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1 Optimal securities

This section considers general securities, without restricting attention to debt and equity.
Securities are such that the payoff of security h at ¢ = 1 can be a function of asset output y,
and is denoted by sp(y). The payoff vector of security h is (sp(L), sp(M), sp(H)). For any

number N € {1,2,...} of securities used, securities’ payoffs must satisfy:

(35) sp(y) >0 fory e {L,M,H}
(36) > suly)=y  forye{L M H}
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First, any security must have a nonnegative payoff in any state (equation ) Second,
as in seminal security design papers (Allen and Gale (1988) and Boot and Thakor (1993)),
designing securities is equivalent to splitting claims on the asset’s output (equation )
Securities with linearly dependent payoffs (a payoff vector of (s&,sM, s#) for one security
and of (ks” ks ks®) with k > 0 for another) are counted as one security.

In principle, there is an infinity of optimal security designs, including security designs
with redundant securities, and security designs that are equivalent for asset valuation when
trading is costless. Assumptions [2| and [3| allow us to narrow down the set of potentially

optimal security designs by postulating small costs of security issuance and trading.

Assumption 2. A security design with n securities, with n > 2, involves an incremental

cost ¢(n) > 0 for the market maker.

Assumption 3. The market maker incurs an additional cost for any market transaction

above the second.

If the cost of two market transactions were equal to C' > 0, the fair pricing condition
would need to be modified to incorporate that cost, and so would market pricing and firm
valuation. To simplify the exposition, since there will be at minimum two transactions, and
since it is the relative cost of additional transactions that matters for security design, we set

this cost to zero.



We now specify how these costs enter the market maker’s objective function. In this
section, we assume that the market maker has lexicographic preferences whereby it first
maximizes the probability that the firm accepts the offer, and second it minimizes the ad-
ministrative costs in Assumptions [2] and [3] This captures the notion that these costs are
small compared to the adverse selection problem. Assumption 2] allows to rule out security
designs with redundant securities. Assumption [3| allows to rule out security designs which
result in unnecessary transactions.

The next Lemma uses Assumptions [2| and [3| to reduce the set of potentially optimal
security designs to the ones described in Propositions |1| and [5| (the latter, in section [2] of this
Internet Appendix, is a generalization of the security design described in Proposition .

Lemma 2. The market maker will only offer security designs of the following types:

e The securities have payoff vectors of the following form, with € [0, L]:

(37) (7:7:7)
(38) (L= M—~,H—=7v)= (LM H)—(7,77)

e The securities have payoff vectors of the following form, with T € [0, L]:

(39) (L—T,M—T,M —T)=(L,M,M)— (I',T,T)
(40) (I,T,H — M +T)=(0,0,H — M) + (I',I', ).

We now explain the logic behind Lemma [2 In the first case, security issuance is such
that markets are incomplete. Then there is only one information-sensitive security, so that
the security design is either unleveraged equity (for v = 0) or riskfree debt and leveraged
equity (for v € (0, L]). In the second case of Lemma [2] since a riskfree asset already exists,
the markets are complete with two assets with nonconstant and linearly independent payoft
vectors. In the absence of arbitrage opportunities, the overall value of the asset (the sum
of securities’ values) is independent of security design as long as markets are complete.
Furthermore, payoff vectors in equations and are the only ones such that only two
securities are used, and a hedger optimally trades only one of these two securities, which

minimizes the security issuance costs and transaction costs borne by the market maker.

Proof of Lemma [2}
First step. Consider for now a security design offered by the market maker that does
not involve two or more securities with nonconstant and linearly independent payoffs. There

are two possible cases. First, suppose that the security design involves only one security.



Because of the assumption in equation , this security must be unleveraged equity with
a payoff vector (L, M, H). Second, suppose that the security design involves two or more
securities — but not two securities with nonconstant and linearly independent payoffs (this
case is studied below in the second step). Unless the security design involves a riskfree
security with constant payoff vector and another security, this is a contradiction, since by
assumption two securities with linearly dependent payoffs are counted as one security. Thus,
the only remaining possibility is that the security design involves a riskfree security and
another security which must be such that the assumption in equation holds. These two
securities therefore have payoff vectors: (v,~,v) and (L —~, M —~, H — ), with v € (0, L]
(v = 0 corresponds to the first case mentioned in this paragraph). This concludes the first

step.

Second step. Consider for now a security design offered by the market maker that
involves two or more securities with nonconstant and linearly independent payoffs. Consider
a postulated equilibrium with a security design different from the one described in equations
and in Lemma . The proof will show that there exists another equilibrium with
a security design as described in equations and instead which is strictly preferred
by the market maker (MM).

With a security design with two securities with nonconstant and linearly independent
payoffs, the assumed existence of the riskfree asset then implies that there are three assets
with linearly independent payoffs. Given that the economy has three possible states of
the world (L, M, and H), this in turn implies that markets are complete. When markets
are complete, portfolio allocations and prices can equivalently be analyzed with existing
securities or with contingent claims. We now use the latter approach.

First, consider market orders. Let wy(x) denote the stochastic wealth of a hedger with
negative exposure dy to y = H with portfolio x = {x, 2z, g }. The problem of this hedger

is to choose a portfolio of contingent claims such that:

xL—Zk:L,M,kapk fory:L
minvar (@ (x)), where wy(x) =< xy — > kL1 TkDk fory =M

—0g + o — Y e Tkpx fory=H

The solution to this optimization problem is simply: x = {0,0,dy}, which achieves a zero
variance. Likewise, a hedger with positive exposure dy to y = H chooses the portfolio of
contingent claims x = {0,0, —dy}, and a hedger with positive (negative) exposure d; to
y = L chooses the portfolio of contingent claims x = {—dr,0,0} (x = {6.,0,0}).

Second, consider asset valuation. When markets are complete, in the absence of arbitrage
the vector of state prices exists and is unique. Denote state prices by {pr, pas, pu}. The price

of any security h with payoff vector (sy(L), sp(M), sn(H)) is then: Py =37 _; v/ 1 Dysn(y).
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Firm value is the sum of security prices:

N N N
(41) » p= STops)= D py > sy = D>
h—1 h—1 y=L,M,H y=LM,H  h=1 y=L,M,H

where the last equality uses equation . Thus, asset valuation only depends on state
prices, which are independent of security design as long as markets are complete.

In sum, any security design with strictly more than two securities with nonconstant and
linearly independent payoffs yields equivalent market orders and asset valuation as a security
design as in equations and , but the latter is strictly preferred by the MM due to
the incremental security design cost that would be incurred by the MM with the former.

In the last part of the proof, we will consider the subset of security designs with two
securities with nonconstant and linearly independent payoffs. We will describe the structure
of security payoffs such that a hedger can achieve a variance of zero by trading only one
security. This type of security design, if it exists, will be strictly preferred by the MM to
other security designs in the aforementioned subset, since it minimizes the transaction costs
incurred by the MM.

