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1. Asymptotic analysis for Model B
An unabridged version of section 6.2 in the full paper.

Since for Model B none of the K;, J;, P; or A; are constants, the asymptotic analysis
involves much expanding. We write each expansion in the same way, for example for K;

Ki = K(i,O) + d_lK(i’,l) + d_2<,‘€mglK(i,,1) + K('L,*Z)) (11)
(m2,

+d—3 (K(i,—l)ﬁ; <m02 + i 9

2

) ) + K3 + 2ffm1K(i,—2)) )

and similarly for all J;, P; and A;. Each component K(; ;) (and J; jy, Py jy Ag,j)) can
be calculated directly using Taylor series to expand the expressions for K; (and J;, P;
and A;) for d < 1. Note that the leading order component of K; and J; do not depend
on x and are constants that depend on A, as in Model A where A = \. For example,
Ko = K. The definitions of the relevant components for use in the asymptotic solution
are shown in table 1.

1.0.1. Equilibrium solution
Multiplying the equilibrium solution in equation (5.2) by d=! gives
d? Ky Ki(A) d
dm Ky KN dm (1.2)
dz? K Ks(A) dz

with boundary conditions m = 0 at z = 0, and m = d~*(e~?—1) at 2 = —1. If we expand
K1, K5 and then % for small d, using the notation as explained above, then expanding

m in powers of d~! and expanding the exponential in powers of d and substituting all
this into equation 1.2 gives

P (mod tmoy +dPmos + ) K .
- = 1d22 : )_KT? (K200 +d "™ Ko 1y (1.3)
+d (2O K (172, 9) + €O km_1 K172, 1)) + O(d™%)]

" dimo+d'm_1+d2*m_o+..)

=0.
dz
For the outer solution, we find my =constant. Every subsequent m_,, will also be con-
stant. The boundary condition at z = —1 gives that my = m_2 = ..m_, = 0 and

m_q1 = —1.
For the inner solution we scale z; = dz and find the solution at leading order is

mo = Ag(e* — 1). (1.4)
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At next order we have
defl dm,1 KQ

- =K _
dzr? dzy Ki (1/2,-1)€

KMo dmo

=0. 1.5
e (1.5)
In order to match with the outer solution we require Ag=0. Solving equation 1.5 then
gives

m_1 = Al(GZI - 1) (16)

The matching as z; tends to —oo provides A; = 1. Solving the equation at second order,
substituting in m_1, gives

K

m_g = KfzK(l/Qv_l)(Z[eZI + ].) — A2 + BQ€ZI. (17)
1

On applying the boundary condition at z; = 0 and using the matching, we find Ay =

%K(l/z,—l) and By = 0. Thus,

K
m_g = KTQK(1/27_1)Z[€ZI. (1.8)
1

1.0.2. Linear stability analysis

The asymptotic linear stability theory is performed on the Navier-Stokes equation,
(D? — k*)?U = —k*d"' RO, (1.9)

and the cell conservation equation (5.22), with P;(z) and K;(z) defined in table 2 and
§5.3.2. As in linear stability analysis in §5.3, the equilibrium components are now denoted
with a superscript 0.

For the outer solution, the solutions for ® and U are the same as for Model A, as
shown in §6.1.2 and equation (6.5).

For the inner solution we re-scale equation (5.22) and the Navier-Stokes equation (1.9)
using z; = dz, so that

(D? —d%k*)?U = —k*d °R®, (1.10)
d2 Kg d _ _ Kg dKl dpv(Z[) d
P — — =K — —d7?p 2 _d %22 —
{ V(Zl)dz? Ky 1(Zl)dz[ d i (zr)k do Ky dzp + dzy dzy
—2 rm? —1 rkm® 1 dno
+d *Ax_1Ke PR(zI)} O+ d  Ax_1ke™ Pp(zr) =4d o (1.11)
I
d? d 1 9
—dTIP5(ZI)d7% - dnpﬁ(zl)djl +d  nPr(z)k” U,

where P;(zr) can be calculated directly from the expression for P;(z) in §5.3.2, with
boundary conditions

U=0 and D;U=0 on z; =0, (1.12)
K
and  Ko(z7)D;® — — 20 K, (2/)® =0 on z; = 0. (1.13)
K0

The terms on the right hand side of equation 1.11 complicate the expression and so we
consider the case in which they do not appear at first order (as in Model A). This requires
U < O(1) and nU < O(d~2). For a non-trivial solution we need R ~ d°U and we follow
the logic outlined in §6.1.2 and consider expanding using equations (6.8) and (6.9). At
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first order the cell conservation and Navier-Stokes equations are the same as for Model
A, hence &y and U_,, are given in equation (6.10).

The expressions at second order are calculated in the same was as for Model A, thus
we obtain

b = Az + OKGZI, (114)
where Ck is a constant of integration and

K.
- Kooy - g Koy

A = )
K2,0)

(1.15)

and the Navier-Stokes equation yields

Up1=0 pn 128 +b 122 +k*Rs 1 (27 +1— ") (1.16)
+k2R5,n (AK(ZIGZI — 4621) — COge*’ + (3AK + CK)Z] +4A + CK) .

