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Supplemental	
  Materials	
  for:	
  

	
  

“Microstructure	
  and	
  Rheology	
  Relationships	
  for	
  Shear	
  Thickening	
  Colloidal	
  Dispersions”	
  

A. Kate	
  Gurnon	
  and	
  Norman	
  J.	
  Wagner	
  

Journal	
  of	
  Fluid	
  Mechanics	
  

	
  

	
  

Summary	
  of	
  integrals	
  dependencies	
  (superscript	
  indicates	
  neutron	
  beam	
  direction):	
  

Radial	
  geometry:	
  (velocity	
  –	
  vorticity)	
  

W0
gradient q( ) B0,0+ q( ),−B2,0+ q( ),B4,0+ q( )( )

W2
gradient q( ) B2,2+ q( ),B4,2+ q( )( )

W4
gradient q( ) B4,4+ q( )( )

W12
gradient q( ) = 0

	
  

1-­‐2	
  flow	
  plane	
  geometry:	
  (velocity	
  –	
  velocity	
  gradient)	
  

W0
vorticity q( ) B0,0+ q( ),B2,0+ q( ),B2,2+ q( )B4,0+ q( ),B4,2+ q( ),B4,4+ q( )( )

W2
vorticity q( ) B2,0+ q( ),−B2,2+ q( ),B4,0+ q( ),B4,2+ q( ),−B4,4+ q( )( )

W4
vorticity q( ) B4,0+ q( ),−B4,2+ q( ),B4,4+ q( )( )

W12
vorticity q( ) B2,1+ q( ),B4,1+ q( )( )
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Tangential	
  geometry:	
  (velocity	
  gradient	
  –	
  vorticity)	
  

W0
velocity q( ) B0,0+ q( ),B2,0+ q( ),B2,2+ q( )B4,0+ q( ),−B4,2+ q( ),−B4,4+ q( )( )

W2
velocity q( ) B2,0+ q( ),−B2,2+ q( ),−B4,0+ q( ),−B4,2+ q( ),B4,4+ q( )( )

W4
velocity q( ) −B4,0

+ q( ),B4,2+ q( ),−B4,4+ q( )( )
W12

velocity q( ) = 0

	
  

From	
  Theory	
  the	
  hydrodynamic	
  and	
  thermodynamic	
  shear	
  stresses	
  are:	
  (from	
  Ackerson	
  and	
  Wagner	
  eqns	
  52	
  and	
  62)	
  

 

τ thermodynamic γ( ) = − ρ
π 30π

θ * q( )B2,1+ q;Pe( )q2 dq∫

τ hydrodynamic γ( )
2 γµ = 1+ 5

2
φ 1+φ( ) + 2.7φ 2 + 5

2
φ π

B0,0
+ q;Pe( ) 2α q( ) + 4

15
ζ 0 q( )⎛

⎝⎜
⎞
⎠⎟

+B2,0
+ q;Pe( ) 2

3 5
β q( )− 4 2

21 7
ζ 2 q( )⎛

⎝⎜
⎞

⎠⎟

+B2,2
+ q;Pe( ) 2

15
β q( ) + 2 2

105
ζ 2 q( )⎛

⎝⎜
⎞

⎠⎟

+B4,0
+ q;Pe( ) −16

105
ζ 4 q( )⎛

⎝⎜
⎞
⎠⎟

+B4,2
+ q;Pe( ) 4 2

21 5
−16
105

ζ 4 q( )⎛

⎝⎜
⎞

⎠⎟

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

∫ q2dq
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And	
  for	
  the	
  thermodynamic	
  and	
  hydrodynamic	
  first	
  and	
  second	
  normal	
  stresses	
  are:	
  

 

N1
thermodynamic γ( ) = ρ

π 30π
θ * q( )B2,2+ q;Pe( )− 6B2,0

+ q;Pe( )q2 dq∫

N2
thermodynamic γ( ) = ρ

π 30π
θ * q( )B2,2+ q;Pe( ) + 6B2,0

+ q;Pe( )q2 dq∫
	
  

 

N1
hydrodynamic γ( )

2 γµ = −5φ π
B4,1

+ q;Pe( ) 5 6 + 24 5
105 30

ζ 4 q( )⎛

⎝⎜
⎞

⎠⎟

+B4,3
+ q;Pe( ) 1

3 35
ζ 4 q( )⎛

⎝⎜
⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

∫ q2dq

N2
hydrodynamic γ( )

2 γµ = −5φ π

B2,1
+ q;Pe( ) 2 2

15
β q( ) + 2 2

7 15
ζ 2 q( )⎛

⎝⎜
⎞

⎠⎟

+B4,1
+ q;Pe( ) 5 6 − 24 5

105 30
ζ 4 q( )⎛

⎝⎜
⎞

⎠⎟

+B4,3
+ q;Pe( ) 1

3 35
ζ 4 q( )⎛

⎝⎜
⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

∫ q2dq

.
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For	
  SANS	
  decomposition	
  in	
  3	
  planes	
  of	
  shear:	
  