Consider the optimization problem of a trader with negative exposure 0y to y = H, and
consider a given security with payoff vector (sp(L),sp(M),sp(H)), denoted as security F

with price pg:

xFSF(L) — TFPF fory =L
min var (ZZ)[_{(Q?F)) , where wy(zp) = ¢ zpsp(M) — xppr for y = M

TF

—0p +xpsp(H) — xppp fory=H

A variance of zero is achieved by trading only this security if and only if:

rpsp(L) — xppr = xpsp(M) — xppr = =g + xpsp(H) — xppr

On
& sr(L) =sp(M), sp(H) # sp(M), and wr = =m0

i.e., a variance of zero can be achieved if and only if the payoff vector of the security takes
the form (I, ', F'), with ' # I". In this case, and only in this case, the hedger with negative

exposure to y = H can achieve a variance of zero by trading only one security, with xp = %.
The demonstration for the case of a hedger with positive exposure to y = H is similar (he
achieves a variance of zero with zp = —%).

Now consider the optimization problem of a trader with negative exposure oy, to y = L,

and consider a given security with payoff vector (s¢(L),sf(M),s;(H)), denoted as security



f with price py:

—0r +xps¢p(L) —xypy fory=1L
minvar (@ (zy)), where wy (zy) = ¢ zs5;(M) — xp; fory =M

g zysp(H) — xsps fory=H

A variance of zero is achieved by trading only this security if and only if:

—0r, +xpsp(L) — xypy = xp55(M) — 25pp = 2p57(H) — 24Dy

& sp(H) =sp(M), sp(L)#sp(M), and xf:_Sf(M)(si sg(L)’

i.e., a variance of zero can be achieved if and only if the payoff vector of the security takes
the form (f, k, k), with f # k. In this case, and only in this case, the hedger with negative

exposure to y = L can achieve a variance of zero by trading only one security, with z; =
5

— .

(he achieves a variance of zero with x; = ,f_—Lf)

The demonstration for the case of a hedger with positive exposure to y = L is similar

We have shown that a hedger with exposure to y = H can achieve a variance of zero by
trading only one security if and only if this security has a payoff vector of the form (I',T', F')
with I' # F. Likewise, a hedger with exposure to y = L can achieve a variance of zero by
trading only one security if and only if this security has a payoff vector of the form (f, k, k)
with f # k.

Now consider a security with payoff vector (I',T", F'), and another security with payoff
vector (f,k,k). These parameter values must be such that assumption (36)) on security

design is satisfied:

T+f=1L
T+k=M
k+F=H

This is a system of three linear equations with four unknowns. This system has an infinity

of solutions, which must satisfy:

f=L-T
k=M-T
F=H-M+T

where, according to assumption (35]), the free parameter I is such that I' € [0, L]. That is,



for T' € [0, L], the securities with payoffs (I', ', F') and (f, k, k) have payoff vectors such that:

(42) (fkk)=(L—-T,M—-T,M —T) = (L,M,M)— (I',T,T)
(43) (I,I,F) = (I'\T,H— M +T) = (0,0,H — M) + (I',T,T)

In sum, the securities described in equations and , for T' € [0, L], make up the
only security design consisting of two securities with nonconstant and linearly independent
payoffs such that a hedger trades only one security. As is standard, an informed trader will
submit the same trades as a hedger, otherwise he would be identified as an informed trader

and make zero profit. This concludes the second step. B

2 Composite securities

In this subsection, we revisit the trading phase equilibrium in section [[TT}[B| by considering
securities with payoff vectors (L —TI', M —I') M —T') and (I'\I'H — M +7T) for I' € [0, L].
These are composite securities which were derived in section 1| of this Internet Appendix.
The first security has the payoff of debt with face value M, with payoff vector (L, M, M),
minus a riskfree security with payoff vector (I',T',T") where T € [0, L]. The second security
has the payoff of leveraged equity, with payoff vector (0,0, H — M), plus the same riskfree
security with payoff vector (I',I",T"). For example, in the polar cases I' = 0 and I' = L, the

payoff vectors of the securities used are:

(L, M, M)
(0,0, H — M)

(0,M — L,M — L)

With T =0 :
(L,L,H— M+ L)

WithF:L:{

With I' = 0, the securities are debt with face value M and leveraged equity, as in Proposition
Bl With I" = L, there is a composite security which combines senior debt with face value
L and equity, and the other security is junior debt with face value M — L. Intuitively, the
asset generates an output of L in the worst case scenario, and this baseline level of output
can be allocated either to the risky security exposed to the downside of the distribution
(“risky debt”), with I' = 0, or to the risky security exposed to the upside of the distribution
(“leveraged equity”), with I' = L, or it can be allocated partially to both, with I' € (0, ).

The expected payoffs conditional on asset type {6,602} of “leveraged equity” (indexed by
E) and “risky debt” (indexed by D), respectively, are:




The value of leveraged equity only depends on 6, and the value of risky debt only depends
on 0y.

To focus on properties of this equilibrium when the firm accepts the market maker’s
offer and sells its asset, we simply assume that 8 = 0, i.e. the firm is highly “impatient”.

Proposition |3| generalizes as follows.

Proposition 5. When securities offered by the market maker have payoff vectors (I',T', H —
M+T)and (L—T,M —-T,M —T) forT' €0, L]:

e Trader 1 trades leveraged equity by submitting a market order for a quantity H‘S_HM.
A hedger with a negative (positive) exposure to y = H buys (sells) this amount; an
informed trader who observes 61 = 1 buys this amount; an informed trader who observes

01 = 0 sells this amount.

Trader 2 trades risky debt by submitting a market order for a quantity M‘st. A hedger
with a negative (positive) exposure to y = L sells (buys) this amount; an informed
trader who observes 8, = 1 buys this amount; an informed trader who observes 6y = 0

sells this amount.

e The market price Pg of leveraged equity conditional on the observed order is:

V4w H—M

(44) Po(buy) = 2“1 g+ T
1w H-M

(45) Pp(sell) = 2“ P T

The market price Pp of risky debt conditional on the observed order is:

1 1— s L+ M
(46) Pp(buy) — +2“2M+T“2 +2 T

1— 1 L+ M
(47) Pp(sell) — 2“2M+¥ z T

o The expected market value of the asset conditional on asset type is:

1 2 2 _ 2 2 1 — 2

(48) E[Po+Polts=1,0,=1] = — g 2Tl =M
1 4 1

1 2 2 2 2 1 2

(49)  E[Po+Polts=1,0,=0] = — g 2T, Tk,
1 4 1

1— 2 2 2 2 1— 2

(50) E[Pg+ Ppl6h =0,0, =1] = 4M1H+ +M411+M2M+ 4M2L

1— 2 2 2,2 1 2

(1) E[Po+Polty =0,6,=0 = —FTH+ +ﬁ P2 pg oy ZML

Even though the prices of each of the two securities depend on the parameter I', the
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market value of the asset does not, since changes in I' merely reallocate a constant payoff
across securities. Proposition [5|and its proof below are therefore very similar to Proposition

and its proof, and some parts are abbreviated.

Proof of Proposition [5}

Suppose that the market offers offers securities with payoff vectors (I',\T, H — M +T)
and (L—-T,M —T,M —T) for I" € [0, L], for I' € [0, L], associated with subscripts D and
E respectively. Consider the optimization problem of a hedger with negative exposure to
y=H:

xp(L—T —=pp)+ a2 —pr) for y =L
min var (u?;{(xD, xE)) , where wy(zp,2p) =< 2p(M —T —pp) + 2p(l’ — pr) fory=M
TD,TE

g+ ap(M—T —pp)+ag(H—-M+T —pg) fory=H

A variance of zero is achieved if and only if:

zp(L—T —=pp)+2g(l’' —pg) =2p(M —T —pp) + zp(I’ — pg)
xp(M —T —pp)+2p(l' —pp) = -0y +ap(M —T —pp)+azp(H—-M+T — pg)

The first equality gives zp = 0, and the second equality gives xp = H‘SfM. Likewise, for a
hedger with positive exposure to y = H, zp =0 and zg = —H‘s_—HM.

