
Applied Probability Trust (4 November 2022)

SUPPLEMENTARY MATERIAL: ON SPARSITY, POWER-LAW

AND CLUSTERING PROPERTIES OF GRAPHEX PROCESSES
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Appendix A. Proofs of secondary propositions for the variances and

clustering coefficients

A.1. Proof of Proposition ?? on var(Nα)

An application of the Slivnyak-Mecke and Campbell theorems gives

var(Nα) =E(Nα) + 2α2

∫ ∞

0
µ(x)(1−W (x, x))e−αµ(x)dx

+ α2

∫
R2

+

(eαν(x,y) − 1 +W (x, y))(1−W (x, x))(1−W (y, y))

× (1−W (x, y))e−αµ(x)−αµ(y)dxdy.

Using the inequality ex − 1 ≤ xex,

var(Nα) ≤ E(Nα) + 2α2

∫
R+

µ(x)e−αµ(x)dx

+ α2

∫
R2

+

e−αµ(x)−αµ(y)
{
eαν(x,y) − 1 +W (x, y)

}
dxdy

≤ E(Nα) + 2α2

∫
R+

µ(x)e−αµ(x)dx

+ α2

∫
R2

+

e−αµ(x)−αµ(y)
{
αν(x, y)eαν(x,y) +W (x, y)

}
dxdy

= E(Nα) + 2α2

∫
R+

µ(x)e−αµ(x)dx

+ α2

∫
R2

+

e−αµ(x)−αµ(y)W (x, y)dxdy

+

∞∑
k=1

α2+k

∫
R2

+

ν(x, y)ke−αµ(x)−αµ(y)dxdy.

Now, using Lemmas ?? and ??∫
R2

+

W (x, y)e−αµ(x)−αµ(y)dxdy ≤
∫
R+

µ(x)e−αµ(x)dx = O
(
ασ−1ℓσ(α)

)
.∫

R2
+

ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy = O
(
α2σ−2aℓ2σ(α)

)
.

It follows that var(Nα) = O(α3+2σ−2aℓσ(α)
2).

Assume Assumption ?? and ?? are satisfied, with a = 1. From the first part

of Proposition ??, we have the upper bound var(Nα) = O
(
α1+2σℓ2σ(α)

)
.
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We now derive a lower bound. If σ = 0, var(Nα) ≥ E(Nα) ≳ αℓ0(α), hence

var(Nα) ≍ αℓ(α). Consider now the case σ > 0. We have

var(Nα) ≥ α2

∫
R2

+

(eαν(x,y) − 1)(1−W (x, x))(1−W (y, y))(1−W (x, y))

× e−αµ(x)−αµ(y)dxdy

and using the inequality ex − 1 ≥ x and Assumption ??

var(Nα) ≥ α3

∫
R2

+

ν(x, y)(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)dxdy

≥ C0α
3

∫ ∞

x0

∫ ∞

x0

µ(x)µ(y)(1−W (x, x))(1−W (y, y))(1−W (x, y))

× e−αµ(x)−αµ(y)dxdy

Using Lemmas ?? and ??, we have∫ ∞

x0

∫ ∞

x0

µ(x)µ(y)(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)dxdy

∼
∫ ∞

0

∫ ∞

0
µ(x)µ(y)e−αµ(x)−αµ(y)dxdy =

(∫
R+

µ(x)e−αµ(x)dx

)2

∼ α2σ−2ℓ2σ(α).

It follows that, for σ > 0, var(Nα) ≳ α1+2σℓ2σ(α). Combining this with the

upper bound gives, for all σ ∈ [0, 1] var(Nα) ≍ α1+2σℓ2σ(α).

A.2. Proof of proposition ?? on var(Nα,j)

We have,

E(N2
α,j | M)− E(Nα,j | M)

=
∑
i1 ̸=i2

1θi1≤α1θi2≤αP

{∑
k

1θk≤αZi1k = j and
∑
k

1θk≤αZi2,k = j | M

}
.

=
∑

b∈{0,1}3

j∑
j1=0

∑
i1 ̸=i2

1θi1≤α1θi2≤α

× P

{∑
k

1θk≤αZi1k = j and
∑
k

1θk≤αZi2,k = j and
∑
k

1θk≤αZi1kZi2k = j − j1

and Zi1i1 = b11, Zi1i2 = b12, Zi2i2 = b22 | M}
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where b = (b11, b12, b22) ∈ {0, 1}3. Let A1, A2, A12 be disjoint subsets of

N\{i1, i2} such that |A12|+b12 = j−j1, |A1|+ |A1,2|+b11+b12 = |A2|+ |A1,2|+

b22+b12 = j respectively corresponding to the indices of nodes only connected to

node i1, only to node i2, or to both nodes (i1, i2). Let A = {i1, i2}∪A1∪A2∪A12.

We have

P

{∑
k

1θk≤αZi1k = j,
∑
k

1θk≤αZi2,k = j,
∑
k

1θk≤αZi1kZi2k = j − j1,

(Zi1i1 , Zi1i2 , Zi2i2) = b | M}

=
∑

A1,A2,A12

1θi1≤α1θi2≤α

(j − j1 − b12)!(j1 − b11)!(j1 − b22)!
W (ϑi1 , ϑi1)

b11W (ϑi2 , ϑi2)
b22W (ϑi1 , ϑi2)

b12

× {1−W (ϑi1 , ϑi1)}1−b11{1−W (ϑi2 , ϑi2)}1−b22{1−W (ϑi1 , ϑi2)}1−b12

×

[ ∏
k∈A1

1θk≤αW (ϑi1 , ϑik){1−W (ϑi2 , ϑik)}

][ ∏
k∈A2

1θk≤α{1−W (ϑi1 , ϑik)}W (ϑi2 , ϑik)

]
[ ∏
k∈A12

1θk≤αW (ϑi1 , ϑik)W (ϑi2 , ϑik)

]
exp

− ∑
k∈N\A

{gα,ϑi1
(θk, ϑk) + gα,ϑi2

(θk, ϑk)}


Using the extended Slivnyak-Mecke theorem,

E(N2
α,j)− E(Nα,j)

=
∑

b∈{0,1}3

j∑
j1=0

α2+j+j1−b11−b12−b22

(j − j1 − b12)!(j1 − b11)!(j1 − b22)!
1j1≥b111j1≥b221j1≤j−b12

×
∫
R2

+

{µ(x)− ν(x, y)}j1−b11{µ(y)− ν(x, y)}j1−b22ν(x, y)j−j1−b12

× e−αµ(x)−αµ(y)+αν(x,y)W (x, x)b11W (y, y)b22W (x, y)b12{1−W (x, x)}1−b11

× {1−W (y, y)}1−b22{1−W (x, y)}1−b12dxdy

≤
∑

b∈{0,1}3

j∑
j1=0

α2+j+j1−b11−b12−b22

(j − j1 − b12)!(j1 − b11)!(j1 − b22)!
1j1≥b111j1≥b221j1≤j−b12

×
∫
R2

+

µ(x)j1−b11µ(y)j1−b22ν(x, y)j−j1−b12e−αµ(x)−αµ(y)+αν(x,y)

×W (x, x)b11W (y, y)b22W (x, y)b12{1−W (x, x)}1−b11{1−W (y, y)}1−b22
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× {1−W (x, y)}1−b12dxdy

We will need the following lemma.

