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I Related Literature

We limit our discussion of related literature to papers that highlight the importance of
jumps for understanding the properties of exchange rate returns. One exception is the work
of Brandt and Santa-Clara (2002) and Graveline (2006). These papers are early antecedents
of our paper in terms of methods and research questions. These authors also estimate a time-
series model of exchange rates using the time-series of FX and implied variance. However,
they do not allow for jumps.

A number of early papers provide parametric evidence of constant arrival rate jumps in
exchange rates, but not in their variance (Akgiray and Booth, 1988; Boothe and Glassman,
1987; Jorion, 1988; Nieuwland, Verschoor, and Wolff, 1994; Tucker and Pond, 1988; Vlaar and
Palm, 1993). Methodologically, these papers cannot estimate jump times and magnitudes.
Thus, they cannot relate jumps to news. Johnson and Schneeweis (1994) is the only exception
as they explicitly associate jumps in exchange rates with macro announcements. A more
recent literature uses high-frequency data to disentangle jumps from normal shocks and to
subsequently relate them to news (Chatrath, Miao, Ramchander, and Villupuram, 2014 and
references therein). These papers take a non-parametric approach, which does not deliver
asset-pricing implications.

Yet another branch of the literature measures surprises of macro announcements by the
standardized difference between survey-based expectation and the realization of a particular
macro variable. These surprises are related to the magnitude of changes in exchange rates
(see Neely, 2011 for a review and references therein). Our analysis is complimentary and is
tied to our specific models. We first use a model to detect days when jumps took place and
then check if macro or political announcements took place on these days.

Our paper is related to recent empirical papers that investigate whether high currency re-
turns can be explained as compensation for jump, or crash, risk. Brunnermeier, Nagel, and
Pedersen (2008) provide evidence consistent with the hypothesis that large exchange rate
moves are related to funding constraints of speculators engaged in carry trades. In particu-
lar, they relate the sign and magnitude of skewness of various exchange rates relative to the
USD to those of the respective interest rate differentials. Jurek (2014) analyzes the returns
on carry trade portfolios in which the exposure to currency crashes is hedged with options.
He concludes that exposure to currency crashes account for 15% to 35% of the excess returns
on unhedged carry trade portfolios. Burnside, Eichenbaum, Kleshchelski, and Rebelo (2011)
investigate whether carry trade returns reflect a “peso problem” (i.e., a low probability event
that did not occur in the sample). They use carry returns hedged with options to argue that
any such peso event must be a modest negative return on the carry trade combined with an
extremely large value of the stochastic discount factor (i.e., the marginal utility of a repre-
sentative investor must be very high in the, as yet, unobserved peso state). Jordà and Taylor
(2012) propose to manage the risk of carry positions by conditioning on macro information
instead of options, but the resulting strategy still yields a very high Sharpe ratio. The com-
mon thread in these papers is that they provide indirect evidence on the magnitude of jump
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risk. Our paper aims to complement this previous work with a formal statistical model and
analysis.

Our paper is also related to the option pricing literature, which has focused on modeling
the risk-adjusted (risk-neutral) distribution of exchange rates. By construction, these papers
do not consider risk premiums. However, the shock structures under the risk-adjusted and
actual (true) distributions are usually modeled to be similar. In this respect, this work is
complimentary to our analysis. Bates (1996) considers option prices on the Deutsche Mark
and is the earliest paper that argues for the inclusion of jumps in currencies. He considers
a single normally distributed jump in FX with a constant probability. Carr and Wu (2007)
distinguish jumps up and down in FX and also allow for time-varying jump probabilities
controlled by unobservable states. Bakshi, Carr, and Wu (2008) extend the Carr-Wu model
to a triangle of currencies (GBP, JPY, and USD) and estimate it using 2.25 years of data
on exchange rates and option prices. Our analysis provides additional economic intuition,
as time variation in jump probabilities are driven by observable interest rates. None of
these papers consider jumps in variance or estimate jump times and sizes. Farhi, Fraiberger,
Gabaix, Ranciere, and Verdelhan (2009) do not have explicit time-varying states, but allow
risk-adjusted parameters to change every period in a nonparametric fashion. Jurek and Xu
(2013) have time-varying states only. Their values are calibrated to achieve the best fit to
the daily cross-section of option prices.

There is also an important literature that attempts to explain the behavior of exchange rates
in macro-founded equilibrium.1 Our paper is silent about the prices of risk (with the excep-
tion of the limited option calibration exercise), but it has implications for how to best model
the fundamentals in an equilibrium setting. Gourio, Siemer, and Verdelhan (2013), Guo
(2007) and Ready, Roussanov, and Ward (2013) propose production-based models, where
productivity is allowed to experience a disastrous decline. Farhi and Gabaix (2015) consider
a pure exchange economy and a similar assumption of a disaster in consumption. Disasters
are modeled as jumps down, and all papers, with the exception of Ready, Roussanov, and
Ward (2013), allow unobservable time-varying processes to drive disaster probabilities. Ex-
change rates inherit these properties. Our results suggest that it may also be important to
allow for jumps in the volatility of these processes and for the process driving probability of
jumps in consumption to be related to interest rates in equilibrium.

Our results also speak to the frictions-based equilibrium model of Plantin and Shin (2011).
These authors focus on endogenously generated dynamics of a carry trade. A carry trade
gets started in a high-liquidity environment, such as accommodative monetary policy. It is
self-enforcing because of the speculators’ belief that others will join the trade. The trade
crashes when the speculators hit funding constraints. As a result, extended periods of
slow appreciations of a high interest rate currency are randomly interrupted by endogenous
crashes. Because our analysis is implemented at the daily frequency, we are able to capture,
in reduced form, related phenomena.

1Examples include, but not limited to Bekaert (1996); Backus, Gavazzoni, Telmer, and Zin (2010); Bansal
and Shaliastovich (2013); Colacito (2009); Colacito and Croce (2013).
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II Jumps and News

For each day a currency has experienced a jump according to our model, we search Factiva
if there were significant news explicitly attributed to large moves in the FX market in the
press. Tables 1 - 5 display a detailed account of this news.

III Long-Run Risk models with identical risk pre-

mium implications

In this section we provide two examples of models with critically different shocks to the
respective endowment processes that, nonetheless, yield the same functional dependence of
currency excess returns on observable variables. We rely on the Long-Run Risk framework
of Bansal and Yaron (2004) and use various modeling elements inspired by Bansal and
Shaliastovich (2013); Benzoni, Collin-Dufresne, and Goldstein (2011); Drechsler and Yaron
(2011); Wachter (2013).

We neither make any claims about realism of these models nor attempt to distinguish them
empirically. In fact, we try to construct the simplest models possible that deliver risk premi-
ums dependent on the interest rate differential and the variance of changes in the exchange
rate. Moreover, the models have implications for real exchange rates while we are study-
ing the empirical behavior of nominal exchange rates. Thus, these models serve for pure
illustrative purposes.

We use recursive preferences and define utility from date t on

Ut = [(1− β)cρt + βµt(Ut+1)ρ]1/ρ ,(1)

and certainty equivalent function,

µt(Ut+1) =
[
Et(U

α
t+1)
]1/α

.

In standard terminology, ρ < 1 captures time preference (with intertemporal elasticity of
substitution 1/(1−ρ)) and α < 1 captures risk aversion (with coefficient of relative risk aver-
sion 1−α). The time aggregator and certainty equivalent functions are both homogeneous of
degree one, which allows us to scale everything by current consumption. If we define scaled
utility ut = Ut/ct, equation (1) becomes

ut = [(1− β) + βµt(gt+1ut+1)ρ]1/ρ ,(2)

where gt+1 = ct+1/ct is consumption growth. The pricing kernel is

mt+1 = β(ct+1/ct)
ρ−1 [Ut+1/µt(Ut+1)]α−ρ

= βgρ−1
t+1 [gt+1ut+1/µt(gt+1ut+1)]α−ρ .
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The relationship (2) serves, essentially, as a Bellman equation. Its loglinear approximation

log ut = ρ−1 log [(1− β) + βµt(gt+1ut+1)ρ]

= ρ−1 log
[
(1− β) + βeρ log µt(gt+1ut+1)

]
≈ b0 + b1 log µt(gt+1ut+1)(3)

gives us transparent closed-form expressions for pricing kernels (Hansen, Heaton, and Li,
2008). The last line is a first-order approximation of log ut in log µt around the point log µt =
log µ, with

b1 = βeρ log µ/[(1− β) + βeρ log µ]

b0 = ρ−1 log[(1− β) + βeρ logµ]− b1 log µ.

The equation is exact when ρ = 0, in which case b0 = 0 and b1 = β. We focus on this case for
the simplicity sake and to avoid the debate on the accuracy of the log-linear approximation
as this subject is not the focus of our paper.

We extend this setting to two countries that we refer to as home (US) and foreign. The
representative agents in each country have different risk aversion: 1−α and 1−α̃, respectively.
Similarly, all other foreign-country-specific objects, such as consumption growth, or pricing
kernel are denoted by tilde .̃

III.A Model 1: Stochastic Variance

Guess the domestic value function:

log ut = log u+ pxxt + pσgσ
2
g,t + pσxσ

2
x,t.

Compute:

log (ut+1gt+1) = log ug + xt + kσg,tηt+1 + pxxt+1 + pσgσ
2
g,t+1 + pσxσ

2
x,t+1

= log ug + pσg(1− νg)vg + pσx(1− νx)vx + (1 + pxγ)xt + pσgνgσ
2
g,t + pσxνxσ

2
x,t

+ kσg,tηt+1 + pxσx,tet+1 + pσgσgwσg,twg,t+1 + pσxσxwσx,twx,t+1,

log µt(ut+1gt+1) = [log ug + pσg(1− νg)vg + pσx(1− νx)vx] + (1 + pxγ)xt

+ (pσgνg + αk2/2 + αp2
σgσ

2
gw/2)σ2

g,t + (pσxνx + αp2
x/2 + αp2

σxσ
2
xw/2)σ2

x,t.

Plug log µt(ut+1gt+1) into the Bellman equation (3) and match coefficients:

constant : log u = β(log ug + pσg(1− νg)vg + pσx(1− νx)vx)
xt : px = β(1 + pxγ)

σ2
g,t : pσg = β(pσgνg + αk2/2 + αp2

σgσ
2
gw/2)

σ2
x,t : pσx = β(pσxνx + αp2

x/2 + αp2
σxσ

2
xw/2).
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These equations imply that

log u = β(log g + pσg(1− νg)vg + pσx(1− νx)vx)/(1− β)

px = β/(1− βγ)

and pσg and pσx are the smallest roots of the following quadratic equations:

αβσ2
gwp

2
σg + 2(βνg − 1)pσg + αβk2 = 0

αβσ2
xwp

2
σx + 2(βνx − 1)pσx + αβp2

x = 0.

We select the smallest roots because they ensure that the corresponding risk premium is zero
when variance is zero.

The foreign value function is computed following identical steps.

Now we can compute the exchange rate growth process:

st+1 − st = log m̃t+1 − logmt+1

= [α2(k2 + σ2
gwp

2
σg)− α̃2(k̃2 + σ2

gwp̃
2
σg)]σ

2
g,t/2

+ [α2(p2
x + p2

σxσ
2
xw)− α̃2(p2

x + p̃2
σxσ

2
xw)]σ2

x,t/2

+ [(α̃− 1)k̃η̃t+1 − (α− 1)kηt+1]σg,t + px(α̃− α)σx,tet+1

+ (α̃p̃σg − αpσg)σgwσg,twg,t+1 + (α̃p̃σx − αpσx)σxwσx,twx,t+1.

