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A Physical moment generating function

We derive the closed-form moment generating function (MGF) for the one-factor skew affine realized

variance (SARV) model under the physical probability measure. Note that our generalized skew

affine realized variance (GSARV) model is a straightforward two-factor extension or a convolution

of two SARV models. The dynamics of log-returns are modelled as

Rt+1 = r̄ + (λ− ξ)ht + zt+1,

with

zt+1 =
√
htηt+1,

ηt+1 = −
√

ω

2ht

(ε(1)
t+1 −

√
ht − ω

2ω

)2

−
(
ht + ω

2ω

) ,
and ε

(1)
t+1 are i.i.d. N(0, 1).

From h0 ≥ ω, we have

ht+1 − ω = $ + β (ht − ω) + α
(
ε

(2)
t+1 − γ

√
ht − ω

)2
,

RVt+1 = ht + σ

[(
ε

(2)
t+1 − γ

√
ht − ω

)2
−
(
1 + γ2 (ht − ω)

)]
,

where

E
[
ε

(1)
t+1ε

(2)
t+1

]
= ρ.

In addition to λ, the other constant terms in the conditional expectation of returns have the

following expressions

r̄ = rf +
1

2

[
ln
(

1 +
√

2ω
)
− ω +

√
2ω(

1 +
√

2ω
)] ,

ξ =
1

2
(
1 +
√

2ω
) .
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Thus, the one-step-ahead joint conditional MGF of return and variance writes

Et [exp (uRt+1 + vht+1)]

= exp

(
u (r̄ + (λ− ξ)ht) + u

√
ω

2

(
ht + ω

2ω

)
+ v (ω +$ + β (ht − ω))

)

×Et

exp

−u√ω

2

(
ε

(1)
t+1 −

√
ht − ω

2ω

)2

+ vα
(
ε

(2)
t+1 − γ

√
ht − ω

)2

 .
Using the Cholesky representation, we can rewrite

ε
(1)
t+1 = ρε

(2)
t+1 +

√
1− ρ2ε

(3)
t+1,

where E
[
ε

(2)
t+1ε

(3)
t+1

]
= 0. Moreover, by exploiting the identity

logE
[
exp

(
a(z + b)2

)]
=

ab2

1− 2a
− 1

2
log(1− 2a),

for z distributed as a standard normal random variable, one can check that

logEt

exp

−u√ω

2

(
ε

(1)
t+1 −

√
ht − ω

2ω

)2

+ vα
(
ε

(2)
t+1 − γ

√
ht − ω

)2


= −1

2
log
(

1− 2vα+
√

2ωu
(
1− 2vα

(
1− ρ2

)))
+

(
γ2vα+ 2γ2vα

√
ω
2u− 2uργvα− (1− 2vα)u 1

2ω

√
ω
2

(1− 2vα)
(
1 + 2u (1− ρ2)

√
ω
2

)
+ 2
√

ω
2 ρ

2u

)
(ht − ω) .

Hence,

Et [exp (uRt+1 + vht+1)]

= exp

 −1
2 log

(
1− 2vα+

√
2ωu

(
1− 2vα

(
1− ρ2

)))
+u
(
r̄ +

√
ω
2 + (λ− ξ)ht

)
+ v (ω +$ + β (ht − ω))


× exp

(
1
2

(
1− 2vα

(
1− ρ2

))
u2 + γvα

(
γ + 2

(
γ
√

ω
2 − ρ

)
u
)

1− 2vα+
√

2ωu (1− 2vα (1− ρ2))
(ht − ω)

)
.
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To ease notation, define

ζ (u, v) = −1

2
log
(

1− 2vα+
√

2ωu
(
1− 2vα

(
1− ρ2

)))
,

ψ (u, v) =
1
2

(
1− 2vα

(
1− ρ2

))
u2 + γvα

(
γ + 2

(
γ
√

ω
2 − ρ

)
u
)

1− 2vα+
√

2ωu (1− 2vα (1− ρ2))
.

