l,m'
1
q)—n—l,inf':_ n4+1 'nb—n—l,m'
IS U
X—n—l,inf'_ n-(n+1) lI/—n—l,m'
pn,Z = kz'En,m:
CDn’z::Fn)m:
Xn,zzz Gn,m:
p—n—l,Z::A‘z‘E—n—l,m:
N e N T
X—n—1,2:= G—n—l,m:
# equations 1 - 7 at the inner interface r=1
—-_n_ . _(mt1) | _ .
eql = 2-(2:n+3) pn,inf+nq)n,inf+ 2-(2n—1) Poy—1, inf (n+1) (D—n—l,inf
(n+1) A
+—2-(2-n—1) 'p_n_l’l—(n—i—l)-CI)_n_l’l—O.
eq2 = . +nd® 4+ 2 —(n+1)-®
1 2-(2-n-|—3)-k2 P2 n 2 2.(2.,1_1).%2 Pop—1,2 -n—1,2
=0:
n-(n+1) n-(n+1)
= [ LA ) ). 1)- 2)-® LA U N RS
eq3 (2_(2%_1) )p_n_1,1+(n+ ) (n+2) _n_1’1+ 2 2mt3) P infTH



n-(n+1)

n—® = (m)'p-n—l,mfr(”+1)'(”+2)'(D—n—l,inf

n-(n+1) n-(n+1)
= : +n(n—1)-®  — P 1, (n+1)
2-(2n+3) A "2 [2-(2-n—1)-x2jp” b2
i -(n+2)-<1>_n_1’2:
> eqd = n-(n—i—l)-x_n_l,l-I-n-(n+1)-Xn,l.nf+n-(n+1)-x_n_ljinf=n-(n—I-l)-xn’z-l—n
I -(n—i—l)-x_n_l’z:
2
(n+1)"-(n—1)
> eql = o — 1 -p_n_Ll—|-2-n-(n—|—1)-(n-|-2)-(I)_n_1’1
2 2
(n+1)-(n—1) n-(n+2)
201 —1 'P_,,_l’l-nf+2-n-(n+1)'(n+2)~(I)_n_l’mf——2.n+3 'pn,inf
2
(n+1)"-(n—1)
—2~(n—1)-n~(n+1)-d)n,inf+ 2on—1) ~p_n_1,2—2~n~(n+1)-(n+2)-7»2
2
n-(n+2) _
S 20 +3) -pn’2+2-(n—l)-n-(n-l-l)-?uz-CDnjz——(x)z-n-(n-i-l)
L 12, n, m
> eqb = (n—1)-n-(n+1)-xn’mf—n-(n-|-1)-(n+2)-x_n_1’mf—n-(n+1)-(n +2)

-x_n_l’l—(n—1)~n'(n—|-1)~7»2-xn’2—|-n~(n+1)-(n +2)'k2'x_n_1,2=0:

n-(n+1) n-(n+1)
Ppatn(n—1)®  — : +(n+1)-
22 +3)n, 2" b Ptz ¥ )

m 2 2:(2:n—1)-M,
+2)-® n-(n+1)T

> eq7 =
L n—1,2" 12, m°
| > # equations 8 - 14 at the outer interface r=R
| > # redefining solid harmonics at r=R

.—— -,
=> pn’3 — 7\/3'An,m'R .

=> <I>n’ = Bn,m-R":

3
-—_— n .
=> X3 = C.nR:
-—_ n .
=> pn’z — 7\«2'En’m'R .
[ n .
> @, ,=F, R

_> Xn,Z =G Rn

n, m
-n—1
=> p—n—1,2 ;LzEn—l,m'Rn
-n—1
=> <I>_n 1 =F,_, R "
-n—1
=> X—n—lz _G—n—lm'R
n-R n (n+1)-R (n+1)
> eq8 = . + =0 _+ Y ()
T @y, T R pig P2 R T2

= (U3 —U2,) fi 0t (U3 —U24) /1 1
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n-R n

eq9 = RTEPETEY Doyt oy @, 3= (U3 = U2)ofy o+ (U = U2,)
n-(n+1)R n-(n—1) n-(n+1)R
eql0 = . + = . — )
1 2'(2-n—|-3)-k2 P2 R n, 2 [2-(2'n—1)-ksz_”_l’2
(n+1)-(n+2) n-(n+1)R n-(n—1)
.® _ . Tl e =0
" R b2 2.(2m 4 3) 0 Fr.s R w30
eqll = n-(n+ 1) (%, , X,y o) =0 (1), 5=
(n+1)>(n—1)-R (n+2)
eql2 == 2n—1) -p_n_1,2+2-n-(n+1)-—R '7‘2'(1)—11—1,2
2 2
n-(n+2)R 2:(n—1)n-(n+1) n-(n+2)R
_ninwa) R - ) n-inTa) R
2n+3) Pn2 R Pt T 1) P
2:(n—1)n-(n+1) . )
+ R '7\.3-<I>n’3——oc'52-n-(n+1)-1"23’n’m.
eq13:Zkz-n-(n—i-l)-(n—l)-xnz—kz-n-(n—l—l)-(n-i-Z)-x_n_l2—7u3-n-(n+1)-(n
_1).Xn’3:O:
1 n-(n+1) n-(n—1) . )
eql4 — .pn73+ T'®n33 _n.(n + 1)'F23anam.