Domestic and foreign interest rates are:

rt = − log β + log g + xt + (2α− 1)k2σ2
g,t/2,

r̃t = − log β + log g + xt + (2α̃− 1)k̃2σ2
g,t/2.

Interest rate differential is

rt − r̃t = [(2α− 1)k2 − (2α̃− 1)k̃2]σ2
g,t/2.(4)

The conditional variance of the exchange rate growth is

vart(st+1 − st) = [(α̃− 1)2k̃2 + (α− 1)2k2 + (α̃p̃σg − αpσg)2σ2
gw]σ2

g,t

+ [p2
x(α̃− α)2 + (α̃p̃σx − αpσx)2σ2

xw]σ2
x,t.(5)

The expected excess log currency return is

Et(st+1 − st − (rt − r̃t)) = (vart(logmt+1)− vart(log m̃t+1))/2

= [(α− 1)2k2 − (α̃− 1)2k̃2 + α2p2
σgσ

2
gw − α̃2p̃2

σgσ
2
gw]σ2

g,t/2

+ [p2
x(α

2 − α̃2) + α2p2
σxσ

2
xw − α̃2p̃2

σxσ
2
xw]σ2

x,t/2.(6)

6



Solve the system of equations (4)-(5) for the stochastic variances:

σ2
g,t =

Bv(rt − r̃t)−Brvart(st+1 − st)
ArBv

,(7)

σ2
x,t =

−Av(rt − r̃t) + Arvart(st+1 − st)
ArBv

,(8)

where

Ar = [(2α− 1)k2 − (2α̃− 1)k̃2]/2,

Av = (α̃− 1)2k̃2 + (α− 1)2k2 + (α̃p̃σg − αpσg)2σ2
gw,

Bv = p2
x(α̃− α)2 + (α̃p̃σx − αpσx)2σ2

xw.

Expressions (6)-(8) imply that the log expected excess currency return is a linear function
of the interest rate differential and the variance of exchange rate growth:

Etyt+1 = Et(st+1 − st − (rt − r̃t)) = δr(rt − r̃t) + δvvart(st+1 − st),

where

δr = (Bvsg − Avsx)/(ArBv),

δv = sx/Bv,

sg = [(α− 1)2k2 − (α̃− 1)2k̃2 + α2p2
σgσ

2
gw − α̃2p̃2

σgσ
2
gw]/2,

sx = [p2
x(α

2 − α̃2) + α2p2
σxσ

2
xw − α̃2p̃2

σxσ
2
xw]/2.

III.B Model 2: Disasters

Guess the domestic value function:

log ut = log u+ pxxt + phghg,t + phxhx,t.

Compute

log ut+1gt+1 = [log ug + phg(1− νhg)vhg + phx(1− νhx)vhx] + (pxγ + 1)xt + phgνhghg,t

+ phxνhxhx,t + σgηt+1 + pxσxet+1 + phgσhgh
1/2
g,t εhg,t+1 + phxσhxh

1/2
x,t εhx,t+1,

+ pxzx,t+1 + zg,t+1,

log µt(ut+1gt+1) = [log ug + phg(1− νhg)vhg + phx(1− νhx)vhx] + (pxγ + 1)xt + phgνhghg,t

+ phxνhxhx,t + ασ2
g/2 + αp2

xσ
2
x/2 + αp2

hgσ
2
hghg,t/2 + αp2

hxσ
2
hxhx,t/2

+ (eαpxµx+(αpxσx)2/2 − 1)hx,t/α + (eαµg+(ασg)2/2 − 1)hg,t/α.

Plug log µt(ut+1gt+1) into the Bellman equation (3) and match coefficients:

constant : log u = β(log ug + phg(1− νhg)vhg + phx(1− νhx)vhx + ασ2
g/2 + αp2

xσ
2
x/2)

xt : px = β(1 + pxγ)

hg,t : phg = β(phgνhg + αp2
hgσ

2
hg/2 + (eαµg+(ασg)2/2 − 1)/α)

hx,t : phx = β(phxνhx + αp2
hxσ

2
hx/2 + (eαpxµx+(αpxσx)2/2 − 1)/α).
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These equations imply that

log u = β(log g + phg(1− νhg)vhg + phx(1− νhx)vhx + ασ2
g/2 + αp2

xσ
2
x/2)/(1− β)

px = β/(1− βγ)

and phg and phx are the smallest roots of the following quadratic equations:

α2σ2
hgβp

2
hg + 2α(βνhg − 1)phg + 2β(eαµg+(ασg)2/2 − 1) = 0,

α2σ2
hxβp

2
hx + 2α(βνhx − 1)phx + 2β(eαpxµx+(αpxσx)2/2 − 1) = 0.

We select the smallest roots because they ensure that the corresponding risk premium is zero
when variance is zero.

The foreign value function is computed following identical steps.

Now we can compute the exchange rate growth process:

st+1 − st = (α2 − α̃2)σ2
g/2 + p2

x(α
2 − α̃2)σ2

x/2 + (α2p2
hg − α̃2p̃2

hg)σ
2
hghg,t/2

+ (α2p2
hx − α̃2p̃2

hx)σ
2
hxhx,t/2 + (eαµg+(ασg)2/2 − eα̃µg+(α̃σg)2/2)hg,t

+ (eαpxµx+(αpxσx)2/2 − eα̃pxµx+(α̃pxσx)2/2)hx,t + (α̃− 1)σgη̃t+1 − (α− 1)σgηt+1

+ px(α̃− α)σxet+1 + (α̃p̃hg − αphg)σhgh1/2
g,t εhg,t+1

+ (α̃p̃hx − αphx)σhxh1/2
x,t εhx,t+1 + (α̃− α)zg,t+1 + px(α̃− α)zx,t+1.

Compute risk-free rates at home and abroad:

rt = − logEtmt+1 = [− log β + log g + α2σ2
g/2− (α− 1)2σ2

g/2] + xt

+ (eαµg+(ασg)2/2 − e(α−1)µg+((α−1)σg)2/2)hg,t,

r̃t = − logEtm̃t+1 = [− log β + log g + α̃2σ2
g/2− (α̃− 1)2σ2

g/2] + xt

+ (eα̃µg+(α̃σg)2/2 − e(α̃−1)µg+((α̃−1)σg)2/2)hg,t.

Interest rate differential is

rt − r̃t = r0 + [eαµg+(ασg)2/2 − eα̃µg+(α̃σg)2/2]hg,t

+ (e(α̃−1)µg+((α̃−1)σg)2/2 − e(α−1)µg+((α−1)σg)2/2)hg,t,(9)

where

r0 = (α− α̃)σ2
g .

The conditional variance of the exchange rate growth is

vart(st+1 − st) = v0 + (α̃p̃hg − αphg)2σ2
hghg,t + (α̃p̃hx − αphx)2σ2

hxhx,t

+ ((α̃− α)2µ2
g + σ2

g)hg,t + ((α̃p̃x − αpx)2µ2
x + σ2

x)hx,t,(10)
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where

v0 = (α̃− 1)2σ2
g + (α− 1)2σ2

g + p2
x(α̃− α)2σ2

x.

The expected log excess currency return is

Et(st+1 − st − (rt − r̃t)) = rx0 + (α2p2
hg − α̃2p̃2

hg)σ
2
hghg,t/2 + (α2p2

hx − α̃2p̃2
hx)σ

2
hxhx,t/2

+ µg(α̃− α)hg,t + µxpx(α̃− α)hx,t

+ (e(α−1)µg+((α−1)σg)2/2 − e(α̃−1)µg+((α̃−1)σg)2/2)hg,t

+ (eαpxµx+(αpxσx)2/2 − eα̃pxµx+(α̃pxσx)2/2)hx,t,(11)

where

rx0 = ((α− 1)2 − (α̃− 1)2)σ2
g/2 + p2

x(α
2 − α̃2)σ2

x/2.

Solve the system of equations (9)-(10) for the jump intensities:

hg,t =
Bv(rt − r̃t)−Brvart(st+1 − st) +Brv0 −Bvr0

ArBv

,(12)

hx,t =
−Av(rt − r̃t) + Arvart(st+1 − st) + Avr0 − Arv0

ArBv

,(13)

where

Ar = eαµg+(ασg)2/2 − eα̃µg+(α̃σg)2/2 + e(α̃−1)µg+((α̃−1)σg)2/2 − e(α−1)µg+((α−1)σg)2/2,

Av = (α̃p̃hg − αphg)2σ2
hg + (α̃− α)2µ2

g + σ2
g ,

Bv = (α̃p̃hx − αphx)2σ2
hx + p2

x(α̃− α)2µ2
x + σ2

x.

Expressions (11)-(13) imply that the log expected excess currency return is a linear function
of the interest rate differential and the variance of exchange rate growth:

Etyt+1 = Et(st+1 − st − (rt − r̃t)) = δ0 + δr(rt − r̃t) + δvvart(st+1 − st),

where

δ0 = rx0 − sgr0/Ar − sx(Arv0 − Avr0)/(ArBv),

δr = (−Avsx +Bvsg)/(ArBv),

δv = sx/Bv,

sg = (α2p2
hg − α̃2p̃2

hg)σ
2
hg/2 + (eµg(α−1)+((α−1)σg)2/2 − e(α̃−1)µg+((α̃−1)σg)2/2) + µg(α̃− α),

sx = (α2p2
hx − α̃2p̃2

hx)σ
2
hx/2 + eαpxµx+(αpxσx)2/2 − eα̃pxµx+(α̃pxσx)2/2 + µxpx(α̃− α).
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IV Model implications for UIP regressions

The model implies that expected log excess return is equal to

Et [yt+1] = µt + hut θu︸︷︷︸
Et[zut+1]

− hdt θd︸︷︷︸
Et[zdt+1]

.

We assume that
µt = µ0 + µrrt + µ̃rr̃t + µvvt.

The resulting expected excess return is

(14) Et [yt+1] = µ?0 + µ?rrt + µ̃?r r̃t + µ?vvt

where

µ?0 = µ0 + hu0θu − hd0θd ,
µ?r = µr + hurθu − hdrθd ,
µ̃?r = µ̃r + h̃urθu − h̃drθd ,
µ?v = µv + huvθu − hdvθd.

Thus, our risk premium encompasses the UIP regressions which set

µ̃?r = −µ?r ,(16)

µ?v = 0 .(17)

The expected excess return in (14) can be simplified for the preferred model to

Et(yt+1) = µ0 + (µr + hrθ)rt + (µ̃r − hrθ)r̃t + µvvt.

Thus, by testing if µr = −µ̃r and µv = 0, we test the UIP regression specification (16) - (17) of
currency excess returns across all three models. For all currency pairs, we cannot reject that
µr = −µ̃r at the conventional significance levels. Moreover, µr ≈ −3 for all currencies, which
is consistent with our earlier discussion of UIP regression results. In addition, the loading
on the variance µv is significantly negative in all currencies except for JPY which has a
significantly positive estimate. The tiny serial correlation of the residuals ws suggests that
this model is adequate in capturing the conditional mean of excess returns and, therefore,
potentially omitted variables cannot materially affect our conclusions about the structure of
currency risks.

V Alternative modeling approaches

V.A Modeling exchange rates using pricing kernels

In this section we illustrate that our model can equivalently be viewed as the difference
between an affine SDF denominated in different units.
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In our model, log excess currency returns are an affine function of a set of normal and
non-normal shocks, which we will denote jointly as xt+1, so that

yt+1 ≡ (st+1 − st)− (rt − r̃t) = µt + βt · xt+1 .(18)

For example, consider a simplified version of our model of exchange rate dynamics

yt+1 ≡ (st+1 − st)− (rt − r̃t) = µ+ v1/2wst+1 + zut+1 − zdt+1 .