Starting	
  with	
  the	
  spherical	
  harmonic	
  expansion	
  in	
  terms	
  of	
  the	
  spherical	
  coordinate	
  system	
  shown	
  here:	
  	
  

	
   	
  

	
   ( ) ( ) ( ) ( ) ( )( ), , ,
,

ˆ 1 ,   l 0m
l m l m k l m k

l m
h q B q Y Y m+

−= Ω + − Ω ≥ ≥∑ 	
  

	
  

( ) ( ) ( ) ( ) ( )( ), , ,
,

ˆ 1 m
l m l m k l m k

l m
h q B q Y Y+

−= Ω + − Ω∑ 	
  

[ ] ( ) ( ) ( ) ( )( )
[ ] ( )

[ ] ( )

0
0,0 0, 0 0,0

0,0

0,0

1

0, 0 1

0, 0

0

1
2 2

, 10

k kl m B q Y Y

l m B q

l m B q

π π

π

+
−

+

+

= = = Ω + − Ω

⎛ ⎞
= = = +⎜ ⎟

⎝ ⎠
⎛ ⎞= = = ⎜ ⎟
⎝ ⎠
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[ ] ( ) ( ) ( ) ( )( )
[ ] ( ) ( )

0
2,0 2, 0 2,0

2
2,0

2, 0 1

52, 0 3cos 1
4

k kl m B q Y Y

l m B q θ
π

+
−

+

= = = Ω + − Ω

⎛ ⎞
= = = −⎜ ⎟⎜ ⎟⎝ ⎠

	
  

	
  

[ ] ( ) ( ) ( ) ( )( )
[ ] ( ) ( ) ( ) ( ) ( )

1
2,1 2, 1 2,1

2,1

2, 1 1

1 15 1 152, 1 cos sin cos sin
2 2 2 2

k k

i i

l m B q Y Y

l m B q e eφ φθ θ θ θ
π π

+
−

+ −

= = = Ω + − Ω

⎛ ⎞−= = = −⎜ ⎟⎜ ⎟⎝ ⎠

	
  

	
  

[ ] ( ) ( ) ( ) ( )( )
[ ] ( ) ( ) ( )

2
2,2 2, 2 2,2

2 2 2 2
2,2

2, 2 1

1 15 1 152, 2 sin sin
4 2 4 2

k k

i i

l m B q Y Y

l m B q e eφ φθ θ
π π

+
−

+ −

= = = Ω + − Ω

⎛ ⎞
= = = +⎜ ⎟⎜ ⎟⎝ ⎠

	
  

[ ] ( ) ( ) ( ) ( )( )
[ ] ( )

( ) ( )( )

0
4,0 4, 0 4,0

2 4

4,0

4, 0 1

3 3 30cos 35cos
4, 0

8

k kl m B q Y Y

l m B q
θ θ

π

+
−

+

= = = Ω + − Ω

⎛ ⎞− +
⎜ ⎟= = =
⎜ ⎟⎝ ⎠
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[ ] ( ) ( ) ( ) ( )( )
[ ] ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

1
4,1 4, 1 4,1

2 2
4,1

4, 1 1

3 5 3 54, 1 cos sin 3 7cos cos sin 3 7cos
8 8

k k

i i

l m B q Y Y

l m B q e eφ φθ θ θ θ θ θ
π π

+
−

+ −

= = = Ω + − Ω

⎛ ⎞−= = = − + − − +⎜ ⎟⎜ ⎟⎝ ⎠

	
  

[ ] ( ) ( ) ( ) ( )( )
[ ] ( ) ( ) ( )( ) ( ) ( )( )

2
4,2 4, 2 4,2

2 2 2 2 2 2
4,2

4, 2 1

3 5 3 54, 2 sin 1 7cos sin 1 7cos
8 2 8 2

k k

i i

l m B q Y Y

l m B q e eφ φθ θ θ θ
π π

+
−

+ −

= = = Ω + − Ω

⎛ ⎞
= = = − + + − +⎜ ⎟⎜ ⎟⎝ ⎠

	
  	
  

[ ] ( ) ( ) ( ) ( )( )
[ ] ( ) ( ) ( ) ( ) ( )

3
4,3 4, 3 4,3

3 3 3 3
4,3

4, 3 1

3 35 3 354, 3 cos sin cos sin
8 8

k k

i i

l m B q Y Y

l m B q e eφ φθ θ θ θ
π π

+
−

+ −

= = = Ω + − Ω

⎛ ⎞−= = = −⎜ ⎟⎜ ⎟⎝ ⎠

	
  