Accordingly, the one-step-ahead joint conditional MGF of return and variance can be reexpressed

in a compact form as

Et [exp (uRt+1 + vht+1)] ≡ exp (A (u, v)ht +B (u, v)) ,

with

B (u, v) = ζ (u, v) + u

(
r̄ +

√
ω

2

)
+ v (ω +$ − ωβ)− ωψ (u, v)

A (u, v) = ψ (u, v) + u (λ− ξ) + vβ

Thus, the physical one-step-ahead moment generating function (MGF) is exponentially affine.

Interestingly, the MGF of the general two-factor model can be deduced as

Et [exp (νRt+1 + vuhu,t+1 + vdhd,t+1)] ≡ exp (Au (ν, vu)hu,t +Ad (ν, vd)hd,t +B (ν, vu, vd)) ,

with

Au (ν, v) = ψu (−ν, v) + u (λu − ξu) + vβu,

Ad (ν, v) = ψd (ν, v) + u (λd − ξd) + vβd,

B (ν, vu, vd) = u

 rf + 1
2

[
ln
(
1−
√

2ωu
)
− ωu−

√
2ωu

1−
√

2ωu

]
−
√

ωu
2

+1
2

[
ln
(
1 +
√

2ωd
)
− ωd+

√
2ωd

1+
√

2ωd

]
+
√

ωd
2


+ζu (−ν, vu) + ζd (ν, vd) + vu (ωu +$u − ωuβu)

+vd (ωd +$d − ωdβd)− ωuψ (−ν, vu)− ωdψ (ν, vd) .
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We conjecture that the multi-step MGF is also of the affine form. First, define

Ψt,t+M (u) = Et[exp(u
M∑
j=1

Rt+j)]

= exp(C(u,M)′ht +D(u,M)).

Taking advantage of the affine structure of the model we can compute

Ψt,t+M+1(u) = Et[exp(u

M∑
j=1

Rt+j)] = Et[Et+1[exp(u

M∑
j=1

Rt+j)]]

= Et[exp(uRt+1)Et+1[exp(u
M∑
j=2

Rt+j)]]

= Et[exp(uRt+1 + C(u,M)′ht+1 +D(u,M))]

= exp(A(u,C(u,M))′ht +B(u,C(u,M)) +D(u,M)),

which yields the following recursive relationship

C(u,M + 1) = A(u,C(u,M)),

D(u,M + 1) = B(u,C(u,M)) +D(u,M),

including the following initial conditions

C(u, 1) = A(u,0),

D(u, 1) = B(u,0),

where A and C are 2-by-1 vector-valued functions.

B Additional model properties for physical estimation

We investigate additional empirical properties of the various models. Namely, we explore the ability

of each specification to generate realistic historical conditional volatility paths, consistent volatility

of variance dynamics, and coherent conditional correlation patterns between returns and variances.
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For each model in Figure A1, we plot the daily conditional volatility computed as the square

root of ht+1. Clearly, the GARCH model does a poor job in replicating extreme volatility episodes

in our sample window, as compared to the other models. All models (except GARCH) appear

to track the market spot volatility in a similar way. However, the one-factor ARV specification

tends to exhibit slightly stronger spikes than two-factor CGSARV and GSARV models, probably

because two-factor models are not directly maximized on RV , but rather on upside and downside

components of RV .

The time paths of upside and downside conditional volatilities from two-factor models are

presented in the left and right columns of Figure A2, respectively. Two-factor CGSARV, and

GSARV models produce nearly identical temporal patterns for conditional semi volatilities.

The dynamics of model-based conditional volatility of variance in Figure A3 support the previ-

ous observations. Recall that the conditional volatility of variance is calculated as the square root

of

V art(ht+1) = V art(hu,t+1) + V art(hd,t+1),

where

V art(hj,t+1) = 2α2
j

(
1 + 2γ2

j (hj,t − ωj)
)
, for j = u, d.

