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Appendix B. Calculations

Derivation of the formula for E1/2(T, a) in Proposition 2. The derivation in

cases T = ∞, a > 0 and T ∈ (0,∞), a = 0 is straightforward using Eq. (13)

and Eq. (12) respectively. Till this end assume that a 6= 0 and T ∈ (0,∞). We

have

P(τ(T, a) ∈ dt) =

(
e−a

2t/2

√
πt
− a√

2
erfc

(
a
√
t√

2

))(
e−a

2(T−t)/2√
π(T − t)

+
a√
2

erfc

(
−a
√
T − t√

2

))
,

see e.g. 2.1.12.4 in [2]. We now have

E1/2(T, a) =

∫ T

0
tP(τ(T, a) ∈ dt)dt

= T

∫ 1

0
t

(
e−u

2t

√
πt
− u erfc(u

√
t)

)(
e−u

2(1−t)√
π(1− t)

+ u erfc(−u
√

1− t)

)
dt,

where we substituted t = tT and put u := a
√
T/2. Now, we have

E1/2(T, a) = T ·

(
e−u

2

π
· J1 +

u√
π
· (J2(u)− J3(u))− u2J4(u)

)
, (38)

where

J1 :=

∫ 1

0

√
t

1− t
dt =

π

2
, J2(u) :=

∫ 1

0

√
te−u

2t erfc(−u
√

1− t)dt,

J3(u) :=

∫ 1

0

t√
1− t

e−u
2(1−t) erfc(u

√
t)dt, J4(u) :=

∫ 1

0
t erfc(u

√
t) erfc(−u

√
1− t)dt.
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2 K. BISEWSKI

Using the fact that erfc(−z) = 2− erfc(z) and applying substitution t = 1− t,

we obtain

J2(u) = 2

∫ 1

0

√
te−u

2tdt−
∫ 1

0

√
1− te−u2(1−t) erfc(u

√
t)dt.

In the following, let

J5(u) :=

∫ 1

0

√
te−u

2tdt =

√
π erf(u)− 2ue−u

2

2u3
, J6(u) :=

∫ 1

0

e−u
2(1−t)

√
1− t

erfc(u
√
t)dt,

where the first integral can be calculated using substitution t = x2. Then

J2(u) = 2J5(u)−
∫ 1

0

1− t√
1− t

e−u
2(1−t) erfc(u

√
t)dt

= 2J5(u) + J3(u)− J6(u).

Now, applying substitution t = x2/u2 and formula [3, 4.3.20] we obtain

J6(u) = u−1e−u
2

∫ u

0

2xex
2

√
u2 − x2

erfc(ux)dt =

√
π

u
·
(
e−u

2 − erfc(u)
)
.

Further, using integration by parts we obtain

J3(u) =
−2ue−u

2(1−t)√1− t+
√
π(1− 2u2) erf(u

√
1− t)

2u3
· erfc(u

√
t)

∣∣∣∣1
0

+

∫ 1

0

−2ue−u
2(1−t)√1− t+

√
π(1− 2u2) erf(u

√
1− t)

2u3
· ue

−u2t

√
πt

dt.

In the following let

J7(u) :=

∫ 1

0

e−u
2t

√
t

dt =

√
π erf(u)

u
,

which can be easily calculated using substitution t = x2. Then

J3(u) =
2ue−u

2 −
√
π(1− 2u2) erf(u)

2u3
− e−u

2

u
√
π
· J1 +

(
1

2u2 − 1
)

(J7(u)− J6(u))

and therefore

J3(u) =
e−u

2

2u3

(
2u−

√
π(1− u2)− eu2√

π(2u2 − 1) erfc(u)
)

J2(u) =
e−u

2

2u3

(
−2u−

√
π(1 + u2) + eu

2√
π(1 + erf(u))

)
.

(39)
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In the following, let

J8(u) :=

∫ 1

0
t erfc(u

√
t)dt =

1

8

(
4− 2e−u

2

(3 + 2u2)√
πu3

+

(
3

u4
− 4

)
erf(u)

)
,

J9(u) :=

∫ 1

0
t erfc(u

√
t) erfc(−u

√
1− t)dt,

where the first integral was calculated using integration by parts. Using the

identity erfc(−z) = 2− erfc(z) we find that

J4(u) = 2J8(u)− J9(u).