d | 2:(2:n+3)A,

soll = solve( {eql, eq2, eq3, eq4, eq3, eqb, eq7, eq8, eq9, eql0, eql 1, eql2, eql3, eql4},
{An, m Bn, m Cn, m A—n -1, m B C—n -1, m En, m Fn, m Gn, m E—n -1, m F

G

r

-n—1,m n—lm

12, n, m’ 1—‘23 n, m}) :
o = simplify(rhs(sol1[17)

)
ch—1m = simplify(rhs(soll[2])) :

)

[

-n—1,m

A
=

= simplify(rhs(sol1[3])

% W
=

p— 1, m = simplify(rhs(sol1[4])) :
= simplify(rhs(soll[5])
cn— 1, m = simplify(rhs(soll[6])) :

)
[
= szmphﬁ/ rhs(soll[7])) :

n— 1, m = Simplify(rhs(sol1[8])) :
)
[

mmm@

= simplify(rhs(soll[9])
cn—1.m = szmpllﬁ/ rhs (SOZ] 10])) .
= simplify(rhs(soll[11])) :
cn— 1, m = simplify(rhs(soll[12])) :
F]Zn’m = simplify(rhs(soll[13])) :
1"23n = simplify(rhs(soll[14])) :
A_, = simplify(subs( f, o=1./; 1=0,n=1,m=0,4_, _, )):
A_, = simplify(subs(f ¢=0,f, ;=Ln=1,m=1,4_, _, ,)):
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Ac_z’ L= simplify(subs(fl’ 0= O’fl, =102, = U2dy, U3, = U3dy, gbn o= Cbcm " nbn, "
B L L B N L
= l,t/bc_n . A—z, 1) ) :

nbh 0 =M o~ vz, :

nby =M — U2

nbcl’ el — UZdy :

rell == A_Z, 0=0:

rel2 = A—2, =0

rel3 = Ac—z, =0

E_Z’ 0= simplify(subs(fl, 0= l’fl, 1=0,n=1,m=0,E_, _ L m) ) :

E_2, = simplify(subs(fl’ OZO,fL =Ln=lLm=1LE_ _ 1, m) ) :

Ec_, = Siﬂ’lpllﬁ/(SUbS(fi’ 0=0./1 =1, U2, =U2,, U3, =U3,, Q)n = (;bcn’ v 0,
=1be, o ¥, = Wbe, Sy =he e Th, T be W,
=ybe B, 1) ) :

rel4 = E_2’ 0=0:

rel5 == E_,=0:

rel6 == Ec_z’ =0

sol2 = solve( {rell, rel2, rel3, reld, rel5, rel6}, {Ude, v2,,02,,U03,, U3dy, U3dz}) :

#Droplet velocity

U2, = rhs(sol2[1])

UZdy = rhs(sol2[2])

U2, = rhs(sol2[3]) :

U3, = rhs(sol2[4]) :

U3dy = rhs(sol2[5])

U3, = rhs(sol2[6])

# Inner drop shape

restart :

Pu3 = 7»3-An’m-R":

®, =B, , R

X 3 = Cn’ m-R" :

P2 =ME, R

® =F -R"



2«(n+1)-(n+2)A-® (P +3n—1)
> ns = Rz - (2']’1_1) .p—n—l’z

2n-(n—1)-A,-® (nz—n—?)) k3-2-n-(n—1)-CI)

n 3

R 2n+3) 2™ R

(2 =n-3) co (¥l 2, _ Zalphaa,
i (2n+3) 3% R R )/2B.mm R
=> f23’ — solve(ns,f237n,m) :

# Outer drop shape
restart :

>
>
>
> Pon—11 ::A—n—l,m:
>
>
>

D =B

-n—1,1" n—1lm*

Xep—11=Cim’

2:(2-n+3)
n

pn, inf = 'gbn, m :

ninf ;'nbn,m:

X, inf = m'wl)n’m:
2.(311_1) o,

n-li-l Myt

R D
X—n—l,inf'_ I’l(l’l+1) ll/—n—l,m'

> p—n—l,inf::

> @

-n— 1, inf =

123
n,



(n2+3-n—1)

> ns:=2-(n+1)(n+2)P P T2 (n+1)-(n+2)

-n—1,1 2on—1
(n2+3-n—1) (nz—n—3)
.(I)—n—l, lnf_ 2.n _1 .p_n_l’l‘nf—i_z'n.(n - 1).¢}’l,l}’lf (2.}1 _+_3) .pn’ lf’lf
(n2+3-n—1)
—k2-2-(n+1)-(n+2)-CI)_n_1’2+ 2on—1) ~p_n_1’2—7L2-2-n-(n—1)-(1)’1’2
(nz—n—?a)

T 2n+3) Pn2m (n(n+1)=2)fiy =20, 112

_> f12, nm = solve(ns,flz’ n m) :

# S1.1. Representative example : Uniaxial extensional flow
restart :

>

>

>

> p—n—l,l ::A—n—l,m:
> O =B

>

>

_}’l—l,l _n_l,m:
X—n—l,l = C—n—l,m:

2-(2-n+3)
n

pn, inf = 'Cbn’ m :

1
(I)n,inf.: ;nbn,m
1
2-(2:n—1) _
n+1 Pt
S DR
—n—l,inf'__ n—+1 n -n—1,m"

S B
X—n—l,inf'_ I’l(l’l+1) ll/—n—l,m'

> p—n—l,inf::