Except for the GARCH model that entails a relatively low and smooth conditional volatility of

variance, all models deliver high (resp. low) conditional variability in variance when volatility is

high (resp. low), consistent with observed empirical regularities. Moreover, two-factor specifications

generate similar time series of conditional volatilities of upside and downside variances, as shown

in Figure A4.

Figure A5 plots the time series of conditional correlations between return and variance, which

are computed using

Corrt(Rt+1, ht+1) =
covt (Rt+1, hu,t+1) + covt (Rt+1, hd,t+1)√

ht+1V art(ht+1)
,

where,

covt (Rt+1, hj,t+1) =
(√

2ωjρ
2
jαj + 2 (hj,t − ωj) ρjαjγj

) (
I{j=u} − I{j=d}

)
, for j = u, d.
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Models under consideration display important differences in this regard. One-factor models imply

conditional correlation values that are all negative. Specifically, the conditional correlation moves

close to its lower bound of -1 for the GARCH model, and is constant at about -0.1 for the ARV

model. By contrast, the conditional correlation alternates between negative and positive values

in the CGSARV and GSARV specifications. Moreover, Figure A6 illustrates that these last two

models yield positive (resp. negative) conditional correlations of return and upside (resp. downside)

variance, consistent with the observed empirical evidence. These results lends additional credibility

to the proposed GSARV model and underscores its ability to deliver option prices that closely reflect

the real-world empirical regularities.

C Risk Neutralization

In this appendix, we derive the risk-neutralization formulas for the general model. We assume an

exponential pricing kernel of the following form

Mt+1 = M
(u)
t+1M

(d)
t+1,

where

M
(j)
t+1 =

exp

(
ν

(1j)
1t ε

(1)
j,t+1 + ν

(1j)
2t

(
ε

(1)
j,t+1

)2
+ ν

(2j)
1t ε

(2)
j,t+1 + ν

(2j)
2t

(
ε

(2)
j,t+1

)2
)

Et

[
exp

(
ν

(1j)
1t ε

(1)
j,t+1 + ν

(1j)
2t

(
ε

(1j)
j,t+1

)2
+ ν

(2j)
1t ε

(2j)
j,t+1 + ν

(2j)
2t

(
ε

(2j)
j,t+1

)2
)] , for j = u, d.

We need to impose the no-arbitrage condition

EQt [exp (Rt+1)] ≡ Et [Mt+1 exp (Rt+1)] = exp (rf ) .

One can show that

Et

[
exp

(
ν

(1)
1t ε

(1)
j,t+1 + ν

(1)
2t

(
ε

(1)
j,t+1

)2
+ ν

(2)
1t ε

(2)
j,t+1 + ν

(2)
2t

(
ε

(2)
j,t+1

)2
)]

= exp

 −1
2 ln

(
1− 2ν

(1)
2t − 2ν

(2)
2t + 4

(
1− ρ2

)
ν

(1)
2t ν

(2)
2t

)
+

(
1−2(1−ρ2)ν(2)2t

)(
ν
(1)
1t

)2
+
(

1−2(1−ρ2)ν(1)2t

)(
ν
(2)
1t

)2
+2ρν

(1)
1t ν

(2)
1t

2
(

1−2ν
(1)
2t −2ν

(2)
2t +4(1−ρ2)ν

(1)
2t ν

(2)
2t

)

 .

6



Hence,

EQt

[
exp

(
uε

(1)
j,t+1 + vε

(2)
j,t+1

)]
= Et

[
Mt+1 exp

(
uε

(1)
j,t+1 + vε

(2)
j,t+1

)]

= exp



(
1− 2

(
1− ρ2

)
ν

(2j)
2t

)
u2 + 2

[
ν

(1j)
1t

(
1− 2

(
1− ρ2

)
ν

(2j)
2t

)
+ ρν

(2j)
1t

]
u

+
(

1− 2
(
1− ρ2

)
ν

(1j)
2t

)
v2 + 2

[
ν

(2j)
1t

(
1− 2

(
1− ρ2

)
ν

(1j)
2t

)
+ ρν

(1j)
1t

]
v + 2ρuv

2
(

1− 2ν
(1j)
2t − 2ν

(2j)
2t + 4 (1− ρ2) ν

(1j)
2t ν

(2j)
2t

)