Consider the optimization problem of a hedger with negative exposure to y = L:

—p +2p(L —T —pp) + 25’ — pg) fory =1L
min var (0 (xp,zg)), where wy (zp,zp) =4 xp(M —T —pp) + 25 — pg) fory=M
TD,TE

ep(M =T —pp) +ap(H —M+1T —pg) fory=H

A variance of zero is achieved if and only if:

—dr+ap(L—T —pp) + 25’ —pp) =2p(M =T —pp) + 25(I' — pr)
ep(M =T =pp) +ap(l' —pg) =xp(M =T —pp) + ag(H - M +T —pg)

The second equality gives xry = 0, and the second equality gives zp = —h. Likewise, for

a hedger with positive exposure to y = L, v =0 and xp = J\j_L.

Using standard arguments, if trader 1 is informed, he will buy or sell the same quantity

of leveraged equity as a hedger — either ‘buy’, corresponding to xp = H‘S_HM, or ‘sell’; corre-

sponding to rp = — H‘SfM — otherwise the order would reveal his information to the market

maker. Likewise, if trader 2 is informed, he will buy or sell the same quantity of risky debt as

a hedger — either ‘buy’, corresponding to xp = MéfL, or ‘sell’, corresponding to xp = _]\/?—L
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— otherwise the order would reveal his information to the market maker.

We now take the market maker’s perspective. The market price of leveraged equity

conditional on a buy or sell order is:

Pg(buy) = Pr(6; =1lbuy)vg(f; =

Pg(sell) = Pr (6, =1|sell) vg(6, = 1) + Pr (6, = 0sell) vg(6, = 0) =

1 H-M
1)+ Pr (6, = Olbuy) vg(6, =0) = +2,u1 5 +T
1—M1H—M
r
2 2 *

The market price of risky debt conditional on a buy or sell order is:

PD(buy) = Pr (92 = 1|buy) /UD(GQ = 1) + Pr (02 = O\buy) ’UD(92 = O)

L+ po

1—pe L+M

-
2

Pp(sell) = Pr(0y = 1|sell) vp(0y = 1) + Pr (6 = O|sell) vp(f2 = 0)

L —po

14+ ps L+ M

-T

2

Total expected asset value conditional on market orders is:

Pg(buy) + Pp(buy)

Pg(buy) + Pp(sell)

Pg(sell) + Pp(buy)

Pg(sell) + Pp(sell)

1+M1H—M

1+,u2 1—#2L+M

1+M1H—M 1—#2

1—/L1H—M

l—mH-M L — pi

r M =
LR 2 Tty 2 2
2—M1+N2%+1—M2£
2 2 2 2
1+p L+ M
r M =
L 2 Tt 2 2
2‘#1—M2%+1+M2£
2 2 2 2
1 1—pu L+ M
T N ALyt L L S
2 2 2
2+M1+M2%+1—M2£
2 2 2 2
1+pe L+ M
r M -T
T 2 Ty 2 2
2+M1—M2%+1+M2£
2 2 2 2

Finally, we take the firm’s perspective. Expected security prices depend on the asset type



as follows:

E[Pgloh =1] = 12H%H;M+F

E[Ppl6y =0] = 1_2“%H;M+P

E[Pplos =1 = 32“3%+1 2“%§—r

E(poly =0 = 24N 1HEE p

Total expected asset value for different asset types are:

E[Py+ Polfy=1,0,=1] — 12M%H+2_'[§+’M%M+1_4M§L
E[Py+ Pploy = 1,0, =0] = 12M%H+2_ME_M§M+1ZM§L
E[Py+ Ppl6y = 0,0, = 1] = 1_4“%H+2+M51+M%M+1_TM§L
E(Pp+ Pplfy = 0,6, = 0] — 1_4“%H+2+’€_M§M+1+TM§L

The adverse selection discount ASDglﬁ27 which for any given asset type {61,602} is equal to
’091,92 — E [PE + PD|91, 92], iSZ

1 — 2 2 _ 2 1 2
(52) AspE, = — g 4M2M+#L
1_M2 —2+u2+u2 1-,&2
53 ASD?, = LH L2204+ —L2[
( ) 1,0 4 + 4 + 4
—1+M2 2_/1/2_,u2 _1+M2
4 ASDZ, = LH L 22+ —2L
(54) SDo.1 1 + 1 t—
-1 2 2,2 1 — 12
(55) ASDZ, = I“lﬂ—“14“2M+ 4“2L

With gy € (0,1), uz € (0,1), and H > M > L, the adverse selection discount for an asset
type {1,1} in equation is the highest. H

3 High discount factor

Let f — 1. By construction, in any equilibrium that involves the participation of more
than one asset type, the adverse selection discount will be strictly positive for some asset

types, and strictly negative for other asset types (according to the zero profit condition for the
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market maker, the adverse selection discount must by construction be zero on average across
participating asset types in any potential equilibrium). As § — 1, this is a contradiction,
because an asset type with a strictly positive adverse selection discount will optimally not
participate.

Consequently, the only possible equilibria involves the participation of either zero or one
asset type, whose adverse selection discount is by construction zero (since its type is known).
Since the market maker maximizes the probability of asset type participation, the selected
equilibrium involves the participation of one asset type. Suppose that this asset type is
other than the low type on both dimensions ({0,0}), with intrinsic value vy, 9, as defined in
equation (I]), with {6y, 6>} # {0,0}. Then by fair pricing, market valuation is vy, g,, which is
strictly higher than the intrinsic value vy o of a {0, 0} type. This implies that asset type {0,0}
will participate as well, a contradiction. In sum, the only possible equilibrium involves the
participation of a {0,0} type which is priced as vy (see equation (1f)) regardless of market

orders.

4 Plots of the highest relative adverse selection dis-

count

Figure depicts the ratio of the highest adverse selection discount to intrinsic asset
value (HRASD) across asset types as a function of the probabilities of informed trading 1
and po for the security designs described in sections [[TI|[A] and [[TI|[B] and several values of the
upside H — M and downside M — L. Demarcations in the surfaces correspond to changes in
the expression for the highest relative ASD, due either to changes in the asset type with the
highest relative ASD or to changes in the relevant set of parameter values (cf. the condition
that differs in Propositions [1| and . The discontinuities in the orange surface correspond
to points such that highest ASD with the security design described in section [[TI[A] switches
from the one described in Proposition [I] to the one described in Proposition [2|
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Figure 11

HRASD for two capital structures.

In all graphs, as a function of ;; and ps, the orange surface is the highest value of ASD},]. Vi j
across asset types, and the blue surface is the highest value of ASD?J /v; j across asset types.
Top row left: H — M =1, M — L = 1. Top row right: H — M = 0.5, M — L = 1. Bottom
row left: H — M =1, M — L = 0.5. Bottom row right: H — M =1, M — L =0.1.