> @

p—n—1,2 = }LZ.E—n—l,m:

() =F

-n—12" “n—1m-

X—n—l,Z:: G—n—l,m:

# equations 1 - 7 at the inner interface r=1

. _(m+1)
eql = . ) Pn, i’?f+n.q)n, inf+ 2:(2:n—1)

_Ll—(n-l-l)-CI)_n_Ll:O:

VVV YV VYV YV VYV

Pon—1,inf (n+1)’q)—n—1,inf
+
n ] ) (n+1)

m20 22— 1)),

-p_n_ljz—(n-i—l)-tl)_n_L2




=0:
> eq3 ;:_( i (2nn+—li
(n—=1)-® i (2 ((Znn+—1i)

“(n+2)®

n—1,2°
> eqd:=n-(n+1)-x_
(m+1)y

n—1,1 n, inf

n—1,2"
n+1)2(n—1)
2-n—1
(1) (n—1)
2:n—1

> eqS =-

(n+1)>

)p_n_l D) 2) D

)p_n_l,inf+(n+l)-(n +2)-®
na [ 2-(2

+n(n+1)y . +n(n+1)-

'p_n_1’1+2-n~(n+l)'(n +2)-®D

'p_n_l’l-nf—l—2'n-(n—|—1)~(n +2)D_
(n—1)

n-(n+1)

1Y 2 a3y Prim

I’lln
-n— 1, inf
n-(n+1)

-n—l)-?»2

j'p—n—1,2+(”+1)

X—n—l, mf:n'(" + 1)-Xn’2+n

-n—1,1

nz-(n +2)

2n+3 Pninf

n—l,inf_

—2n—=1)nn+1)o .+

n, inf
n2-(n +2)

) n-\nrzs)
+ (2:n+3)

-n—1,2
.FIZ,n,m:
> eq6:=(n—1)n
-X_n_lgl—(n—l)'n
n-(n+1)
2-(2-n+3)-7»
+2)®_ 2T n-(n
> # equations 8 14 at the outer interface r=R

(n+ 1)Xn, inf

> eq7 = -pn,z-i-n-(n—l)-q)

+1)-T

12nm'

=> # redefining solid harmonics at r=R
> pn, 3= A .An, m.Rn:

3
_> q)n93:= Bn)m-Rn:
_>x =C,
| > P,y = A E, R
_> ® ,=F, K
_>x G, w R’
> P12 _sz—n—l,m'R_n_l
> @, 1,2 _F—n—1,m'R_n_l
> Xow—12 _G—n—l,m'R_n_1

(2-n—1)
Pyt 2 (n—=1)n(n+

—n-(n+1)-(n+2)-
(n+1)Ax ,tn(n+1)-(n+2)A0x. _,,=0:

w1272 (n+1)-(n+2)-4,

1)-%241)”)2:—(02-71- (n+1)

x_n_l’mf—n'(n—i-l)'(n +2)

n-(n+1)

n,2_

- + 1)
2 (2n—1)a, Pomrz T
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n-R n (n+1)-R (n+1)

eg:: . _|_—.¢ _|,_ ‘D _—.¢
T ey, T R p gy, Pt R T2
- (U3dz - UZdZ) 'fl, 0 + (U3dx - Ude) .fl, 1-
n-R n
eq9 = 2 2mt3) N 'pn,3+E'(Dn,3=(U3dz_U2dz)'f1,0+(U3dx_U2dx)'f1,1:
3
n-(n+1)R n-(n—1) n-(n+1)R
eql0 = . + = . — )
q 2(2724—3)}\‘2 pn,2 R n, 2 [2(21/1_1)7\’2] -n—12
(n+1)-(n+2) n-(n+1)R n-(n—1)
. — . R e =0
" R b2 2.(2m 4 3) 0 Pn.3 R w30
eqll:=n-(n+1)-<xn’2+x_n_1’2>—n-(n+1)-xn’3=
4+ m—=1)R (n+2)
eql2 =~ 2n—1) -p_n_1,2+2-n-(n+1)-—R '7‘2'(1)—11—1,2
2 2
n-(n+2)R 2:(n—1)n-(n+1) n-(n+2)R
_hinwea) iR _ DD nnTe) R
2n+3) Pn2 R Pt T 1) P
2:(n—1)n-(n+1) . )
+ R '7\.3-<I>n’3——oc'52-n-(n+1)-1"23’n’m.
eql3:==An-(n+1)-(n—=1)-y ,—An(n+1)-(n+2)y_ _, ,—An(n+t1)(n
_1)‘Xn,3203
_ 1 n-(n+1) n-(n—1) . )
eql4 == d' 2-(2~n+3)-7»3 -pn’3+—R2 -CDn’3 —n'(n+1)-1"23’n,m.

soll = solve( {eql, eq2, eq3, eq4, eq3, eqb, eq7, eq8, eq9, eql0, eql 1, eql2, eql3, eql4},
{4y, 0 By i Gy o 4 B C E .F .G . E F

nm “n,m T -n—1,m -n—1Lm “nmw " n,m “n,m " -n—1,m

r

-n—1,m -n—1,m

12, n, m’ 1—‘23 n, m}) :
o = simplify(rhs(sol1[17)

)
ch—1m = simplify(rhs(soll[2])) :

)

[

-n—1,m

A
=

= simplify(rhs(sol1[3])

% W
=

p— 1, = simplify(rhs(sol1[4])) :
= simplify(rhs(soll[5])
cn— 1, m = simplify(rhs(soll[6])) :