,

and

ε
(1)
j,t+1˜QN

 ν
(1j)
1t

(
1− 2

(
1− ρ2

)
ν

(2j)
2t

)
+ ρν

(2j)
1t

1− 2ν
(1j)
2t − 2ν

(2j)
2t + 4 (1− ρ2) ν

(1j)
2t ν

(2j)
2t

,
1− 2

(
1− ρ2

)
ν

(2j)
2t

1− 2ν
(1j)
2t − 2ν

(2j)
2t + 4 (1− ρ2) ν

(1j)
2t ν

(2j)
2t

 ,

ε
(2)
j,t+1˜QN

 ν
(2j)
1t

(
1− 2

(
1− ρ2

)
ν

(1j)
2t

)
+ ρν

(1j)
1t

1− 2ν
(1j)
2t − 2ν

(2j)
2t + 4 (1− ρ2) ν

(1j)
2t ν

(2j)
2t

,
1− 2

(
1− ρ2

)
ν

(1j)
2t

1− 2ν
(1j)
2t − 2ν

(2j)
2t + 4 (1− ρ2) ν

(1j)
2t ν

(2j)
2t

 ,

ρQjt ≡ corrQt

(
ε

(1)
j,t+1, ε

(2)
j,t+1

)
=

ρj√
1− 2 (1− ρ2) ν

(2j)
2t

√
1− 2 (1− ρ2) ν

(1j)
2t

.

We will only consider constant ν
(1j)
2t and ν

(2j)
2t . We posit

κj1 =
1− 2ν

(1j)
2 − 2ν

(2j)
2 + 4

(
1− ρ2

j

)
ν

(1j)
2 ν

(2j)
2

1− 2
(

1− ρ2
j

)
ν

(2j)
2

,

κj2 =
1− 2ν

(1j)
2 − 2ν

(2j)
2 + 4

(
1− ρ2

j

)
ν

(1j)
2 ν

(2j)
2

1− 2
(

1− ρ2
j

)
ν

(1j)
2

,

ε
(∗1)
j,t+1 =

√
κj1

ε(1)
j,t+1 −

ν
(1j)
1t

(
1− 2

(
1− ρ2

j

)
ν

(2j)
2

)
+ ρjν

(2j)
1t

κj1

(
1− 2

(
1− ρ2

j

)
ν

(2j)
2

)
 ,

ε
(∗2)
j,t+1 =

√
κj2

ε(2)
j,t+1 −

ν
(2j)
1t

(
1− 2

(
1− ρ2

j

)
ν

(1j)
2

)
+ ρjν

(1j)
1t

κj2

(
1− 2

(
1− ρ2

j

)
ν

(1j)
2

)
 .
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Thus,

ε
(∗1)
j,t+1˜QN (0, 1)

ε
(∗2)
j,t+1˜QN (0, 1)

EQt

[
ε

(∗1)
j,t+1ε

(∗2)
j,t+1

]
= ρQj =

ρj√
1− 2

(
1− ρ2

j

)
ν

(1j)
2

√
1− 2

(
1− ρ2

j

)
ν

(2j)
2

.

We obtain

Rt+1 = r̄ + (λd − ξd)hdt −
√
ωd
2

(ε(1)
d,t+1 −

√
hdt − ωd

2ωd

)2

−
(
hdt + ωd

2ωd

)
+ (λu − ξu)hut +

√
ωu
2

(ε(1)
u,t+1 −

√
hut − ωu

2ωu

)2

−
(
hut + ωu

2ωu

)

= r̄ + (λd − ξd)hdt −
√

ωd

2
(
κd1
)2


 ε
(∗1)
d,t+1 +

ν
(1d)
1t

(
1−2(1−ρ2d)ν

(2d)
2

)
+ρdν

(2d)
1t√

κd1

(
1−2(1−ρ2d)ν

(2d)
2

)
−
√

κd1(hdt−ωd)
2ωd


2

−

κd1

(
hdt+ωd

2ωd

)