Lemma A.1. Let r ≥ 1, j1, j2 ≥ 0. Define

Ir :=

∫
R2

[αµ(x)]j1 [αµ(y)]j2(αν(x, y))re−αµ(x)−αµ(y)+αν(x,y)dxdy.

Under Assumptions 1 and 2, we have for all r ≥ 1

Ir = O(αr−2ar+2σℓ2σ(α)).

Proof. We have, using Assumption 2, that

Ir ≤ αr

∫
R2

+

[αµ(x)]j1 [αµ(y)]j2ν(x, y)re−α{µ(x)+µ(y)}/2dxdy

≤ Cr
1α

r−2ar

∫
R+

(αµ(x))j1+are−αµ(x)/2dx

∫
R+

(αµ(x))j2+are−αµ(x)/2dx+ o(α−p).

for any p > 0. Assumption 1 and Lemmas ?? (σ = 1) and ?? (σ ∈ [0, 1)) imply

that for all r ≥ 1

Ir = O(αr−2ar+2σℓ2σ(α)).

□

It follows

E(N2
α,j)− E(Nα,j) ≲

∑
b∈{0,1}3

α2+2j−b11−b22−2b12

(j − b12 − b11)!(j − b12 − b22)!
1j≥b11+b121j≥b22+b12

×
∫
R2

+

µ(x)j−b12−b11µ(y)j−b12−b22e−αµ(x)−αµ(y)+αν(x,y)W (x, x)b11W (y, y)b22W (x, y)b12

× {1−W (x, x)}1−b11{1−W (y, y)}1−b22{1−W (x, y)}1−b12dxdy +O{α2+2σ+1−2aℓ2σ(α)}.

Let V0 and V1 respectively denote the sum of terms such that b12 = 0 and

b12 = 1 in the above sum. Using the inequality ex ≤ 1 + xex,

V0 =
∑

b11,b22∈{0,1}2

α2+2j−b11−b22

(j − b11)!(j − b22)!

∫
R2

+

µ(x)j−b11µ(y)j−b12e−αµ(x)−αµ(y)+αν(x,y)

×W (x, x)b11W (y, y)b22{1−W (x, x)}1−b11{1−W (y, y)}1−b22{1−W (x, y)}dxdy
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=
∑

b11,b22

α2+2j−b11−b22

(j − b11)!(j − b22)!

∫
R2

+

µ(x)j−b11µ(y)j−b12e−αµ(x)−αµ(y)

×W (x, x)b11W (y, y)b22{1−W (x, x)}1−b11{1−W (y, y)}1−b22dxdy

+O

 ∑
b11,b22

α3+2j−b11−b22

(j − b11)!(j − b22)!

∫
R2

+

µ(x)j−b11µ(y)j−b12ν(x, y)

×e−αµ(x)−αµ(y)+αν(x,y)dxdy
}

=
∑

b11,b22

{
α1+j−b11

(j − b11)!

∫
R+

µ(x)j−b11W (x, x)b11{1−W (x, x)}1−b11e−µ(x)dx

}

×
{

α1+j−b22

(j − b22)!

∫
R+

µ(y)j−b22W (y, y)b22{1−W (y, y)}1−b22e−µ(y)dy

}
+O{α2+2σ+1−2aℓ2σ(α)} = E(Nα,j)

2 +O{α2+2σ+1−2aℓ2σ(α)}

Similarly,

V1 ≤
∑

b11,b22

α2j−b11−b221j≥1+b111j≥1+b22

(j − 1− b11)!(j − 1− b22)!

∫
R2

+

µ(x)j−1−b11µ(y)j−1−b12

eαν(x,y)−αµ(x)−αµ(y)W (x, y)dxdy

≤
∑

b11,b22

α2j−b11−b221j≥1+b111j≥1+b22

(j − 1− b11)!(j − 1− b22)!

∫
R2

+

µ(x)j−1−b11µ(y)j−1−b12

e−αµ(x)−αµ(y)W (x, y)dxdy +O{α2+2σ+1−2aℓ2σ(α)}

For j1 ≥ 1 and j2 ≥ 1, using Cauchy-Schwarz and Lemma ??,∫
W (x, y)µ(x)j1µ(y)j2e−αµ(x)−αµ(y)dxdy

≤
∫
R+

µ(x)j1e−αµ(x)

{∫
W (x, y)µ(y)2j2e−2αµ(y)dy

}1/2

µ(x)1/2dx

≤
{∫

µ(x)j1+1/2e−αµ(x)dx

}{∫
µ(y)2j2e−2αµ(y)dy

}1/2

= O
{
α3σ/2−j1−j2−1/2ℓ3/2σ (α)

}
and for j1 ≥ 0∫

R2
+

µ(x)j1e−αµ(x)−αµ(y)W (x, y)dxdy ≤
∫
R2

+

µ(x)j1e−αµ(x)W (x, y)dxdy
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=

∫
R+

µ(x)j1+1e−αµ(x)dx = O
{
ασ−j1−1ℓσ(α)

}
It follows that V1 = O{α2+3σ/2−1/2ℓ

3/2
σ (α)}+O{α1+σℓ2σ(α)}+O{α2+2σ+1−2aℓ2σ(α)}.

Combining the upper bounds on V0 and V1, we obtain var(Nα,j) = O(α3−2a+2σℓ2σ(α))

and this terminates the proof. In the case σ = 0 and a = 1, one can use Lemma

?? instead of Lemma ?? and replace big O by little o in the above bounds,

together with the fact that E(Nα,j) = o(αℓ(α)) and ℓ(t) = O(ℓ2(t)) if σ = 0.