)
[
= szmphﬁ/ rhs(soll[7])) :

n— 1, m = Simplify(rhs(sol1[8])) :
)
[

mmmm

= simplify(rhs(soll[9])
cp— 1, m = simplify(rhs(sol1[10])) :
= simplify(rhs(soll[11])) :
cn— 1, m = simplify(rhs(soll[12]))
FIZn’ = simplify(rhs(soll[13])) :
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123 = simplify(rhs(soll[14])) :

Ay (j) szmplzf_j/(subs(fl 0 l,fl’ 1=0,n=1,m=0,4_, _ l,m) ) :

A_Z’ L= szmpllfy(subs(fl’ 0 O,fl’ =hn=lm=1,4_, _ L m) ) :

Ac_y = simplify(subs(fl’ 0=0./1,,=1,02,=02,,U3,=U3, gbn o= Cbcn, oo 0,
=T, 1 Vo = VB, Pyt ™ €bc_n e MOy =T VB
=ybc_ _ L I 1)) :

nbh 0 =M o~ vz, :

nby =1 — U2

nbcl’ el — UZdy:

rell ==A_2 0 O

rel2 ==A_2 =0

rel3 :=Ac_, ;=0

E_, = sim)plify(subs(fl’ 0= l’fl, 1=0,n=1,m=0,E_ _ m) ) :

E_2, = simplify(subs(fl’ OZO,fL =Ln=lLm=1LE_ _ 1, m) ) :

Ec_, = Siﬂ’lpllﬁ/(SUbS(fi’ 0=0./1,,=1, 02, =02, U3, =U3, Q)n = (;bcnb e 100
=nbe, Wb, ,=vbe, D, Cbc—n e M TTbe W,
=ybe B, 1)) :

reld :=E_, ,=0:

rel5 == E_Q’ =0

rel6 := Ec_’2 =0

sol2 = solvé( {rell, rel2, rel3, reld, rel5, rel6}, {Ude, v2,,02,,U03,, U3dy, U3dz}) :

#Droplet velocity

U2, = rhs(sol2[1])
UZdy hs(sol2[2]) :
U2, = rhs(sol2[3]) :
U3, = rhs(sol2[4])
U3dy = rhs(sol2[5])
U3, = rhs(sol2[6])

# Uniaxial Extensional Flow
nb230:= 1 :@2,0::O:sz,o::0:nb—3,0 = 0:&7_3’0==O:1//b_390 =0:
vz, = Subs(Z_ZD 21-0, Z_Z)l =0, m, =0, U2dx) :
UZdy —Subs(Cb 1= 0, Cbl =0, mt =0, UZdy>.
ubs(&h_, 4=0,, 4=0,8_, =0, =0, nt, ;=0,U2,):
(ntl, 170.9,,=0.8, =0, =0, ,=0,n1 (=0, U3dx> :
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>

| >
B
| >
>
>
>

1
0 4 @2,0
4
—304, ok

U3dy r= subs(ntL =0, gb_z, 0=0, QZ?L 0=0, gb_z, =0, QZ?L =0, n,, 0=0, U3dy> :
U3, = subs(ntl’ =0, Cb_z’ 0=0, Cbl’ 0=0, Cb_z’ =0, Cbl’ =0, n, 0=0, U3dz> :
# Drop shape calculation
A—3,0:: (Subs(fLO:O,fL1=0,n=2,m=0,A_n_Lm)):
Ay o= (Subs(fl’OZO,fl’1=0,n=2,m=O,An’m)) :
E_5 = simplify( (subs(f, ¢=0./; ,=0,n=2,m=0,E_ _, ))):
E,0== (subs(f1’0=0,f1’1=0,n=2,m=0,En,m)):
Bz,oz (subs(fLOZO,fL1=0,n=2,m=O,Bn’m)):
B_; = (subs(fLOZO,fL1=0,n=2,m=O,B_n_1’m)) :
F_’():: (Subs(fLO:O,fL1=0,n=2,m=0,F_n_Lm)):
Fy = (Subs(fl’OZO,fl’1=0,n=2,m=O,Fn’m)):
1“122 0= (SubS(f1 0=0,/, ,=0,n=2,m=0, F]Zn m)) :
F232 0= (SleS(fl 0=0./, 1=0,n=2,m=0, F23n m)) :
. 3 1
flmo.:( 60 F g gt 3 M E s o= Fy o 5 By o+ o @,T12,
1 3
—2mb_ 3 t6B 5ot by _ZA—3,0_3 é:b-s,o) :
63\ FE
1 1 2 =-3,0 4
=|-— ——— | -4200 123, R+ +3ME, R
f23,2,0 [ 84 R(Dl( 2 2,0 R 22,0
5047\‘2F_30

2 2
84N Fy (R84 By o R —

J :

# S1.2. Representative example : Poiseuille flow
restart :
p—n—l,l ::A—n—l,m:
QB
X111 =C
2:(2'n+3)
n, inf’ n 'Q)n,m
n, inf _nbn,m
.
Xnmf ‘(n+1) lI/n,m
_2-(2'n—1)
p—n—lmf n+1 Cb—n—lm
o 1