[ ] ( ) ( ) ( ) ( )( )
[ ] ( ) ( ) ( )

4
4,4 4, 4 4,4

4 4 4 4
4,4

4, 4 1

3 35 3 354, 4 sin sin
16 2 16 2

k k

i i

l m B q Y Y

l m B q e eφ φθ θ
π π

+
−

+ −

= = = Ω + − Ω

⎛ ⎞
= = = +⎜ ⎟⎜ ⎟⎝ ⎠
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To	
  change	
  from	
  spherical	
  harmonics	
  to	
  Cartesian	
  coordinate	
  frame	
  as	
  defined	
  below	
  we	
  use	
  the	
  following	
  definitions:	
  	
  

	
  

( ) ( )

( )
( ) ( )

( )
( ) ( )

2 2 2 2

2 22 2 2 2
2 2

2 2 2 2 2 2 2 2

3 33 2 2 3 3 2 2 3
3 3

3/2 3/2 3/2 3/22 2 2 2 2 2 2 2

4

 and 

2 2=  and =  

3 3 3 3 and 

i i

i i

i i

i

x iy x iye e
x y x y

x iy x iyx ixy y x ixy ye e
x y x y x y x y

x iy x iyx ix y xy iy x ix y xy iye e
x y x y x y x y

e

φ φ

φ φ

φ φ

φ

−

−

−

+ −= =
+ +

+ ++ − − −= =
+ + + +

+ −+ − − − − += = = =
+ + + +

=
( )
( ) ( )

( )
( ) ( )

( )

( )

4 44 3 2 2 3 4 4 3 2 2 3 4
4

2 2 2 22 2 2 2 2 2 2 2

2 2

2 2 2

2 2 2

4 6 4 4 6 4 and 

sin

cos

ix iy x iyx ix y x y xy y x ix y x y xy ye
x y x y x y x y

x y
x y z

z
x y z

φ

θ

θ

−+ −+ − − + − − + += = =
+ + + +

+=
+ +

=
+ +
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In	
  Cartesian	
  coordinate	
  system	
  (x,	
  y,	
  z)	
  

[ ] ( )0,0
10, 0l m B q
π

+ ⎛ ⎞= = = ⎜ ⎟
⎝ ⎠

	
  

[ ] ( ) ( )

[ ] ( )

2
2,0

2

2,0 2 2 2

52, 0 3cos 1
4

52, 0 3 1
4

l m B q

zl m B q
x y z

θ
π

π

+

+

⎛ ⎞
= = = −⎜ ⎟⎜ ⎟⎝ ⎠

⎛ ⎞⎛ ⎞⎛ ⎞⎜ ⎟⎜ ⎟⎜ ⎟= = = −⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟+ +⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠

	
  

  

l = 2,m = 1⎡⎣ ⎤⎦ = B2,1
+ q( ) Y2,−1 Ωk( ) + −1( )1 Y2,1 Ωk( )( )

l = 2,m = 1⎡⎣ ⎤⎦ = B2,1
+ q( ) 1

2
e− iφ 15

2π
cos θ( )sin θ( )− −1

2
eiφ 15

2π
cos θ( )sin θ( )⎛

⎝
⎜

⎞

⎠
⎟

l = 2,m = 1⎡⎣ ⎤⎦ = B2,1
+ q( ) 1

2
e− iφ 15

2π
cos θ( )sin θ( ) + 1

2
eiφ 15

2π
cos θ( )sin θ( )⎛

⎝
⎜

⎞

⎠
⎟

l = 2,m = 1⎡⎣ ⎤⎦ = B2,1
+ q( ) cos(φ)

15
2π

cos θ( )sin θ( )⎛

⎝
⎜

⎞

⎠
⎟

l = 2,m = 1⎡⎣ ⎤⎦ = B2,1
+ q( ) 15

2π
x

x2 + y2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

z

x2 + y2 + z2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x2 + y2

x2 + y2 + z2

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

l = 2,m = 1⎡⎣ ⎤⎦ = B2,1
+ q( ) 15

2π
xz

x2 + y2 + z2( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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[ ] ( ) ( ) ( ) ( )( )
[ ] ( ) ( ) ( )

[ ] ( ) ( )

[ ] ( )

[ ] ( )

2
2,2 2, 2 2,2

2 2 2 2
2,2

2 2
2,2

2
2 2 2 2

2,2 2 2 2 2 2

2,2

2, 2 1

1 15 1 152, 2 sin sin
4 2 4 2

152, 2 sin
8

152, 2
8

152, 2

k k

i i

i

l m B q Y Y

l m B q e e

l m B q e

x y x yl m B q
x y x y z

l m B q

φ φ

φ

θ θ
π π

θ
π

π

+
−

+ −

+

+

+

= = = Ω + − Ω

⎛ ⎞
= = = +⎜ ⎟⎜ ⎟⎝ ⎠

⎛ ⎞
= = = ⎜ ⎟⎜ ⎟⎝ ⎠

⎛ ⎞⎛ ⎞⎛ ⎞− +⎜ ⎟= = = ⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟+ + +⎝ ⎠⎝ ⎠⎝ ⎠