+ (λu − ξ)ht +

√
ωu

2 (κu1)2



 ε
(∗1)
u,t+1 +

ν
(1u)
1t

(
1−2(1−ρ2u)ν(2u)2

)
+ρuν

(2u)
1t√

κu1

(
1−2(1−ρ2u)ν

(2u)
2

)
−
√

κu1 (hut−ωu)
2ωu


2

−κu1
(
hut+ωu

2ωu

)

 ,

It follows that

hQt ≡ V ar
Q
t [Rt+1] = hQut + hQdt,

where

hQjt =
ωj(
κj1

)2

1 + 2

ν(1j)
1t

(
1− 2

(
1− ρ2

j

)
ν

(2j)
2

)
+ ρjν

(2j)
1t√

κj1

(
1− 2

(
1− ρ2

j

)
ν

(2j)
2

) −

√
κj1 (hjt − ωj)

2ωj


2 .
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To preserve the same structure, we also want to have

√√√√ ωj

2
(
κj1

)2 ≡

√
ωQj
2

ν
(1j)
1t

(
1− 2

(
1− ρ2

j

)
ν

(2j)
2

)
+ ρjν

(2j)
1t√

κj1

(
1− 2

(
1− ρ2

j

)
ν

(2j)
2

) −

√
κj1 (hjt − ωj)

2ωj
= −

√√√√hQjt − ω
Q
j

2ωQj
,

which implies that

ωQj =
ωj(
κj1

)2 .

Building on the above results, the log return dynamics under the risk-neutral distribution writes

Rt+1 = r̄ + (λd − ξd)hdt −

√
ωQd
2


ε(∗1)

d,t+1 −

√√√√hQdt − ω
Q
d

2ωQd

2

− κd1
(
hdt + ωd

2ωd

)
+ (λu − ξu)hut +

√
ωQu
2

ε(∗1)
u,t+1 −

√
hQut − ω

Q
u

2ωQu

2

− κu1
(
hut + ωu

2ωu

)
= r̄ + (λd − ξd)hdt −

√
ωQd
2

[(
hQdt + ωQd

2ωdQ

)
− κd1

(
hdt + ωd

2ωd

)]

−

√
ωQd
2


ε(∗1)

d,t+1 −

√√√√hQdt − ω
Q
d

2ωQd

2

−

(
hQdt + ωQd

2ωQd

)
+ (λu − ξu)hut +

√
ωQu
2

[(
hQut + ωQu

2ωQu

)
− κu1

(
hut + ωu

2ωu

)]

+

√
ωQu
2

ε(∗1)
u,t+1 −

√
hQut − ω

Q
u

2ωQu

2

−

(
hQut + ωQu

2ωQu

) .
Invoking the no-arbitrage restriction implies that

r̄Q − ξQd h
Q
dt − ξ

Q
u h

Q
ut = r̄ + (λd − ξd)hdt −

√
ωQd
2

[(
hQdt + ωQd

2ωQd

)
− κd1

(
hdt + ωd

2ωd

)]

+ (λu − ξu)hut +

√
ωQu
2

[(
hQut + ωQu

2ωQu

)
− κu1

(
hut + ωu

2ωu

)]
,
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where

r̄Q = rf +
1

2

ln

(
1 +

√
2ωQd

)
−

ωQd +
√

2ωQd(
1 +

√
2ωQd

)
+

1

2

ln

(
1−

√
2ωQu

)
−

ωQu −
√

2ωQu(
1−

√
2ωQu

)
 ,

ξQd =
1

2

(
1 +

√
2ωQd

) , ξQu =
1

2

(
1−

√
2ωQu

) .