H Hi
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5 Probability of informed trading and value relevance

This section studies numerically the outcome when the probability of informed trading
is increasing in the value-relevance of each dimension of uncertainty. We assume that the
greater the upside H — M (respectively downside M — L), the higher the probability of
informed trading on the upside (resp. downside). Specifically, letting X be the upside
H — M or downside M — L, we let the probability u of informed trading on this dimension
be p=a x X, for a € (0,1), b € (0,2), and several values of X € (0,1], which ensures that
w1 € (0,1) and py € (0,1). The parameter a parameterizes the sensitivity of the probability
of informed trading to the value-relevance of each dimension of uncertainty. The parameter
b parameterizes the curvature of this probability with respect to the value-relevance of each
dimension of uncertainty: it is concave for b < 1, linear for b = 1, and convex for b > 1.

Numerical results in Figure [12| have the following implications. First, if both dimensions
of uncertainty have the same value relevance (H — M = M — L), the highest ASD is the same
for both types of capital structures, so that the market maker is indifferent with regards to
the capital structure offered. Second, if the probability of informed trading is higher for the
more value relevant dimension of uncertainty, then the equilibrium involves two information-
sensitive securities — leveraged equity and risky debt. Indeed, in this case, the intra-subsidy
effect does not exist.

Demarcations in the surfaces correspond to changes in the expression for the highest
relative ASD, due either to changes in the asset type with the highest relative ASD or to
changes in the relevant set of parameter values (cf. the condition that differs in Propositions
and . Discontinuities in the orange surface correspond to points such that the highest
relative adverse selection discount with the security design described in section [[TTJ[A]switches

from the one described in Proposition [I] to the one described in Proposition [2|
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Figure 12

HRASD for two capital structures.

In all graphs, the orange surface is the highest value of ASD;J /v j across asset types, and
the blue surface is the highest value of ASD?,J- /v; j across asset types. In all cases, we have
p=ax (H— M) and py = a x (M — L)*. Top row left: H =2, M =1, L = 0. Top row
right: H =15, M =1, L = 0. Bottom row left: H =2, M =1, L = 0.5. Bottom row right:
H=2 M=1,1L=09.
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6 Bayesian updating: additional calculations

A Additional calculations for the proof of Proposition [1}

The probability of buy or sell orders (non-ordered) conditional on asset type is:

Pr (buy,buy|f; =1,0,=1) = 1 ‘2#1 1 “;NZ

Pr (buy,sell|f; =1,6, =1) = 1 +2M1 1 —2u2 1 —2/“ 1 ‘2#2
Pr(sell,sell|fy = 1,0, = 1) = - —2u1 1 —2/@

Pr (buy,buy|f; = 1,0, =0) = 1 "‘2#1 1 —2M2

Pr (buy,sell|f; = 1,0, =0) = 1+2M11~;ug 1—2#11_2#2
Pr(sell;sell|lf; = 1,0, =0) = 1 _2M1 1 +2,u2

Pr (buy, buy|fy = 0,6, = 1) = - _2“1 1 _;,UQ

Pr(buy,sell|f; = 0,0, =1) = 1""2:“112#2 1—2,1111—2#2
Pr(sell,sell|fy = 0,0, =1) = 1 +2u1 1 —2u2

Pr (buy, buy|6; = 0,6, =0) = _2“1 1 _2M2

Pr (buy,sell|f; = 0,6, =0) = 1 ‘;MI 1 —zuz 1 _2M1 1 ‘;MQ
Pr(sell,sell|f; = 0,0, =0) = 1 4‘2M1 1 ‘;HQ
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Using Bayesian updating, the distribution of 6;, 6, conditional on observed orders is given

by:

Pr(0; = 1,0y = 1|buy, buy)

Pr(6; = 1,0y = 1|buy, sell)
Pr(0; = 1,05 = 1]sell, sell)
Pr (6, = 1,05 = 0|buy, buy)
Pr (6, = 1,05 = 0|buy, sell)
Pr (6, = 1,0, = 0fsell, sell)
Pr(6; = 0,0, = 1|buy, buy)
Pr(6; = 0,0, = 1|buy, sell)
Pr (6, = 0,0y = 1|sell, sell)
Pr (6, = 0,0, = 0|buy, buy)
Pr(6; = 0,0 = 0|buy, sell)

Pr(6; = 0,0y = 0lsell, sell)

2 2 a1 Ltmltpm
L B 2
(PP e HEE) L 1 (Idml—p  l4pl—p
! _5( 2 2 2 2 )

L=l —po

2 2
L+l —po

2 2
1<1+#11+M2 1—#11—,“2)
2 2 2 2 2
= 1T+ po

2 2
1—M11+M2

2
1<1+M11+M2 1—M11—M2)
2 2 2
1—|— 1—#2

2 2
1‘#11—M2

2
1(14‘#11—#2 1+/~021—M1)
2 2 2
T+ 1+ po

2 2

The asset’s market price (the sum of security prices) conditional on observed orders is:
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PU (buY7 bU_Y)

Py (buy, sell)

Py (sell, sell)

Pr (6, = 1,05 = 1|buy, buy) vy (6; = 1,05 = 1)
+PT (61 = 1, 92 = 0|blly, buy) ’UU(QI = 1,92 = O)
+Pr (91 = O, 92 = 1]buy, buy) UU(el = 0,02 = 1)

+Pr (6, = 0,65 = 0|buy, buy) vy (6; = 0,60, = 0)
1+M11+M2H+M+1+H11—M2H—|—L
2 2 2 2 2 2
1l Cml-
H1 +,U2M+1 prl—ps L+ M
2 2 2 2 2
14w H 2—pm+p M 1—psL
M1_+ M1 T Mo i H2 L

2 2 2 2 2 2

5 + + 7 +
1
2

2 2 2 2 2 2\ 2 2 2 2 2
1+ 1—yl— 114+ 1— 14 01— L+ M
pltps 1-m uz)M+§< pl—ps 1+ p ul)

2 2 2

+

2 2 2 2 2 2
M 1L

2

23
2 2 2 2 2 2
1 1-— 1 1 L+M
+ M2M+ +pur L+ po L+
2 2 2 2 2
1= H 24+ puy—pus M 14 ps L
251 i M1 — M2 +_M2_

2 2 2 2 2 2

H
2

— DN =

B Additional calculations for the proof of Proposition [2}

Suppose that equation does not hold, so that trader 1 does not trade when informed.
The market maker is aware that one trade emanates from trader 2 (which occurs with

probability 1), and that two trades emanate from trader 2 and hedger 1 (which occurs with

17



probability 1 — p;). Thus:

Py (buy)

Py (sell)
PU (bHY7 bHY)

Py (buy, sell)

Py (sell, sell)

H-M 1+ 1—ps L+ M
+ 'M2M+ H2

4 2 2 2
H-M 1-p 1+ L+ M
M
T T 2

Pr(0; = 1,0 = 1lbuy, buy) vy (0; = 1,0, = 1)

+Pr (0, = 1,0, = 0|buy, buy) vy (6, = 1,0 = 0)
+Pr (0, = 0,6, = 1|buy, buy) vy (6, = 0,0, = 1)
+Pr (6, = 0,6, = 0|buy, buy) vy (6; = 0,05 = 0)

2 2 2 2 2 2 2 2 2 2 2
LH 24 pmM  1-pL
22 2 2 2 2

2 +2

1<11—u2 1+u21>H+M 1(11+u2 11—u2)H+L

2\2 2 2 2 2 2 2 2 2
1(11+m 11_“2>M 1(11—;@ 1+u21)L+M
2\2 2 2 2 2\2 2 2 2 2

1H M 1L

22 72 T332

1l—p H+M 11+u2H+L+11—u2M+11+u2L+M
2 2 2 2 2 2 2 2 2 2 2

1H 2—posM 1+pusL

2272 2772 2

Suppose that equation does not hold, so that trader 2 does not trade when informed.