= = =
2 2

2 2 28
x y

x y zπ
⎛ ⎞⎛ ⎞−
⎜ ⎟⎜ ⎟⎜ ⎟+ +⎝ ⎠⎝ ⎠

	
  

[ ] ( ) ( ) ( ) ( )( )

[ ] ( )
( ) ( )( )

[ ] ( )

0
4,0 4, 0 4,0

2 4

4,0

2 4

4,0 2 2 2 2 2 2

4, 0 1

3 3 30cos 35cos
4, 0

8

34, 0 3 30 35
8

k kl m B q Y Y

l m B q

z zl m B q
x y z x y z

θ θ

π

π

+
−

+

+

= = = Ω + − Ω

⎛ ⎞− +
⎜ ⎟= = =
⎜ ⎟⎝ ⎠

⎛ ⎞⎛ ⎞ ⎛ ⎞⎜ ⎟⎜ ⎟ ⎜ ⎟= = = − +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟+ + + +⎝ ⎠ ⎝ ⎠⎝ ⎠
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l = 4,m = 1⎡⎣ ⎤⎦ = B4,1
+ q( ) Y4,−1 Ωk( ) + −1( )1 Y4,1 Ωk( )( )

l = 4,m = 1⎡⎣ ⎤⎦ = B4,1
+ q( ) 3 5

8 π
e− iφ cos θ( )sin θ( ) −3+ 7cos2 θ( )( )− −3 5

8 π
eiφ cos θ( )sin θ( ) −3+ 7cos2 θ( )( )⎛

⎝
⎜

⎞

⎠
⎟

l = 4,m = 1⎡⎣ ⎤⎦ = B4,1
+ q( ) 3 5

4 π
e− iφ cos θ( )sin θ( ) −3+ 7cos2 θ( )( )⎛

⎝
⎜

⎞

⎠
⎟

l = 4,m = 1⎡⎣ ⎤⎦ = B4,1
+ q( ) 3 5

4 π
x

x2 + y2

z

x2 + y2 + z2

x2 + y2

x2 + y2 + z2 −3+ 7
z

x2 + y2 + z2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

l = 4,m = 1⎡⎣ ⎤⎦ = B4,1
+ q( ) 3 5

4 π
xz

x2 + y2 + z2 −3+ 7
z2

x2 + y2 + z2

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

l = 4,m = 1⎡⎣ ⎤⎦ = B4,1
+ q( ) 3 5

4 π
xz

x2 + y2 + z2 7
z2

x2 + y2 + z2

⎛
⎝⎜

⎞
⎠⎟
− 3

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

	
  

  

l = 4,m = 2⎡⎣ ⎤⎦ = B4,2
+ q( ) Y4,−2 Ωk( ) + −1( )2

Y4,2 Ωk( )( )
l = 4,m = 2⎡⎣ ⎤⎦ = B4,2

+ q( ) 3
8

e−2iφ 5
2π

sin2 θ( ) −1+ 7cos2 θ( )( ) + 3
8

e2iφ 5
2π

sin2 θ( ) −1+ 7cos2 θ( )( )⎛

⎝
⎜

⎞

⎠
⎟

l = 4,m = 2⎡⎣ ⎤⎦ = B4,2
+ q( ) 3

4
5

2π
x2 − y2

x2 + y2

⎛
⎝⎜

⎞
⎠⎟

x2 + y2

x2 + y2 + z2

⎛

⎝
⎜

⎞

⎠
⎟

2

−1+ 7
z

x2 + y2 + z2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

l = 4,m = 2⎡⎣ ⎤⎦ = B4,2
+ q( ) 3

4
5

2π
x2 − y2

x2 + y2 + z2

⎛
⎝⎜

⎞
⎠⎟

−1+ 7
z

x2 + y2 + z2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
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4,3 4, 3 4,3

3 3 3 3
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4,3 3/2 2 2 22 2
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i i
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l m B q e e
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x x y zl m B q
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φ φ

φ

θ θ θ θ
π π

θ θ
π

π

+
−

+ − −

+ −

+

= = = Ω + − Ω

⎛ ⎞−= = = −⎜ ⎟⎜ ⎟⎝ ⎠
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2 2

4,3 22 2 2

33 354, 3
4

x y
x y z

zx x y
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x y zπ
+

⎛ ⎞+
⎜ ⎟⎟ + +⎝ ⎠
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4 4 4 4
4,4