Here xt+1 = (wst+1, z
u
t+1, z

d
t+1)′ and βt = (v1/2, 1,−1)′.

It is popular to model log currency returns as the difference between the log of a pricing
kernel, m̃t+1, for returns denominated in foreign currency and the log of a pricing kernel,
mt+1, for the same returns denominated in domestic currency, so that

yt+1 = log m̃t+1 − logmt+1 − (rt − r̃t) .

For tractability in affine models, it is common to assume that mt+1 and m̃t+1 are both
exponentially affine in the shocks, so that

logmt+1 = −rt − λt · xt+1 − αt and log m̃t+1 = −r̃t − λ̃t · xt+1 − α̃t .

Here αt and α̃t are “convexity adjustments” ensuring that Et(mt+1e
rt) = 1 and Et(m̃t+1e

r̃t) =
1, respectively. Returning to our simplified example, an affine mt+1 is of the form

logmt+1 = −rt −
(
λwt w

s
t+1 + λut z

u
t+1 + λdt z

d
t+1

)︸ ︷︷ ︸
λt·xt+1

− logEt

[
e−λ

w
t w

s
t+1−λut zut+1−λdt zdt+1

]
︸ ︷︷ ︸

αt

,(19)

where λwt , λut , and λdt are frequently referred to as market prices of the risks wst+1, zut+1, and
zdt+1, respectively. In the context of jumps, the notation λkt z

k
t+1 means a process arriving at

the same rate as jumps in exchange rates and λkt is used to derive the distribution of the
jump size in mt from the distribution of the jump size in yt.

Thus, our model in equation (18) can equivalently be viewed as the difference between an
affine mt+1 and m̃t+1, since

(20) yt+1 = log m̃t+1 − logmt+1 − (rt − r̃t) = (αt − α̃t)︸ ︷︷ ︸
µt

+
(
λt − λ̃t

)
︸ ︷︷ ︸

βt

·xt+1 .

Therefore, in a setup in which logmt+1, log m̃t+1, and log excess currency returns, yt+1, are
all affine functions of a set of shocks, it’s equivalent to model mt+1 and m̃t+1, or yt+1 and
mt+1.

11



Although our model can be viewed as the difference between an affine mt+1 and m̃t+1, log
excess currency returns alone are not enough to identify either mt+1 or m̃t+1 in our model
because exchange rates are driven by more than one shock. To illustrate, the pricing kernel
in equation (19) prices the dollar-denominated return on the domestic bank account by
construction because

Et(mt+1e
rt) = Et

[
e−rt−λt·xt+1−αt ert

]
= 1 .

It must also price the dollar-denominated return on the foreign bank account, that is,

1 = Et(mt+1e
rt+yt+1) = Et

[
e−λt·xt+1−αt eµt+βt·xt+1

]
.

If there are N sources of risk, this is a single equation in N unknown market prices of risk
λ (N = 3 in our example). Therefore, it is impossible to separately identify these market
prices of risk using only the dynamics of the exchange rate y (or, equivalently, using only
one set of risk exposures β). Instead, one would also have to use the prices of options with
different strikes and maturities (that is, securities that have different exposures to risks βs).

V.B Joint modeling of currencies in the presence of jumps

This section describes how one may approach joint modeling of currencies, as well as practical
implications of such a model. We use a subscript i to denote our bilateral model for exchange
rate i.

Joint modeling of risks. For simplicity in this section, we only consider three currencies
(three exchange rates against USD), which, for concreteness, we’ll assume are AUD, GBP,
and JPY. For tractability, suppose that we begin by shutting down the stochastic volatility
component and any jumps for these exchange rates, so that

(21) yit+1 ≡ (sit+1 − sit)− (rt − r̃it) = µi + v
1/2
i wsit+1 , for i = 1, 2, 3 ,

where the three exchange rates against the USD in order are USD/AUD, USD/GBP, and
USD/JPY.

A bilateral model of USD/GBP and USD/JPY is silent/agnostic about the distribution of
GBP/JPY. For example, in this simple setup, the dynamics of the excess return on the yen
against pound is

(22) y3t+1 − y2t+1 = µ3 − µ2 + v
1/2
3 ws3t+1 − v

1/2
2 ws2t+1 .

In order to compute the volatility of GBP/JPY, we need to know the correlation between
ws2t+1 and ws3t+1, which is not specified in the bilateral models. Therefore, to take the simple
bilateral models in equation (21) and extend them to a joint model, we have to specify the
correlations between the normal shocks, i.e., corr

(
wsit+1, w

s
jt+1

)
= ρij. In that case, the

variance of GBP/JPY is v2 + v3 − 2ρ23
√
v2v3.

12



A joint model of these three exchange rates has a richer set of implications, but it also has
more free parameters to capture all aspects of the joint distribution. Importantly, a joint
model of these three exchange rates does not provide any additional restrictions for the
bilateral exchange rates that the bilateral models ignore: the means and variances in a joint
model of the excess currency returns against the USD are the same as those obtained in the
bilateral models. Although our model is obviously much more complicated than this simple
example, the same principle still applies. In short, the models of bilateral exchange rates
that we develop and estimate will not be discarded in a joint model, but rather they are
valuable inputs to such a model.

To provide a sense of the complexities involved with joint modeling of jumps, suppose that
we add a single jump to equation (21), so that

(23) yit+1 ≡ (sit+1 − sit)− (rt − r̃it) = µi + v
1/2
i wsit+1 + zit+1 , for i = 1, 2, 3 ,

where zit+1 is a jump in the ith exchange rate against the USD. A joint model of these
three exchange rate dynamics requires that we specify how the jumps are distributed across
different combinations of currencies. The jump dependencies are more complicated than
those of normal shocks because they are primarily driven by common arrival processes. For
example, consider a jump in currency i, that is, zit+1. This jump could affect only currency
i, it could affect currency i and only one of the other two currencies, or it could affect all
three currencies. For clarity, we will assume that the size of any jump that hits currency i
is distributed normally with mean 0 and variance θi, regardless of whether that jump also
hits other exchange rates. Jumps that affect multiple exchange rates could have correlated
sizes, but we ignore this possibility in this example.

Notationally, this decomposition of jumps across different exchange rates can be quite com-
plex. For example, in a joint model of these three exchange rates against USD, let z1it+1

be a jump that only affects exchange rate i (against USD), let z2ijt+1 be a jump that only
affects exchange rates i and j (against USD), and let z3it+1 be a jump that affects all three
exchange rates (against USD). Denote the corresponding jump intensities as

h1it = h1i0 + h1irt + h̃1ir̃it ,

h2ijt = h2ij0 + h2ijrt + h̃
(i)
2ij r̃it + h̃

(j)
2ij r̃jt ,

h3t = h30 + h3rt + h̃31r̃1t + h̃32r̃2t + h̃33r̃3t .

In a bilateral model, we’re only interested in the sum of all of these different combinations
of jumps that affect a given exchange rate, that is,

zit+1 = z1it+1 +
∑
j 6=i

z2ijt+1 + z3it+1 .

Likewise, the intensity of jump zit+1 is the sum of the intensities of the individual components.
In this simplified example with a single normally distributed jump, the intensities, in general,
depend on the interest rates in all currencies. However, our preferred model of bilateral
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exchange rates can be shown to be entirely consistent with a joint model (that is, not just
in spirit, but down to the functional form).

As we highlighted above, a bilateral model is silent/agnostic about how currency i moves
against any currency other than USD, but a joint model is not. For example, consider again
the GBP/JPY exchange rate. In the simple model in equation (23), the dynamics of the
excess log return on the yen against the pound is

y3t+1 − y2t+1 = µ3 − µ2 + v
1/2
3 ws3t+1 − v

1/2
2 ws2t+1 + z13t+1 − z12t+1 + z231t+1(24)

− z221t+1 + (z232t+1 − z223t+1) + (z33t+1 − z32t+1) .

Thus, there are six jumps that can affect the GBP/JPY exchange rate: (i) a jump in
USD/JPY, i.e., z13t+1; (ii) a jump in USD/GBP, i.e., z12t+1; (iii) a jump USD/AUD and
USD/JPY but not USD/GBP, i.e., z231t+1; (iv) a jump in USD/AUD and USD/GBP but
not USD/JPY, i.e., z221t+1; (v) a jump in USD/GBP and USD/JPY, but not USD/AUD,
i.e., z232t+1 and z223t+1; and finally, (vi) a jump in USD/AUD, USD/GBP, and USD/JPY,
i.e., z33t+1 and z32t+1. Note that for cases (v) and (vi) with jumps that affect both USD/GBP
and USD/JPY, the net effect on GBP/JPY depends on the direction and magnitudes of the
jumps in USD/GPB and USD/JPY (i.e., z232t+1 − z223t+1 and z33t+1 − z32t+1, respectively).

As the number of currencies in a joint model grows, so too does the flexibility and complexity.
For example, if we consider three bilateral models that follow equation (23) then there are
three jumps. However, if we jointly model those three exchange rates then there are 3+3+1 =
7 jumps. If we jointly model 4 exchange rates according to equation (23) then there are
4 + 6 + 4 + 1 = 15. And so on.

Finally, it is instructive to consider what additional data might be most helpful for identifying
the new parameters in a joint model. The cross-rates are all pinned down by the exchange
rates against USD (i.e., if we know USD/GBP and USD/JPY, then we know GPB/JPY).
Thus, the joint time series of the exchange rates against USD can provide some of the
additional necessary information (e.g., correlations). However, as Bakshi, Carr, and Wu
(2008) point out, prices of options on the cross rates (e.g., options on GBP/JPY) also
provide valuable information. As equations (22) and (24) illustrate, those option prices
depend crucially on parameters in a joint model that do not show up in options on the
exchange rate against the USD.

Joint modeling of risk premiums. The primary focus of our paper is on the higher order
moments of excess currency returns rather than the drift. Nevertheless, in a joint model
of excess currency returns one might wish to appeal to economic theory and impose some
restrictions on the drift of exchange rates. For example, it might seem reasonable to impose
the restriction that only shocks that affect all exchange rates are priced (i.e., command an
excess return).

However, there are few important (and perhaps obvious) caveats to be aware of when im-
posing assumptions about priced risks in models of exchange rates. First, the expected
excess return on any currency depends on the base currency against which it is measured.
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For example, suppose that the expected log excess return on the JPY against the USD is
positive, but it is smaller than that of the GBP against the USD. Then, as equation (22)
illustrates, the expected log excess return on the JPY against the GBP will switch signs and
be negative. Therefore, the notion of whether a currency carries a positive risk premium,
a negative risk premium, or no risk premium is completely dependent on the base currency
against which the expected excess return is measured.

The second item to note from equation (22) is that the notion of whether a shock affects all
currencies (and, therefore, economic theory suggests that it should be priced) also depends
on the particular choice of base currency against which exchange rates are measured. For
example, as equation (22) illustrates, if we measure exchange rates relative to GBP as the base
currency, then the normal shock, ws2t+1, affects all of the exchange rates. Conversely, if we
measure exchange rates relative to JPY as the base currency, then the normal shock, ws3t+1,
affects all of the exchange rates. Given the fact that there are a number of major currencies in
the world, the choice of one particular currency to always serve as the base currency against
which to measure excess returns and characterize global shocks seems somewhat arbitrary.