Therefore, the following identities hold

√
ωQd
2

[(
hQdt + ωQd

2ωQd

)
− κd1

(
hdt + ωd

2ωd

)]
− ξQd h

Q
dt = r̄d − r̄Qd + (λd − ξd)hdt,

−

√
ωQu
2

[(
hQut + ωQu

2ωQu

)
− κu1

(
hut + ωu

2ωu

)]
− ξQu h

Q
ut = r̄u − r̄Qu + (λu − ξu)hut.

Namely, we have

hQjt ≡ ϑj + ςjhjt, for j = u, d,

with

ςd =

√
2ωQd

(
1 +

√
2ωQd

)
√

2ωd
(
1 +
√

2ωd
) + 2

√
2ωQd

(
1 +

√
2ωQd

)
λd,

ςu =

√
2ωQu

(
1−

√
2ωQu

)
√

2ωu
(
1−
√

2ωu
) − 2

√
2ωQu

(
1−

√
2ωQu

)
λu,

and

ϑd =

√
2ωQd

(
1 +

√
2ωQd

)
ln

 1 +
√

2ωd

1 +
√

2ωQd

+

√
ωQd

(√
ωQd −

√
ωd

)
1 +
√

2ωd
,

ϑu =

√
2ωQu

(
1−

√
2ωQu

)
ln

1−
√

2ωQu

1−
√

2ωu

+

√
ωQu

(√
ωQu −

√
ωu

)
1−
√

2ωu
.
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The variance spread is defined as

hQjt − hjt = ϑj + ςjhjt − hjt

= ϑj + (ςj − 1)hjt,

where

ςd − 1 =

√
2ωQd

(
1 +

√
2ωQd

)
√

2ωd
(
1 +
√

2ωd
) + 2

√
2ωQd

(
1 +

√
2ωQd

)
λd − 1

=

√
2ωQd

(
1 +

√
2ωQd

)
√

2ωd
(
1 +
√

2ωd
) − 1 + 2

√
2ωQd

(
1 +

√
2ωQd

)
λd,

hQjt+1 − ω
Q
j = $Q

j + βj

(
hjt − ωQj

)
+ αQj

(
ε
∗(2)
jt+1 − γ

Q
j

√
hQjt − ω

Q
j

)2

,

$Q
j = (1− βj)

(
ϑj + ςjωj − ωQj

)
+ ςj$j ,

αQj =
ςjαj

κj2
,

ρQj =
ρj√

1− 2
(

1− ρ2
j

)
ν

(2j)
2

√
1− 2

(
1− ρ2

j

)
ν

(1j)
2

.

We use the following equality

(
1− 2

(
1− ρ2

j

)
ν

(1j)
2

)(
1− 2

(
1− ρ2

j

)
ν

(2j)
2

)

=
(
1− ρ2

j

) (1− ρ2
j

)
κj1κ

j
2 +

√(
1− ρ2

j

)2 (
κj1

)2 (
κj2

)2
+ 4ρ2

jκ
j
1κ
j
2

2
+ ρ2

j ,

to prove that the dynamics of the j−side realized semi-variance under the risk-neutral distribution

11



can be cast as

RV j
t+1 = hjt + σj

[(
ε

(2)
jt+1 − γj

√
hjt − ωj

)2
−
(
1 + γ2

j (hjt − ωj)
)]
,

= hjt + σj

[
1

κj2

(
ε
∗(2)
jt+1 − γ

Q
j

√
hQjt − ω

Q
j

)2

−
(
1 + γ2

j (hjt − ωj)
)]
,

= hjt +
σj

κj2

[(
ε
∗(2)
jt+1 − γ

Q
j

√
hQjt − ω

Q
j

)2

− κj2
(
1 + γ2

j (hjt − ωj)
)]
.

