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Editorial

Appendix A

The governing system (3.19, . . . , 3.22) can be put in the following form:

(
∂

∂s
U

)
U +

(
∂

∂n
U

)
V +

∂

∂s
H +

β τs
D

+ fα = ν f10 + δ f01 + ν δ f11(
∂

∂n
V

)
V +

(
∂

∂s
V

)
U +

∂

∂n
H +

β τn
D

+ gα = ν g10 + δ g01 + ν δ g11

∂

∂s
(DU) +

∂

∂n
(DV ) = ν m10 + δ m01

∂

∂s
qs +

∂

∂n
qn = ν p10 + δ p01

(A 1)

where the terms fij , gij ,mij , pij , (j = 0, 1), and fα, gα can be written as:

fα = −K0ΓL0 b −K1ΓL1 b −K2ΓL2 b

f10 =

(
−UV −

(
∂

∂n
U

)
V n− β τsn

D

)
C +K0 (ΓL0 + ΓL0 bCn+ ΓL0 a) +

+K1 (ΓL1 + ΓL1 bCn+ ΓL1 a) +K2 (ΓL2 + ΓL2 bCn+ ΓL2 a)

f01 = n

(
d

ds
B

)
∂

∂n
H +B

(
∂

∂n
U

)
V + n

(
d

ds
B

)(
∂

∂n
U

)
U +

+K0 (−BΓL0 b + ΓL0 dn+ 1/3ΓL0 c) +K1 (−BΓL1 b + ΓL1 dn+ 1/3ΓL1 c) +

+K2 (−BΓL2 b + ΓL2 dn+ 1/3ΓL2 c)

f11 = −β τsnBC

D
+K0

(
−BΓL0 + nΓL0 cC + n2ΓL0 dC

)
+

+K1

(
−BΓL1 + nΓL1 cC + n2ΓL1 dC

)
+

+K2

(
−BΓL2 + nΓL2 cC + n2ΓL2 dC

)
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(A 2)

gα = K0 (−ΓT0 bC + ΓT0 d) +K1 (−ΓT1 bC + ΓT1 d) +K2 (−ΓT2 bC + ΓT2 d) +

−K6ΓT6 aC −K7ΓT7 aC −K8ΓT8 aC −K9ΓT9 aC −K10ΓT10 aC −K11ΓT11 aC

g10 = −nC
∂

∂n
H − nC

(
∂

∂n
V

)
V − nCβ τn

D
+ CU2 +K0 (ΓT0 a + ΓT0 + ΓT0 bCn+ ΓT0 c) +

+K1 (ΓT1 a + ΓT1 + ΓT1 bCn+ ΓT1 c) +K2 (ΓT2 a + ΓT2 + ΓT2 bCn+ ΓT2 c) +

+K6 (ΓT6 aCn+ ΓT6 ) +K7 (ΓT7 aCn+ ΓT7 ) +K8 (ΓT8 aCn+ ΓT8 ) +K9 (ΓT9 aCn+ ΓT9 ) +

+K10 (ΓT10 aCn+ ΓT10 ) +K11 (ΓT11 aCn+ ΓT11 )

g01 = B

(
∂

∂n
V

)
V +B

∂

∂n
H + n

(
d

ds
B

)(
∂

∂n
V

)
U +

+K0 (−ΓT0 bB + ΓT0 gn+ 1/2ΓT0 f + nΓT0 h + nΓT0 i) +

+K1 (−ΓT1 bB + ΓT1 gn+ 1/2ΓT1 f + nΓT1 h + nΓT1 i) +

+K2 (−ΓT2 bB + ΓT2 gn+ 1/2ΓT2 f + nΓT2 h + nΓT2 i) +

+K6 (−BΓT6 a + ΓT6 en+ ΓT6 f ) +K7 (−BΓT7 a + ΓT7 en+ ΓT7 f ) +

+K8 (−BΓT8 a + ΓT8 en+ ΓT8 f ) +K9 (−BΓT9 a + ΓT9 en+ ΓT9 f ) +

+K10 (−BΓT10 a + ΓT10 en+ ΓT10 f ) +K11 (−BΓT11 a + ΓT11 en+ ΓT11 f )