We will now find the value of the integral J9(u). See that After applying

substitution t = 1− t we obtain

2J9(u) =

∫ 1

0
t erfc(u

√
t) erfc(u

√
1− t)dt+

∫ 1

0
(1− t) erfc(u

√
t) erfc(u

√
1− t)dt

=

∫ 1

0
erfc(u

√
t) erfc(u

√
1− t)dt.

After integration by parts we find that

2J9(u) =

(
erf(u

√
t)

2u2
+ t erfc(u

√
t)−

√
te−u

2t

√
πu

)
· erfc(u

√
1− t)

∣∣∣∣∣
1

0

−
∫ 1

0

(
erf(u

√
t)

2u2
+ t erfc(u

√
t)−

√
te−u

2t

√
πu

)
· ue

−u2(1−t)√
π(1− t)

dt,

therefore

2J9(u) =

(
erf(u)

2u2
+ erfc(u)− e−u

2

√
πu

)
− 1

2
√
πu

(J7(u)− J6(u))− u√
π
· J3(u) +

e−u
2

π
· J1.

After simple algebraic manipulations this yields

J4(u) =
3− e−u2

(
2u2 + 6u√

π

)
+ (2u2 − 3) erfc(u)

4u4
. (40)

Finally, after plugging in the expressions for J2(u), J3(u) and J4(u) calculated

in (39) and (40) into Eq. (38) we obtain

E1/2(T, a) =
T

2

(
1 +

(
1

2u2
− 1

)
erf(u)− e−u

2

√
πu

)
,

which concludes the proof. �
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Continuation of the proof of Lemma 1. First we show that

IH(t, y) =
tH+1/2

√
2πy

∫ ∞
0

∫ ∞
0

qH−3/2x2

(1 + q)H+3/2
·

[
e
−1
2

(
x−y

√
q(s)

t

)2

− e
−1
2

(
x+y

√
q(s)

t

)2]
dxdq,

(41)

where q(s) = s/(1 − s), which generalizes [1, Proposition 2.1] in case H = 1
2 .

From (41) we have

IH(t, y) =
t3/2

y

∫ t

0

∫ ∞
0

x2

s3−H
√

2π(t− s)
e−

x2

2s
+ y2

2t ·
[
e
− (x−y)2

2(t−s) − e−
(x+y)2

2(t−s)

]
dxds

=
t3/2√
2πy

∫ t

0

∫ ∞
0

x2

s3−H
√
t− s

·
[
e
−1
2

(
x
σ0
−yµ0

)2
− e−

1
2

(
x
σ0

+yµ0

)2]
dxds,

where µ20 := s
(t−s)t , and σ20 := (t−s)s

t . We now apply substitution x := σ0x, then

s := ts, which gives us

IH(t, y) =
tH+1/2

√
2πy

∫ 1

0

∫ ∞
0

(1− s)x2

s3/2−H
·

[
e
−1
2

(
x−y

√
q(s)

t

)2

− e
−1
2

(
x+y

√
q(s)

t

)2]
dxds,

which after substitution q = s/(1− s) yields (41). Using [1, Eq. (D.2)] we find

that for any b ∈ R:∫ ∞
0

x2
(
e−

(x−b)2

2 − e−
(x+b)2

2

)
dx = 2be−b

2/2 + (1 + b2)
√

2π · erf(b/
√

2).

Therefore,

IH(t, y) =
tH+1/2

√
πy

(J1(H,u) + J2(H,u) + J3(H,u)),

where we put u := y√
2t

and

J1(H,u) :=

∫ ∞
0

qH−3/2

(1 + q)H+3/2
· 2u√qe−uqdq,

J2(H,u) :=

∫ ∞
0

qH−3/2

(1 + q)H+3/2
·
√
π erf(u

√
q)dq

J3(H,u) :=

∫ ∞
0

qH−3/2

(1 + q)H+3/2
· 2u2q2

√
π erf(u

√
q)dq

Using (28) we find that

J1(H,u) = 2uΓ(H)U(H,−1
2 , u

2).
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Integration by parts yields

J2(H,u) =

√
π(2 + 4H + 4q)qH−

1
2

(4H2 − 1)(1 + q)H+1/2
· erf(u

√
q)

∣∣∣∣∞
0

−
∫ ∞
0

√
π(2 + 4H + 4q)qH−

1
2

(4H2 − 1)(1 + q)H+1/2
· ue

−u2q

√
πq

dq

and after applying (28) we find that

J2(H,u) =

√
π

H2 − 1
4

−
uΓ(H)U(H, 12 , u

2)

H − 1
2

−
uΓ(H)U(1 +H, 32 , u

2)

H2 − 1
4

.