The market maker is aware that one trade emanates from trader 1 (which occurs with

probability 1), and that two trades emanate from trader 1 and hedger 2 (which occurs with

18



probability 1 — p9). Thus:

l+mH-M 3 L
Py (buy) = ;“ s T M
l—mH-—M 3 L
Py (sell) = ;“ S M

Py (buy,buy) = Pr (6, =1,0, = 1|buy,buy)vy(f; = 1,0, =1)
+Pr (6, = 1,0, = 0|buy, buy) vy (6; = 1,605 = 0)
+Pr (91 = 0,92 = 1\buy,buy) 'UU(el = 0792 = 1)

+P7" (91 = 0, 62 = O\buy,buy) UU<91 = O, 92 = 0)
l+mlH+M 1+mlH+L

2 2 2 szﬁ
1— 1 1— 1L+
5 Mt 533
14w H 2—-mM 1L
2 2 2 2 22
Py (buy,sell) — 1(1+u1} ll—ul)HJrM 1(1+u1} 1—/“1)H+L
’ 2 2 22 2 2 2 2 2 2 2 2

1/1+ml 1-p1 1 /14+ml 11—\ L+M
4z M1_+ M1 L M- pplo 1 H1
o\T2 27 T2 2 o\ 72 272 2 2
1H M 1L
= —— —_— 4 ——
292 T2 22
l— i lH+M 1—1H+L
Py (sell,sell) = 2“15 J; 2“15 ;r
1—|-,U11 1+[L11L+M
2 2 2 2 2

l—-mH 24mM 1L

2 2 2 2 "29

C Additional calculations for the proof of Proposition 3|

The probability of buy or sell orders conditional on asset type for leveraged equity is:

Pr(buylty =1) = p+(1— M1)§ =

Pr(selllf, =1) =
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Using Bayesian updating, the distribution of #; conditional on observed orders is given by:

Pr (01 Norder)  Pr(order|f;) Pr (6, = 1)

Pr(0; = 1lorder) =

Pr(order) Pr (order)
14+p 1
Ll
Pr(6; =1buy) = —2%2%= Z'Ml
2
1—
Pr (6, = 0lbuy) = 2M1
1—
Pr (6, = 1sell) = 2,u1
1
Pr(6; =0lsell) = zul

1
Pr(buylfz =1) = pz+ (1~ p2)5 =

Pr(selllfy =1) =

Using Bayesian updating, the distribution of 0, conditional on observed orders is given by:

il P Pr(0, =1
Pr (0 = 1forder) = r (0o Norder) _ Pr(order|fy) Pr (0, = 1)

Pr (order) Pr (order)
Idps 1 1
Pr (0 =1buy) = —242= Rl
3 2
1—
Pr(6y = 0lbuy) = 2”2
1—
Pr(6y = 1fsell) = 2"2
1
Pr (0 =0lsell) = zm

D Proof of Lemma 1]

We rule out “separating” and “semi-separating” equilibria such that a market maker
(MM) offers a menu of security designs (instead of only one security design) such that firms
with different asset types make different choices. For brevity, below we refer to “asset types”
making choices.

The MM sets market prices after observing the asset type’s choice of security design, by

using its beliefs about asset types’ choices and the fair pricing condition. For any postulated
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separating or semi-separating equilibrium, we will show that there is a profitable deviation
for at least one asset type: at least one asset type will not choose the security design that the
MM believes. This in turn implies that the MM’s beliefs are not verified, which invalidates
the postulated equilibrium.

The proof is in four parts. The first part rules out separating equilibria, the next three
parts rule out semi-separating equilibria.

Part (i). We rule out equilibria in which each asset type chooses a different set of securities
(in principle, there can be more than two sets of securities on the menu offered by the MM,;
for example, let v take different values in the type of security design described in Proposition
. If this were an equilibrium, then an asset would be valued according to its type {61,602},
which would be revealed by security issuance decisions, so that asset market valuations would
be as in equation in the absence of arbitrage. In particular, with securities associated with
type {0,0}, the asset would be assigned a valuation %, and could achieve a strictly higher
valuation by issuing a set of securities associated with another asset type, which contradicts
that asset type {0,0} will issue a different set of securities (relative to other asset types) in
equilibrium.

Part (ii). We rule out equilibria in which two asset types issue the same set of securities,
a third type chooses another set of securities, and the fourth type chooses yet another set of

securities. There are several possibilities:

1. If {0,0} is the only asset type issuing a given set of securities, then in equilibrium
its type is revealed by security issuance decisions. With this choice of securities, the
asset will be assigned a valuation % according to equation in the absence of
arbitrage. However, it could achieve a strictly higher valuation by issuing a set of
securities associated with another asset type, which contradicts that an asset type

{0,0} will be the only asset type issuing a given set of securities in equilibrium.

2. If {1,1} is the only asset type issuing a given set of securities, then in equilibrium

its type is revealed by security issuance decisions. With this choice of securities, the

H+M
2

arbitrage. However, any other asset type could then achieve a strictly higher valuation

asset will be assigned a valuation according to equation in the absence of
compared to its equilibrium valuation by issuing this set of securities, which contradicts
that an asset type {1, 1} will be the only asset type issuing a given set of securities in

equilibrium.

3. If {1,1} and {0, 0} are issuing the same set of securities, and {1,0} and {0, 1} are each

issuing a different set of securities, then issuing a set of securities that is in equilibrium

H+L
2

(M) according to equation in the absence of arbitrage. There are two non-trivial

issued by asset type {1,0} (asset type {0,1}) will give the asset a valuation of

21



cases (the case when all asset types choose the same type of security design — either

of the type described in Proposition [1] or of the type described in Proposition |3 — is

trivial). First, suppose that asset types {1,1} and {0,0} issue only one security with

nonconstant payoff. In this equilibrium, when an asset type chooses one security with

nonconstant payoff:

Pr(6, = 1,60, = 1|buy, buy)
Pr(6, = 0,0, = 0|buy, buy)
Pr(6, = 1,0, = 1|buy, sell)
Pr(6; = 0,60, = 0|buy, sell)
Pr(6, = 1,0, = 1]sell, sell)

Pr(6y = 0,6, = 0]sell, sell)