g11 = −nBCβ τn
D

+K0

(
−BΓT0 + ΓT0 en+ ΓT0 fCn+ ΓT0 gCn2

)
+

+K1

(
−BΓT1 + ΓT1 en+ ΓT1 fCn+ ΓT1 gCn2

)
+

+K2

(
−BΓT2 + ΓT2 en+ ΓT2 fCn+ ΓT2 gCn2

)
+K6

(
ΓT6 b + ΓT6 c + ΓT6 dn+ ΓT6 eCn2

)
+

+K7

(
ΓT7 b + ΓT7 c + ΓT7 dn+ ΓT7 eCn2

)
+K8

(
ΓT8 b + ΓT8 c + ΓT8 dn+ ΓT8 eCn2

)
+

+K9

(
ΓT9 b + ΓT9 c + ΓT9 dn+ ΓT9 eCn2

)
+K10

(
ΓT10 b + ΓT10 c + ΓT10 dn+ ΓT10 eCn2

)
+

+K11

(
ΓT11 b + ΓT11 c + ΓT11 dn+ ΓT11 eCn2

)
(A 3)

m10 = −nC
∂

∂n
(DV )− CVD

m01 = n

(
d

ds
B

)
∂

∂n
(DU) +B

∂

∂n
(DV )

(A 4)

p10 = −nC
∂

∂n
qn − Cqn

p01 = n

(
d

ds
B

)
∂

∂n
qs +B

∂

∂n
qn

(A 5)

The Γ-coefficients result from the expressions below:

ΓL0 = −
(
U2 ∂

∂nD + ∂
∂nDU2

)
C

bc
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ΓL0 a = 2
DU2Cαs

bc

ΓL0 b =
U2

(
∂
∂nD

)
αs +

∂
∂n

(
DU2αs

)
bc

ΓL0 c = −3
DU2αn

d
dsB

bc

ΓL0 d = −
(

d
dsB

) (
∂
∂n

(
DU2αn

)
+ U2

(
∂
∂nD

)
αn

)
bc

ΓL1 = −
U
(

∂
∂nD

)
D ∂

∂s (UC) + ∂
∂n

(
D2U ∂

∂s (UC)
)

bc
2

ΓL1 a = 2
UCD2 ∂

∂s (Uαs)

bc
2

ΓL1 b =
∂
∂n

(
UD2 ∂

∂s (Uαs)
)
+ U

(
∂
∂nD

)
D ∂

∂s (Uαs)

bc
2

ΓL1 c = −3
D2U ∂

∂s

(
Uαn

d
dsB

)
bc

2

ΓL1 d = −
∂
∂n

(
D2U ∂

∂s

(
Uαn

d
dsB

))
+ U

(
∂
∂nD

)
D ∂

∂s

(
Uαn

d
dsB

)
bc

2

ΓL2 = −
(
U2

(
∂
∂nD

)
∂
∂sD + ∂

∂n

(
DU2 ∂

∂sD
))

C

bc
2

ΓL2 a = 2
CDU2

(
∂
∂sD

)
αs

bc
2

ΓL2 b =
∂
∂n

(
DU2αs

∂
∂sD

)
+ U2

(
∂
∂nD

) (
∂
∂sD

)
αs

bc
2

ΓL2 c = −3
DU2

(
∂
∂sD

)
αn

d
dsB

bc
2

ΓL2 d = −
(
U2

(
∂
∂nD

) (
∂
∂sD

)
αn + ∂

∂n

(
U2Dαn

∂
∂sD

))
d
dsB

bc
2 (A 6)

ΓT0 = −2
C
(
V
(

∂
∂nD

)
U + ∂

∂n (DUV )
)

bc

ΓT0 a = −
U2

(
∂
∂sD

)
C + ∂

∂s

(
DU2C

)
bc

ΓT0 b = 2
∂
∂n (DV Uαs) + V

(
∂
∂nD

)
Uαs

bc

ΓT0 c = 2
CV DUαs

bc

ΓT0 d = −
∂
∂s

(
DU2αs

)
+ U2

(
∂
∂sD

)
αs

bc

ΓT0 e =

(
d
dsB

)
C
(
U2 ∂

∂nD + ∂
∂n

(
DU2

))
bc
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ΓT0 f = −4
DUV αn

d
dsB

bc

ΓT0 g = −2

(
d
dsB

) (
∂
∂n (DUV αn) + V

(
∂
∂nD

)
Uαn

)
bc

ΓT0 h = −
(

∂
∂n

(
DU2αs

)
+ U2

(
∂
∂nD

)
αs

)
d
dsB

bc

ΓT0 i = −
U2

(
∂
∂sD

)
αn

d
dsB + ∂

∂s

(
DU2αn

d
dsB

)
bc

ΓT1 = −2
∂
∂n

(
D2V ∂

∂s (UC)
)
+ V

(
∂
∂nD

)
D ∂

∂s (UC)