4 4
4,4
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4,4 2 2 2 22 2

4, 4 1

3 35 3 354, 4 sin sin
16 2 16 2

3 354, 4 sin
8 2

3 35 64, 4
8 2

k k

i i

i

l m B q Y Y

l m B q e e

l m B q e

x x y y x yl m B q
x y zx y

φ φ

φ

θ θ
π π

θ
π

π

+
−

+ − −

+ −

+

= = = Ω + − Ω

⎛ ⎞
= = = +⎜ ⎟⎜ ⎟⎝ ⎠

⎛ ⎞
= = = ⎜ ⎟⎜ ⎟⎝ ⎠

⎛ ⎞⎛ ⎞⎛ ⎞ − + +⎜ ⎟= = = ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ + ++⎝ ⎠ ⎝ ⎠⎝ ⎠

[ ] ( )
( )

4

4 2 2 4

4,4 22 2 2

3 35 64, 4
8 2

x x y yl m B q
x y zπ

+
⎛ ⎞⎛ ⎞ − +⎜ ⎟= = = ⎜ ⎟⎜ ⎟⎜ ⎟+ +⎝ ⎠⎝ ⎠
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Change	
  in	
  notation	
  from	
  x,	
  y	
  and	
  z	
  to	
  q’s	
  where:	
  

2 2 2 2 2 2 2and  and 

x

y

z

x q
y q
z q

q x y z q x y z

=
=

=

= + + = + +

	
  

[ ] ( )0,0
10, 0l m B q
π

+ ⎛ ⎞= = = ⎜ ⎟
⎝ ⎠

	
  

[ ] ( )

[ ] ( )

2

2,0 2 2 2

2

2,0 2

52, 0 3 1
4

52, 0 3 1
4

z

zl m B q
x y z

q
l m B q

q

π

π

+

+

⎛ ⎞⎛ ⎞⎛ ⎞⎜ ⎟⎜ ⎟⎜ ⎟= = = −⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟+ +⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞

= = = −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

	
  

[ ] ( ) ( )

[ ] ( )

2,1 2 2 2

2,1 2

152, 1
2

152, 1
2

x z

xzl m B q
x y z

q q
l m B q

q

π

π

+

+

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟= = =
⎜ ⎟⎜ ⎟+ +⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞

= = = ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

	
  

[ ] ( )

[ ] ( )

2 2

2,2 2 2 2

2 2

2,2 2

152, 2
8

152, 2
8

x y

x yl m B q
x y z

q q
l m B q

q

π

π

+

+

⎛ ⎞⎛ ⎞−= = = ⎜ ⎟⎜ ⎟⎜ ⎟+ +⎝ ⎠⎝ ⎠
⎛ ⎞−

= = = ⎜ ⎟⎜ ⎟⎝ ⎠
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[ ] ( )

[ ] ( )

2 4

4,0 2 2 2 2 2 2

2 4

4,0 2 4

34, 0 3 30 35
8

34, 0 3 30 35
8

z z

z zl m B q
x y z x y z

q q
l m B q

q q

π

π

+

+

⎛ ⎞⎛ ⎞ ⎛ ⎞⎜ ⎟⎜ ⎟ ⎜ ⎟= = = − +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟+ + + +⎝ ⎠ ⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞ ⎛ ⎞

= = = − +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

	
  

[ ] ( )

[ ] ( )

2

4,1 2 2 2 2 2 2

2

4,1 2 2

3 54, 1 7 3
4

3 54, 1 7 3
4

x z z

xz zl m B q
x y z x y z

q q q
l m B q

q q

π

π

+

+

⎛ ⎞⎛ ⎞⎛ ⎞
= = = −⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟+ + + +⎝ ⎠⎝ ⎠⎝ ⎠

⎛ ⎞⎛ ⎞ ⎛ ⎞
= = = −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠

	
  

[ ] ( )

[ ] ( )

2
2 2

4,2 2 2 2 2 2 2

2 2 2

4,2 2 2

3 54, 2 1 7
4 2

3 54, 2 1 7
4 2

x y z

x y zl m B q
x y z x y z

q q q
l m B q

q q

π

π

+

+

⎛ ⎞⎛ ⎞⎛ ⎞⎛ ⎞−⎜ ⎟⎜ ⎟⎜ ⎟= = = − +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟+ + ⎜ ⎟+ +⎝ ⎠⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞⎛ ⎞− ⎛ ⎞
⎜ ⎟= = = − +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠

	
  

[ ] ( ) ( )
( )

[ ] ( ) ( )

2 2

4,3 22 2 2

2 2

4,3 4

33 354, 3
4

33 354, 3
4

x z x y

zx x y
l m B q

x y z

q q q q
l m B q

q

π

π

+

+

⎛ ⎞−⎛ ⎞⎜ ⎟= = = ⎜ ⎟⎜ ⎟⎜ ⎟+ +⎝ ⎠⎝ ⎠
⎛ ⎞−⎛ ⎞⎜ ⎟= = = ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
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[ ] ( )
( )