14+p1 14po

2 2 L4 A+ e e
14p1 14p2 + 1—pq 1—po 2+ 2#1#2
2 2 2 2
1—p1 1—po
S R S SR T
Itps Itpe | 1—pi 1—pp =
o 2+ 2p po
1+p1 1—po 1—p1 14p0
2 2 T 3 9 _ 1
T4y 1—po 1—p1 14po 1—p1 I4po T4ps 1—ps
2 2 + 2 2 + 2 2 + 2 2 2
I+pg 1—po 1—p1 14po
2 2 + 2 2 — 1
T4pn 1—pa 1—p1 T4puo 1—p 14po I 1—po
2 2 + 2 2 + 2 2 + 2 2 2
1—pg 1—po
2 2 L= — e+ e
i e Ao do 2 + 242
2 2 2 2
14-p1 14+po
T L e e
ITtps Itpe | 1—pi 1—pp
o 2+ 24 pp

The price schedule for one security with nonconstant payoff is:

L+ pig + pio + pape H+ M

L — g —po+ papo L+ M

PU (buY7 buY) =

2+ 24 pp 2

2+ 24 1o 2
L—pn— po+ papio L

_ 1+M1+M2+N1M25+M

_+ J—
2+ 2#1#2 2 2 2+ 2/,61/12 2
1H+M 1L+M H M L
Py(b ) = - - _ 4 4 L
v(buy,sell) = 5— 2 2 12
L= —po+papo H+ M 1+ pg + pio + pupe L+ M
Py (sell, sell)
2+ 2411 1 2 2+ 21 1 2

:1—M1—M2+N1M2£+%

L+ pig + pio + papiz L

2+ 2/11,112 2 2

2+ 24 pp 2
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In this equilibrium, expected asset value conditional on asset type is:

1 1 1 1-— 1—p 1
E[Py|6; =1,0,=1 = 1t +M2PU(buy,buy)+ ! h2 o pn L po Py (buy, sell)
2 2 2 2 2 2
1—p 11—
2“1 P2 b (sell, sell)
_ Ihmltp 1+M1+M2+M1M2£+M L —py — pio + papig L
2 2 24 20 10 2 2 2+ 209 o 2
L+l —pe 1—wml+tp| (H M L
[ > 2 T2 2 PRI
floml—p (1—u1—u2+u1u2£+% 1+u1+uz+muz£)
2 2 2+ 20 pho 2 2 2+ 201 1o 2
1—pu 11— 1 1-— 1—pu 1
B[P0 =00, =0] = — 2" M2p (e buy) 4 |[—FLI K2 ZZ I 2 b e
2 2 2 2 2 2
1 1
—;'ul ZMQPU(seH,seH)
_ Leml = 1+M1+M2+M1M2£+M L — i — po+ papia L
2 2 2+ 2pq o 2 2 2+ 2o 2
1+u11—u2 1—,&11—|—[1,2 H M L
[ > 2 T2 2 PRI
+1+M11+M2 (1—M1—M2+M1M2E+ﬂ 1+M1+M2+M1M2£>
2 2 2+ 29 o 2 2 2+ 2uq o 2

If an asset type {1,0} deviates and chooses one security, its expected value is:

1 1-— 1 1 1—pu1—
E[Pylf = 1,6, — 0] — % 2M2PU(buy,buy)+{ J;‘“ 2“2+ i 2M2}PU(buy,seH)
1—p1
5 pn Lt 2 Py (sell, sell)
_ T+pr 1 —po {1+M1+H2+#1M2£+M+1—M1—#2+,u1,u2£}
2 2 2+ 201 o 2 2 2+ 201 1o 2
T tmldpe 1—ml—mw][H M L
{ 2 2 T2 2 PRI
L=y 1+ o [1—M1—M2+M1M2E+% 1+M1+N2+M1M2£}
2 2 2+ 2 o 2 2 2+ 2y o 2
2+ =34 2upe H M 2= pd 3+ 2pps L
= — 4+ — —_
L+ papz g8 2 L+ prapeo 8
1 1 1 2 _ 2
= “H+-M+-L+ 212 g

If an asset type {0, 1} deviates and chooses one security, its expected value is:
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1— 1+
E[Pyl6h =0,0,=1] = i MQPU(bijbUY) + {

1+M11+M2+1—M11—

H2
5 5 5 5 5 5 ] Py (buy, sell)

1 1-—
4—2,u ! o Py (sell, sell)
_ L—m1+u2F+ﬂu+ur+mwﬁz+ﬁf+l—urwm+uum£}
2 2 2+ 2p o 2 2 2+ 201 1o 2
T tmldpme l—ml—mw][H M L
{2 > T2 2 PRI
L4 pn 1 — o [1—M1—M2+M1M2E+% 1+/~41+/L2+M1M2£}
22— s+ 2upe H M 24 i — p3 4 2pa e L
= — 4+ — —_
L+ papeo 8§ 2 L+ pypo 8
1, 1.1 1=

= —H+-M+-L

L g

An asset type {1,0} had rather deviate if and only if E[Py|0; = 1,6, = 0] is larger
than H+L , that is:

H+L i} —ps
2 4+

(56) I <M

An asset type {0,1} had rather deviate if and only if E[Py|0; = 0,0 = 1] is larger

than M, that is:

Ht+ L, 3=
2 4+ dpi pro

(57) H-L>M

Generically, either equation holds or equation holds. That is, either type
{1,0} or type {0, 1} deviates, which invalidates the equilibrium. Second, suppose that
an asset types {1,0} and {0, 1} each issue only one security with nonconstant payoff,
and asset types {1,1} or {0,0} choose the same security design with at least two
securities with nonconstant and linearly independent payoffs. The proof that such an

equilibrium does not exist is similar to point 3. above.

Part (iii). We rule out equilibria in which one asset type chooses a given set of securities,
and the other three types choose another set of securities.

1. Suppose that asset type {0,0} chooses a given set of securities, and other asset types
choose another set of securities. Then any asset type issuing the former set of securities
is identified as a type {0,0} and assigned a valuation £, An asset type {0,0} could
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achieve a strictly higher valuation by issuing the same set of securities as other asset
types, which contradicts that an asset type {0,0} chooses the former set of securities

in equilibrium.

. Suppose that asset type {1, 1} chooses a given set of securities, and other asset types
choose another set of securities. Then any asset type issuing the former set of securities
is identified as a type {1, 1} and assigned a valuation w An asset type {1, 0}, {0, 1},
or {0,0} could achieve a strictly higher valuation by issuing the same set of securities
as a {1, 1} asset type and achieve the same high valuation, which contradicts that only

{1,1} chooses the former set of securities in equilibrium.