bc
2

ΓT1 a = −
∂
∂s

(
D2U ∂

∂s (UC)
)
+ U

(
∂
∂sD

)
D ∂

∂s (UC)

bc
2

ΓT1 b = 2
V
(

∂
∂nD

)
D ∂

∂s (Uαs) +
∂
∂n

(
D2V ∂

∂s (Uαs)
)

bc
2

ΓT1 c = 2
CV D2 ∂

∂s (Uαs)

bc
2

ΓT1 d = −
U
(

∂
∂sD

)
D ∂

∂s (Uαs) +
∂
∂s

(
D2U ∂

∂s (Uαs)
)

bc
2

ΓT1 e =

(
d
dsB

) (
∂
∂n

(
D2U ∂

∂s (UC)
)
+ U

(
∂
∂nD

)
D ∂

∂s (UC)
)

bc
2

ΓT1 f = −4
D2V ∂

∂s

(
Uαn

d
dsB

)
bc

2

ΓT1 g = −2
V
(

∂
∂nD

)
D ∂

∂s

(
Uαn

d
dsB

)
+ ∂

∂n

(
D2V ∂

∂s

(
Uαn

d
dsB

))
bc

2

ΓT1 h = −
(

d
dsB

) (
U
(

∂
∂nD

)
D ∂

∂s (Uαs) +
∂
∂n

(
D2U ∂

∂s (Uαs)
))

bc
2

ΓT1 i =
− ∂

∂s

(
D2U ∂

∂s

(
Uαn

d
dsB

))
− U

(
∂
∂sD

)
D ∂

∂s

(
Uαn

d
dsB

)
bc

2

ΓT2 = −2
C
(

∂
∂n

(
DUV ∂

∂sD
)
+ V

(
∂
∂nD

)
U ∂

∂sD
)

bc
2

ΓT2 a = −
∂
∂s

(
CDU2 ∂

∂sD
)
+ U2

(
∂
∂sD

)2
C

bc
2

ΓT2 b = 2
∂
∂n

(
DV Uαs

∂
∂sD

)
+ V

(
∂
∂nD

)
U
(

∂
∂sD

)
αs

bc
2

ΓT2 c = 2
CV DU

(
∂
∂sD

)
αs

bc
2

ΓT2 d = −
U2αs

(
∂
∂sD

)2
+ ∂

∂s

(
αsDU2 ∂

∂sD
)

bc
2

ΓT2 e =

(
d
dsB

)
C
(

∂
∂n

(
DU2 ∂

∂sD
)
+ U2

(
∂
∂nD

)
∂
∂sD

)
bc

2
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ΓT2 f = −4
DUV

(
∂
∂sD

)
αn

d
dsB

bc
2

ΓT2 g = −2

(
V
(

∂
∂nD

)
U
(

∂
∂sD

)
αn −DV ∂

∂n

(
−U

(
∂
∂sD

)
αn

)
+
(

∂
∂n (DV )

)
U
(

∂
∂sD

)
αn

)
d
dsB

bc
2

ΓT2 h = −
(

d
dsB

) (
U2

(
∂
∂nD

) (
∂
∂sD

)
αs +

∂
∂n

(
αsDU2 ∂

∂sD
))