A.3. Proof of Proposition ??

We first prove the first equality. The proof is similar to that of Proposition

??, given in Section A.2. For any j ≥ 2,

2Rα,j = 2
∑
i

Tαi1Dαi=j1θi≤α =
∑
i ̸=k ̸=l

ZikZilZkl1Dαi=j1θi≤α.

Let Sαj := 4R2
αj . We have

Sαj =

∑
i ̸=k ̸=l

ZikZilZkl1Dαi=j1θi≤α

2

(A.2)

=
∑

i1 ̸=k1 ̸=l1 ̸=i2 ̸=k2 ̸=l2

Zi1k1
Zi1l1Zk1l1Zi2k2

Zi2l2Zk2l21Dαi1
=j1Dαi2

=j1θi1≤α1θi2≤α

+ 2
∑

i1 ̸=k1 ̸=l1 ̸=i2 ̸=k2

Zi1k1
Zi1l1Zk1l1Zi2k2

Zi2l1Zk2l11Dαi1
=j1Dαi2

=j1θi1≤α1θi2≤α

+ 2
∑

i1 ̸=k1 ̸=l1 ̸=i2

Zi1k1
Zi1l1Zk1l1Zi2k1

Zi2l11Dαi1
=j1Dαi2

=j1θi1≤α1θi2≤α

+
∑

i1 ̸=k1 ̸=l1 ̸=k2 ̸=l2

Zi1k1
Zi1l1Zk1l1Zi1k2

Zi1l2Zk2l21Dαi1
=j1θi1≤α

+ 2
∑

i1 ̸=k1 ̸=l1 ̸=k2

Zi1k1
Zi1l1Zk1l1Zi1k2

Zk2l11Dαi1
=j1θi1≤α

+ 2
∑

i1 ̸=k1 ̸=l1

Zi1k1
Zi1l1Zk1l11Dαi1

=j1θi1≤α

Note that some of the terms above are equal to 0 if j ≤ 4. First note that
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for any j0 ≤ j: ∑
i ̸=k1 ̸=... ̸=kj0

(
j0∏
l=1

Zil

)
1Dαi=j1θi≤α ≤

(
j

j0

)
Nαj (A.4)

Hence the last three terms of the right-handside of (A.2) are upper bounded

by CjNα,j , for some constant Cj that does not depend on α. Consider now

Sα,j,1 =
∑

i1 ̸=k1 ̸=l1 ̸=i2 ̸=k2 ̸=l2

Zi1k1
Zi1l1Zk1l1Zi2k2

Zi2l2Zk2l21Dαi1
=j1Dαi2

=j1θi1≤α1θi2≤α

=

j∑
j1=2

Sα,j,1,j1

where, for j1 = 2, . . . , j

Sα,j,1,j1 =
∑

i1 ̸=k1 ̸=l1
̸=i2 ̸=k2 ̸=l2

Zi1k1
Zi1l1Zk1l1Zi2k2

Zi2l2Zk2l21Dαi1=j1Dαi2=j

× 1
∑

k Zi1kZi2k1θk≤α=j−j11θi1≤α1θi2≤α

=
∑

b∈{0,1}3

∑
i1 ̸=k1 ̸=l1
̸=i2 ̸=k2 ̸=l2

Zi1k1
Zi1l1Zk1l1Zi2k2

Zi2l2Zk2l21Dαi1
=j1Dαi2

=j

× 1
∑

k Zi1kZi2k1θk≤α=j−j11Zi1i1
=b111Zi1i2

=b121Zi2i2
=b221θi1≤α1θi2≤α

where we introduce b = (b11, b12, b22) ∈ {0, 1}3 as in Section A.2. Using the

extended Slivnyak-Mecke theorem, for j1 = 2, . . . , j,

E(Sα,j,1,j1) (A.5)

=
∑

b∈{0,1}3

α2+j+j1−b11−b12−b22

(j − j1 − b12)!(j1 − b11 − 2)!(j1 − b22 − 2)!
1j1≤j−b121j1≥b111j1≥b22

×
∫
R6

+

{µ(x1)− ν(x1, x2)}j1−2−b11{µ(x2)− ν(x1, x2)}j1−2−b22ν(x1, x2)
j−j1−b12

× e−αµ(x1)−αµ(x2)+αν(x1,x2)W (x1, y1)W (x1, z1)W (y1, z1)W (x2, y2)W (x2, z2)W (y2, z2)

×W (x, x)b11W (y, y)b22W (x, y)b12

× {1−W (x, x)}1−b11{1−W (y, y)}1−b22{1−W (x, y)}1−b12dx1dy1dz1dx2dy2dz2

≤
∑

b∈{0,1}3

α2+j+j1−b11−b12−b22

(j − j1 − b12)!(j1 − b11 − 2)!(j1 − b22 − 2)!
1j1≤j−b121j1≥b111j1≥b22



Supplementary material: On sparsity, power-law and clustering properties of graphex processes9

×
∫
R6

+

µ(x1)
j1−2−b11µ(x2)

j1−2−b22ν(x1, x2)
j−j1−b12e−αµ(x)−αµ(y)+αν(x1,x2)

×W (x1, y1)W (x1, z1)W (y1, z1)W (x2, y2)W (x2, z2)W (y2, z2)

×W (x1, x1)
b11W (x2, x2)

b22W (x1, x2)
b12

× {1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22{1−W (x1, x2)}1−b12dx1dy1dz1dx2dy2dz2

(A.6)

For b12 ̸= 0 or j ̸= j1, we can bound the terms in the above sum by

α2+j+j1−b11−b12−b22

(j − j1 − b12)!(j1 − b11 − 2)!(j1 − b22 − 2)!
1j1≤j−b121j1≥b111j1≥b22

×
∫
R4

+

µ(x1)
j1−b11µ(x2)

j1−b22ν(x1, x2)
j−j1−b12e−αµ(x)−αµ(y)+αν(x1,x2)

×W (x1, x1)
b11W (x2, x2)

b22W (x1, x2)
b12

× {1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22{1−W (x1, x2)}1−b12dx1dx2

= O(α3+2σ−2aℓσ(α)
2) (A.7)

using the intermediate results of the proof in Section A.2.

Consider now the sum of terms such that b12 = 0 and j = j1 in (A.6). Using

the inequality ex ≤ 1 + xex, this sum is upper bounded by∑
b11,b12

α2+2j−b11−b22

(j − b11 − 2)!(j − b22 − 2)!