. Suppose that asset type {1,0} chooses a given set of securities, and other asset types
choose another set of securities. Then any asset type issuing the former set of securities
is identified as a type {1,0} and assigned a valuation ZF-

types other than {1,0} choose only one security with nonconstant payoff whereas asset

. First, suppose that asset

type {1,0} chooses another security design. In this equilibrium, when an asset type

chooses one security with nonconstant payoff, Bayesian updating gives:

1
3 LA+ pa + po + pafio
Pr(f; = 1,6, = 1|buy, buy) = 3 2 2 —
( 1 2 | ) %1+2H1 12#24_%1*2#1 1*;#24_%1*2#1 1;#2 3_H1+HJ2+H'1M2
11—p1 14po
3 L —pa + po — papio
Pr(6, = 0,0, = 1|buy, buy) = S22 e E———
( 1 2 ’ ) %1—‘,—2;1,114—2”2+%12p,11+2u2+%12/1112/.t2 3_/~L1+,U/2+:U’1:U’2
11—py 1—po
1 1 — g —
Pr(6; = 0,60, = Olbuy, buy) = 3 2 2 = f — p2 ¥ [t

114p1 1+ps 11—p1 I4ps 11—p1l-ps = 9
372 2 T3 32 2 T3 32 2 3= i+ p2 + pafi

1 |:1+M1 1—po + 1—p1 1+,u2:| 2 o 2,[,6 Iu
Pr(0; = 1,0, = 1lbuy,sell) = 3L 2 2 2 2 — 172
(0 2 | ) 2 [1+2u1 1—2u2 T 1—2u1 1+2u2} +1 [1+2u1 1+2u2 T 1—2u1 1—;@} 6 — 24112
1 |:1+:U'1 14p2 + 1—p 1*#2:| 9 + 2
_ _ _ 3L 2 "2 2 2 _ Hip2
PT’(@l =0,0, = 1|buy, sell) 2 [14‘#1 1oy 4 1o 1+u2} + 1 [1+u1 Ltu | I-m 1—u2} T 6-—2
372 2 2 2 3l72 2 2 2 HiH2
1 [1+M1 1opp | 1o 1+u2} 2 — 2up
Pr(6, = 0,6, = 0|buy, sell) = 51 2 2 22 = 172
( ! 2 | ) % [1+ZM1 1—2M2 + 1—2#1 1+2u2} + % [1+2u1 1+2uz + 1—2u1 1—2/@} 6 — 2441 1o
11—p 1—po
3 L —pn — pio + papio
Pr(6, = 1,0y = 1|sell,sell) = 3_2 2 =
( 1 2 ’ ) %I—Qlﬂ 1—2/42 + %1-{;11 1—2p,2 + %1-1—2111 1-"—2,ug 3 + 1 — fho 4 L1 [h2
114 1—po 1+ N .
_ _ _ 372 2 _ M1 — Ho — Hifte
Pr(@l —0,02 = 1|Sell,SeH) R T e +11+M1 T/ +l1+“1 T 3+ — n
372 2 372 2 372 2 H1 = H2 T Hif2
11+4p 14po
= 1+
Pr(fy = 0,0, = 0[sell, sell) = 3 2 2 I ol B Ve

11—py 1—po 114p 1—po 114pn 14pe _
e e e 3+ p1 — po + pape
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The price schedule for an asset type issuing one security with nonconstant payoff is:

L+ pn + po+ pape H+ M 1—u1+u2—u1u2M+1—u1—u2+u1u2L+M

PU (bHYa bHY) =

3 — 1+ o+ pipy 2 3 — p1 + p2 + pape 3— 1+ po + pipy 2
2—2 H+M 2+2 2-—2 L+ M
Py (buy, sell) — Hipiz 1+ n T2tk n o fro L+
6—2ppe 2 6 — 2ppt2 6 —2upe 2
1—p — H+M 1 — gy — 1 L+M
Py(sell sell) = Fa — H2 ¥ papt H A + TH e il yan + pa A pg A e L+
3+ p1 — po + papr 2 3+ p1 — p2 + papiz 3+ pr — po + papn 2

Consider the problem of an asset type {0,0}. If it deviates and chooses two securities
with nonconstant and linearly independent payoffs as does asset type {1,0}, then its

assigned value is % If it chooses one security with nonconstant payoff, its expected

value is:
L=l —po T+l —pe 1= 1+ p
P B 11
(58) ———5  fulbuy,buy) + | ——=——=+ ———  (buy, sell)
1 1
zul T H Py (sell, sell)

If the expression in equation (58)) is smaller than £ +L , then asset type {0,0} deviates,
which is inconsistent with the postulated equ1hbr1um. If the expression in equation
is larger than +L , then asset type {0,0} does not deviate. However, this implies
that the following expression:

= 1T+ po
2

L+ 1 —po

T+ T +pe  1T—p 1 —po
2 2 *

5 5 5 5 Py (buy, sell) +

Py (sell, sell)

Py (buy, buy) +

is larger than £ so that it is in the interests of asset type {1,0} to deviate by
issuing only one security with nonconstant payoff, which is again inconsistent with the
postulated equilibrium. The proof that there is no equilibrium in which asset types
other than {1,0} choose two securities with nonconstant and linearly independent
payoffs whereas asset type {1,0} chooses another security design is similar and is

omitted.

4. Suppose that asset type {0, 1} chooses a given set of securities, and other asset types
choose another set of securities. The proof that such an equilibrium does not exist is

similar to point 3. above.

Part (iv). We rule out equilibria in which two asset types choose one set of securities,

and the other two asset types choose another set of securities.

1. Suppose that asset types {0,1} and {0,0} choose a given set of securities, and asset
types {1,1} and {1,0} choose another set of securities. It is then easy to show that an
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asset type {0,0} would be better off deviating and issuing the latter set of security (ies)
to pool with types {1, 1} and {1, 0} (indeed, on the market for the latter set of securities,
prices are a weighted average of the market values of asset types {1,1} and {1,0},
whereas on the market for the former set of securities, prices are a weighted average of
the values of asset types {0,1} and {0,0}), a contradiction.

2. Suppose that asset types {1,0} and {0,0} choose a given set of securities, and asset
types {1,1} and {0,1} choose another set of securities. It is then easy to show that
asset type {0,0} would be better off deviating and issuing the latter set of securities to
pool with types {1,1} and {0, 1} (indeed, on the market for the latter set of securities,
prices are a weighted average of the market values of asset types {1,1} and {0,1},
whereas on the market for the former set of securities, prices are a weighted average of

the values of asset types {1,0} and {0,0}), a contradiction.

3. There are two non-trivial cases (the case when all asset types choose the same type of
security design — either of the type described in Proposition [1| or of the type described
in Proposition (3| - is trivial). First, suppose that asset types {1,0} and {0, 1} choose
two securities with nonconstant and linearly independent payoffs, and asset types {1, 1}
and {0, 0} choose only one security with nonconstant payoff. In this equilibrium, when

an asset type chooses one security with nonconstant payoft:

14p1 14po
5 T+ pn + po + papee
_ _ _ 2 2 _
Pr(@l = 1, 92 = 1|buy, bUY) - 1-1-2;“ 1—&—2;12 + 1—2u1 1—2u2 - 2+ 2,ullu2
1o 1-po 1 — gy — 1 +
Pr(6y = 0,6, = OJbuy, buy) = : 2 = Ll Tl
T( 1 s V2 | uy, U-Y) 1+2;L1 1+2,u2 + 1;#1 1;#2 2 + 2,“1,“2
1+2H1 1—2u2 + 1—2#1 14-2#2 1
Pr(ty = 1,0, = 1buy,sell) = Tt 1= T—p 1t T—p 1+ It il-ps o
2M1 2u2 + QM 2M2 + 2M1 2M2 + 2111 QM 2
I4p1 1—po + 1—p1 1+po 1
Pr(6y = 0,0, = 0]buy, sell) = T 1— 172 1+2 172 1+2 T l—pz o
2#1 2#2 + 2#1 2#2 + 2#1 2#2 + 2#1 2H2 2
1—py 1—po
—— =2 11— —po+
Prioy = 1,0, = lsell,sell) = 23— Tl
2 2 T 2 2 2y
P’f’(e =0 9 :0|Seu Seu) — 1+211+22 _ 1—|-,u1+u2—|—,u1u2
1 y U2 9 1+2,u1 12#2 + 1;“1 1;#2 2 + 2u1u2
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The price schedule for an asset type issuing one security with nonconstant payoff is:

