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The Model

RG and CG are the radical and conservative group. The game proceeds as follows: RG decides whether or not to submit a proposal at P1 ∈ R (i.e. on the real number line). If RG makes a proposal, CG decides whether or not to submit a counter-proposal at P2 ∈ R. If there is a proposal, the voters vote. If there is one proposal, the outcome is decided by majority rule, with P1 beating the status quo SQ = 0 if there is an even split. If there are two proposals, the outcome is SQ if neither gain 50 per cent of the electorate, P1  (P2) if only P1 (P2) gets 50 per cent or more votes, and whichever of P1 or P2 gets more votes if both get 50 per cent or more. If both have equal majorities, P2 is the outcome. 

Call the outcome W ∈ R. Then utility for RG is URG = W. Similarly, CG’s utility function is  UCG = – W.
 For both groups, we ignore obviously dominated choices such as P1 < SQ or P2 > P1. We also assume that if either group cannot improve its utility by passing a proposal, it does not submit one.
Voters have ideal points distributed over the real line, which are common knowledge. Voter utility declines symmetrically and strictly from the voter’s ideal point. Thus, for a voter with ideal point X and utility function U(.), |A – X| > |B – X| if and only if U(A) < U(B). For simplicity, we assume a continuous distribution of voter ideal points with a density function which is strictly positive at all points of the real line, i.e. there are some voters everywhere. (It would make no difference if the distribution were positive only at an interval strictly containing [SQ, MV′].) Call N(a,b) the proportion of voters in the interval [a,b]. MV is the median voter ideal point: N(–∞, MV)  =  ½. We assume without loss of generality that MV > SQ = 0. MV' is the median voter’s indifference point to the status quo: MV' = 2MV.
Individual voters are not players, as their choices are not strategic. Instead, we model two separate assumptions. 
Naïve Voters
In this case, for any voter V with ideal point  X, V votes for Pi if and only if UV(Pi) ≥ UV(SQ) and UV(Pi) > UV(Pj), i ∈ {1,2}, j=3–i.
PROPOSITION 1: if voters are naïve, no change from the status quo occurs when counter-proposals are possible.

PROOF: Suppose that P1 will pass if unopposed. Thus  P1 ≤ MV'. 

Let MVS be the ideal point of the median voter in the subgroup of voters to the right of SQ, so that N(SQ,MVS) = N(MVS, ∞). Note that as N(–∞, SQ) > 0, MVS > MV, and as N(MV,MVS) > 0, N(MVS, ∞) < N(MV, ∞) = ½. 

Suppose P1 = MVS. Then choose P2 = P1. If so, by our conditions for voting, neither proposition gathers any votes. (Alternatively, if half the voters in (SQ,∞) were to vote for each proposition, then by our electoral rules both would fail. Even if voters could co-ordinate on a proposition in this case, a P2 arbitrarily close to P1 would ensure that both failed as N(P1  + P2/2, ∞) → N(MVS, ∞) <  ½. )

Suppose P1 ≠ MVS. Choose P2 such that |P2  – MVS| = |P1  – MVS| and P2 ≠ P1. Either P2 > MVS > P1, in which case P2 > SQ, or P2 < MVS < P1. Then, as in the main text:  P1 ≤ MV' = MV + (MV – SQ) = 2MV – SQ; if P2  < P1 , then P2 = MVS – (P1 – MVS) = 2MVS – P1; hence P2  ≥  2MVS  – (2MV – SQ) = 2(MVS – MV) + SQ, and as MVS > MV, P2 > SQ.

Let PL be min(P1, P2) and PH be max(P1, P2). Only voters with ideal points in (MVS, ∞) vote for PH and as N(MVS, ∞) < ½, PH fails. Only voters in ((SQ + PL)/2, PL) vote for PL and as N((SQ + PL)/2, PL) < N(SQ, MVS) = N(MVS, ∞) < ½, PL also fails. Thus the outcome is SQ.

As any P1 > SQ will result in a counter-proposal splitting the voters and ensuring SQ is the result, neither group submits a proposal and SQ remains in place.
QED
Sophisticated Voters
In the case of sophisticated bloc voting, the four blocs of voters who share ordinal preferences over outcomes co-ordinate their votes as unitary actors. Let c = N(–∞, (SQ+P2)/2), m = N((SQ + P2)/2,(SQ + P1)/2), p = N((SQ + P1)/2,(P1 + P2)/2 ) and r = N((P1 + P2)/2, ∞) denote the number of voters in each bloc.

PROPOSITION 2: when voters are sophisticated and counter-proposals are possible, the outcome of a direct democratic campaign will be strictly closer to the median voter’s ideal point than the status quo.

PROOF: Each bloc has four strategies (YY, YN, NY and NN). This complicates the outcome space. We simplify as follows: first, if any bloc contains more than half of the electorate, it simply votes for its most preferred outcome. Secondly, voting for a proposition always makes it more likely to pass, and more likely to beat any other proposition. Therefore, if a bloc’s preferences over a proposition’s passing are not dependent on the outcome of the vote on the other proposition, it always makes sense to vote accordingly (other strategies are weakly dominated). In particular, moderates always vote NY. Other groups have the following non-dominated strategy sets: conservatives NY and NN; progressives YN and YY; radicals YN and YY. In other words, conservatives always vote ‘No’ on the original measure and radicals always vote ‘Yes’.
Finally, if m + p ≥ c + r, the outcome is P2: moderates will always vote NY, so progressives can achieve P2, their preferred outcome, by voting NY as well, regardless of other groups.