> X—n—l,mf n-(n+1) 'Wb—n—lm
> pn,2 _7\‘2'En,m.
> (f[)n,2 =F, .
> xn’2== m -
>p—n—1,2::}\"E—n—l,m:
> (f[)_n_12 —F_n_l,m:
> Xop—1,2= G,_im:
> # equations 1 - 7 at the inner interface r=1
L n (n+1)
> eql = 2-(2:n+3) 'pn,inf—i_"'q)n,inf—i_ 2-(2n—1) 'p—n—l,inf_(n+1)'q)—n—1,irgf
(n+1) A
+—2-(2-n—1) -p_n_l’l—(n+1)-<I>_n_1’1—0.
n (n—l—l)
> eql = . +n®d _+ P ,—(n+1) D
1 2-(2~n—|—3)-k2 Pn2 n 2 2.(2.,1_1)%2 Pon—1,2 -n—1,2
=0:
o n(n+1) n-(n+1)
> eq3 -——( 2n—1) )p—n—ll n+1)-(n+2)-d)_n_1’l+—2'(2‘n+3) Py, mf-l-n
“(n+1)
S DR (2 2n—1) )P_n_l,inf-l-(n+l)-(n+2).d)_n_1’l.nf
n-(n+1) n-(n+1)
= : +n(n—1)-®  — P 1, (n+1)
2:(2:n+3)A, Pr.2 "2 [2.(2.,4_1).%2)1911 1,2
-(n—|-2)-(1)_n_1’2:
> eqd = ”'("+1)'X-n—1,1+n'(n+1)'Xn,mf+”'(n+1)'X—n—1,mf:n'("+1)'Xn,2+"
'(n+1)'x—n—1,2:
2
n+1)-(n—1
> eqd =- ( 2.31_(1 ) -p_n_l’l—l—Z-n-(n—i—l)'(n —|—2)-(I)_n_1’1
2 2
(n+1)"-(n—1) n-(n+2)
- 29 —1 p_n_l’mf-l—2n(n+l)(n+2)(I)_n_1,mf——2n+3 'pn,inf
(n+ 1) (n—1)
—2:n=1)n(ntl)d + 2n—1) P12 2n(n+1)-(n+2)-4,
2
n-(n+2) _
'(D-n—l,z"'m'l’n,ﬁz'(”_1)'”'(”+1)'7“z'q)n,2_'°°z'"'(”+1)
.FIZ,n,m:
> eq6 = (n—1)-n-(n+1)'xn’mf—n'(n+1)-(n+2)~x_n_l’mf—n'(n+1)'(n +2)
'X_n_1,1_("_1)'”'(”+1)'7”2'Xn,2+”'(”+1)'(”+2)'7‘2'X-n_1,2=0:
n-(n+1) n-(n+1)
> eq7 = . +n(n—1)-®  — P ,t+(n+1)(n
1 2-(2-n-|—3)-k2 P2 n, 2 2'(2-n—1)-7»2 Pon—1,2
—|—2)-CD_n_1’2=n-(n+1)-F12,n’m:



> # equations 8 - 14 at the outer interface r=R
> # redefining solid harmonics at r=R
> pn,3:: 7\’3.An,m.Rn:
> O® = Bn,m-R":
> X3 =Gy R
> pn,2:= kz‘En,m.Rn:
> @ =Fn’mR"
> %, 5, =G, &
. -n—1
>p—n—12'_;”2En—1,m'Rn
-n—1
> @, —F_n_lm-R”
-n—1
> X—n—lz _G-n—l,m'Rn
n-R n (n+1)-R (n+1)
> eq8 = . +—=-d _+ . S L A )
1 2:(2:n+3)-M, Pr2T g a2 2:(2:n—1)-A, Pop—1,2 R -n—1,2
= (U3 —U2,) fi 0t (U3 —U24) /1 1
- n-R n _ :
> eq9 = 2-(2'n+3)-7»3 Py 3t R "Dn,3_(U3dz_U2dz)'f1,0+(U3dx_U2dx)'f1,1'
> eqll = nintl)R 'Pnz"'w"b 2 it DR -n—1,2
2:(2m+3)-0, " R 4 2:(2:n—1)-A, :
(n+1)-(n+2) n-(n+1)-R n-(n—1)
+ O — . -——® _=0:
R T2 2.2 4 3) 0 Pn3 R "3
> eqll = n~(n+1)-<xn,2+x_n_l’2> —n-(n+1)y, ;=0:
2
(n+1)"-(n—1)-R (n+2)
> eql2 =- 2 —1) -p_n_1’2+2-n'(n+l)'—R 'kz'q)—n—l,z
2 2
n-(n+2)R 2:-(n—1)n-(n+1) n-(n+2)R
_nt\RTe) ik - P a\nre) 2
(2n+3) Pn2 R Nt T3y P
2-(n—1)n-(n+1) _ i
+ R ~7L3-(I)n’3——oc-82-n-(n+1)-F23’n’m.
> eql3 = 7\,2'74-(n—i-1)-(71—1)-)(’1z—kz-n-(n—i-1)-(n—i—2)-)(_n_1 2—7\,3'n-(n+1)-(n
_1)'Xn,3=0:
1 n-(n+1) n-(n—1) B )
> eqld = —- -pn’3—i-—R2 -CDn,3 —n-(n-i—l)-Fz}’n’m.

d | 2:(2:n+3)-A,
> soll = Solve( {eql, eq2, eq3, eq4, eq5, eqb, eq7, eq8, eq9, eql0, eql 1, eql2, eql3, eql4},
{An B c A B C E F G FE F

nom “n,m T -n—1,m -n—Lm “nmw " n,m “nm " -n—1,m

FIZ, n, m’ 1—‘23, n, m}) :
> An’m = simplify(rhs(soll[1])) :