Finally, even if we’re comfortable choosing a single currency, such as USD, against which to
measure excess returns (and hence risk premiums), it’s certainly not obvious which shocks
one should assume are priced. For example, suppose that a shock affects USD/AUD and
USD/GBP, but not USD/JPY. Such a shock does not affect all exchange rates (against
the USD), but it affects more than one exchange rate. Therefore, it’s not clear whether
this shock should be considered to be systematic or global (in which case, economic theory
would suggest that it may be priced and carry a risk premium against the base currency), or
whether it should be considered to be unsystematic or local (in which case, economic theory
would suggest that it should not carry a risk premium).

As we noted in Appendix V.A, we can equivalently express our model of bilateral log excess
currency returns as the difference between log affine m and m̃. The same holds true in a
joint model of log excess currency returns. At first glance, it may appear that formulating
the model as a difference between pricing kernels leads to important restrictions on the drift
of exchange rates in a joint model. These restrictions could have been overlooked in the
discussion above that is based on direct exchange rate modeling. So, one may argue that
even if there are no additional restrictions on parameters controlling the distribution of risks,
there are advantages in joint modeling of risk premiums.

To illustrate, we expand on the model described in equation (21),

(25) yi,t+1 = si,t+1 − si,t − rt + r̃i,t = µi + σi,gw
g
t+1 + σi,`w

`
i,t+1 ,

where wgt+1 is a standard normal shock that affects all exchange rates against the dollar,
and w`i,t+1 and w`j,t+1 are standard normal shocks that are uncorrelated for i 6= j. Many
researchers like to think of these shocks as global and local, respectively. In the notation of
equation (21), this model corresponds to

corr
(
wsit+1, w

s
jt+1

)
= ρij = σi,gσj,g[(σ

2
i,g + σ2

i,`)(σ
2
j,g + σ2

j,`)]
−1/2.
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Suppose that one wanted to write the model in equation (25) as the difference between log
pricing kernels denominated in different currencies. Let m denote an exponential affine
pricing kernel denominated in dollars and let m̃i denote that pricing kernel denominated in
foreign currency i. One model of m and m̃i’s that captures the same covariance structure of
exchange rates in equation (25) is

(26a) logmt+1 = −rt − λgwgt+1︸ ︷︷ ︸
λ·xt+1

− 1
2
λ2
g︸︷︷︸

α

and

(26b) log m̃i,t+1 = −r̃i,t −
(
λ̃i,gw

g
t+1 + λ̃i,`w

`
i,t+1

)
︸ ︷︷ ︸

λ̃i·xt+1

− 1
2

(
λ̃2
i,g + λ̃2

i,`

)
︸ ︷︷ ︸

α̃i

,

because in that case,

yi,t+1 = log m̃i,t+1 − logmt+1 − (rt − r̃i,t) ,

= 1
2

(
λ2
g − λ̃2

i,g − λ̃2
i,`

)
+
(
λg − λ̃i,g

)
wgt+1 − λ̃i,`w`i,t+1 .(27)

If we compare equations (25) and (27), both formulations capture the same covariance struc-
ture of exchange rates, with the mapping σi,g = λg − λ̃i,g and σi,` = λ̃i,`. However, the two
formulations have a different number of parameters. With n foreign exchange rates against
the dollar (and therefore n + 1 currencies including the dollar), in general, the formulation
in equation (25) has n free drift parameters (i.e., µi for each of the n exchange rates), and
2n covariance parameters (σi,g, and σi,` for i = 1, . . . , n), for a total of 3n parameters. By
contrast, the formulation in equation (27) only has 2n+ 1 free parameters (λg, plus λ̃i,g and
λ̃i,` for i = 1, . . . , n). Because both of the formulations capture the same covariance structure
of exchange rates dynamics, which requires 2n parameters, the formulation in equation (27)
leaves only one free parameter (as opposed to n free parameters) for the drift of the n ex-
change rates. These observations might lead one to conclude that formulating the model as
a difference between pricing kernels leads to tight restrictions on risk premiums.

In fact, there is an infinite number of models that imply the same covariance structure
of exchange rates, but different expected excess returns. This is because formulating the
model as a difference between pricing kernels does not in fact impose any restrictions on its
conditional mean. For example, consider another model of m and m̃i’s

(28a) logmt+1 = −rt −
(
λ1,`w

`
1,t+1 + · · ·+ λn,`w

`
n,t+1

)︸ ︷︷ ︸
λ·xt+1

− 1
2

(
λ2

1,` + · · ·+ λ2
n,`

)︸ ︷︷ ︸
α

and

(28b) log m̃i,t+1 = −r̃i,t −
(
λ̃i,gw

g
t+1 + λ̃i,`w

`
i,t+1

)
︸ ︷︷ ︸

λ̃i·xt+1

− 1
2

(
λ̃2
i,g + λ̃2

i,`

)
︸ ︷︷ ︸

α̃i

.
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This formulation also captures the covariance structure of exchange rates in equation,(25),
with the mapping σi,g = −λ̃i,g and σi,` = −λi,` − λ̃i,`. Yet, it has 3n parameters (λ̃i,g, λ̃i,`,
and λi,` for i = 1, . . . , n), and therefore it does not impose any restrictions on the drift of
the exchange rates (i.e., there is a one-to-one mapping between the model formulations in
equations (25) and (28)).

Thus, it is necessary to consider the first moment of currency returns along with their higher-
order moments to identify a pricing kernel. Our model is more rich than the simple example,
and therefore the first moment of currency returns is not sufficient to identify a pricing
kernel. Instead, in our richer framework, one must also consider the returns on currency
options with different strikes/maturities, as pointed out in Appendix V.A.

VI Expected future variance

We do not consider the most general model to streamline the presentation. We focus on
the empirically relevant case where intensity of jumps in variance depends on variance only,
and jumps up (down) in FX depend on domestic (foreign) interest rate only. We start by
computing expectation of the variance process in

vt+1 = (1− ν)v + νvt + σvv
1/2
t ωvt+1 + zvt+1.

Conditional expectation Et(vt+τ ) ≡ vt,τ can be computed via a recursion. Note that vt,0 = vt.
Suppose we know vt,τ−1. Then

vt,τ = (1− ν)v + νvt,τ−1 + σvEt(Et+τ−1(v
1/2
t+τ−1w

v
t+τ )) + Et(Et+τ−1z

v
t+τ )

= (1− ν)v + νvt,τ−1 + θvh
v
0 + θvh

v
vvt,τ−1 = (1− ν)v + θvh

v
0 + (ν + θvh

v
v)vt,τ−1.

We can solve this recursion analytically:

vt,τ = [(1− ν)v + θvh
v
0](1 + (ν + θvh

v
v)) + (ν + θvh

v
v)

2vt,τ−2

= [(1− ν)v + θvh
v
0](1− (ν + θvh

v
v)
τ )/(1− (ν + θvh

v
v)) + (ν + θvh

v
v)
τvt.

Next, we can compute expectation of average future v :

Et

(
n∑
τ=1

vt+τ

)
/n = 1/n

n∑
τ=1

Etvt+τ = 1/n
n∑
τ=1

vt,τ

= 1/n
n∑
τ=1

[(1− ν)v + θvh
v
0](1− (ν + θvh

v
v)
τ )/(1− (ν + θvh

v
v)) + 1/n

n∑
τ=1

(ν + θvh
v
v)
τvt

=
(1− ν)v + θvh

v
0

1− (ν + θvhvv)

[
1− ν + θvh

v
v

n

1− (ν + θvh
v
v)
n

1− (ν + θvhvv)

]
+
ν + θvh

v
v

n

1− (ν + θvh
v
v)
n

1− (ν + θvhvv)
vt

≡ (1− ν)v + θvh
v
0

1− (ν + θvhvv)
[1− βn]︸ ︷︷ ︸

αn

+βnvt.
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Similarly, we can obtain conditional expectations of future interest rates:

rt,τ ≡ Et(rt+τ ) = ar(1− bτr) + bτrrt,

and the expectations of average future interest rates:

Et

(
n∑
τ=1

rt+τ

)
/n =

1

n

n∑
τ=1

Etrt+τ =
1

n

n∑
τ=1

rt,τ

= ar

[
1− br

n

1− bnr
1− br

]
+
br
n

1− bnr
1− br

rt

and the similar expression holds for expectations associated with r̃t.

Now, we can characterize the variance of excess returns:

vyt ≡ vart(yt+1) = vt + 2hut θ
2
u + 2hdt θ

2
d.

Therefore, the conditional expectation of this variance can be computed on the basis of our
results for the variance of the normal component vt and the expectations of interest rates:

vyt,τ ≡ Et(v
y
t+τ ) = vt,τ + 2θ2

uh
u
0 + 2θ2

uh
u
rEt(rt+τ ) + 2θ2

dh
d
0 + 2θ2

dh̃
d
rEt(r̃t+τ ).

This expression implies that the unconditional expectation, or long-run mean, of the variance
is:

vJ = lim
i→∞

vyt,τ = [(1− ν)v + θvh
v
0]/(1− (ν + θvh

v
v))

+ 2θ2
uh

u
0 + 2θ2

uh
u
rar + 2θ2

dh
d
0 + 2θ2

dh̃
d
r ãr.

When there are no jumps, that is, θv = 0, θu = 0, and θd = 0, then vJ = v.

Next, we compute Et(
∑n

τ=1 v
y
t+τ )/n

Et

(
n∑
τ=1

vyt+τ

)
/n =

1

n

n∑
τ=1

Etv
y
t+τ =

1

n

n∑
τ=1

vyt,τ

= αn + 2θ2
uh

u
0 + 2θ2

uh
u
rar

[
1− br

n

1− bnr
1− br

]
+ 2θ2

dh
d
0 + 2θ2

dh̃
d
r ãr

[
1− b̃r

n

1− b̃nr
1− b̃r

]

+ βnvt + 2θ2
uh

u
r

br
n

1− bnr
1− br

rt + 2θ2
dh̃

d
r

b̃r
n

1− b̃nr
1− b̃r

r̃t.

VII Computing entropy

Entropy of currency changes over a horizon of n days is equal to:

Lt(St+n/St) = logEt(e
xt,n)− Et(xt,n) = kt(1;xt,n)− κ1t(xt,n),
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where xt,n = log(St+n/St) =
∑t+n

τ=t(sτ+1 − sτ ), kt(s;xt,n) is a cumulant-generating function
of xt,n, and κ1t(xt,n) is the first cumulant of xt,n. Thus, we need to compute the cumulant-
generating function of xt,n :

kt(s;xt,n) = logEte
sxt,n .

The first cumulant can be recovered as ∂kt(s;xt,n)/∂s at s = 0. Denote the drift of log
currency changes by µ̄t = µt + (rt − r̃t).

Guess

kt(s;xt,n) = A(n) +Bv(n)vt +Br(n)rt + B̃r(n)r̃t.