[ ] ( ) ( )

4 4

4,4 22 2 2

4 4

4,4 4

3 35 64, 4
8 2

63 354, 4
8 2

x x y y

x xy yl m B q
x y z

q q q q
l m B q

q

π

π

+

+

⎛ ⎞⎛ ⎞ − +⎜ ⎟= = = ⎜ ⎟⎜ ⎟⎜ ⎟+ +⎝ ⎠⎝ ⎠
⎛ ⎞− −⎛ ⎞⎜ ⎟= = = ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
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Now	
  define	
  each	
  set	
  of	
  spherical	
  harmonics	
  for	
  each	
  experiment	
  (dependent	
  upon	
  geometry)	
  

Radial	
  (velocity-­‐vorticity)	
  where	
  the	
  neutrons	
  propagate	
  along	
  the	
  gradient	
  direction	
  such	
  that	
  

( )

( )

13

13

cos

sin

0

x

y

z

q
q
q
q
q

φ

φ

=

=

=

	
  

	
  

[ ] ( )0,0
10, 0l m B q
π

+ ⎛ ⎞= = = ⎜ ⎟
⎝ ⎠

	
  

[ ] ( )

[ ] ( )

2

2,0 2

2,0

52, 0 3 1
4

52, 0
4

zql m B q
q

l m B q

π

π

+

+

⎛ ⎞⎛ ⎞
= = = −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

⎛ ⎞
= = = − ⎜ ⎟⎜ ⎟⎝ ⎠

	
  

[ ] ( )

[ ]

2,1 2

152, 1
2

2, 1 0

x zq ql m B q
q

l m

π
+ ⎛ ⎞⎛ ⎞

= = = ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
= = =
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[ ] ( )

[ ] ( ) ( ) ( )( )

[ ] ( ) ( )

2 2

2,2 2

2 2
2,2 13 13

2,2 13

152, 2
8

152, 2 cos sin
8
152, 2 cos 2
8

x yq q
l m B q

q

l m B q

l m B q

π

φ φ
π

φ
π

+

+

+

⎛ ⎞−
= = = ⎜ ⎟⎜ ⎟⎝ ⎠

= = = −

= = =

	
  

[ ] ( )

[ ] ( )

2 4

4,0 2 4

4,0

34, 0 3 30 35
8

94, 0
8

z zq ql m B q
q q

l m B q

π

π

+

+

⎛ ⎞⎛ ⎞ ⎛ ⎞
= = = − +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

⎛ ⎞= = = ⎜ ⎟
⎝ ⎠

	
  

[ ] ( )

[ ]

2

4,1 2 2

3 54, 1 7 3
4

4, 1 0

x z zq q ql m B q
q q

l m

π
+ ⎛ ⎞⎛ ⎞ ⎛ ⎞

= = = −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
= = =

	
  

[ ] ( )

[ ] ( )

[ ] ( ) ( ) ( )( )

[ ] ( ) ( )

2 2 2

4,2 2 2

2 2

4,2 2

2 2
4,2 13 13

4,2 13

3 54, 2 1 7
4 2

3 54, 2
4 2

3 54, 2 cos sin
4 2

3 54, 2 cos 2
4 2

x y z

x y

q q q
l m B q

q q

q q
l m B q

q

l m B q

l m B q

π

π

φ φ
π

φ
π

+

+

+

+

⎛ ⎞⎛ ⎞−⎛ ⎞ ⎛ ⎞
= = = − +⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠

⎛ ⎞−⎛ ⎞−= = = ⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
⎛ ⎞−= = = −⎜ ⎟⎜ ⎟⎝ ⎠
⎛ ⎞−= = = ⎜ ⎟⎜ ⎟⎝ ⎠
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[ ] ( ) ( )

[ ]

2 2

4,3 4

33 354, 3
4

4, 3 0

x z x yq q q q
l m B q

q

l m

π
+

⎛ ⎞−⎛ ⎞
⎜ ⎟= = = ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

= = =

	
  

[ ] ( )

[ ] ( ) ( ) ( ) ( ) ( )( )

[ ] ( ) ( ) ( ) ( )( ) ( ) ( )

4 2 2 4

4,4 4

4 2 2 4
4,4 13 13 13 13

4,4 13 13 13 13

63 354, 4
8 2

3 354, 4 cos 6cos sin sin
8 2

3 35 3 1 1 1 3 1 14, 4 cos 2 cos 4 6 1 cos 4 cos 2 cos 4
8 2 8 8 8 2 88 2

x x y yq q q q
l m B q

q

l m B q

l m B q

π

φ φ φ φ
π

φ φ φ θ φ
π

+

+

+

⎛ ⎞− +⎛ ⎞
= = = ⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

⎛ ⎞
= = = − +⎜ ⎟⎜ ⎟⎝ ⎠

⎛ ⎞⎛ ⎞= = = + + − − + − +⎜ ⎟⎜⎜ ⎟⎝⎝ ⎠

[ ] ( ) ( )4,4 13
3 354, 4 cos 4
32 2

l m B q φ
π

+

⎟⎠

⎛ ⎞
= = = ⎜ ⎟⎜ ⎟⎝ ⎠

	
  