Next, we derive the expression of the variance risk premium

EQt

[
RV j

t+1

]
− EPt

[
RV j

t+1

]
=

σj

κj2

[(
1 +

(
γQj

)2 (
hQjt − ω

Q
j

))
− κj2

(
1 + γ2

j (hjt − ωj)
)]
,

=
σj

κj2

[
1−

(
γQj

)2
ωQj − κ

j
2 + κj2γ

2
jωj +

(
γQj

)2
hQjt − κ

j
2γ

2
j hjt

]
,

=
σj

κj2

[
1−

(
γQj

)2
ωQj − κ

j
2 + κj2γ

2
jωj +

(
γQj

)2 (
hQjt − hjt + hjt

)
− κj2γ

2
j hjt

]
,

=
σj

κj2

[
1−

(
γQj

)2
ωQj − κ

j
2 + κj2γ

2
jωj +

(
γQj

)2 (
hQjt − hjt

)
+

((
γQj

)2
− κj2γ

2
j

)
hjt

]
.

The parameters of the pricing kernel are

ν
(1j)
1t = π1j

√
hj,t − ωj + πQ1j

√
hQjt − ω

Q
j ,

ν
(2j)
1t = π2j

√
hj,t − ωj + πQ2j

√
hQjt − ω

Q
j ,

ν
(1j)
2 =

1

2
(

1− ρ2
j

) (1−
σQj
σjδ2

j

)
+

1

2

 σQj
σjδ2

j

−
√
ωj

ωQj

 ,

ν
(2j)
2 =

1

2
(

1− ρ2
j

) (1− σj

σQj
δ2
j

)
,
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with

π1j =
1

1−
(
ρQj

)2

 1√
2ωQj

− γj
ρj
δ2
j

 , πQ1j =
1

1−
(
ρQj

)2

 1√
2ωQj

(
ωj

ωQj

)1/4

− γQj
ρj
δ2
j

(
σQj
σj

)1/2
 ,

π2j =
1

1−
(
ρQj

)2

γj σj
σQj
−

σjδ
2
j ρj(

1− ρ2
j

)
δ2
jσj
√

2ωj + ρ2
jσ

Q
j

√
2ωQj

 ,

πQ2j =
1

1−
(
ρQj

)2

γQj
(
σj

σQj

)1/2

−
σjδ

2
j ρj(

1− ρ2
j

)
δ2
jσj
√

2ωj + ρ2
jσ

Q
j

√
2ωQj

(
ωj

ωQj

)1/4
 .

Finally, we apply the general risk neutralization procedure to each of the models, and provide

the corresponding risk-neutral dynamics. Specific formulas for one-factor models are presented

below.

C.1 Heston and Nandi Affine GARCH model

Rt+1 = r − 1

2
hQt + ε∗t+1,

εt+1 =

√
hQt z

∗
t+1,

hQt+1 = ωQ + βhQt + αQ
(
z∗t+1 − γQ

√
hQt

)2

,

with

γQ = γ∗
√

α

α∗
=

α

α∗

(
λ+ γ − 1

2

)
+

1

2

= κ

(
λ+ γ − 1

2

)
+

1

2
,

αQ =
(α∗)2

α
= α

(α∗)2

α2
=

α

κ2
,

ωQ =
α∗

α
ω =

ω

κ
,

hQt =
ht
κ
.
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C.2 ARV

Rt+1 = r − hQt
2

+

√
hQt ε

∗(1)
t+1 ,

hQt =
ht
κ1
,

hQt+1 = ωQ + βhQt + αQ
(
ε
∗(2)
t+1 − γ

Q
√
hQt

)2

,

ωQ =
ω

κ1
, αQ =

α

κ1κ2
,

EQ
[
ε
∗(1)
t+1 ε

∗(2)
t+1

]
= ρQ,

with

ρQ =
ρ√

(1− ρ2)
(1−ρ2)κ1κ2+

√
(1−ρ2)2κ21κ

2
2+4ρ2κ1κ2

2 + ρ2

,

RVt+1 = ht + σQ

[
1− κ2 +

((
γQ
)2

κ1
− γ2κ2

)
ht

]

+σQ

[(
ε
∗(2)
t+1 − γ

Q
√
hQt

)2

−
(

1 +
(
γQ
)2
hQt

)]
,

with

σQ =
σ

κ2
.