bc
2

ΓT2 i = −
U2

(
∂
∂sD

)2
αn

d
dsB + ∂

∂s

(
DU2

(
∂
∂sD

)
αn

d
dsB

)
bc

2

ΓT6 = −
(
D2U2αs

2 − 2D
(

∂
∂nD

)
U2αs − 2 ∂

∂n

(
D2U2αs

))
C

bc
2

ΓT6 a = −
∂
∂n

(
D2U2αs

2
)
+D

(
∂
∂nD

)
U2αs

2

bc
2

ΓT6 b = −2
BC

(
∂
∂n

(
D2U2αs

)
+D

(
∂
∂nD

)
U2αs

)
bc

2

ΓT6 c = −2
D2U2Cαn

d
dsB

bc
2

ΓT6 d = 2

(
d
dsB

)
C
(
− ∂

∂n

(
D2U2αn

)
−D

(
∂
∂nD

)
U2αn + 2D2U2αsαn

)
bc

2

ΓT6 e =

(
d
dsB

) (
2D

(
∂
∂nD

)
U2αnαs + 2 ∂

∂n

(
D2U2αsαn

))
bc

2

ΓT6 f = 2
D2U2αsαn

d
dsB

bc
2

ΓT7 = −2
C
(
−2 ∂

∂n

(
D2U2

(
∂
∂sD

)
αs

)
− 2D

(
∂
∂nD

)
U2

(
∂
∂sD

)
αs +D2U2αs

2 ∂
∂sD

)
bc

3

ΓT7 a = −2
D

(
∂
∂nD

)
U2

(
∂
∂sD

)
αs

2 + ∂
∂n

(
D2U2αs

2 ∂
∂sD

)
bc

3

ΓT7 b = −4
BC

(
∂
∂n

(
D2U2

(
∂
∂sD

)
αs

)
+D

(
∂
∂nD

)
U2

(
∂
∂sD

)
αs

)
bc

3

ΓT7 c = −4
D2U2C

(
∂
∂sD

)
αn

d
dsB

bc
3

ΓT7 d = 4

(
d
dsB

)
C
(

∂
∂n

(
−D2U2

(
∂
∂sD

)
αn

)
−D

(
∂
∂nD

)
U2

(
∂
∂sD

)
αn + 2D2U2

(
∂
∂sD

)
αsαn

)
bc

3

ΓT7 e = 2

(
d
dsB

) (
2D

(
∂
∂nD

)
U2

(
∂
∂sD

)
αnαs + 2 ∂

∂n

(
D2U2

(
∂
∂sD

)
αsαn

))
bc

3

ΓT7 f = 4
D2U2

(
∂
∂sD

)
αsαn

d
dsB

bc
3

ΓT8 = −

(
−2 ∂

∂n

(
D2U2αs

(
∂
∂sD

)2)
+D2U2αs

2
(

∂
∂sD

)2 − 2D
(

∂
∂nD

)
U2

(
∂
∂sD

)2
αs

)
C

bc
4

ΓT8 a = −
D

(
∂
∂nD

)
U2

(
∂
∂sD

)2
αs

2 + ∂
∂n

(
D2U2αs

2
(

∂
∂sD

)2)
bc

4
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ΓT8 b = −2
BC

(
D

(
∂
∂nD

)
U2

(
∂
∂sD

)2
αs +

∂
∂n

(
D2U2αs

(
∂
∂sD

)2))
bc

4

ΓT8 c = −2
D2U2C

(
∂
∂sD

)2
αn

d
dsB

bc
4

ΓT8 d = 2
C
(

d
dsB

) (
2U2D2

(
∂
∂sD

)2
αsαn −D

(
∂
∂nD

)
U2

(
∂
∂sD

)2
αn − ∂

∂n

(
D2U2

(
∂
∂sD

)2
αn

))
bc

4

ΓT8 e = 2

(
d
dsB

) (
∂
∂n

(
U2D2

(
∂
∂sD

)2
αsαn

)
+D

(
∂
∂nD

)
U2

(
∂
∂sD

)2
αnαs

)
bc

4

ΓT8 f = 2
U2D2

(
∂
∂sD

)2
αsαn

d
dsB

bc
4

ΓT9 = −
D

(
D2C ∂

∂s

(
U2αs

2
)
− 2D

(
∂
∂nD

)
∂
∂s

(
U2Cαs

)
− 2

(
∂
∂n

(
D2

))
∂
∂s

(
U2Cαs

)
− 2D ∂

∂n

(
D ∂

∂s

(
U2Cαs

)))
bc

3

ΓT9 a = −
∂
∂n

(
D3 ∂

∂s

(
U2αs

2
))

+D2
(

∂
∂nD

)
∂
∂s

(
U2αs

2
)

bc
3

ΓT9 b = −2
B
(

∂
∂n

(
D3 ∂

∂s

(
U2Cαs

))
+D2

(
∂
∂nD

)
∂
∂s

(
U2Cαs

))
bc

3

ΓT9 c = −2
D3 ∂

∂s

(
U2Cαn

d
dsB

)
bc

3

ΓT9 d =
−2 ∂

∂n

(
D3 ∂

∂s

(
U2Cαn

d
dsB

))
− 2D2

(
∂
∂nD

)
∂
∂s

(
U2Cαn

d
dsB

)
+ 4CD3 ∂

∂s

(
U2αsαn

d
dsB

)
bc

3

ΓT9 e = 2
∂
∂n

(
D3 ∂

∂s

(
U2αsαn

d
dsB

))
D2

(
∂
∂nD

)
∂
∂s

(
U2αsαn

d
dsB

)
bc

3

ΓT9 f = 2
D3 ∂

∂s

(
U2αsαn

d
dsB

)
bc

3

ΓT10 =
2 ∂

∂n

(
D4

(
∂
∂s (UC)