We are now left with 2 x 2 x 2 = 8 possible strategy profiles, and with a limited subset of population profiles such that any three groups will always beat the remaining group, and c +r > m + p. The three possible resulting games are shown separately in Table A1, with Nash equilibria shaded.
TABLE A1 The Voting Game with Blocs of Sophisticated Voters
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Note: Moderates always vote NY. Shaded cells are Nash equilibria. Lighter-shaded equilibria 
do not survive iterated elimination of dominated strategies.
The outcomes are fairly simple: P2 wins, if the radicals on their own do not outweigh conservatives and moderates. If radicals outweigh conservatives and moderates (r > c + m), then both P1 and P2 are Nash outcomes, but only P1 remains after iterated elimination of weakly dominated strategies.
 This prediction depends on conservatives preferring a strategy based on the potential outcome SQ, which never occurs in equilibrium. It is perhaps more realistic to view the different Nash equilibria as the result of different coalitions of voting blocs: a moderate–progressive coalition leads to P2 while a progressive–radical coalition leads to P1. Suppose P2 is the outcome when r > c + m. Then, as P2 will pass whenever radicals are less than a majority, any P1 > MV will be vulnerable to a successful counter-proposal P2 = MV – (P1 – MV) + ε < MV, while P1 = MV will pass. Thus, RG will propose P1 = MV and the proposition holds. 

Suppose, by contrast, that P1 is the result when r  > c + m. By continuity of the distribution of voters, we have that c, m, p and r are continuous in the locations of P1 and P2, so long as SQ < P1 < P2.

Suppose P1 = MV′. Then, c + m = 1/2. Thus, any P2 > SQ will ensure r = N((P1 + P2)/2, ∞ )< N(MV, ∞)=1/2, hence r < c + m so that P2 passes. Suppose P1 = MV. Then, for any P2 <P1, r = N((P1 + P2)/2, ∞ )> N(MV, ∞) = 1/2 and so P1 will pass. By continuity of c, m, p and r, there must be some largest P1 ∈ (MV, MV′) such that no P2 < P1 will pass.  Formally, define f(P2;P1 ) = max{c + m – r, m + p – c – r} for SQ < P2 <P1 and f(SQ;P1) = lim x→SQ f(x;P1) and f(P1;P1) = lim x→P1 f(x;P1), these limits existing by continuity of f in (SQ, P1). Note that P2 is passable if and only if f(P2;P1) > 0. Then f is continuous on the closed interval [SQ, P1] and attains a maximum thereon by Weierstrass. Let g(P1)= maxSQ≤P2≤P1 f(P2;P1). By Berge’s maximum theorem, g is also continuous. I showed above that g(MV)<0 and g(MV′) > 0. Thus g(P1) = 0 for some values of P1 strictly between MV and MV′. The set {P1:g(P1) = 0} is closed by continuity of g and bounded, and therefore has a largest element. Call this element P1*. For any P1 > P1*, there is some P2 such that f(P2;P1 )> 0; by continuity of f this can always be made to be a P2 strictly between SQ and P1. 

To show that the radical group will choose P1*, we need to show that no P1 > P1* will generate a counter-proposal P2 > P1*. 
 CG will propose the leftmost counter-proposal that argument. Thus f(P2′;P1) > 0 but as P2′ < P1′ < P2 this contradicts the claim that P2 is the leftmost passable counterproposal.

Thus, in equilibrium the radical group chooses P1*∈ (MV , MV′) and this passes without generating a counter-initiative. This proves our claim, as P1* is closer to MV than SQ is.

QED
APPENDIX B: Summaries of Stage 1 Logits
	Case
	Dependent variable
	Independent variables
	N
	AIC

	1988
103 vs 104
	Yes vote on 103
	Liberalism, party, ethnicity, age, gender, education, marital status, income category, homeowner, full-time employed, supports funding OSHA, supports creating homeless fund.
	1008
	1346.2

	1990 
140 vs 131
	Yes vote on 140
	Liberalism, party, ethnicity, age, education, Protestant, religious attendee, marital status, income category, employment status, retired, rural/urban, unionized, believes ethics matter, in an uncontested seat, in an uncontested seat with incumbent of opposite party to respondent, opinion of Nader, vote for Wilson.
	2983
	3911.3

	1996 
216 vs 214
	Yes vote on 216
	Liberalism, party, ethnicity, age, gender, education, religion, marital status, income, employment status, opinion of Nader, support for government intervention.
	844
	1052.5

	2005 
79 vs 78
	Yes vote on 79
	Liberalism, party, ethnicity, age, education, income, unionized.
	1337
	1666.6


Notes: Weighted logits. Full results available from author on request.
� It would make no difference if CG had an ideal point lower than the status quo, or if RG had an ideal point above MV′. 


� If P1 > MV', then the median voter, and a fortiori the half of the electorate to the left of MV, will be closer to SQ than P1; furthermore, as there are voters with ideal points everywhere along the line, N(MV,(SQ + P1 )/2) > 0 and these voters are also closer to SQ than P1, giving a strict majority in favour of SQ.)


� Eliminate conservatives’ NY, then progressives’ NY and finally radicals’ YN. No other order of elimination leads to a different outcome.


� By definition of P1*, no P1 > P1* will pass on its own.