-n—1,m -n—1,m

-n—1,m



> A_, _ Lm = simplify(rhs(soll[2])) :
=> Bn’m = simplify(rhs(soll[3])) :
=> B_, _ Lm = simplify(rhs(soll[4])) :
=> Cn,m = simplify(rhs(soll[5])) :
h—Lm’ [
= simplify(rhs(soll[7])) :
R simplify(rhs(soll[8])) :
)
[

S

n,m

t

= Slmpll]ﬁ} l"hS(SOl][ ])

i Lm = simplify
= simplify(rhs

“11“11

(
(soll[11])) :

Q9

—n—l,m'

F]2n = simplify(rhs(soll1[13])) :
F23n = simplify(rhs(soll[14])) :
A, —Szmpllfy(subs(fl 0 lf1 1=
A,y = Szmpllﬁ/(subs(fl’ 0 O’fI, |

VVVV VVVVVYVVY

= simplify(rhs(soll[6])) :

rhs(soll[10])) :

= simplify(rhs(soll[12])) :

AC—Z 1 = Sl}']/lpllfj)(SMbS(fi 0:0,fi 1:19

=lecn n ll/bn m - l'chn m’ @—n —1 m= @c—n

=ybe_, | oA 1)) :

nby o=t o= U2 :
nby =Mty — Uy
nb11 = ety U2dy:
rell -—A_270 O.

0-

rel3 = Ac_z, =0

>

>

>

>

> rel2 = A—z, =
>

> E_, (= Simpliﬁ/(subs
>
>

(jrl,O= lofl’ 1 =0, n
E—z, = simplify(subs(fl, 0=()’f1, =Ln

:ljm:

U2

Ec_, = simpliﬁz(subs(fl’ 0= O,fl’ =1, 02, =
- nbcn, n lI/bn, m - l//bcn, m’ Q)—n —1,m - Q)c—n —1,m nb—n —1,m - nbc—n -1 ll/b—n —1m

=ybe_, _
rel4 = E—z, 0=O :
rel5 := E—z, =0

lm’E—2,1>>:

dy

n=1,m=0,4_
=1,m=1,A_n_1’m)) :

=U2,, U3

=1, m=0,E_
1,E_

n—tm))

dx = Ujdy’ Q)n’ m

-1, m nb—n—l mznbc—

n—tom))
n—tm)) "

U3, =U3,, Cbn’ . Z;bcn, -

- gbcn, m’ nbn, m

n—1n lI/b—n—l,m

sol2 = solve( {rell, rel2, rel3, rel4, rel5, rel6}, {Ude, v2,,02,,U03,, U3dy, USdZ}) :

>
>
> rel6 = Ec_z’ 1=0:
>
>

#Droplet velocity
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U3, = rhs(sol2[6]) :
# special flow: Poiseuilleﬂow

-2 (Y 2 b
D075 R02 o= (RO) B

# Calculation of drop shape

A_4)0:= (subs(fLOZO,fL1=0,n=3,m=O,A_n_Lm)):
A_331== (subs(fLOZO,fL1=0,n=2,m=1,A_n_1’m)):

A3,0:: (Subs(ﬁ’OZO,fl’1=0,n=3,m=O,Amm)):

A2,1:= (Subs(fl’OZO,fl’1=0,n=2,m=1,An’m)):
E_4’O:=Simplify((subs(fl’0=0,fl’1=0,n=3,m=0,E_n_1’m))):
E_31==Simpliﬁ/((subs(flo=0fl1=0 n=2, m=1,E_n_1,m))):
E3j0 (sub (flo Of11 0,n=3, m= O,Enm))

E2,1 (subs(flo Of11 0,n= 2m—1,Enm)):

B3’O (Subs(flo Of11 0,n=3,m= O,Bnm))'

Bz,1 (Subs(flo Of11 0,n=2,m= ))

B—4,0 (Subs(flo Of11 0,n=3,m= O’B—n—l,m)):
B_3,1 (subs(flO—Of11 O,n=2,m=1,B_n_Lm)):
F_430'= (subs(fLO O,le 0,n=3,m=O,F_n_Lm)):

F_3j1 = (subs(f1 0=Of1 1=0,n=2,m=1,F_n_1’m)):

Fy = (flo 0,1 1= 0,n=3,m=O,Fn7m)):

(su
Fayi= ({0 =0, =0n =2 m=LLF, 1))
:(subs(fl,O—O,fL1=0,n=3,m=0,F]2nm)):



> FIZ (subs<f10=0,f11=0,n=2,m=1,F]2n
> F23 (subs(flOZO,fl1=0,n=3,m=0,F23
_> F232,1' (subs(fLOZO,fL1=0,n=2,m=1,F23

)):
)):
)):

3

=
3

L n, m
BS
(1 1530 E_, . .
> f30 | "G50 g | 00 @ T2 R — 150, E; o R + 15045 R
1
1800 A, F
24,0 3 3] .
— T TS0 R+ 5000 B o R ]J
(1 63 M E 5 | \ s
> Faon = | ag wo| TR0, Rt 30, K =3 A, R
1
S040 F , |
84x2F21R2%+84x3321R2N:
> R bl
i (Lo, v Lo, g, —anF - S E L
>f12,3,o'_ 5 ) 3,0+ 50 2740 30 2730 TRt -40 0 4 30"‘5 4793,0
2 17 17
i b, 4B+ e by~ A 0—59-4,0)'
I I
> firs = (—0) ri2 ME s+ 5 By — 60 F oy = A Fy = o By