Then

A(n) +Bv(n)vt +Br(n)rt + B̃r(n)r̃t

= k(s;xt,n) = logEt[e
sxt,1Et+1e

sxt+1,n−1 ]

= logEt[e
sxt,1eA(n−1)+Bv(n−1)vt+1+Br(n−1)rt+1+B̃r(n−1)r̃t+1 ]

= A(n− 1) + logEte
sxt,1+Bv(n−1)vt+1 + logEte

Br(n−1)rt+1+B̃r(n−1)r̃t+1

= A(n− 1) + sµ̄t +Bv(n− 1)((1− ν)v + νvt)

+ Br(n− 1)((1− br)ar + brrt) + B̃r(n− 1)((1− b̃r)ãr + b̃rr̃t)

+ logEte
s(1−ρ2)1/2v

1/2
t ws

t+1+sρv
1/2
t wv

t+1+szut+1+szdt+1+Bv(n−1)σvv
1/2
t wv

t+1+Bv(n−1)zvt+1

+ logEte
Br(n−1)r

1/2
t σrwr

t+1+B̃r(n−1)r̃
1/2
t σ̃rw̃r

t+1

= A(n− 1) + sµ̄t +Bv(n− 1)((1− ν)v + νvt)

+ Br(n− 1)((1− br)ar + brrt) + B̃r(n− 1)((1− b̃r)ãr + b̃rr̃t)

+ s2vt/2 + vtsρσvBv(n− 1) +B2
v(n− 1)σ2

vvt/2 + hut ((1− sθu)−1 − 1)

+ hdt ((1 + sθd)
−1 − 1) + hvt ((1−Bv(n− 1)θv)

−1 − 1) +B2
r (n− 1)σ2

rrt/2

+ B̃2
r (n− 1)σ̃2

r r̃t/2

= A(n− 1) + s(µ+ (µr + 1)(rt − r̃t) + µvvt) +Bv(n− 1)((1− ν)v + νvt)

+ Br(n− 1)((1− br)ar + brrt) + B̃r(n− 1)((1− b̃r)ãr + b̃rr̃t)

+ s2vt/2 + vtsρσvBv(n− 1) +B2
v(n− 1)σ2

vvt/2 + sθu(h
u
0 + hurrt)/(1− sθu)

− sθd(h
d
0 + h̃dr r̃t)/(1 + sθd) + (hv0 + hvvvt)Bv(n− 1)θv/(1−Bv(n− 1)θv)

+ B2
r (n− 1)σ2

rrt/2 + B̃2
r (n− 1)σ̃2

r r̃t/2.

Collect terms, match them with the corresponding terms in the first line, solve for the
coefficients:

A(n) = A(n− 1) + sµ+Bv(n− 1)(1− ν)v + sθuh
u
0/(1− sθu)− sθdhd0/(1 + sθd)

+ hv0Bv(n− 1)θv/(1− θvBv(n− 1)) +Br(n− 1)(1− br)ar + B̃r(n− 1)(1− b̃r)ãr
Bv(n) = sµv +Bv(n− 1)ν + s2/2 + sρσvBv(n− 1) +B2

v(n− 1)σ2
v/2

+ hvvBv(n− 1)θv/(1−Bv(n− 1)θv),

Br(n) = s(µr + 1) +Br(n− 1)br + sθuh
u
r/(1− sθu) +B2

r (n− 1)σ2
r/2,

B̃r(n) = −s(µr + 1) + B̃r(n− 1)b̃r − sθdh̃dr/(1 + sθd) + B̃2
r (n− 1)σ̃2

r/2.
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To compute initial conditions for the above recursion, write down the cumulant generating
function of a one-period return:

kt(s;xt,1) = sµ̄t + s2vt/2 + (hu0 + hurrt)
sθu

1− sθu
− (hd0 + h̃dr r̃t)

sθd
1 + sθd

.

Therefore,

A(1) = sµ+ hu0
sθu

1− sθu
− hd0

sθd
1 + sθd

,

Bv(1) = sµv + s2/2,

Br(1) = s(µr + 1) + sθuh
u
r/(1− sθu),

B̃r(1) = −s(µr + 1)− sθdh̃dr/(1 + sθd).

VIII The estimation algorithm

In this section we outline the estimation algorithm for the Preferred model. We estimate the
discrete time model on the basis of daily data. We assume that there is no more than one
jump per day. We re-write our model using notation that is more convenient for estimation
purposes:

yt+1 = µ0 + µr(rt − r̃t) + µvvt + v
1/2
t wst+1 + z̄ut+1j̄

u
t+1 − z̄dt+1j̄

d
t+1,

vt+1 = (1− ν)v + νvt + σvv
1/2
t wvt+1 + z̄vt+1j̄

v
t+1,

IVt = αiv + βivvt + σivvt
√
λtεt.(29)

Indicator j̄kt , k = {u, d, v}, is equal to one if there is a jump at t, and zero otherwise.
Correspondingly, z̄kt is a jump size:

z̄ut ∼ Exp(θ),
z̄dt ∼ Exp(θ),
z̄vt ∼ Exp(θv).

Introduce new notations: ψ = ρσv, η = σ2
v(1 − ρ2), α = (1 − ν)v, β = ν, and Θ is the

collection of all parameters. Denote the full history of excess returns, variance, implied
variance, domestic and foreign interest rates, jump times and sizes by Y , V , IV , R, R̃, J̄k,
Z̄k (k = {u, d, v}), respectively. All the data are available on the interval t ∈ [1, T ], except
for the implied variance which is available on the interval t ∈ [T2 + 1, T ], T2 > 0.

Posterior distributions for the parameters

• Assume a normal prior for µ0: µ0 ∼ N(a,A).
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Posterior distribution is

p(µ0|Y, V, Z̄u, Z̄d, Z̄v, J̄u, J̄d, J̄v, R, R̃,Θ{−µ0}) ∝ N(â, Â),

where

Â =

(
1

A
+

(
ψ2

η
+ 1

) T−1∑
t=0

1

vt

)−1

,

â = Â

(
a

A
+

(
ψ2

η
+ 1

) T−1∑
t=0

yt+1 − µr(rt − r̃t)− µvvt − z̄ut+1j̄
u
t+1 + z̄dt+1j̄

d
t+1

vt

)
−

−Â

(
ψ

η

T−1∑
t=0

(vt+1 − α− βvt − z̄vt+1j̄
v
t+1)

vt

)
.

• Assume a normal prior for µv: µv ∼ N(a,A).

Posterior distribution is

p(µv|Y, V, Z̄u, Z̄d, Z̄v, J̄u, J̄d, J̄v, R, R̃,Θ{−µv}) ∝ N(â, Â),

where

Â =

(
1

A
+

(
ψ2

η
+ 1

) T−1∑
t=0

vt

)−1

,

â = Â

(
a

A
+

(
ψ2

η
+ 1

) T−1∑
t=0

(yt+1 − µ0 − µr(rt − r̃t)− z̄ut+1j̄
u
t+1 + z̄dt+1j̄

d
t+1)

)
−

−Â

(
ψ

η

T−1∑
t=0

(vt+1 − α− βvt − z̄vt+1j̄
v
t+1)

)
.

• Assume a normal prior for µr: µr ∼ N(a,A).

Posterior distribution is

p(µr|Y, V, Z̄u, Z̄d, Z̄v, J̄u, J̄d, J̄v, R, R̃,Θ{−µr}) ∝ N(â, Â)

where

Â =

(
1

A
+

(
ψ2

η
+ 1

) T−1∑
t=0

(rt − r̃t)2

vt

)−1

,

â = Â

(
a

A
+

(
ψ2

η
+ 1

) T−1∑
t=0

(yt+1 − µ0 − µvvt − z̄ut+1j̄
u
t+1 + z̄dt+1j̄

d
t+1)(rt − r̃t)

vt

)
−

−Â

(
ψ

η

T−1∑
t=0

(rt − r̃t)(vt+1 − α− βvt − z̄vt+1j̄
v
t+1)

vt

)
.
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• Assume a normal prior for α: α ∼ N(a,A).

Posterior distribution is

p(α|Y, V, Z̄u, Z̄d, Z̄v, J̄u, J̄d, J̄v,Θ{−α}) ∝ N(â, Â),

where

Â =

(
1

A
+

1

η

T−1∑
t=0

1

vt

)−1

,

â = Â

(
a

A
+

1

η

T−1∑
t=0

vt+1 − βvt − j̄vt+1z̄
v
t+1

vt

)
−

−Â

(
ψ

η

T−1∑
t=0

(yt+1 − µ0 − µr(rt − r̃t)− µvvt − j̄ut+1z̄
u
t+1 + j̄dt+1z̄

d
t+1)

vt

)
.

• Assume a normal prior for β: β ∼ N(a,A).

Posterior distribution is

p(β|Y, V, Z̄u, Z̄d, Z̄v, J̄u, J̄d, J̄v,Θ{−β}) ∝ N(â, Â),

where

Â =

(
1

A
+

1

η

T−1∑
t=0

vt

)−1

,

â = Â

(
a

A
+

T−1∑
t=0

vt+1 − α− j̄vt+1z̄
v
t+1

η

)
−

−Â

(
ψ

η

T−1∑
t=0

(yt+1 − µ0 − µr(rt − r̃t)− µvvt − j̄ut+1z̄
u
t+1 + j̄dt+1z̄

d
t+1)

)
.

• Assume dependent normal-inverse gamma priors for ψ and η:

ψ|η ∼ N(a,Aη),

η ∼ IG(b, B).

Posterior distributions are

p(ψ|Y, V, Z̄u, Z̄d, Z̄v, J̄u, J̄d, J̄v, R, R̃,Θ{−ψ}) ∝ N(â, Âη),

p(η|Y, V, Z̄v, J̄v, R, R̃,Θ{−η}) ∝ IG(b̂, B̂),
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where

Â =

(
T−1∑
t=0

(wst+1)2 +
1

A

)−1

,

â = Â

(
a

A
+

T−1∑
t=0

ξt+1w
s
t+1

)
,

b̂ = b+
T

2
,

B̂ = B +
1

2

T−1∑
t=0

ξ2
t+1 +

a2

2A
− â2

2Â
,

ξt+1 =
vt+1 − α− βvt − j̄vt+1z̄

v
t+1√

vt
.

• Assume a normal prior for αiv: αiv ∼ N(a,A).

Posterior distribution is

p(αiv|βiv, σiv, IV, {λt}Tt=T2+1, {vt}Tt=T2+1) ∝ N(â, Â),

where

Â =

(
1

A
+

T∑
t=T2+1

1

σ2
ivv

2
t λt

)−1

,

â = Â

(
1

σ2
iv

T∑
t=T2+1

IVt − βivvt
v2
t λt

+
a

A

)
.

• Assume a normal prior for βiv: βiv ∼ N(a,A).

Posterior distribution is

p(βiv|αiv, σiv, IV, {λt}Tt=T2+1, {vt}Tt=T2+1) ∝ N(â, Â),

where

Â =

(
1

A
+

T∑
t=T2+1

1

σ2
ivλt

)−1

,

â = Â

(
1

σ2
iv

T∑
t=T2+1

IVt − αiv
vtλt

+
a

A

)
.

• Assume an inverse-gamma prior for σ2
iv: σ

2
iv ∼ IG(b, B).

Posterior distribution is

p(σ2
iv|αiv, βiv, {vt}Tt=T2+1, IV, {λt}Tt=T2+1) ∝ IG(b̂, B̂),
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where

b̂ = b+
T − T2

2
,

B̂ = B +
T∑

t=T2+1

(IVt − αiv − βivvt)2

2λtv2
t

.

• Assume an inverse-gamma prior for θv: θv ∼ IG(b, B).

Posterior distribution is

p(θv|Z̄v) ∝ p(Z̄v|θv)p(θv) ∝ IG(b̂, B̂),

where

b̂ = b+ T,

B̂ = B +
T∑
t=1

z̄vt .

• Assume an inverse-gamma prior for θ: θ ∼ IG(b, B).

Posterior distribution is

p(θ|Z̄u, Z̄d) ∝ p(Z̄u, Z̄d|θ)p(θ) ∝ IG(b̂, B̂),

where

b̂ = b+ 2T,

B̂ = B +
T∑
t=1

(z̄ut − z̄dt ).