The integral J3(H,u) is computed analogously to J2(H,u) and it equals

J3(u,H) =
2
√
πu2

H + 1
2

−
2u3Γ(1 +H)U(1 +H, 32 , u

2)

H + 1
2

.

Now, after simple algebraic manipulations we obtain

J1(H,u) + J2(H,u) + J3(H,u) =

√
π

H2 − 1
4

(
1− Γ(H)√

π
J4(H,u)

)
+

2
√
πu2

H + 1
2

,

where

J4(H,u) = −2u(H2 − 1
4)U(H,−1

2 , u
2) + u(H + 1

2)U(H, 12 , u
2)

+ uHU(H + 1, 32 , u
2) + 2u3(H − 1

2)HU(H + 1, 32 , u
2).

Applying the relation (31) to the last term above we obtain

J4(H,u) = −2u(H2 − 1
4)
(
U(H,−1

2 , u
2) +HU(H + 1, 12 , u

2
)

+ u(H + 1
2)U(H, 12 , u

2)

+ uHU(H + 1, 32 , u
2) + 2u(H − 1

2)HU(H, 12 , u
2).

Applying the relation (32) to the first and third terms above we obtain

J4(H,u) = uU(H, 32 , u
2) = U(H − 1

2 ,
1
2 , u

2),

where in the last equality we applied the Kummer’s transformation (30). This

concludes the proof. �

Lemma 4. If H ∈ (0, 12) ∪ (12 , 1) and u ∈ R, then∫ ∞
0

U(H − 1
2 ,

1
2 , z

2)e−(z+u)
2

dz

=

√
πe−u

2

2Γ(H + 1
2)

+

√
π|u|1−2H

2

(
γ(H + 1

2 , u
2)

Γ(H + 1
2)
− sgn(u)

γ(H,u2)

Γ(H)

)
.
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Proof of Lemma 4. Using (29) we find that U(H − 1
2 ,

1
2 , z

2) = zU(H, 32 , z
2)

therefore, using (28) we have

A(u,H) :=

∫ ∞
0

U(H − 1
2 ,

1
2 , z

2)e−(z+u)
2

dz

=
1

Γ(H)

∫ ∞
0

tH−1(1 + t)1/2−H
∫ ∞
0

ze−(z+u)
2

e−z
2tdzdt

=
e−u

2

Γ(H)

∫ ∞
0

tH−1(1 + t)1/2−H
∫ ∞
0

ze−z
2(1+t)−2zudzdt

=
e−u

2

Γ(H)

∫ ∞
0

tH−1(1 + t)1/2−H ·
√

1 + t−
√
πueu

2/(1+t) erfc(u/
√

1 + t)

2(1 + t)3/2
dt

After substitution s = 1
1+t we obtain

A(u,H) =
e−u

2

2Γ(H)
(J1(u,H)− J2(u,H) + J3(u,H)) ,

where

J1(u,H) :=

∫ 1

0
s−1/2(1− s)H−1ds,

J2(u,H) :=
√
πu

∫ 1

0
(1− s)H−1eu2sds,

J3(u,H) :=
√
πu

∫ 1

0
(1− s)H−1eu2s erf(u

√
z)ds.

Now, J1(u,H) can be easily found from the definition of the Beta function,

while J2(u,H) can be found using (27), hence

J1(u,H) =

√
πΓ(H)

Γ(H + 1
2)
, J2(u,H) =

√
πuΓ(H)

Γ(H + 1)
1F1(1, H + 1, u2).

The integral J3(u,H) is now computed using the error function representation

from (37) and the result in (36), i.e.

