Supplementary Material

Appendix C.  The scalings of Dormy et al. (2004)

Our choice of dimensionless units have been based on conditions at the inner core
boundary rather than the more traditional choice of the outer boundary. Since our study
is closely related to Dormy et al. (2004), who make the more conventional choice, it is
helpful to summarise the relationship of our dimensionless variables to their scalings for
the case of internal heating,

Q=73 (e — 00), (C1)

for which r*?T} = r*T!. In what follows, we add the superscript T to the dimensionless
variables used by Dormy et al. (2004) based on 7% and T, so as to distinguish them from
ours based on rf and T/. Accordingly, we have

t = n 4, x = nlal v = nul, 0 = not, (C2a,b,c,d)
while the Ekman and Rayleigh numbers (2.2a,b) and Q (see (C 1)) satisfy
E = n*E', R = °R', Q =n*Ql. (C3a,b,c)
The frequency and wave numbers introduced in (2.7) and (2.12d) become
2 =20, M = MT, A = nAf. (C4a,b,c)
From (2.11a,b) and use of (C2b, ¢) we obtain
v =l b = loh (C5a,b)
The stretched axial coordinate (2.16) is
¢ = (em)tat, (C6)
while the other other quantities defined by (2.17a-f) are
R = 3B RY (m, a) = B2 Bmt, pt3dh), w = (en)?Put, (C7a,b,c)
0 = not, w = 23y, Y = 372yt (CTde,f)

where (C2d, ¢) are needed in the derivation of (C7d, f).
With the above changes of variables (2.21a,b) become

Ayt _ ettt — Bt dwl ettt — Fhgt
g——lm(zzd)—l’)’w, g—lm(}zw—}'w, (C8a,b)
where from (2.21c—€)
Tof
= awR_i?pu’ Bf = CT21? — (af? —iwl), (C8c,d)
FI = miCt — ™ (a™ —iw'), (C8e)
in which, noting RQ = 5—:4/37710/3RT of,
C = 2/38/3¢t B = (en)*?B, F = (en)*3FT. (C8f.,9,h)

Elimination of ¢t between (C8a,b) determines a single equation for w', which may be
conveniently expressed in terms of FT and G' = mCT + af2BT (see equations (3.11)



and (3.10e, f) of Dormy et al. 2004). The equatorial plane boundary conditions (2.22a)
become

dypt
T — T
wh = 5 =0 at 21 =0, (C9a)

while the outer boundary condition (2.22b) on 7 = 1 is met when

imfyt + 2Tw’ = 0 at 2T =1 —sf2, (C9b)
The tangent cylinder, on which (C8a,b) and (C9a,b) apply, is just sT = 7.

Appendix D. Alternative symmetry steady modes

Throughout the paper we have assumed that our solutions have the symmetry ¢ (—z) =
¥(2), w(—2z) = —w(z) originally identified by Busse (1970a) for the onset of convection in
a sphere with uniform internal heating. We now confirm that this assumption is legitimate
for our thin unstable layer (¢ < 1) by considering briefly the stability characteristics of
the mode with the alternative symmetry (—z) = —(z), w(—z) = w(z).

We modify the asymptotic development of §3 and begin by replacing (3.2a,b) with

Y(¢) = CP(C) exp(—B¢?/2), w(¢) = B(¢) exp(— B¢?/2), (D 1a,b)
where zZ and w satisfy
ap , PR 1do , -
= [-1 + (8 — iemC) (*] v — Bw, T (B + iemC)w — Fy (D 2a,b)

instead of (3.3a,b). Of course, there are a spectrum of modes with both symmetries, but
we are only interested in the lowest modes (3.2a,b) and (D la,b) of each symmetry.

For our purpose, it is sufficient to adapt the zeroth order theory of §3.1. Accordingly,
we replace (3.6a,b) with

b = —of + O(e), @ = Wo(1 — BC2) + O(e). (D 3a,b)

On substitution into (D 2a, b) and equating the coefficients of the various powers of ¢, we
obtain

~ NN _ m°R 2\
— Bihp = (m? — iw)ip , — 3wy = (m — m*(m? - 1w)> o, (D4a,b)
. m*R -
— pwy = (m2 —iPw) o - (D 4c)

These formulae are the same as (3.7a-c) with the one exception of the factor 3 in (D 4b).
So rather than (3.8), we obtain

m? —iw

38 + m*(m? —iw)? = m*R = [, (D5)

m?2 — iPw

The result (3.8) is recovered from (D 5) on making the change of variables: R + 3%/3Ry,
w — 323w, B+ 36 and m — 3/3m. Hence with this change of variables all the zeroth
order results of §§4.1 and 5.1 may be applied to this new mode. In particular, they show
that the critical Rayleigh numbers R. obtained from (D5) is a factor 3%/ larger than
the true critical values of the both the slow and fast modes with the opposite (original)
symmetry.



Appendix E. The frequency-pitchfork

In the neighbourhood of the frequency-pitchfork at m = m,,, there are at lowest order
three modes, the steady mode w = 0 and two unsteady modes w? o< (m, — m). Here the
objective is to show that forced non-zero O(e) frequency of the slow mode (see (4.6a))
renders this pitchfork from the slow to fast modes imperfect and described instead by
(5.29a,b).