• We use the Metropolis-Hastings Random Walk algorithm to estimate the parameters
of the jump intensities. In particular, we draw parameters in pairs – hv0 and hv; h0

and hr. Also, we draw these parameters in logs to guarantee that jump intensities stay
strictly positive.

Posterior distributions for the latent variables

We have eight unobservable objects in the model: variance, three paths of the jump times,
three paths of the jump sizes, and λt.

For each t ∈ [T2 + 1, T ] :
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• Prior distribution for λt is IG(ν
2
, ν

2
).

The posterior distribution is

p(λt|IVt, vt, αiv, βiv, σiv, ν) ∝ IG

(
ν

2
+

1

2
,
ν

2
+

(IVt − αiv − βivvt)2

2σ2
ivv

2
t

)
.

For each t ∈ [1, T ]:

• Jumps in variance arrive with a time-varying intensity hvt = hv0+hvvt, i.e., p(j̄vt+1 = 1) =
hvt . The posterior distribution for the jump in variance is the Bernoulli distribution
with the success probability equal to bv = p

p+q
, where

p = hvt exp

(
−
X
′
t+1Σ−1Xt+1

2

)
,

q = (1− hvt ) exp

(
−
Y
′
t+1Σ−1Yt+1

2

)
,

X1,t+1 = Y1,t+1 =
yt+1 − µ0 − µr(rt − r̃t)− µvvt − j̄ut+1z̄

u
t+1 + j̄dt+1z̄

d
t+1√

vt
,

X2,t+1 =
vt+1 − α− βvt − z̄vt+1√

vt
,

Y2,t+1 =
vt+1 − α− βvt√

vt
.

and Σ denotes the variance-covariance matrix of Xt+1 = (X1,t+1 X2,t+1)
′

and Yt+1 =
(Y1,t+1 Y2,t+1)

′
.

• The prior distribution for the size of the jump in variance z̄vt+1 is the exponential
distribution with mean θv. Note that:

p(z̄vt+1|yt+1, vt+1, vt, z̄
u
t+1, z̄

d
t+1, j̄

u
t+1, j̄

d
t+1, j̄

v
t+1 = 1, rt, r̃t,Θ)

∝ p(yt+1, vt+1|vt, z̄ut+1, z̄
d
t+1, z̄

v
t+1, j̄

u
t+1, j̄

d
t+1, j̄

v
t+1 = 1, rt, r̃t,Θ)p(z̄vt+1)

∝ exp

(
−
X
′
t+1Σ−1Xt+1

2

)
1

θv
exp

(
−
z̄vt+1

θv

)
I(z̄vt+1>0)

∝ exp

(
ψ

η
X1,t+1X2,t+1 −

1

2η
X2

2,t+1

)
exp

(
−
z̄vt+1

θv

)
I(z̄vt+1>0)

∝ exp

(
−

(z̄vt+1 −mt+1)2

2Mt+1

)
I(z̄vt+1>0),

where

X1,t+1 =
yt+1 − µ0 − µr(rt − r̃t)− µvvt − j̄ut+1z̄

u
t+1 + j̄dt+1z̄

d
t+1√

vt
,

X2,t+1 =
vt+1 − α− βvt − z̄vt+1√

vt
.

25



Thus, the posterior distribution for z̄vt+1 is the truncated normal distribution with the
parameters mt+1 (mean) and Mt+1 (variance):

Mt+1 = ηvt,

mt+1 = −ψ(yt+1 − µ0 − µr(rt − r̃t)− µvvt − j̄ut+1z̄
u
t+1 + j̄dt+1z̄

d
t+1)

+vt+1 − α− βvt −
Mt+1

µz
.

Correspondingly, p(z̄vt+1|j̄vt+1 = 0, θv) ∼ Exp(θv).

• Upward jumps in excess returns arrive with a time-varying intensity hut = h0 + hrrt,
i.e., p(j̄ut+1 = 1) = hut . The posterior distribution for the upward jump in excess returns
is the Bernoulli distribution with the success probability bu = p

p+q
, where

p = hut exp

(
−
X
′
t+1Σ−1Xt+1

2

)
,

q = (1− hut ) exp

(
−
Y
′
t+1Σ−1Yt+1

2

)
,

X1,t+1 =
yt+1 − µ0 − µr(rt − r̃t)− µvvt − z̄ut+1 + j̄dt+1z̄

d
t+1√

vt
,

Y1,t+1 =
yt+1 − µ0 − µr(rt − r̃t)− µvvt + j̄dt+1z̄

d
t+1√

vt
,

X2,t+1 = Y2,t+1 =
vt+1 − α− βvt − j̄vt+1z̄

v
t+1√

vt
,

and Σ denotes the variance-covariance matrix of Xt+1 = (X1,t+1 X2,t+1)
′

and Yt+1 =
(Y1,t+1 Y2,t+1)

′
.

• The prior distribution for the size of the upward jump in excess returns z̄ut+1 is the
exponential distribution with the mean θ. Note that:

p(z̄ut+1|yt+1, vt+1, vt, z̄
d
t+1, z̄

v
t+1, j̄

u
t+1 = 1, j̄dt+1, j̄

v
t+1, rt, r̃t,Θ)

∝ p(yt+1, vt+1|z̄ut+1, z̄
d
t+1, z̄

v
t+1, j̄

u
t+1 = 1, j̄dt+1, j̄

v
t+1, vt, rt, r̃t,Θ)p(z̄ut+1)

∝ exp

(
−
X
′
t+1Σ−1Xt+1

2

)
1

θ
exp

(
−
z̄ut+1

θ

)
I(z̄ut+1>0)

∝ exp

(
−1

2

(
1 +

ψ2

η

)
X2

1,t+1 +
ψ

η
X1,t+1X2,t+1

)
exp

(
−
z̄ut+1

θ

)
I(z̄ut+1>0)

∝ exp

(
−

(z̄ut+1 −mt+1)2

2Mt+1

)
I(z̄ut+1>0),

where
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X1,t+1 =
yt+1 − µ0 − µr(rt − r̃t)− µvvt − z̄ut+1 + j̄dt+1z̄

d
t+1√

vt
,

X2,t+1 =
vt+1 − α− βvt − j̄vt+1z̄

v
t+1√

vt
.

Thus, the posterior distribution for z̄ut+1 is the truncated normal distribution with the
parameters mt+1 (mean) and Mt+1 (variance):

Mt+1 =
vt(

1 + ψ2

η

) ,
mt+1 = (yt+1 − µ0 − µr(rt − r̃t)− µvvt + j̄dt+1z̄

d
t+1)

− ψ

(η + ψ2)
(vt+1 − α− βvt − j̄vt+1z̄

v
t+1)− Mt+1

θ
.

Correspondingly, p(z̄ut+1|j̄ut+1 = 0, θ) ∼ Exp(θ).

• Downward jumps in excess returns arrive with a time-varying intensity hdt = h0 +hrr̃t,
i.e., p(j̄dt+1 = 1) = hdt . The posterior distribution for the downward jump in excess
returns is the Bernoulli distribution with the success probability bd = p

p+q
, where

p = hdt exp

(
−
X
′
t+1Σ−1Xt+1

2

)
,

q = (1− hdt ) exp

(
−
Y
′
t+1Σ−1Yt+1

2

)
,

X1,t+1 =
yt+1 − µ0 − µr(rt − r̃t)− µvvt + z̄dt+1 − j̄ut+1z̄

u
t+1√

vt
,

Y1,t+1 =
yt+1 − µ0 − µr(rt − r̃t)− µvvt − j̄ut+1z̄

u
t+1√

vt
,

X2,t+1 = Y2,t+1 =
vt+1 − α− βvt − j̄vt+1z̄

v
t+1√

vt
,

and Σ denotes the variance-covariance matrix of Xt+1 = (X1,t+1 X2,t+1)
′

and Yt+1 =
(Y1,t+1 Y2,t+1)

′
.

• The prior distribution for the size of the downward jump in excess returns is the
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exponential distribution with mean θ. Note that

p(zdt+1|yt+1, vt+1, vt, z̄
u
t+1, z̄

v
t+1, j̄

u
t+1, j̄

d
t+1 = 1, j̄vt+1, rt, r̃t,Θ)

∝ p(yt+1, vt+1|z̄ut+1, z
d
t+1, z̄

v
t+1, j̄

u
t+1, j̄

d
t+1 = 1, j̄vt+1, vt, rt, r̃t,Θ)p(zdt+1)

∝ exp

(
−
X
′
t+1Σ−1Xt+1

2

)
1

θ
exp

(
−
zdt+1

θ

)
I(zdt+1>0)

∝ exp

(
−1

2

(
1 +

ψ2

η

)
X2

1,t+1 +
ψ

η
X1,t+1X2,t+1

)
exp

(
−
zdt+1

θ

)
I(zdt+1>0)

∝ exp

(
−

(zdt+1 −mt+1)2

2Mt+1

)
I(zdt+1>0),

where

X1,t+1 =
yt+1 − µ0 − µr(rt − r̃t)− µvvt + z̄dt+1 − j̄ut+1z̄

u
t+1√

vt
,

X2,t+1 =
vt+1 − α− βvt − j̄vt+1z̄

v
t+1√

vt
.

Thus, the posterior distribution for z̄dt+1 is the truncated normal distribution with the
parameters mt+1 (mean) and Mt+1 (variance):

Mt+1 =
vt(

1 + ψ2

η

) ,
mt+1 = −(yt+1 − µ0 − µr(rt − r̃t)− µvvt − j̄ut+1z̄

u
t+1)

+
ψ

(η + ψ2)
(vt+1 − α− βvt − j̄vt+1z̄

v
t+1)− Mt+1

θ
.

Correspondingly, p(z̄dt+1|j̄dt+1 = 0, θ) ∼ Exp(θ).

• To guarantee that the estimated variance is strictly positive, we draw it in logs: lvt =
log vt. The posterior distribution for the variance differs depending on whether IV
data are available (t > T2) or not (t ≤ T2).