∫
R6

+

µ(x1)
j−2−b11µ(x2)

j−2−b22e−αµ(x)−αµ(y)+αν(x1,x2)

×W (x1, y1)W (x1, z1)W (y1, z1)W (x2, y2)W (x2, z2)W (y2, z2)

×W (x1, x1)
b11W (x2, x2)

b22{1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22dx1dy1dz1dx2dy2dz2

≤
∑

b11,b12

α2+2j−b11−b22

(j − b11 − 2)!(j − b22 − 2)!

∫
R6

+

µ(x1)
j−2−b11µ(x2)

j−2−b22e−αµ(x)−αµ(y)

×W (x1, y1)W (x1, z1)W (y1, z1)W (x2, y2)W (x2, z2)W (y2, z2)

×W (x1, x1)
b11W (x2, x2)

b22{1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22dx1dy1dz1dx2dy2dz2

+
∑

b11,b12

α3+2j−b11−b22

(j − b11 − 2)!(j − b22 − 2)!

∫
R6

+

µ(x1)
j−2−b11µ(x2)

j−2−b22ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)

×W (x1, y1)W (x1, z1)W (y1, z1)W (x2, y2)W (x2, z2)W (y2, z2)
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×W (x1, x1)
b11W (x2, x2)

b22 × {1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22dx1dy1dz1dx2dy2dz2

≤ 4E(Rα,j)
2

+
∑

b11,b12

α3+2j−b11−b22

(j − b11 − 2)!(j − b22 − 2)!

∫
R2

+

µ(x1)
j−b11µ(x2)

j−b22ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)

×W (x1, x1)
b11W (x2, x2)

b22 × {1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22dx1dx2

= 4E(Rα,j)
2 +O(α3+2σ−2aℓσ(α)

2)

using Lemma A.1 in Section A.2. It follows that

E(Sα,j,1) = E(4Rα,j)
2 +O(α3+2σ−2aℓσ(α)

2) (A.8)

Consider now

Sα,j,2 =
∑

i1 ̸=k1 ̸=l1 ̸=i2 ̸=k2

Zi1k1
Zi1l1Zk1l1Zi2k2

Zi2l1Zk2l11Dαi1
=j1Dαi2

=j1θi1≤α1θi2≤α

We have similarly

E(Sα,j,2) = O(α3+2σ−2aℓσ(α)
2) (A.9)

using Lemma A.1. Similarly, using Lemma A.1, E(Sα,j,3) = O(α3+2σ−2aℓσ(α)
2).

Combining the above bound with (A.8) and (A.9), we obtain var(Rα,j) =

O(α3+2σ−2aℓσ(α)
2). We now consider the second bound in Proposition ??.

Consider an increasing sequence αn → ∞ such that αn+1 − αn = o(αn) as

n → ∞. Let Iαn
= {i, θi ≤ αn} and Icn = Iαn+1

\Iαn
.

For any j ≥ 1, let

R̃
(1)
nj :=

∑
i∈Iαn

Tαn+1i1Dαni=j1
∑

i′∈Icn
Zii′=1.

We have, similarly to Equation (A.2)

(R̃
(1)
nj )

2 =

Iαn∑
i1,i2

Iαn+1∑
k1 ̸=l1 ̸=i1

Iαn+1∑
i2 ̸=k2 ̸=l2

Zi1k1
Zi1l1Zk1l1Zi2k2

Zi2l2Zk2l2

× 1Dαni1
=j1Dαni2

=j1
∑

i
′
1
∈Icn

Z
i
′
1
i1
=11

∑
i
′
2
∈Icn

Z
i
′
2
i2
=1.
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Hence using the same decomposition as (A.2) together with the fact that

1
∑

i′∈Icn
Zi′i=1 ≤ 1, we derive the same bounds as (A.4), (A.7) and (A.9) so

that

E((R̃
(1)
nj )

2) ≲ ασ+1
n ℓσ(αn) + α3+2σ−2a

n ℓσ(αn)
2 + E(S̃αn,j,1,j)

where, writing b = (b11, b22),

S̃αn,j,1,j =
∑

b∈{0,1}2

∈Iαn∑
i1 ̸=i2

∈Iαn+1
\{i1,i2}∑

k1 ̸=l1
̸=k2 ̸=l2

Zi1k1
Zi1l1Zk1l1Zi2k2

Zi2l2Zk2l21Dαni1
=j1Dαni2

=j

× 1
∑

k∈Iαn+1
Zi1kZi2k=01Zi1i1

=b111Zi2i2
=b221

∑
i′∈Icn

Zi′i1=11
∑

i′∈Icn
Zi′i2=1,

so that E(S̃αn,j,1,j) = E(R̃
(1)
nj )

2. We thus obtain that var(R̃
(1)
nj ) = O(α3+2σ−2a

n ℓσ(αn)
2).

A.4. Proof of Lemma ??

Let Icn = Iαn+1
\Iαn

= {i | θi ∈ (αn, αn+1]}. First note that R̃nj =
∑j

r=1 R̃
(1)
nr +

R̃
(2)
nr + R̃

(3)
nr where

R̃(1)
nr =

∑
i∈Iαn

Tαn+1i1Dαni=r1
∑

i′∈Icn
Zii′=1,

R̃(2)
nr =

∑
i∈Iαn+1

Tαn+1i1Dαni=r1
∑

i′∈Icn
Zii′≥2,

R̃(3)
nr =

∑
i∈Ic

n

Tαn+1i1Dαni=r1
∑

i′∈Icn
Zii′=1.

For any r ≤ j

E
(
R̃(2)

nr

∣∣∣M) ≤
∑

i∈Iαn+1

∈Iαn , ̸=i∑
l ̸=k

W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 2)P

∑
i′∈Ic

n

Zii′ ≥ 2|M


+ 2

∑
i∈Iαn+1

∈Iαn∑
l ̸=i

∈Ic
n∑

k ̸=i

W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 1)P

∑
i′∈Ic

n

Zii′ ≥ 1|M


+

∑
i∈Iαn+1

∈Ic
n∑

l ̸=k

W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r)
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where, recalling the definition of gα,x in Equation (??),

Jn(i, r) =

∈Iαn∑
i1 ̸=i2... ̸=ir ̸=l ̸=k

[
r∏

s=1

W (ϑi, ϑis)

]
e−

∑Iαn
s ̸=l,k,i1,...,ir

gα,ϑi
(θs,ϑs).