J3(u,H) = 2u2
∫ 1

0
s1/2(1− s)H−11F1(

1
2 ,

3
2 , u

2s)ds

= 2u2 ·
Γ(32)Γ(H)

Γ(H + 3
2)

1F1(1, H + 3
2 , u

2).
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Finally, using (36) we obtain

A(u,H) =

√
π

2

(
e−u

2

Γ(H + 1
2)
− ue−u

2

Γ(H + 1)
1F1(1, H + 1, u2) +

u2e−u
2

Γ(H + 3
2)

1F1(1, H + 3
2 , u

2)

)

=

√
π

2

(
e−u

2

Γ(H + 1
2)
− u|u|−2Hγ(H,u2)

Γ(H)
+
|u|−2H+1γ(H + 1

2 , u
2)

Γ(H + 1
2)

)
,

which ends the proof. �

Proof of Eq. (22). Recall that H ∈ (0, 12)∪ (12 , 1), a 6= 0 and T ∈ (0,∞). We

will first show that

J (1)
H (T, a) := E

(
τH−

1
2

(
Y (τ) + aτ − τ

Y (τ)

))
= 0. (42)

The joint density p(t, y; a, T ) of the pair (τ, Y (τ)) is well-known, see (12) in

Section 2.2. We have p(t, y;T, a) = p1(t, y;T, a)p2(t;T, a), where

p1(t, y;T, a) := yt−3/2 exp
{
− (y+ta)2

2t

}
p2(t;T, a) :=

1

π
√
T − t

·
(
e−a

2(T−t)/2 + a

√
π(T−t)

2 erfc
(
− a
√

T−t
2

))
,

hence

J (1)
H (T, a) =

∫ t

0

∫ ∞
0

tH−1/2(y + at− t
y )p(t, y; a, T )dydt

=

∫ t

0
tH−2p2(t;T, a)

∫ ∞
0

(y2 + aty − t) exp

{
−(y + at)2

2t

}
dydt

=

∫ t

0
tH−1/2p2(t;T, a)

∫ ∞
a
√
t
(z2 − a

√
tz − 1) exp

{
−z

2

2

}
dzdt,

where in the last line we substituted z := y+at√
t

. It can be seen that the definite

integral with respect to z equals to 0 because for every u ∈ R we have∫ ∞
u

z2e−
z2

2 dz = ue−
u2

2 +
√

π
2 erfc

(
u√
2

)
,

∫ ∞
u

e−
z2

2 dz = ue−
u2

2 ,∫ ∞
u

z2e−
z2

2 dz =
√

π
2 erfc

(
u√
2

)
.

We have established that Eq. (42) holds and therefore it is left to calculate the

integral

J (2)
H (T, a) =

Γ(H)

(H + 1
2)
√
π

∫ t

0
tH−1p2(t;T, a)

∫ ∞
0

U
(
H − 1

2 ,
1
2 ,

y2

2t

)
exp

{
−(y + at)2

2t

}
dydt.
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Consider the innermost integral. After substituting y = z
√

2t we find that∫ ∞
0

U
(
H − 1

2 ,
1
2 ,

y2

2t

)
e−

(y+at)2

2t dy =
√

2t

∫ ∞
0

U
(
H − 1

2 ,
1
2 , z

2
)
e−(z+a

√
t/2)2dz.

Using Lemma 4 we obtain

J (2)
H (T, a) =

2H |a|−2HΓ(H)√
2π(H + 1

2)

(
J1(T, a) + J2(T, a)− J3(T, a)

)
, (43)

where

J1(T, a) :=

√
π2−H |a|2H

Γ(H + 1
2)

∫ T

0
p2(t;T, a)tH−1/2e−

a2t
2 dt,

J2(T, a) :=

√
π|a|√

2Γ(H + 1
2)

∫ T

0
p2(t;T, a)γ(H + 1

2 ,
a2t
2 )dt,

J3(T, a) :=

√
πa√

2Γ(H)

∫ T

0
p2(t;T, a)γ(H, a

2t
2 )dt.