If IV is not available, the posterior distribution for the spot variance is

p(lvt|vt−1, vt+1, j̄
u
t , j̄

u
t+1, j̄

d
t , j̄

d
t+1, j̄

v
t , j̄

v
t+1, z̄

u
t , z̄

u
t+1, z̄

d
t , z̄

d
t+1, z̄

v
t , z̄

v
t+1, rt−1, rt, r̃t−1, r̃t,Θ)

∝ exp

(
−1

2

(
ψ2

η
+ 1

)(
(yt+1 − µ0 − µr(rt − r̃t)− j̄ut+1z̄

u
t+1 + j̄dt+1z̄

d
t+1)2

exp (lvt)
+ µ2

v exp (lvt)

))
× exp

(
ψ

η
µvβ exp (lvt)

)
× exp

(
ψ

η

(
(yt+1 − µ0 − µr(rt − r̃t)− j̄ut+1z̄

u
t+1 + j̄dt+1z̄

d
t+1)(vt+1 − α− j̄vt+1z̄

v
t+1)

exp (lvt)

))
× exp

(
ψ

η

(yt − µ0 − µr(rt−1 − r̃t−1)− µvvt−1 − j̄ut z̄ut + j̄dt z̄
d
t ) exp (lvt)

vt−1

)
× exp

(
− 1

2η

(
(vt+1 − α− j̄vt+1z̄

v
t+1)2

exp (lvt)
+ β2 exp (lvt) +

v2
t − 2vt(α + βvt−1 + j̄vt z̄

v
t )

vt−1

))
.
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If IV is available, the posterior distribution for the spot variance is

p(lvt|IVt, vt−1, vt+1, j̄
u
t , j̄

u
t+1, j̄

d
t , j̄

d
t+1, j̄

v
t , j̄

v
t+1, z̄

u
t , z̄

u
t+1, z̄

d
t , z̄

d
t+1, z̄

v
t , z̄

v
t+1, rt−1, rt, r̃t−1, r̃t,Θ)

∝ exp

(
−1

2

(
ψ2

η
+ 1

)(
(yt+1 − µ0 − µr(rt − r̃t)− j̄ut+1z̄

u
t+1 + j̄dt+1z̄

d
t+1)2

exp (lvt)
+ µ2

v exp (lvt)

))
× exp

(
ψ

η
µvβ exp (lvt)

)
× exp

(
ψ

η

(
(yt+1 − µ0 − µr(rt − r̃t)− j̄ut+1z̄

u
t+1 + j̄dt+1z̄

d
t+1)(vt+1 − α− j̄vt+1z̄

v
t+1)

exp (lvt)

))
× exp

(
ψ

η

(yt − µ0 − µr(rt−1 − r̃t−1)− µvvt−1 − j̄ut z̄ut + j̄dt z̄
d
t ) exp (lvt)

vt−1

)
× exp

(
− 1

2η

(
(vt+1 − α− j̄vt+1z̄

v
t+1)2

exp (lvt)
+ β2 exp (lvt)

))
× exp

(
− 1

2η

(
exp (2lvt)− 2 exp (lvt)(α + βvt−1 + j̄vt z̄

v
t )

vt−1

))
× 1

vt
exp

(
−(IVt − αiv − βiv exp (lvt))

2

2σ2
ivλt exp (2lvt)

)
.

Thus, if implied variance is observed, the posterior distribution for the spot variance
has one additional component (the last multiplier).

IX Model diagnostics

The Bayesian MCMC approach provides output that is useful for the model diagnostics
purposes. In particular, we estimate a system

yt+1 = µ0 + µr(rt − r̃t) + µvvt + v
1/2
t wst+1 + z̄ut+1j̄

u
t+1 − z̄dt+1j̄

d
t+1,(30)

vt+1 = (1− ν)v + νvt + σvv
1/2
t wvt+1 + z̄vt+1j̄

v
t+1,

IVt = αiv + βivvt + σivvt
√
λtεt,(31)

and construct distributions for the residuals {ws,gt } and {εgt} (the superscript g stands for
a simulation path). Our model implies that the residuals from equations (30) and (31), wst
and εt, are iid standard normal, i.e., skewness=0, kurtosis=3, and no serial correlation.

For each g, we construct fitted residuals,

ŵs,gt+1 =
yt+1 − µ̂g0 − µ̂gr(rt − r̃t)− µ̂gvv̂tg − ˆ̄zu,gt+1

ˆ̄ju,gt+1 + ˆ̄zd,gt+1
ˆ̄jd,gt+1√

v̂it
,

ε̂gt+1 =
IVt − α̂giv − β̂

g
ivv̂

g
t

σ̂givv̂
g
t

√
λ̂gt

,
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and we compute their third and fourth moments, and autocorrelations: skew(ŵs,g), skew(ε̂g),
kurt(ŵs,g), kurt(ε̂g), autocorr(ŵs,g), and autocorr(ε̂g). Therefore, as a natural by-product
of our estimation, we have distributions of skewness, kurtosis, and autocorrelation for {ws}
and {ε}:

M = {skew(ws,g), kurt(ws,g), autocorr(ws,g), skew(εg), kurt(εg), autocorr(εg)}Gg=1,

where G is the number of executed simulations. Hence, we can easily construct confidence
intervals for these six components of M and check whether they contain skewness of zero,
kurtosis of 3, and serial correlation of zero.

One has to exhibit caution when interpreting the evidence on normality of ε. The variance
of the error term in the implied variance equation (29), σ2

ivv
2
t λt, is very flexible. If a model is

misspecified, λt will adjust so that the ε is close to a normal variable. Therefore, diagnostics
of ε are not enough. We should be tracking the size of the variance of the error term. A
better specified model should have smaller variance. We keep track of the time-series average
of this variance – which we refer to as IVvar – and report its posterior distribution. Similar
to other diagnostics, we store the whole distribution of {σ2,g

iv v
2,g
t λgt}Gg=1 and report its mean

and 95% confidence bound in the main text of the paper.

Tables 6 – 10 report the results. The diagnostics of residuals ws indicate that the major
improvement in moving from stochastic variance with jumps to the preferred model comes
from a statistically significant drop in kurtosis from roughly 4 to 3.5 across all currencies.
The absolute value of skewness of w experiences a significant drop for all currencies except for
GBP, where it was insignificantly different from zero in the model with stochastic variance
with jumps already. Serial correlation is slightly negative for all currencies except for GBP
(where it is zero in the model with stochastic variance with jumps already), and the change
from one model to another is insignificant. IV var does not change appreciably because
we did not change our model for variance. Bayes odds ratios strongly favor the preferred
model. In summary, the preferred model is clearly superior, but there are some residual
non-normalities left in the fitted shocks to exchange rates. We leave improvements to future
research.

X Bayes odds ratios

In Bayesian statistics, a common formal approach to model selection is a comparison of
the posterior model probabilities. If the prior model probabilities are uniformly distributed,
the posterior model probabilities collapse to the Bayes factor (for a detailed discussion, see
Gamerman and Lopes, 2006). The Bayes factor simplifies in the case of nested models with
similar priors for common parameters. It equals to the ratio of the posterior and the prior
under the encompassing model. This ratio is known as the Savage-Dickey density ratio
(Verdinelli and Wasserman, 1995).
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SV versus SVJ

In this section, we are evaluating two models: stochastic volatility model (SV)

yt+1 = µ0 + µr(rt − r̃t) + µvvt + v
1/2
t wst+1,

vt+1 = (1− ν)v + νvt + σvv
1/2
t wvt+1,

IVt = αiv + βivvt + σivvt
√
λtεt

and stochastic volatility model with jumps in variance (SVJ)

yt+1 = µ0 + µr(rt − r̃t) + µvvt + v
1/2
t wst+1,(32)

vt+1 = (1− ν)v + νvt + σvv
1/2
t wvt+1 + z̄vt+1j̄

v
t+1,(33)

IVt = αiv + βivvt + σivvt
√
λtεt.(34)

Let Ω denote the collection of the latent variables and parameters of the models, i.e., Ω =
{Θ, J̄v, Z̄v,Λ} (Λ = {λt}Tt=T2+1). We treat variance as observable in this case (this subsection
only). First, variance in the model with jumps in variance has an unknown unconditional
distribution. Second, in our model the intensity of the jumps in variance is governed by
the variance itself. These two observations mean that evaluation of the Bayes factor would
involve the use of an intractable distribution if variance is latent. We view this simplification
as reasonable because in order to estimate variance we use information embedded in ATM
options, i.e., implied variance tells us very accurately what the spot variance is.

We compare two nested models; if j̄vt = 0 for any t ∈ [1, T ] then the SVJ model is equivalent
to the SV model. Therefore, we have the following identity for predictive densities:

p(Y, IV |Ω, R, R̃, V, SV) = p(Y, IV |Ω, R, R̃, J̄v = 0, V, SVJ).

We make an additional assumption that models share the same prior distributions for the
common parameters, i.e, p(Ω|SV) = p(Ω|J̄v = 0, SVJ). Thereby, we work with the Bayes
factor in the form of the Savage-Dickey density ratio. We follow Eraker, Johannes, and
Polson (2003) to show this.

Start with the predictive density for the SV model and use two facts: (1) the SV model is
nested in the SVJ model, and (2) models have identical priors for the common parameters:

p(Y, IV |R, R̃, V, SV) =

∫
p(Y, IV |Ω, R, R̃, V, SV)p(Ω|SV )dΩ

=

∫
p(Y, IV |Ω, R, R̃, V, J̄v = 0, SVJ)p(Ω|SV)dΩ

=

∫
p(Y, IV |Ω, R, R̃, V, J̄v = 0, SVJ)p(Ω|J̄v = 0, SVJ)dΩ

= p(Y, IV |J̄v = 0, R, R̃, V, SVJ).
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The posterior odds ratio of the model SV to the model SVJ is

Odds(SV, SVJ) =
Pr(SV|Y, IV, V,R, R̃)

Pr(SVJ|Y, IV, V,R, R̃)
=

p(Y, IV |R, R̃, V, SV)

p(Y, IV |R, R̃, V, SVJ)

=
p(Y, IV |J̄v = 0, R, R̃, V, SVJ)

p(Y, IV |R, R̃, V, SVJ)
=
Pr(J̄v = 0|Y, IV,R, R̃, V, SVJ)

Pr(J̄v = 0|R, R̃, V, SVJ)
.

Consider the denominator. Let x = {hv0, hv} and X to be the domain of x.

Pr(J̄v = 0|R, R̃, V, SVJ) =

∫
x∈X

Pr(J̄v = 0|hv0, hv, V, SVJ)p(hv0, hv|SVJ)dx

=

∫
x∈X

T∏
t=1

(1− hv0 − hvvt−1)p(hv0, hv|SVJ)dx =

∫
x∈X

T∏
t=1

(1− hv0 − hvvt−1)p(hv0)p(hv)dx

=
1

K

K∑
k=1

(
T∏
t=1

(1− hv,k0 − hkvvt−1)

)
.(35)

Thereby, we evaluate a prior ordinate numerically by fixing a large number K, drawing
independently {hv,k0 }Kk=1 and {hkv}Kk=1 from the uniform distributions with domains [hv0, h

v

0]
and [hv, hv], respectively, and approximating the integral by a sum.

Consider the numerator

Pr(J̄v = 0|Y, IV,R, R̃, V, SVJ)

=

∫
x∈X

Pr(J̄v = 0|hv0, hv, V, Y, IV, SVJ)p(hv0, hv|Y, IV, V, SVJ)dx.(36)

Work with the second component in (36):

p(hv0, hv|Y, IV, V, SVJ) =

∫
J̄v

p(hv0, hv|J̄v, V, SVJ)p(J̄v|Y, IV )dJ̄v

=

∫
j̄v

(
T∏
t=1

(hv0 + hvvt−1)j̄
v
t (1− hv0 − hvvt−1)1−j̄vt /Cm

)
p(J̄v|Y, IV )dJ̄v.(37)

Cm is a normalization constant which guarantees that the first multiplier under the integral
in (35) is a density function:

Cm =

∫
x∈X

T∏
t=1

(hv0 + hvvt−1)j̄
v
t (1− hv0 − hvvt−1)1−j̄vt dx

≈ 1

K

K∑
k=1

T∏
t=1

(hv,k0 + hkvvt−1)j̄
v
t (1− hv,k0 − hkvvt−1)1−j̄vt .
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Component (37) becomes

p(hv0, hv|Y, IV, V, SVJ) =
1

M

M∑
m=1

T∏
t=1

(hv0 + hvvt−1)j̄
v,m
t (1− hv0 − hvvt−1)1−j̄v,mt /Cm.

Finally, we compute the posterior ordinate (36).

Pr(J̄v = 0|Y, IV,R, R̃, V, SVJ)

≈ 1

KM

K∑
k=1

(
T∏
t=1

(1− hv,k0 − hkvvt−1)

)
M∑
m=1

T∏
t=1

(hv,k0 + hkvvt−1)j̄
v,m
t (1− hv,k0 − hkvvt−1)1−j̄v,mt /Cm.