Note that

P

∑
i′∈Ic

n

Zii′ ≥ 2|M

 = 1− e
−

∑
s∈Icn

gαn+1−αn,ϑi
(θs,ϑs) −

∑
i′∈Ic

n

W (ϑi, ϑi′)e
−

∑Icn
s ̸=i′ gαn+1−αn,ϑi

(θs,ϑs).

Using the Slivnyak-Mecke theorem, the inequality 1−e−y−ye−y ≤ y2 for y ≥ 0,

the condition (??) and Lemma ??, we obtain

E
(
R̃(2)

nr

)
≲ αn+1α

r
n(αn+1 − αn)

2

∫
L2(x)µ(x)

r+2e−αnµ(x)dx ≲ αn+1α
σ−2
n (αn+1 − αn)

2ℓ(αn),

where L2(x) converges to b ≥ 0 at infinity. Noting that (αn+1 − αn)/αn =

O(1/n), we obtain E
(
R̃

(2)
nr

)
≲ ασ+1

n ℓ(αn)/n
2. This implies that

∑
nE

(
R̃

(2)
nr

)
/(ασ+1

n ℓ(αn)) <

+∞ so that, by Markov inequality and Borel-Cantelli lemma, R̃
(2)
nr = o(ασ+1

n ℓ(αn))

almost surely as n tends to infinity.

We now study

R̃(3)
nr :=

∑
i∈Ic

n

Tαn+1i1Dαni=r1
∑

i′∈Icn
Zii′=1.

Similarly to before

E
(
R̃(3)

nr | M
)
≤
∑
i∈Ic

n

∈Iαn∑
l ̸=k

W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 2)P

∑
i′∈Ic

n

Zii′ = 1|M


+ 2

l ̸=i∑
l∈Ic

n

∑
k∈Iαn

W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 1)

so that

E
(
R̃(3)

nr

)
≲ (αn+1 − αn)

2αr
n

∫
L3(x)µ(x)

r+1e−αnµ(x)dx ≲
ασ+1
n ℓ(αn)

n2
,

where L3(x) converges to b and R̃
(3)
nr = o(ασ+1

n ℓ(αn)) almost surely as n tends
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to infinity. Finally, we have

E
(
R̃(1)

nr |M
)
≲

∈Iαn∑
i ̸=l ̸=k

W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 2)
∑
i′∈Ic

n

W (ϑi, ϑi′)

+ 2

∈Iαn∑
i ̸=l

∑
k∈Ic

n

W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 1)

which implies that

E

(
R̃

(1)
nr

ασ+1
n ℓσ(αn)

)
≲

αr+1
n (αn+1 − αn)

ασ+1
n ℓσ(αn)

∫
R4

+

L1(x)µ(x)
r+1e−αnµ(x)dx

= O

(
αn+1 − αn

αn

)
= o(1).

where L1(x) converges to b. Moreover, from Proposition ??

var

(
R̃

(1)
nr

ασ+1
n ℓσ(αn)

)
= O

(
α1−2a
n

)
so that, R̃

(1)
nr = o(α1+σ

n ℓ(αn)) almost surely. It finally follows that, for any

j ≥ 1, R̃nj = o(α1+σ
n ℓ(αn)) almost surely as n tends to infinity.

Appendix B. Proof of secondary propositions for the Central Limit

Theorem

B.1. Proof of Proposition ??

Let

Zα := Nα − E(Nα | M) =
∑
i

1θi≤α(1Dα,i≥1 − (1− e−M(gα,ϑi
)))

where we recall that gα,x(θ, ϑ) = − log(1−W (x, ϑ))1θ≤α and

e−M(gα,ϑi
) = e−

∑
j − log(1−W (ϑi,ϑj))1θj≤α =

∏
j

(1−W (ϑi, ϑj))
1θj≤α

We have E(Zα | M) = 0 hence var(Zα) = E(Z2
α). Note that

Z2
α = Zα +

∑
i1 ̸=i2

1θi1≤α(1Dα,i1≥1 − (1− e−M(gα,ϑi1
)))1θi2≤α(1Dα,i2≥1 − (1− e−M(gα,ϑi2

)))
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= Zα +
∑
i1 ̸=i2

1θi1≤α1Dα,i1≥11θi2≤α1Dα,i2≥1 −
∑
i1 ̸=i2

1θi1≤α1Dα,i1≥11θi2≤α(1− e−M(gα,ϑi2
))

−
∑
i1 ̸=i2

1θi1≤α(1− e−M(gα,ϑi1
)))1θi2≤α1Dα,i2

≥1 +
∑
i1 ̸=i2

1θi1≤α(1− e−M(gα,ϑi1
))1θi2≤α(1− e−M(gα,ϑi2

))

We have

E
(
Z2
α | M

)
=
∑
i1 ̸=i2

1θi1≤α1θi2≤αe
−M(gα,ϑi1

)−M(gα,ϑi2
)(egα,ϑi1

(θi2 ,ϑi2
) − 1)

Applying the extended Slivnyak-Mecke theorem

E
(
Z2
α

)
= α2

∫
R2

+

(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)+αν(x,y)(1− (1−W (x, y)))dxdy

≤ α2

∫
R2

+

W (x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy.

Using Cauchy-Schwarz inequality, ν(x, y) ≤
√

µ(x)µ(y) ≤ 1
2(µ(x) + µ(y)), and

Lemma ??, we obtain

E
(
Z2
α

)
= α2

∫ ∞

0
µ(x)e−α/2µ(x)dx ≍ α1+σℓ(α) =

 O(α1+σℓσ(α)) σ ∈ [0, 1)

o(αℓ(α)) σ = 0
.

It follows from Markov’s inequality that, in probability

Zα =

 O(α1/2+σ/2ℓ
1/2
σ (α)) σ ∈ [0, 1)

o(α1/2ℓ1/2(α)) σ = 0
.

B.2. Proof of Proposition ??

DefineM(hα) =
∑

i Z̃i where Z̃i = hα(θi, ϑi) = 1θi≤α

[
1− (1−W (ϑi, ϑi))e

−αµ(ϑi)
]
.

Using Campbell’s formula

E

(∑
i

Z̃i

)
= α

∫ ∞

0
(1− (1−W (x, x))e−αµ(x))dx = E(Nα)

var

(∑
i

Z̃i

)
= α

∫ ∞

0

[
1− (1−W (x, x))e−αµ(x)

]2
dx ≤ E(Nα)

Noting that E(Nα) ∼ α1+σΓ(1−σ)ℓ(α), it follows from Chebyshev’s inequality

that, in probability,

∑
i

Z̃i − E(Nα) = O


√√√√var

(∑
i

Z̃i

) = O
(
α1/2+σ/2ℓ1/2σ (α)

)
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If µ has an unbounded support then, under Assumption ??, either σ > 0

or σ = 0 and ℓ(t) → ∞. In both cases, in probability,
∑

i Z̃i − E(Nα) =

o
(
α1/2+σℓσ(α)

)
.