Lt +po+pmpe H+M 1= —po+ppe L+ M
2+ 24 pe 2 24 21 p1o 2
Lttt mpp M1 =y — o+ s L

Py(buy,buy) =

_+ J—
24 20 1o 2 2 2420 1o 2
1H+M 1L+M H M L
Py (b 1) = = — S ke
plbuy,sell) = 5=—=—"+3"3 12
ol —potmpe H+ M 1+ g+ po+ pape L+ M
Py (sell,sell) =
2+ 2pu po 2 2+ 2 1o 2
:1—M1—M2+M1M2E+% L4+ +po+pmpe L
2+ 241 1o 2 "2 24 2u1py 2

In this equilibrium, expected asset value conditional on asset type is:

1 1 1 1— 1—p1
B[P0 =1,00=1 = — 1R p oy buy) + |2 H2 L2 H ) by sell)
2 2 2 2 2 2
1— 11— po
B 11, sell
2 2 U(Se >Se)
_ I m Tt 1+M1+M2+N1M2£+% L= — po+ papia L
L+ l—pe 1—wml+tp| (H M L
{ 2 2 + 2 2 4 + 2 +4
+1—u11—uz<1—u1—u2+u1uzﬂ+%+1+u1+u2+u1uz£)
2 2 2+ 21 o 2 2 2+ 2 2 2
1—pu1— 1 1— 11— 1
E[Pyl6, =1,0,=1] = ST ’MQPU(buy,buy)—i— T b2 4 p 2 o Py (buy, sell)
2 2 2 2 2 2
1 1
J;’“ 12 b sell, sell)
_ L=ml = 1+u1+uz+u1u2£+ﬁ+1—u1—u2+u1u2£
2 2 2420 o 2 2 2420 1o 2
L+ l—pe 1—wml+tp| (H M L
[ > 2 T2 2 PRI
+1+M11+H2(1—N1—#2+M1M2£+M 1+u1+uz+u1u2£>
2 2 2+ 201 1o 2 2 2+ 201 o 2

In this equilibrium, when an asset type chooses two securities with nonconstant and

linearly independent payoffs, on the market for the security with payoff vector of the

28



type (I, T, F):

1+M11 1+
M1
Pr(0, = 1|buy) = T 12 12_ T =
2z T s 2
1—p 1
1 1—
Prty =1fsell) = 2=y = 5
5 3t 2 3
1-pa 1 1
—H1
Pr(0, =0lbuy) = + 12 2 - =
2.“‘1§+ 2#15 2
1+p1 1
5 I+
Pr(f; = 0|sell) = 1+112 3_11: 5
5 3t 2 3

The price schedule for the security with payoff vector of the type (I',T', F) is:

14+ mH-M
Pg(buy) = 2“1 4T

1w H-M
Po(sell) = 2“ ;T

In this equilibrium, when an asset type chooses two securities with nonconstant and

linearly independent payoffs, on the market for the security with payoff vector of the
type (f, k. k):

14po 1
= 1+ po
Pr(0y = 1|buy) = 1+ 12 f— 1
5T 23 2
1—po 1
i 1_M2
Pr(fy =1fsell) = 7yt —2—v =
2M2§+ 2#25 2
1—po 1
1 l_lu2
Pr(0y = Olbuy) = 1+ 12 f— 1=
5T 33 2
I+pe 1
= 1+ po
Pr(fy = 0|sell) = HMlQ %—ml 9
2 27 2 2

The price schedule for the security with payoff vector of the type (f, k, k) is:

1+M2M+1—MQL+M_F:3+MQM 1— e L

Pp(buy) = — 2 2 2 2 2 92
1— 1+ 1o L+ M S M1 L
Pp(sell) = 2”M+—%& z _F:32m§_ zmg—r

In this equilibrium, expected asset value conditional on asset type is:
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]E[PE+PD|01:1,92:0]

E[PE+PD‘61:O,¢92:1]

If an asset type {1,

2 2 2 2 2 2
L—po |34+ pe M 1—M2£}+1+M2 [3—/@% L+ pe L
2 2 2 2 2 2 2 2 2 2
14 H 22— pf— 3 M 1445 L
-2 2 2 2 2 2 25
1 1 1 13
= JH+ M+ L+ HH - M) = M — ]
o l-mltmH-M 14ml—pmH-M
N 2 2 2 2 2 2
L+ po |3+ pe M 1—/~b2£]+1—/£2 [3—,&2% L+ps L
2 2 2 2 2 2 2 2 2 2
1= 24+ M 131
T2 2 2 ] 2 2 25
1, 1 1 8 3
= ZH+§M+ZL_Z[H_M]+Z[M_L]

0} deviates and chooses only one security with nonconstant payoff,

its expected value is:

E[Py|0, =1,0y = 0]

If an asset type {0,

L+ 1 — po L+ l+pe 1=l —po
Py (buy,b Py (b 11
1—pq1
2“1 12 p (sell, sell)
L4 1 — o 1+M1+M2+M1M2£+%+1—M1—M2+M1/~L2£
l+mltp l1—ppl—p|(H M L
+{ 2 2 2 2 4+2+4
1T—p 1+ pe 1—,111—,&2-}-,&1,&25_'_% L4 iy + po + papo L
2 2 2+ 2o 2 2 2+ 21 2 2
24 pt =gy 2umpp H M2 — i 4 415 + 2z L
1+ pypn 8 2 L+ pypn 8
1 1 1 2 12
SH+ =M+ -L+ P2 g
4 2 4 8+8/L1/L2

1} deviates and chooses only one security with nonconstant payoff,

its expected value is:
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1— 1 1 1 11— 1—
E[Plo=0.6,=1) = ~— ZWPU(buy,buyH{ 2‘“ +2“2+ S Q“Q]PU(buy,seu)
1 1-—
—|—2,u ! o Py (sell, sell)
1l [1+u1+u2+u1uz£+ﬂ+l—ul—ueruluzg}
2 2 2+ 2p o 2 2 2+ 201 1o 2
lbmldp l—ml-mw][H M L
{ 2 2 T2 2 PRI
L4 pn 1 — o [1—M1—M2+M1M2E+% 1+/~41+H2+M1M2£}
22— s+ 2upe H M 24 i — p3 4 2pa e L
= — 4+ — —_
L+ pape g8 2 L+ prapo 8
1 1 1 2 2
- CH+-M+-L- Mmooy

An asset type {1,0} had rather deviate if and only if E[Py|0; = 1,6, = 0] is larger
than E [Pg + Ppl0; = 1,60, = 0]. An asset type {0,1} had rather deviate if and only
if E[Py|01 =0,05 =1] is larger than E [Pg + Ppl6y = 0,60, = 1]. Generically, one of
these two asset types deviates, which invalidates the equilibrium.

Second, suppose that asset types {1,0} and {0, 1} choose only one security with non-
constant payoff, whereas asset types {1,1} and {0,0} choose at least two securities
with nonconstant and linearly independent payoffs. The proof that such an equilib-

rium does not exist is similar to point 3. above.

This concludes the proof. B
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