)
∂
∂s (Uαs)

)
+ 2D3

(
∂
∂nD

) (
∂
∂s (UC)

)
∂
∂s (Uαs)−D4C

(
∂
∂s (Uαs)

)2
bc

4

ΓT10 a = −
D3

(
∂
∂nD

) (
∂
∂s (Uαs)

)2
+ ∂

∂n

(
D4

(
∂
∂s (Uαs)

)2)
bc

4

ΓT10 b = −2

(
∂
∂n

(
D4

(
∂
∂s (UC)

)
∂
∂s (Uαs)

)
+D3

(
∂
∂nD

) (
∂
∂s (UC)

)
∂
∂s (Uαs)

)
B

bc
4

ΓT10 c = −2
D4

(
∂
∂s (UC)

)
∂
∂s

(
Uαn

d
dsB

)
bc

4

ΓT10 d = −2
D3

(
∂
∂nD

) (
∂
∂s (UC)

)
∂
∂s

(
Uαn

d
dsB

)
+ ∂

∂n

(
D4

(
∂
∂s (UC)

)
∂
∂s

(
Uαn

d
dsB

))
bc

4 +

+4
CD4

(
∂
∂s (Uαs)

)
∂
∂s

(
Uαn

d
dsB

)
bc

4

ΓT10 e = 2
∂
∂n

(
D4

(
∂
∂s (Uαs)

)
∂
∂s

(
Uαn

d
dsB

))
+D3

(
∂
∂nD

) (
∂
∂s (Uαs)

)
∂
∂s

(
Uαn

d
dsB

)
bc

4
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ΓT10 f = 2
D4

(
∂
∂s (Uαs)

)
∂
∂s

(
Uαn

d
dsB

)
bc

4

ΓT11 =
2D2

(
∂
∂nD

) (
∂
∂sD

)
∂
∂s

(
U2Cαs

)
−D3C

(
∂
∂sD

)
∂
∂s

(
U2αs

2
)
+ 2 ∂

∂n

(
D3

(
∂
∂s

(
U2Cαs

))
∂
∂sD

)
bc

4

ΓT11 a = −
∂
∂n

(
D3

(
∂
∂s

(
U2αs

2
))

∂
∂sD

)
+D2

(
∂
∂nD

) (
∂
∂sD

)
∂
∂s

(
U2αs

2
)

bc
4

ΓT11 b = −2
B
(

∂
∂n

(
D3

(
∂
∂s

(
U2Cαs

))
∂
∂sD

)
+D2

(
∂
∂nD

) (
∂
∂sD

)
∂
∂s

(
U2Cαs

))
bc

4

ΓT11 c = −2
D3

(
∂
∂s

(
U2Cαn

d
dsB

))
∂
∂sD

bc
4

ΓT11 d = −2
∂
∂n

(
D3

(
∂
∂s

(
U2Cαn

d
dsB

))
∂
∂sD

)
− 2CD3

(
∂
∂sD

)
∂
∂s

(
U2αsαn

d
dsB

)
bc

4 +

−2
D2

(
∂
∂nD

) (
∂
∂sD

)
∂
∂s

(
U2Cαn

d
dsB

)
bc

4

ΓT11 e = 2
D2

(
∂
∂nD

) (
∂
∂sD

)
∂
∂s

(
U2αsαn

d
dsB

)
+ ∂

∂n

(
D3

(
∂
∂sD

)
∂
∂s

(
U2αsαn

d
dsB

))
bc

4

ΓT11 f = 2
D3

(
∂
∂sD

)
∂
∂s

(
U2αsαn

d
dsB

)
bc
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Note that:

αs =
U
(

∂
∂sV

)
− V

(
∂
∂sU

)
U2 + V 2

; αn =
U
(

∂
∂nV

)
− V

(
∂
∂nU

)
U2 + V 2

; bc = β
√
Cf0;

where αs and αn represent the local deviation of streamlines from the channel axis.