It is left to calculate each of the integrals above. Using substitution t = tT and

putting u := a
√
T/2 we can find that

J1(T, a) =
|u|2H

uΓ(H + 1
2)

∫ 1

0

(
ue−u

2(1−t)√
π(1− t)

+ u2 erfc(−u
√

1− t)

)
tH−1/2e−u

2tdt,

J2(T, a) =
sgn(u)

Γ(H + 1
2)

∫ 1

0

(
ue−u

2(1−t)√
π(1− t)

+ u2 erfc
(
− u
√

1− t
))

γ(H + 1
2 , u

2t)dt,

J3(T, a) =
1

Γ(H)

∫ 1

0

(
ue−u

2(1−t)√
π(1− t)

+ u2 erfc
(
− u
√

1− t
))

γ(H,u2t)dt.

Let us define:

f(t;u) := − erfc(−u
√

1− t), g(t;u,H) := −|u|−2H−1Γ(H + 1
2 , u

2t).

Slightly abusing notation, for breviety we write f(t) := f(t;u) and g(t) :=

g(t;u,H). We then have

f ′(t) =
ue−u

2(1−t)√
π(1− t)

, g′(t) = tH−1/2e−u
2t,
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and the quantities Ji(T, a), i ∈ {1, 2, 3} can be expressed as

J1(T, a) =
|u|2H

uΓ(H + 1
2)

∫ 1

0

(
f ′(t)− u2f(t)

)
g′(t)dt,

J2(T, a) =
1

Γ(H + 1
2)

∫ 1

0

(
f ′(t)− u2f(t)

)
γ(H + 1

2 , u
2t)dt,

J3(T, a) =
1

Γ(H)

∫ 1

0

(
f ′(t)− u2f(t)

)
γ(H,u2t)dt.

Before we calculate the values of Ji(T, a) we introduce two useful functions, for

s > 0, u ∈ R:

h1(u, s) :=

∫ 1

0
f ′(t)γ(s, u2t)dt = sgn(u) ·

Γ(s)γ(s+ 1
2 , u

2)

Γ(s+ 1
2)

,

h2(u, s) :=

∫ 1

0
(1− t)f ′(t)γ(s, u2t)dt = sgn(u) ·

Γ(s)γ(s+ 3
2 , u

2)

2u2Γ(s+ 3
2)

.

The values of these functions were found by applying relation (36) and finding

the value of the integral using (33). Now, integration by parts yields

J1(T, a) =
|u|2He−u2

Γ(H + 1)
+

u|u|2H

Γ(H + 1
2)
·

(
f(t)g(t)

∣∣∣∣1
0

−
∫ 1

0
f ′(t)g(t)dt

)

=
|u|2He−u2

Γ(H + 1)
+

sgn(u)

Γ(H + 1
2)

(
γ(H + 1

2 , u
2) + h1(u,H + 1

2)
)

=
γ(H,u2)

Γ(H)
− γ(H + 1, u2)

Γ(H + 1)
+

sgn(u)

Γ(H + 1
2)

(
γ(H + 1

2 , u
2) + h1(u,H + 1

2)
)
,

where in the last line we used the recurrence relation for the incomplete Gamma

function in Eq. (35). Now, notice that for any s > 0, u ∈ R:∫
γ(s, u2t)dt = tγ(s, u2t) + u−2Γ(s+ 1, u2t) + C.

Therefore, integration by parts yields∫ 1

0
f(t)γ(s, u2t)dt = −γ(s, u2)−

∫ 1

0
tf ′(t)γ(s, u2t) + u−2

∫ 1

0
f ′(t)γ(s+ 1, u2t))dt

= −γ(s, u2) + h2(u, s)− h1(u, s) + u−2h1(u, s+ 1).
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Finally, this gives us

J2(T, a) =
sgn(u)

Γ(H + 1
2)

(
(1 + u2)h1(u,H + 1

2) + u2γ(H + 1
2 , u

2)− u2h2(u,H + 1
2)

− γ(H + 3
2)− h1(u,H + 3

2)

)
.

Using analogous methods, we find that

J3(T, a) =
1

Γ(H)

(
(1+u2)h1(u,H)+u2γ(H,u2)−u2h2(u,H)−γ(H+1, u2)−h1(u,H+1)

)
.

Through straightforward algebraic manipulations and applying simple recur-

rence relation (35), we finally obtain

J1(T, a) + J2(T, a)− J3(T, a) =
γ(H,u2)

Γ(H)
,

which concludes the proof. �
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