3

3
2 Q5 1y

1 3

Enbz,l_ZA—il_ECb—&l)'

—an_ , TO6B_5  +
=> J23,3,0 = S’mpl’fj’ 523,30

=> Jr3, 0,1 = simplify
=> J12, 3, 0 = simplify
=> N2, 2,1 7= simplify

N~~~
b\
UJ
[\)
_
\-/\—/\—/\—/

# S81.3. Calculation of effective viscosity for linear flow
restart : with( VectorCalculus) : SetCoordmateS( 'spherical

e, = VectorField( (sin(theta) -cos(phi), cos(theta) -cos(phi), ( -sin(phi)))) :
e = VectorField( (sin(theta) -sin(phi), cos(theta) -sin(phit), cos(phi)) ) :
)

7, theta, phl) :

v
e, = VectorField( (cos(theta), (-sin(theta)), 0))

Pz,o = %-(3-(cos(theta))2— 1) :

VV YV VVYVVVYV

— S5 192 4 5 2
Ay gi= (- (-1500 B d X, =750 A, R*d h, + 750 2y B d 0, — 300 cc0, 4, R
5 6 3
—100R®, A, d =100 A, Rd ®, + 150 R oco, A, +225 R A, d @, =300 A, d @, R
3 6 7 8 8
—300 A, d ®, R + 150 R d @, A, +200 00>, R' &, +200 &, R® d @, — 200 L, R d o,




+300R"d 0, A, +300 0w, R°A, =300 A, R d o, — 150 000, R A, + 225 L, R* d o,
—200 0o, A, R — 200 R @, Ay d + 750 R° Ay d A, + 1000 A, R* d A, + 1500 A, R d ),
— 1000 A, R d & + 500 Ay B d A, — 1500 R A5 d — 120 0v o, R + 150 00, R
1450 RO, d — 60 0.y B® +300 R°A, d +300 0c o, R — 60 0vo, B — 100 a2 0,
+400 L, R°d —200 R\, d —500 A, Rd A, — 400 A, R d — 600 A, d R — 600 A, R' d
— 1000 %3 R®d — 1500 R’ 5 d — 200 A\, Rd + 600 R A, d — 1000 R* ) d — 400 R A, d
+450 4, R*d — 1500 15 d B — 300 R* A, d — 1500 R* Xy d — 600 A, d B — 500 R d
+ 1500 0, R®d —200 A, B d +200 B %, d — 500 R 35 d — 400 A, > d — 1500 &, d A, R°
—40 e, R+ 100 o, R4, + 100 B d o, A, — 100 A, B d o, — 150 R* A, d o,
—200 4, R d 0, —40 00>, — 20 0. 0, — 40 0., R — 80 0, R — 40 0 0, B —20 o
(oiR8+45 aw§R3—80 oc(ozR7— 120 oc(ozR2+90R50cm2+90 ocoazR3+45 oc(oiRS)
/(=300 B a2~ 150 2, R d 2, + 1501, B d 0, — 60 0w, b >~ 20 R, A, d
—20 L, Rdo, +30 R oo, A +45R° A d o, —60 A,d 0, R —60 ., d o, R’
+30R°d @, A, +40 0, ' A, +40 L R d o, —40 A, R°d 0, + 60 R d o, ),
+6000, R°A, —60 A, R dw, —30 e, R A, +45 A, R' d o, — 40 e, A, R
—40 R o, A, d + 150 R A, d A, +200 A, R*d A, + 300 A, R" d A, — 200 L, R® d A,
+100 4, B d A, —300 %> d — 60 0o, R+ 30 ey R* +225 RO\, d — 12 o, R
+150 BOA, d +150 0, R* — 12 o R* — 20 00, A, +200 A, R d — 100 R\, d
— 100, Rd A, —200 A, R®d —300 A, d R —300 A, R’ d —200 5 R d — 300 ' 3 d
— 100 A, Rd +300 R oy d — 200 R Xy d — 200 R A, d +225 A, R*d —300 15 d R
— 150 R* Ay d — 300 R* Xy d —300 0, d B — 100 R\, d + 750 A, B d — 100, R’ d
+100 R0, d — 100 R Xad —200 A, R*d — 300 A, d 1, B> —8 0w, R +20 ovoo, R,
+20 R d o,k — 200, B d o, =30 R* A d 0, — 40 L, R d 0, — 20 6.0, — 4 01 0,
—80cco§R—40(x(ozR—200((02R8—40c(o§R8+90c(o§R3—400cm2R7—600cm2R2
+45R 0w, +45 00, R +9 0@ k') ) ;