Solutions are matched up to second order in the usual way, as for Model A, and we find

that the terms due to phototaxis do not appear at this order. If we look in the region

of parameter space where  ~ d~2 and n = 1, as for Model A, then Ay, By and b_, are

given by (6.13). The cell conservation equation at third order is then integrated from
—o0 to 0 to obtain the solvability condition:

QP(H,O)
(L = n-2(Fs,0) — P6,0)))
Integrating the cell conservation equation between 0 and —oo at fourth order gives

2(Pa,0y(Ax + Ck) + Pia,—1))

Ry = (1.17)

flg =42t (1 =n-2(P5,0) — P6,0))) 19
- 772(13(55) — Ps.0)) % - MTK - % T { <5iK i CQK)
x (P50 — Po,0)) + %A(l,O)NK + %A(l,—l) n A(42,71) n 3NK:14(4,0) n
Ziz; (;A(Q,l) + %A(z,o) - %A(&,l) - ]\;KA(s,o)> H ;
where N, = ﬁﬁfg; K(1/2,-1) is a constant and the definitions of A(; ), P ;) and all

other constants can be found in table 1, which also shows the dependance of the fourth
order term on y. Note that the expression for the Raleigh number as a function of the
wavenumber, R(k), to third order is the same as the expression to third order for Model
A and Bees & Hill (1998), since P9y = Pr, P50y = P5 and P o) = Ps, where Py, Ps
and Py constants. Thus the effects of phototaxis only comes in at fourth order.

2. Table of constants

Table 1 summarizes the definitions of parameters that are needed for the asymptotic
analysis of Model B. Values are calculated using the standard values A = 2.2 and ag = 0.2.

Parameter Definition Value

K10 coth Ag — 3= 0.570
Continued over page ...
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Table 1 — Continued

Parameter Definition Value
A1 (cosh? \g—1—A2

Ka, - —1( Azmlfz v 0) -0.344

K2, 1 - coth? Ao+ 3z 0.156

—2X\1 (sinh Ao cosh? Ao —sinh )\() )\ cosh )\0)

K,-1 23 sinh® Ao 0.186
K
K (4,0 K2,0) — =5 —0.103
Ka,_ K
K, 1) K@, 1 — “4=2 4 Sugn 0.0833
4K
K(5,0) - {1 + K20 — —;;‘”] —0.108
K100\
K1) -2 (Ken = & (Ka,n - “522)) 0.0966
4K,
+5 (1 + Koo = =5 2)

J(1,0 3smh(,\0) Z )\2 2)a2141,1 0.452
Ja,-1) )é—o <()\1(zosech()\0) — AoA1 coth(Ag)cosech(Ag)) -0.0225
X Z )\2l+ a2l+1 1+ L i /\%l+1(2)a2l+1 1

mh()\o) — ’
J(2,0 531nh(>\0) Z)‘o z)azi,2 0.159
Je2,—1) ?0 <()\1cosech()\0) AoA1 coth(Ag)cosech(Ng)) -0.163
oo
X Z )\gl( agl 2 —|— Z /\1 a21,2>
=1
J(1.0) 351nh()\0) Z A (2)azig 0 -0.227
J(a,-1) 2o ((Alcosech()\o) — AoA1 coth(Ag)cosech(Ag)) 0.114
X Z)\QH 2)as141,1 TSm0 )\0 Z AT (2)agig, 1)
A2
J5.0 EETew) ZAEI( )iial 2 -0.166
1=0
Ji5,—1) 20 ((Alcosech()\o) AoA1 coth(Ag)cosech(Ng)) 0.0195
XZ)\(Q)l( a212+ AO ZAl a212>
1=0 1=0
Ao J1,0)K1,0) = J(2,0) + Oto(J(5,o) K1,0)J4,0) — 0.0862

3(K 5,0 — 2K(1,0)K(4,o)))
Continued over page ...
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Table 1 — Continued

Parameter

Definition

JaoKa, -1 +Ja,-Kae — Jie,-1) +a(Js,-1) —
K0y Ja,—1) — Ka,—1)J(a,0) — 3(K(5,-1) —
2K (1,0)K4,-1) —2K1,-1)K(4,0)))

J1,0) — ao(Ja,0) — 3K (4,0))
Ja,—1) — ao(Ja,—1) — 3K4,—1))
3(10K(4’0)
3K 4,—1)

3o (K (5,00 — 2K (1,0)K (4,0))

3ag (K (5,—1) — 2K (1,0)K(4,-1) — 2K(1,-1) K (4,0))

(1,0)

Ao
Ka-n  Kaoh
2o 22

Ao + KeoAeo

o K0
2,04,00 _
K1,0) Ao

1 K _ KeonKa,-1
K(2,0) ( (2171) K(l,O)

1.0

1 K _ KaoKe-y
K(l,O) ( (1171) K(Q,O)

Value

0.0114

0.436
0.00453
-0.0618

0.0500
0.00537
-0.0415

0.259
0.103
0.205
-0.0223
1.79
1.0
-1.79

Table 1: Summary of constants needed to compute the asymptotic

solution for Model B, where ag = 0.2. Here, \g = A and \;

—X-1A, where A = 2.2 and x—1 = 1. K(; o) and J(; o) are equivalent
to the values of K; and J; when A(z) = A, i.e. the values of K; and
J; when y = 0. These are the (corrected) values of K; and J; used
in Bees & Hill (1998).