The	
  structure	
  factor	
  for	
  the	
  neutrons	
  propagate	
  along	
  the	
  gradient	
  direction	
  

  

S gradient q( ) = 1+ B0,0
+ q( ) 1

π
⎛
⎝⎜

⎞
⎠⎟
− B2,0

+ q( ) 5
4π

⎛

⎝
⎜

⎞

⎠
⎟ +

B2,2
+ q( ) 15

8π
cos 2φ13( ) + B4,0

+ q( ) 9
8 π

⎛
⎝⎜

⎞
⎠⎟
+ B4,2

+ q( ) −3 5
4 2π

⎛

⎝
⎜

⎞

⎠
⎟ cos 2φ13( ) + B4,4

+ q( ) 3 35
32 2π

⎛

⎝
⎜

⎞

⎠
⎟ cos 4φ13( )
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Therefore	
  we	
  define	
  the	
  Wn’s	
  for	
  the	
  neutrons	
  in	
  the	
  gradient	
  direction	
  as:	
  

( ) ( ) ( )
2

13 13
0

1 ( )
2

gradient eq
nW q S q Cos n S q d= ∫

π

φ φ
π

	
  

	
  

  

W0
gradient q( )S eq q( ) = 1

2π
cos(0φ13)S

0

2π

∫ q( )dφ13

W0
gradient q( )S eq q( ) = 1

2π

1+ B0,0
+ q( ) 1

π

⎛
⎝⎜

⎞
⎠⎟
− B2,0

+ q( ) 5
4π

⎛

⎝
⎜

⎞

⎠
⎟ + B2,2

+ q( ) 15
8π

cos 2φ13( ) + B4,0
+ q( ) 9

8 π

⎛
⎝⎜

⎞
⎠⎟

+B4,2
+ q( ) −3 5

4 2π

⎛

⎝
⎜

⎞

⎠
⎟ cos 2φ13( ) + B4,4

+ q( ) 3 35

32 2π

⎛

⎝
⎜

⎞

⎠
⎟ cos 4φ13( ) + ... l > 4( )0

2π

∫ cos(0φ13)dφ13

W0
gradient q( )S eq q( ) = 1+ B0,0

+ q( ) 1

π

⎛
⎝⎜

⎞
⎠⎟
− B2,0

+ q( ) 5
4π

⎛

⎝
⎜

⎞

⎠
⎟ + B4,0

+ q( ) 9

8 π

⎛
⎝⎜

⎞
⎠⎟
+ ... l > 4( )
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( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2

2 13 13
0

0,0 2,0 2,2 13 4,02

2 1
0

4,2 13 4,4 13

1 cos(2 )
2

5 15 91 cos 2
4 8 81 cos(2

2 3 5 3 35cos 2 cos 4 ... 4
4

1

2 32 2

gradient eq

gradient eq

W q S q S q d

B q B q B q B q

W q S q

B q B q l

+ + + +

+ +

=

⎛ ⎞⎛ ⎞ ⎛ ⎞+ − + +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠=
⎛ ⎞ ⎛ ⎞−+ + + >⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

∫

∫

π

π

φ φ
π

φ
π π π

φ
π

φ
π

π

φ
π

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

3 13

2

2 2,2 13 4,2 13 13 13
0

2 2,2 4,2

)

1 15 3 5cos 2 cos 2 ... 4 cos(2 )
2 8 4 2

15 3 5 ... 4
8 4 2

gradient eq

gradient eq

d

W q S q B q B q l d

W q S q B q B q l

+ +

+ +

⎛ ⎞⎛ ⎞−= + + >⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
⎛ ⎞ ⎛ ⎞−= + + >⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

∫
π

φ

φ φ φ φ
π π π

π π

	
  

( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2

4 13 13
0

0,0 2,0 2,2 13 4,02

4 1
0

4,2 13 4,4 13

1 cos(4 )
2

5 15 91 cos 2
4 8 81 cos(4

2 3 5 3 35cos 2 cos 4 ... 4
4

1

2 32 2

gradient eq

gradient eq

W q S q S q d

B q B q B q B q

W q S q

B q B q l

+ + + +

+ +

=

⎛ ⎞⎛ ⎞ ⎛ ⎞+ − + +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠=
⎛ ⎞ ⎛ ⎞−+ + + >⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