As a preliminary, we remark that the neutral mode (i.e. Im{w} = 0) dispersion relation
(3.8), at fixed m and P, may be cast in the form

Aw,R) = O(e), (E 1a)

where

m? —iw

A= -8 —m*m® —iw)?, B = m*R (E1b,c)

m2 —iPw’
The partial derivatives of A with respect to w and R are
Aw = 26-1) B + 2im*(m® —iw), Ar = (28-1)0r, (E2a.b)

where those of 3 are

ﬂ,wz—ﬁ( L _F ) Br = L (E2e.d)

2 \m? —iw m?2 —iPw 2R

We now consider expansions about the € = 0 steady solution w = 0, R = Ry at given
m (see (4.3)), and use the subscript s to denote all such unperturbed values, e.g. 8 = [;.
The increments dw = cw; and R = eR; about these values are related by the formula
(3.11), or equivalently (5.31), which in turn fix the O(e) increment of J. A anticipated in
(E la):

_ 4t
A = (AL), 6w + (AR),6R = —isiﬂs(ﬁ;ﬁ Bv) (ﬂ;{ - g) (E 3a)
where
(14 P)B, (26, — 1
(AL), = 1% (Bs — B1), (Ax), = %O) (E 3b,¢)

As we showed in §4.2, the solution of (E3a) is R =0 and dw = cws; (see (4.6a)).
The above approach fails at m = mg, where 85 = [, because there (E3a) has no
solution. We may be overcome this failure by still retaining the equality

SA = —ief,(28, — 3)/2m? (E4)
but by invoking a new expansion for 6.4 in powers of ¢!/3 suggested by the final result
(E 14) which is cubic in w: w3 = O(§.A). Specifically, we write

bw =w = /3%, R =R —Ry = 2°R,, (E5a,b)
58 =8~ Bs= ic"PB + ¥363,, SA=A-A, =34 +icd;, (Ebcd)
where all tilded parameters are real and evaluated at
m = m, +e3m (E 5e)
close to m,. Since R, is itself a function of m, it is helpful to introduce R defined by

R = Ry + 2/*R with R, = 2/m> (E5f.9)



(see (4.3a)2 or (4.14b, ¢)) to measure the departure of R from the constant value Ry, as
employed in figure 8a. Our choice of R, in this Appendix simplifies the analysis.

The expansions (E5a—e) are organised so that (0.A/0w), = O(%/?) whereupon, if we
use the Taylor series expansion of §3 and equate imaginary and real parts, correct to
leading order we obtain

Bi = =1(80),8 + OE), B = (BR),Rs + 5 (Bu), & + OFE"). (Bbab)

Here, although 3 in (E 5¢) is evaluated at m, since m — m,, = O(2/3), it is sufficient to
the accuracy required to evaluate the coeflicients in (E 6a,b) at m,; whence the use of
the subscript , rather than . Differentiation of (E 2a) gives

ﬁ,ww = lﬁ—w ( L + 3P ) (E 7)

2 \m?—iw m?—iPw
and then use of (E2¢,d), (E5¢g) and (E7) determines the pitchfork values
. (1-P)B, m3
- w - - 5 = 54 E ’
1(67 )m 2m% (ﬁ,R)m 2ﬁm ( 8a b)

(1—-P)(1+3P)B,
4m?

(Buw), =

of the coefficients in (E 6a, b).
More significantly, the real and imaginary parts of the Taylor series expansion of d.4
give

(E8c)

Ar = (AR), Rs + 3(Aww), @ + OEY?) =0, (E 9a)
- . ~ 1 o]~
Ai = —1[5 B (AL), + (Arw), Rs + 6 (Awww), wz}w + O(e'/?)
B (285 — 3)
= _ PniePa —9) E
. Ew)
in which, from (E 3b), we have
. _9/3 (I P)By (dBs ~ 1/3
—ieg~%/ (.A,w)s = 2 \am mm + O(e'?), (E9c)
where use of (4.15a) determines
dﬂs 5
=3(14+P . E9d
(G=) - s+ pm (59d)
Differentiation of (E 2a,b) with respect to w leads to
B, 1 (88 —3)P ) A1
Aww = 2 < m?2 — iw * m2 — iPw +2m7, Arw =P 2R (E10a,5)
Evaluation of (E3c) and (E10a) at m = m,, yields the pitchfork values
2mS; 1 1 2y,,,2
(Ar), = -5 +m3, 3(Aww), = 7 (B +8P+ P)my, (E1la,b)

appearing as coefficients in the expression (E 9a) for A, Aided by the definitions (E 5a, b),
its vanishing determines

1
(R—Rs) — (Reo—Rs) =R — Ry = —§(3+P)(3+8P+P2)w2, (E1lc)



in which Rgo — Ra = (Ry/ma4)(1 —3P)(m —m,,) (see (4.16b)); the result (5.29b) follows.
Differentiation of (E 10a) with respect to w leads, after some tedious algebra, to

A 3w 1 . 2P (168 - 5)P?

e 4 | (m2 - iw)2 (m? —iw)(m? — iPw) (m? — iPou)2

Aided by (E5¢), (E8a), the formulae (E100) and (E 12) yield the pitchfork values
(1-P)(5+P)

(E12)

Ci(Ag) = o)A Bl
1(./4773 )m 2(3 T P) ( Sa)
i 14+ 3P —17P? - 3P
— - (Apn). = — E13b
respectively. With the help of (E 11¢) these give
~ 1 - 1 ~
_i[(A,Rw)m Rs + ¢ (Awww), WQ} =g P)*(13 —4P — P%)&”. (E13¢)

Finally substitution of the results (E 9¢, d), (E 13c¢) into the expression (E 9b) for A; and
use of (E5a,e) determines (5.29a) expressed in the form
(1+ P)(13—4P - P%)
24(3 + P)

eP
3(1+P)’m3

= )| =

(E14)