B.3. Proof of Proposition ??

Let

fα(M) =
∑
i

1θi≤α

[
(1−W (ϑi, ϑi))e

−αµ(ϑi) − e−M(gα,ϑi
)
]

The idea is to use Theorem 1.1 from [2]. To do so, define

Fα =
fα(M)
√
vα

(B.1)

where vα = var(fα(M)) ∼ var(Nα) ≍ α1+2σℓ2σ(α). Note that E(Fα) = 0 and

var(Fα) = 1. Consider the difference operator DzFα defined by

DzFα =
1

√
vα

(fα(M + δz)− fα(M))

Also

D2
z1,z2Fα = Dz2(Dz1Fα) = Dz2

(
1

√
vα

(fα(M + δz1)− fα(M))

)
=

1
√
vα

(fα(M + δz1 + δz2)− fα(M + δz1)− fα(M + δz2) + fα(M)) .

Define

γα,1 := 2

(∫
R6

+

√
E(Dz1Fα)2(Dz2Fα)2

√
E(D2

z1,z3Fα)2(D2
z2,z3Fα)2dz1dz2dz3

)1/2

γα,2 :=

(∫
R6

+

E
[
(D2

z1,z3Fα)
2(D2

z2,z3Fα)
2
]
dz1dz2dz3

)1/2

γα,3 :=

∫
R2

+

E|DzFα|3dz

We state a corollary of Theorem 1.1 from [2].

Corollary B.1. [2, Theorem 1.1] If γα,1, γα,2, γα,3 → 0, then

Fα =
fα(M)
√
vα

→ N (0, 1).
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The rest of the proof aims to show that γα,1, γα,2, γα,3 → 0. The proof is

rather lengthy and therefore split in different subsections. We first state a few

notations and lemmas that will be useful in the following.

B.3.1. Definitions and lemmas The following lemma, obtained with Hölder’s in-

equality, will be used multiple times.

Lemma B.1. For any d ≥ 1 and any z1, . . . , zd > 0,

E

(
d∏

k=1

e−M(gα,zk
)

)
≤ e−

α

d

∑d
k=1 µ(zk).

Proof. Using Hölder’s inequality, for any d ≥ 1

E

(
d∏

k=1

e−M(gα,zk
)

)
≤

d∏
k=1

E
(
e−dM(gα,zk

)
)1/d

=

d∏
k=1

e−
α

d

∫ ∞
0

(1−[1−W (zk,y)]d)dy

≤
d∏

k=1

e−
α

d

∫ ∞
0

(1−[1−W (zk,y)])dy = e−
α

d

∑d
k=1 µ(zk)

□

For i, j ≥ 0, let

Hi,j(x1, x2) =

∫
R2

+

W (x1, y)
iW (x2, y)

je−
α

4
µ(y)dy, Hi(x) = Hi,0(x, x). (B.2)

The following lemma compiles various useful bounds.

Lemma B.2. Assume Assumptions 1 and 5. Then

• For all j ≥ 1 and all x1, . . . , xj−1 > 0, y1 > 0 and p1, . . . , pj ≥ 1, α > 0∫ ∞

0

(∫ ∞

0
W (y1, xj)

pj

[
j−1∏
k=1

W (y1, xk)
pk

]
e−αµ(y1)dy1

)1/2

W (y2, xj)dxj

≤ L(y2)µ(y2)

(∫
L(y1)

pjµ(y1)
pj

[
j−1∏
k=1

W (y1, xk)
pk

]
e−αµ(y1)dy1

)1/2

• For any x2 > 0,∫
H1,1(x1, x2)

2dx1 ≤
∫

L(y1)L(y2)µ(y1)µ(y2)W (x2, y1)W (x2, y2)e
−α

4
(µ(y1)+µ(y2))dy1dy2

(B.3)
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• For any q = 1, 2, . . .∫ ∞

0
H1(x)

qdx =

∫ q∏
i=1

∫
W (x, yi)e

−α

4
µ(yi)dyidx = O(αqσ−qℓσ(α)

q)

(B.4)

• For any q ≥ 1, p ≥ 1,∫
(αH1(x1))

q/2L(x1)µ(x1)
p/2e−

α

4
µ(x1)dx1 = O(α(q+1)σ/2−p/2ℓσ(α)

(q+1)/2)

(B.5)

• If q ≤ 3,∫
L(x1)µ(x1)

pW (x1, x2)
qe−

α

4
µ(x1)dx1 ≤ µ(x2)

qL(x2)
q

(∫
L(x1)

2µ(x1)
2pe−

α

2
µ(x1)dx1

)2

.

(B.6)

Proof. The first inequality comes from Hölder’s inequality, together with

Assumptions ?? and ??. Also (B.3) is a consequence of∫
H1,1(x1, x2)

2dx1 =

∫
ν(y1, y2)W (x2, y1)W (x2, y2)e

−α

4
(µ(y1)+µ(y2))dy1dy2

Under Assumption ??, For any q = 1, 2, . . ., using Assumption ??, ??, and

Lemma ??,∫ ∞

0
H1(x)

qdx =

∫ q∏
i=1

∫
W (x, yi)e

−α

4
µ(yi)dyidx

≤
q∏

i=1

∫
L(yi)µ(yi)e

−α

4
µ(yi)dyi = O(αqσ−qℓσ(α)

q).

Using Hölder’s inequality,∫
(αH1(x1))

q/2L(x1)µ(x1)
p/2e−

α

4
µ(x1)dx1 ≤

(∫
(αH1(x1))

qdx1

∫
L(x1)

2µ(x1)
pe−

α

2
µ(x1)dx1

)1/2

= O(α(q+1)σ/2−p/2ℓσ(α)
(q+1)/2)

which proves (B.5). Finally recall that from Lemma ?? that for any p ≥ 1,∫
L(x1)µ(x1)

pe−
α

4
µ(x1)dx1 = O(ασ−pℓσ(α)).