SVJ versus Preferred

In this section, we are working with the SVJ model (32)-(34) and our preferred model given
by

yt+1 = µ0 + µr(rt − r̃t) + µvvt + v
1/2
t wst+1 + z̄ut+1j̄

u
t+1 − z̄dt+1j̄

d
t+1,

vt+1 = (1− ν)v + νvt + σvv
1/2
t wvt+1 + z̄vt+1j̄

v
t+1,

IVt = αiv + βivvt + σivvt
√
λtεt.

Similar arguments tell us that the Bayes factor takes the form of the Savage-Dickey density
ratio if we assume identical priors for common parameters, i.e., p(Ω|SVJ) = p(Ω|J̄u = 0, J̄d =
0,Preferred). Note that Ω includes latent variables corresponding to jump times and jump
sizes in currency returns. Here we do not have to assume that variance is observable because
it cancels out in the final expression (see below). The posterior odds ratio of the model SVJ
to the model Preferred is

Odds(SVJ,Preferred) =
Pr(SVJ|Y, IV, V,R, R̃)

Pr(Preferred|Y, IV, V,R, R̃)

=
Pr(J̄u = 0, J̄d = 0|Y, IV,R, R̃, V,Preferred)

Pr(J̄u = 0, J̄d = 0|R, R̃, V,Preferred)
.(38)

We start with the denominator:

Pr(J̄u = 0, J̄d = 0|R, R̃, V,Preferred)

=

∫
x∈X

Pr(J̄u = 0, J̄d = 0|h0, hr, R, R̃,Preferred)p(h0, hr)dx

≈ 1

K

K∑
k=1

T∏
t=1

(1− hk0 − hkrrt−1)(1− hk0 − hkr r̃t−1).(39)

We denote x = (h0, hr) and X is the domain of x.
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For the numerator, we have

Pr(J̄u = 0, J̄d = 0|Y, IV,R, R̃, V,Preferred)(40)

=

∫
x∈X

Pr(J̄u = 0, J̄d = 0|h0, hr, R, R̃)p(h0, hr|Y, IV,R, R̃, V,Preferred)dx.

Work with the second component of (40):

p(h0, hr|Y, IV,R, R̃, V,Preferred)

=

∫
J̄u, J̄d

p(h0, hr|J̄u, J̄d, R, R̃,Preferred)p(J̄u, J̄d|Y, IV,Preferred)dJ̄udJ̄d

=

∫
J̄u, J̄d

p(h0, hr|J̄u, J̄d, R, R̃,Preferred)p(J̄u|Y )p(J̄d|Y )dJ̄udJ̄d.

We approximate p(J̄u|Y ) and p(J̄d|Y ) by using the MCMC draws for the jump times. There-
fore, to complete our derivation all we need is to evaluate the conditional joint density
function of the parameters of the jumps’ intensities:

p(h0, hr|J̄u, J̄d, R, R̃,Preferred)

=
T∏
t=1

(h0 + hrrt−1)j̄
u
t (h0 + hrr̃t−1)j̄

d
t (1− h0 − hrrt−1)1−j̄ut (1− h0 − hrr̃t−1)1−j̄dt /Cm,

where

Cm =

∫
x∈X

T∏
t=1

(h0 + hrrt−1)j̄
u
t (h0 + hrr̃t−1)j̄

d
t (1− h0 − hrrt−1)1−j̄ut (1− h0 − hrr̃t−1)1−j̄dt dx

=
1

K

K∑
k=1

T∏
t=1

(hk0 + hkrrt−1)j̄
u
t (hk0 + hkr r̃t−1)j̄

d
t (1− hk0 − hkrrt−1)1−j̄ut (1− hk0 − hkr r̃t−1)1−j̄dt .

Thereby,

p(h0, hr|Y, IV,R, R̃, V,Preferred)

≈ 1

M

M∑
m=1

T∏
t=1

(h0 + hrrt−1)j̄
u,m
t (h0 + hrr̃t−1)j̄

d,m
t (1− h0 − hrrt−1)1−j̄u,mt (1− h0 − hrr̃t−1)1−j̄d,mt /Cm.

The numerator in (38) is as follows

Pr(J̄u = 0, J̄d = 0|R, R̃, Y, IV, V,Preferred)

≈ 1

KM

K∑
k=1

T∏
t=1

(1− hk0 − hkrrt−1)(1− hk0 − hkr r̃t−1)

=
M∑
m=1

T∏
t=1

(hk0 + hkrrt−1)j̄
u,m
t (hk0 + hkr r̃t−1)j̄

d,m
t (1− hk0 − hkrrt−1)1−j̄u,mt (1− hk0 − hkr r̃t−1)1−j̄d,mt /Cm.

This completes our derivation.
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Table 6
Model diagnostics for AUD

SV (θ = 0, θv = 0) SVJ (θ = 0) Preferred

skewnessC -0.3080 -0.3074 -0.2004
(-0.3308, -0.2860) (-0.3304, -0.2855) (-0.2408, -0.1599)

kurtosisC 4.1472 4.0822 3.4892
(4.0677, 4.2366) (4.0006, 4.1810) (3.3802, 3.6055)

autocorrelationC -0.0281 -0.0271 -0.0324
(-0.0311, -0.0252) (-0.0303, -0.0241) (-0.0406, -0.0242)

skewnessIV 0.0402 0.0303 0.0310
(-0.0373, 0.1181) (-0.0466, 0.1070) (-0.0459, 0.1080)

kurtosisIV 3.0618 3.0385 3.0375
(2.9103, 3.2314) (2.8902, 3.2034) (2.8896, 3.2033)

autocorrelationIV 0.1043 0.0634 0.0637
(0.0749, 0.1336) (0.0331, 0.0937) (0.0334, 0.0940)

IV var 0.0064 0.0034 0.0034

(0.0041, 0.0122) (0.0021, 0.0070) (0.0021, 0.0070)

Notes. Posterior means and 95% credible intervals (reported in parentheses) for the residuals
from the currency return and from the IV equations. Superscript C stands for the residuals
from the currency return equation, superscript IV stands for the residuals from the IV
equation.
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Table 7
Model diagnostics for CHF

SV (θ = 0, θv = 0) SVJ (θ = 0) Preferred

skewnessC 0.1178 0.1282 0.0586
(0.0994, 0.1365) (0.1078, 0.1486) (0.0182, 0.0983)

kurtosisC 3.9497 3.9438 3.4333
(3.8825, 4.0198) (3.8919, 4.0011) (3.3373, 3.5405)

autocorrelationC -0.0203 -0.0198 -0.0272
(-0.0227, -0.0179) (-0.0226, -0.0170) (-0.0352, -0.0192)

skewnessIV 0.0224 0.0201 0.0210
(-0.0574, 0.1022) (-0.0585, 0.0985) (-0.0573, 0.0995)

kurtosisIV 3.0648 3.0399 3.0406
(2.9091, 3.2378) (2.8887, 3.2097) (2.8890, 3.2094)

autocorrelationIV 0.0777 0.0565 0.0564
(0.0459, 0.1094) (0.0247, 0.0883) (0.0246, 0.0881)

IV var 0.0010 0.0006 0.0006

(0.0007, 0.0017) (0.0004, 0.0011) (0.0004, 0.0011)

Notes. Posterior means and 95% credible intervals (reported in parentheses) for the residuals
from the currency return and from the IV equations. Superscript C stands for the residuals
from the currency return equation, superscript IV stands for the residuals from the IV
equation.
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Table 8
Model diagnostics for GBP

SV (θ = 0, θv = 0) SVJ (θ = 0) Preferred

skewnessC -0.0407 -0.0211 -0.0232
(-0.0606, -0.0202) (-0.0436, 0.0012) (-0.0609, 0.0143)

kurtosisC 3.9181 3.8540 3.4947
(3.8427, 4.0061) (3.7784, 3.9423) (3.4006, 3.5969)

autocorrelationC 0.0009 0.0006 -0.0027
(-0.0024, 0.0040) (-0.0038, 0.0047) (-0.0094, 0.0037)

skewnessIV 0.0352 0.0212 0.0215
(-0.0443, 0.1146) (-0.0565, 0.0995) (-0.0568, 0.0998)

kurtosisIV 3.0710 3.0293 3.0296
(2.9160, 3.2461) (2.8798, 3.1972) (2.8786, 3.1977)

autocorrelationIV 0.0791 0.0510 0.0510
(0.0483, 0.1096) (0.0204, 0.0814) (0.0204, 0.0815)

IV var 0.0011 0.0004 0.0004

(0.0007, 0.0019) (0.0003, 0.0008) (0.0003, 0.0008)

Notes. Posterior means and 95% credible intervals (reported in parentheses) for the residuals
from the currency return and from the IV equations. Superscript C stands for the residuals
from the currency return equation, superscript IV stands for the residuals from the IV
equation.
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Table 9
Model diagnostics for JPY

SV (θ = 0, θv = 0) SVJ (θ = 0) Preferred

skewnessC 0.3348 0.3360 0.1298
(0.3060, 0.3650) (0.3038, 0.3668) (0.0799, 0.1800)

kurtosisC 4.8254 4.7148 3.6054
(4.7109, 4.9645) (4.5982, 4.8361) (3.4829, 3.7445)

autocorrelationC -0.0146 -0.0140 -0.0221
(-0.0176 -0.0116) (-0.0174, -0.0108) (-0.0312, -0.0131)

skewnessIV 0.0568 0.0278 0.0311
(-0.0210, 0.1349) (-0.0495, 0.1054) (-0.0465, 0.1087)

kurtosisIV 3.0707 3.0430 3.0423
(2.9175, 3.2420) (2.8940, 3.2100) (2.8923, 3.2098)

autocorrelationIV 0.1042 0.0758 0.0768
(0.0733, 0.1349) (0.0443, 0.1070) (0.0453, 0.1083)

IV var 0.0061 0.0029 0.0037

(0.0036, 0.0125) (0.0017, 0.0059) (0.0021, 0.0078)

Notes. Posterior means and 95% credible intervals (reported in parentheses) for the residuals
from the currency return and from the IV equations. Superscript C stands for the residuals
from the currency return equation, superscript IV stands for the residuals from the IV
equation.
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Table 10
Model diagnostics for Currency Index

SV (θ = 0, θv = 0) SVJ (θ = 0) Preferred

skewnessC 0.0144 0.0222 0.0049
(-0.0053, 0.0342) (0.0032, 0.0456) (-0.0292, 0.0389)

kurtosisC 3.6921 3.6386 3.4022
(3.6292, 3.7611) (3.5790, 3.7057) (3.3053, 3.5100)

autocorrelationC 0.0020 0.0005 -0.0081
(-0.0010, 0.0049) (-0.0027, 0.0041) (-0.0155, -0.0012)

skewnessIV 0.0220 0.0212 0.0153
(-0.0729, 0.1173) (-0.0743, 0.1169) (-0.0794, 0.1097)

kurtosisIV 3.0422 3.0419 3.0206
(2.8601, 3.2515) (2.8598, 3.2506) (2.8423, 3.2248)

autocorrelationIV 0.0604 0.0508 0.0499
(0.0240, 0.0966) (0.0141, 0.0873) (0.0138, 0.0859)

IV var 0.0518 0.0388 0.0239

(0.0304, 0.1077) (0.0229, 0.0810) (0.0155, 0.0416)

Notes. Posterior means and 95% credible intervals (reported in parentheses) for the residuals
from the currency return and from the IV equations. Superscript C stands for the residuals
from the currency return equation, superscript IV stands for the residuals from the IV
equation.
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