C.3 SARV

Rt+1 = r̄Q − ξQhQt −
√
ωQ

2


ε∗(1)

t+1 −

√
hQt − ωQ

2ωQ

2

−

(
hQt + ωQ

2ωQ

) ,
where

r̄Q = rf +
1

2

ln
(

1 +
√

2ωQ
)
− ωQ +

√
2ωQ(

1 +
√

2ωQ
)
 ,

ξQ =
1

2
(

1 +
√

2ωQ
) ,
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The mapping between the risk-neutral and the physical variances is given by

hQt ≡ ϑ+ ςht,

ϑ =
√

2ωQ
(

1 +
√

2ωQ
)

ln

(
1 +
√

2ω

1 +
√

2ωQ

)
+

√
ωQ
(√

ωQ −
√
ω
)

1 +
√

2ω
,

ς = 2
√

2ωQ
(

1 +
√

2ωQ
)
λ+

√
2ωQ

(
1 +
√

2ωQ
)

√
2ω
(
1 +
√

2ω
) .

The realized variance dynamics under the risk-neutral measure is

RVt+1 = ht + σQ
[(

1 +
(
γQ
)2 (

hQt − ωQ
))
− κ2

(
1 + γ2 (ht − ω)

)]
,

+σQ

[(
ε
∗(2)
t+1 − γ

Q
√
hQt − ωQ

)2

−
(

1 +
(
γQ
)2 (

hQt − ωQ
))]

,

where

hQt+1 − ω
Q = $Q + β

(
hQt − ωQ

)
+ αQ

(
z
∗(2)
t+1 − γ

Q
√
hQt − ωQ

)2

,

$Q = (1− β)
(
ϑ+ ςω − ωQ

)
+ ς$,

αQ =
ςσQα

σ
,

ρQ ≡ EQ
[
ε
∗(1)
t+1 ε

∗(2)
t+1

]
=

ρ√
(1− ρ2)

(1−ρ2)κ1κ2+
√

(1−ρ2)2κ21κ
2
2+4ρ2κ1κ2

2 + ρ2

,

κ1 =

√
ω

ωQ
, and κ2 =

σ

σQ
.

C.4 GSARV

The computations follow the same steps as above given that the GSARV is a straightforward

two-factor extension of the single factor SARV.
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Figure A1: Daily Conditional Volatilities
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These figures present the daily conditional volatilities,
√
ht, implied by the parameters estimated for each model in the historical

optimization from January 02, 1990 through August 28, 2013.
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Figure A2: Daily Upside and Downside Conditional Volatilities
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These figures present daily upside (left column) and downside (right column) conditional volatilities,
√
hu,t and

√
hd,t, implied

by the parameters estimated for two-factor models in the historical optimization from January 02, 1990 through August 28,
2013.
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Figure A3: Daily Conditional Volatilities of Variances
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These figures present the daily conditional volatilities of variances,
√
V art(ht+1), implied by the parameters estimated for each

model in the historical optimization from January 02, 1990 through August 28, 2013.
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Figure A4: Daily Conditional Volatilities of Upside and Downside Variances
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These figures present daily conditional volatilities of upside (left column) and downside (right column) variances,
√
V art(hu,t+1)

and
√
V art(hd,t+1), implied by the parameters estimated for two-factor models in the historical optimization from January 02,

1990 through August 28, 2013.
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Figure A5: Daily Conditional Correlations between Returns and Variances
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These figures present the daily conditional correlations between returns and variances, Corrt(Rt+1, ht+1), implied by the
parameters estimated for each model in the historical optimization from January 02, 1990 through August 28, 2013.
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Figure A6: Daily Conditional Correlations between Returns and Upside, and Downside Variances
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These figures present daily conditional correlations between returns and upside (left column), and downside (right column)
variances, Corrt(Rt+1, hu,t+1) and Corrt(Rt+1, hd,t+1), implied by the parameters estimated for two-factor models in the
historical optimization from January 02, 1990 through August 28, 2013.
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