18 F. CARON et al.

so that using Hölder and Assumption ??, for any q ≤ 3∫
L(x1)µ(x1)

pW (x1, x2)
qe−

α

4
µ(x1)dx1 ≤ µ(x2)

qL(x2)
q

(∫
L(x1)

2µ(x1)
2pe−

α

2
µ(x1)dx1

)2

□

B.3.2. General bounds Let z = (t, x). Recall that gα,x(θ, ϑ) = − log(1−W (x, ϑ))1θ≤α.

√
vα ×DzFα = 1t≤α(1−W (x, x))

[
e−αµ(x) − e−M(gα,x)

]
+ 1t≤α

∑
i

1θi≤αW (ϑi, x)e
−M(gα,ϑi

).

We have

√
vα |DzFα| ≤ 1t≤α

(∣∣∣e−αµ(x) − e−M(gα,x)
∣∣∣+∑

i

1θi≤αW (ϑi, x)e
−M(gα,ϑi

)

)
(B.7)

Similarly,

√
vαD

2
z1,z2(Fα) = 1t1,t2≤αW (x1, x2)

[
(1−W (x1, x1))e

−M(gα,x1 ) + (1−W (x2, x2))e
−M(gα,x2 )

]
− 1t1,t2≤α

∑
i

1θi≤αW (ϑi, x1)W (ϑi, x2)e
−M(gα,ϑi

)

Note that the above is equal to 0 if t1 > α or t2 > α. For t1, t2 ≤ α

|
√
vα ×D2

z1,z2Fα|2 ≤ 2W (x1, x2)
2(e−M(gα,x1

) + e−M(gα,x2
))2

+ 2

(∑
i

1θi≤αW (ϑi, x1)W (ϑi, x2)e
−M(gα,ϑi

)

)2

≤ 4W (x1, x2)
2(e−M(gα,x1 ) + e−M(gα,x2 )) + 2

∑
i

1θi≤αW (ϑi, x1)
2W (ϑi, x2)

2e−2M(gα,ϑi
)

+ 2
∑
i ̸=j

1θi≤α1θj≤αW (ϑi, x1)W (ϑi, x2)W (ϑj , x1)W (ϑj , x2)e
−M(gα,ϑi

)−M(gα,ϑj
)

v2α(D
2
z1,z3Fα)

2(D2
z2,z3Fα)

2

≤ 16W (x1, x3)
2W (x2, x3)

2(e−M(gα,x1
) + e−M(gα,x3

))(e−M(gα,x2
) + e−M(gα,x3

))

+ 8W (x1, x3)
2(e−M(gα,x1

) + e−M(gα,x3
))

(∑
i

1θi≤αW (ϑi, x2)W (ϑi, x3)e
−M(gα,ϑi

)

)2
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+ 8W (x2, x3)
2(e−M(gα,x2

) + e−M(gα,x3
))

(∑
i

1θi≤αW (ϑi, x1)W (ϑi, x3)e
−M(gα,ϑi

)

)2

+ 4
∑

i1,i2,i3,i4

1θi1≤α1θi2≤α1θi3≤α1θi4≤αW (ϑi1 , x1)W (ϑi1 , x3)W (ϑi2 , x1)W (ϑi2 , x3)

×W (ϑi3 , x2)W (ϑi3 , x3)W (ϑi4 , x2)W (ϑi4 , x3)e
−

∑4
k=1 M(gα,ϑik

)

We obtain, using the inequality (B.3)

E
(
v2α(D

2
z1,z3F )2(D2

z2,z3F )2
)

≤ C ×
(
W (x1, x3)

2W (x2, x3)
2(e−α/2µ(x1)) + e−α/2µ(x3))(e−α/2µ(x2) + e−α/2µ(x3))

+ (α2H1,1(x2, x3)
2 + αH2,2(x2, x3))W (x1, x3)

2(e−α/3µ(x1) + e−α/3µ(x3)))

+ (α2H1,1(x1, x3)
2 + αH2,2(x1, x3))W (x2, x3)

2(e−α/3µ(x2) + e−α/3µ(x3)))

+A2(x1, x2, x3)) (B.8)

for some constant C > 0, where

A2(x1, x2, x3)

= E

 ∑
i1,i2,i3,i4

4∏
ℓ=1

W (ϑiℓ , x3)1θiℓ≤αW (ϑi1 , x1)W (ϑi2 , x1)W (ϑi3 , x2)W (ϑi4 , x2)e
−

∑4
k=1 M(gα,ϑik

)


= α4

∫ 4∏
ℓ=1

W (yℓ, x3)W (y1, x1)W (y2, x1)W (y2, x3)W (y3, x2)W (y4, x2)e
−α/4(

∑4
i=1 µ(yi))dy1:4

+ α3

∫
(W (y1, x1)

2W (y1, x3)
2W (y2, x2)W (y2, x3)W (y3, x2)W (y3, x3)

+W (y1, x2)
2W (y1, x3)

2W (y2, x1)W (y2, x3)W (y3, x1)W (y3, x3))e
−α/3(

∑3
i=1 µ(yi))dy1:3

+ α2

∫
(W (y1, x1)

2W (y1, x3)
2W (y2, x2)

2W (y2, x3)
2

+W (y1, x2)W (y1, x1)W (y1, x3)
2W (y2, x1)W (y2, x2)W (y2, x3)

2)e−α/2(
∑2

i=1 µ(yi))dy1:2

+α

∫
W (y1, x1)

2W (y1, x2)
2W (y1, x3)

4e−αµ(y1)dy1

)
B.3.3. Proof that γα,3 → 0 We show here that γα,3 → 0, or equivalently

∫
E
∣∣√vαDzF

∣∣3 dz =

o(α3/2+3σℓ3σ(α)). From Equation (B.7) and using the inequality (a + b)3 ≤



20 F. CARON et al.

4(a3 + b3) for any a, b ≥ 0, a sufficient condition is∫ ∞

0
E

∣∣∣e−αµ(x) − e−M(gα,x)
∣∣∣3 +(∑

i

1θi≤αW (ϑi, x)e
−M(gα,ϑi

)

)3
 dx = o(α1/2+3σℓ3σ(α)).