1

— (L (_ 5 1a2 4 5 _ 2
> By (g (300K 11500 K a2y +150 0, R d @, — 60 00,2y R

5 6 3
—ZORmzkzd—20k3Rdcoz+3OR am2k2+45R k3dm2—60h3dw2R
3 6 7 8 8
—60k2d032R +30R dm2k2+40am2R k2+40k2R dm2—40k3R dm2
7 6 7 3 4
+ 60 R dm2k2+600c(02R 7»2—6OK3R dm2—300cc02R 7»2+4SK3R dm2



vV VV V V VV VYV

—40 00, A\ R —40 R @, L, d + 150 R A, d A, +200 A, R° d A, + 300 A, R d ),
—200 A, R d ), + 1000, B d A, — 300 R X5 d +30 ocony B — 12 ooy RO — 12 o R
—20 e,y — 100k, Rd A, — 200 1, R*d — 300 R\ d —200 R* 05 d — 30005 d R
~300R*A0d — 100 RA,d — 100 B35 d —300 hy d A, B — 8 0oy R +20 0coo, R A,y
+20 R d o\, —20 0, B d o, 30 R* A d 0, — 40\, B d o, — 4 0.0, — 8 Lo R
—4an R +90w R +90w k) [ (300 dK 1500, R dh, +150 0 K d o,
—60 0 AR =20 Ro,\,d =20 L,Rd , +30 R’ oo, A, + 45 R A, d o,

—60 A, dw, R —60 A, dw, R +30 R dw, \, +40 cw, R’ A, +40 L, R d o,

—40 MR dw, +60R'd 0, A, + 60 acw, R°A, —60 A, R'd 0, — 30 0o, R* A,

+45 M R'd o, —40 00, A, R —40 R @, A, d + 150 R\, d A, +200 A, R® d ),

+300 4, R'd A, —200 A, B d A, + 100 A, R d A, — 300 R°3 d — 60 o, R +30 o
o) R +225 R0 d — 12 o, RO+ 150 RO, d + 150 a0, B* — 12 000, B — 20 .o, )
+200 A, R*d — 100 R A, d — 100 A, Rd A, — 200 A, R d —300 A, d R —300 A, R’ d
—200%5 R*d —300 R Ay d — 100 A, Rd +300 R A, d —200 R* 5 d —200 R* %, d
+225 A R*d —300 1, d R® — 150 R* A, d — 300 R* 25 d — 300, d B — 100 R X d
+750 0, R d — 100 A, B d +100 B A, d — 100 B 5 d — 200 &, R d —300 A, d A, R
— 80w, R +20 00, R A +20 d oA, — 20, K do, —30 R\ d o,
—4OK3R2dw2—20am2—40c(o§—8(x(o§R—400c(02R—200cc02R8—40cco§R8

2 2
+900, R —40 0, R —60 e, R +45 R oo +45 ochR3+9ocw2R5)> :

1
P_3 3 A—s,o'Pz,o) :
I3
P, =P_5:
X, =0:
(1
(D_3 - 3 'B—3,oP2 0
CI)e =
T5 == Curl(xe- VectorField((r, 0, 0) )) :
T6 = Gradient((I)e) :
o o (n+3) g —
fm3: subs(n n—1, it 1) (2nt3) ) fnd subs(n n—1,

_ n )
(n+1)-(2n+3) )’
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T7 := subs(n =2, fn3) -rz-Gradient(p_S) :
T8 := subs(n =2, fn4) -VectorField((r, 0, 0) ) - (p_3) :

mf:z—%-r-sin(theta)-cos(phi)-ex—%-r-sin(theta)-sin(phi)-ey+r-cos(theta)-ez
u, = me+Slmpllﬁ/ (I5+T6+717+18):

U, = DotProduct( U, ex) :
Uy, = DotProduct( u, ey) :
u, = DotProduct(u e) :
= DotProduct( VectorField((1,0,0)), e )
= DotProduct( VectorField({1,0,0)), e )
= DotProduct( VectorField({1,0,0)), e

E—2unE—2unE =2-u_-n_:

ex My ety ez Mz
Exy = uex~ny—|—uey~nx:Exz = uex-nz+uez-nx:EyZ = Uy, + Up, T,

E =y tu,n:

i = int(int(subs(rZ 1, (Exx-rz-sin(theta) ) ),thetaZO ) phi=0.2- Pl)

i = mt(int(subs(rZI, (Exy-rz-sin(theta))),thetaZO..Pi) phi=0.2- Pl)

Iy = int(int(subs(r=1, (Exz-rz-sin(theta))),theta=0..Pi) phi=0.2- Pl) :

Iy, = mt(znt(subs(rZI, (Eyy-rz-sin(theta))),thetaZO.. 1) phi=0.2- Pl) :

Iyy = mt(int(subs(rZI, (Eyz-rz-sin(theta))),thetaZO..Pi) phi=0.2- Pl) :

Iy = znt(int(subs(r=l, (EZZ-r2~sin(theta))),theta=0..Pi) phi=0.2- Pl)

Byo=1

Py inf = % 7By o Pa o

Tp = % -2-Gradient<<1>2, mf) :

T, = ’cinf-i- % (( -8) 'Gradient<CI)_3) + (— % ) . ( VectorField((r, 0, 0)) 'p_3) + (%) -(r2

-Gradient(p_3) ) ) :
T, = DotProduct(’t » ex) : Tey = DotProduct(’c P ey) T, = DotProduct(‘c P ez) :
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-DotProduct(‘ce, VectorField((1, 0, 0)) ) ) :

> F = %’(Te ‘n +‘cey-nx):sz = %-(’Ee ‘n.+1 _n

e -sin (theta

e -sin (theta

in
(
7 sin
in
(
(

F r -sin (theta

3.v (J33 —133) ) )
4-Pi 2 '
> # where v is the volume fraction of the compound droplet

> xeﬁ":: 1 +simpliﬁ/(