∫

∫

π

π

φ φ
π

φ
π π π

φ
π

φ
π

π

φ
π

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

3 13

2

4 4,4 13 13 13
0

4 4,4

)

1 3 35 cos 4 ... 4 cos(4 )
2 32 2

3 354 ... 4
32 2

gradient eq

gradient eq

d

W q S q B q l d

W q S q B q l

+

+

⎛ ⎞⎛ ⎞
= + >⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

⎛ ⎞⎛ ⎞
= + >⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

∫
π

φ

φ φ φ
π π

π
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( ) ( ) ( )

( ) ( ) ( )

2

6 13 13
0
2

12 13 13 13
0

1 cos(6 ) 0
2

1 cos( )sin( ) 0
2

gradient eq

gradient eq

W q S q S q d

W q S q S q d

= =

= =

∫

∫

π

π

φ φ
π

φ φ φ
π

	
  

	
  

	
  

1-­‐2	
  plane	
  (velocity-­‐	
  velocity	
  gradient)	
  	
  

For	
  the	
  2D	
  detector	
  when	
  the	
  neutrons	
  propagate	
  along	
  the	
  vorticity	
  direction:	
  

( )

( )

21

21

sin

0

cos

x

y

z

q
q
q
q
q

φ

φ

= −

=

= −

	
   	
  

	
  

[ ] ( )0,0
10, 0l m B q
π

+ ⎛ ⎞= = = ⎜ ⎟
⎝ ⎠
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[ ] ( )

[ ] ( ) ( )( )

[ ] ( ) ( )( )

[ ] ( ) ( )( )

[ ] ( )

2

2,0 2

2
2,0 21

2,0 21

2,0 21

2,0

52, 0 3 1
4

52, 0 3cos 1
4

5 12, 0 3 1 cos 2 1
4 2

5 3 22, 0 1 cos 2
4 2 2

1 5 12, 0
2 4 2

zql m B q
q

l m B q

l m B q

l m B q

l m B q

π

φ
π

φ
π

φ
π

π

+

+

+

+

+

⎛ ⎞⎛ ⎞
= = = −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

⎛ ⎞
= = = −⎜ ⎟⎜ ⎟⎝ ⎠

⎛ ⎞⎛ ⎞⎛ ⎞= = = + −⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞= = = + −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
⎛ ⎞

= = = +⎜ ⎟⎜ ⎟⎝ ⎠
( )

[ ] ( ) ( )( )

21

2,0 21

3 cos 2
2

52, 0 1 3cos 21
4

l m B q

φ

φ
π

+

⎛ ⎞
⎜ ⎟⎝ ⎠

⎛ ⎞
= = = +⎜ ⎟⎜ ⎟⎝ ⎠

	
  

[ ] ( )

[ ] ( ) ( ) ( )

2,1 2

2,1 21 21

152, 1
2

152, 1 sin cos
2

x zq q
l m B q

q

l m B q

π

φ φ
π

+

+

⎛ ⎞⎛ ⎞
= = = ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

⎛ ⎞
= = = ⎜ ⎟⎜ ⎟⎝ ⎠
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[ ] ( )

[ ] ( )

[ ] ( ) ( )

[ ] ( ) ( )( )

[ ] ( ) ( )( )

2 2

2,2 2

2

2,2 2

2
2,2 21

2,2 21

2,2 21

152, 2
8

152, 2
8

152, 2 sin
8

1 15 12, 2 1 cos 2
2 2 2

1 152, 2 1 cos 2
4 2

x y

x

q q
l m B q

q

q
l m B q

q

l m B q

l m B q

l m B q

π

π

φ
π

φ
π

φ
π

+

+

+

+

+

⎛ ⎞−
= = = ⎜ ⎟⎜ ⎟⎝ ⎠

⎛ ⎞
= = = ⎜ ⎟

⎝ ⎠
⎛ ⎞

= = = ⎜ ⎟⎜ ⎟⎝ ⎠
⎛ ⎞⎛ ⎞= = = −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
⎛ ⎞

= = = −⎜ ⎟⎜ ⎟⎝ ⎠
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[ ] ( )

[ ] ( ) ( ) ( )( )

[ ] ( ) ( )( ) ( ) ( )( )

[ ] ( )

2 4

4,0 2 4

2 4
4,0 21 21

4,0 21 21 21
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Tangential	
  (velocity	
  gradient-­‐vorticity)	
  

For	
  the	
  2D	
  detector	
  when	
  the	
  neutrons	
  propagate	
  along	
  the	
  flow	
  direction:	
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  factor	
  for	
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  detector	
  when	
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  propagate	
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  the	
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  direction:	
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Wn‘s	
  for	
  the	
  2D	
  detector	
  when	
  the	
  neutrons	
  propagate	
  along	
  the	
  flow	
  direction:	
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