We have∫ ∞

0
E
[∣∣∣e−αµ(x) − e−M(gα,x)

∣∣∣3] dx ≤ 2

∫
E

((
e−αµ(x) − e−M(gα,x)

)2)
dx

≤
∫

(1− e−2αµ(x))dx = O(ασℓσ(α))

Also under Assumptions ?? and ??, using Lemma B.1

∫ ∞

0
E

(∑
i

1θi≤αW (ϑi, x)e
−M(gα,ϑi

)

)3
 dx ≤

∫ ∞

0
E

 ∑
i1,i2,i3

3∏
ℓ=1

1θiℓ≤αW (ϑiℓ , x)e
−M(gα,ϑiℓ

)

 dx

≤ α3

(∫
L(y)µ(y)e−αµ(y)/3dy

)3

+ 3α2

(∫
L(y)2µ(y)2e−αµ(y)/3dy

)(∫
L(y)µ(y)e−αµ(y)/3dy

)
+ α

∫
L(y)3µ(y)3e−αµ(y)/3dy = O(α3σℓσ(α)

3).

It follows that γα,3 → 0 as α → ∞.

B.3.4. Proof that γα,2 → 0 We now need to show that the integral of the right

hand-side of Equation (B.8) with respect to x1, x2, x3 is o(α
−3v2α) = o(α−1+4σℓ2σ(α)).

For the first term in the right hand-side of the inequality (B.8), we have∫
W (x1, x3)

2W (x2, x3)
2(e−

α

2
µ(x1)) + e−

α

2
µ(x3))(e−

α

2
µ(x2) + e−

α

2
µ(x3))dx1dx2dx3

≤ 3

∫
W (x1, x3)W (x2, x3)(e

−α

2
(µ(x1)+µ(x2)) + e−

α

2
µ(x3))dx1dx2dx3

≤ 3

∫
ν(x1, x2)e

−α

2
(µ(x1)+µ(x2))dx1dx2 + 3

∫
µ(x3)

2e−
α

2
µ(x3)dx3

= O(α2σ−2ℓ2σ(α)) +O(ασ−2ℓσ(α))

For the second line (and similarly for the third line) in the RHS of Equation

(B.8), we have, noting that H2,2(x2, x3) ≤ H1,1(x2, x3)∫
(α2H1,1(x2, x3)

2 + αH1,1(x2, x3))W (x1, x3)
2(e−α/3µ(x1) + e−α/3µ(x3)))dx1dx2dx3
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≤ α2

∫
W (x1, x3)

2W (y1, x2)W (y1, x3)W (y2, x2)W (y2, x3)

× (e−α/3(µ(y1)+µ(y2)+µ(x1)) + e−α/3(µ(y1)+µ(y2)+µ(x3)))dx1dx2dx3dy1dy2

+ α

∫
W (x1, x3)

2W (y1, x2)W (y1, x3)(e
−α/3(µ(y1)+µ(x1)) + e−α/3(µ(y1)+µ(x3)))dx1dx2dx3dy1

= α2

∫
W (x1, x3)

2ν(y1, y2)W (y1, x3)W (y2, x3)

× (e−α/3(µ(y1)+µ(y2)+µ(x1)) + e−α/3(µ(y1)+µ(y2)+µ(x3)))dx1dx3dy1dy2

+ α

∫
W (x1, x3)

2µ(y1)W (y1, x3)(e
−α/3(µ(y1)+µ(x1)) + e−α/3(µ(y1)+µ(x3)))dx1dx3dy1

≤ 2α2

∫
L(x1)

2L(y1)L(y2)µ(x1)
2µ(y1)µ(y2)e

−α/3(µ(y1)+µ(y2)+µ(x1))dx1dy1dy2

+ α

∫
µ(y1)

2L(y1)L(x1)
2µ(x1)

2e−α/3(µ(y1)+µ(x1))dx1dy1 + α

∫
µ(x3)

2L(x3)
2µ(y1)e

−α/3(µ(y1)+µ(x3))dx3dy1

= O(α3σ−2ℓσ(α)
3)

using Assumption ?? and Lemma ??. For the third term in the right-handside

of Equation (B.8), we obtain∫
A2(x1, x2, x3)dx1dx2dx3

≤ α4

(∫
L(y)2µ(y)2e−α/4µ(y)dy

)4

+ α3

∫
L(y1)

4µ(y1)
4e−α/3µ(y1)dy1

(∫
L(y)2µ(y)2e−α/3µ(y)dy

)2

+ α2

(∫
L(y)4µ(y)4e−α/2µ(y)dy

)2

+ α

∫
L(y)8µ(y)8e−αµ(y)dy = O(α4σ−4)ℓ4σ(α)

It follows that γα,2 → 0 as α → ∞.

B.3.5. Proof that γα,1 → 0 For any x > 0 and any unit-rate Poisson point measure

M on R2
+, denote

rα(x,M) = e−αµ(x) + e−M(gα,x) (B.9)

For any z1 = (t1, x1), z2 = (t2, x2), if t1 > α or t2 > α, then |Dz1(Fα)|2 |Dz2(Fα)|2 =

0. Otherwise, if t1, t2 ≤ α, we have from Equation (B.7),

vα |Dz1(Fα)|2 |Dz2(Fα)|2
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≤

4rα(x1,M) + 2
∑
i,j

1θi≤α1θj≤αW (ϑi, x1)W (ϑj , x1)e
−M(gα,ϑi

)−M(gα,ϑj
)


×

4rα(x2,M) + 2
∑
i,j

1θi≤α1θj≤αW (ϑi, x2)W (ϑj , x2)e
−M(gα,ϑi

)−M(gα,ϑj
)


≤ 16rα(x1,M)rα(x2,M)

+ 8
∑
i,j

1θi,θj≤α {W (ϑi, x1)W (ϑj , x1)rα(x2,M) +W (ϑi, x2)W (ϑj , x2)rα(x1,M)) e−M(gα,ϑi
)−M(gα,ϑj

)

+ 4
∑

i1,i2,i3,i4

W (ϑi1 , x1)W (ϑi2 , x1)W (ϑi3 , x2)W (ϑi4 , x2)

4∏
k=1

(
1θik≤αe

−M(gα,ϑik
)
)
.

Note that, using Campbell theorem, together with Lemma B.1

E(rα(x1,M)rα(x2,M)) ≤ e−α(µ(x1)+µ(x2))/2

It follows that, using the extended Slivnyak-Mecke theorem

v2αE
(
|Dz1(Fα)|2 |Dz2(Fα)|2

)
≤ C

(
e−

α

2
(µ(x1)+µ(x2)) + α

∫ ∞

0
(W (y, x1)e

−α

2
µ(x2) +W (y, x2)e

−α

2
µ(x1))e−

α

2
µ(y)dy

+ α2

∫
R2

+

{
(W (y1, x1)W (y2, x1)e

−α

3
µ(x2) +W (y1, x2)W (y2, x2)e

−α

3
µ(x1)

}
e−αµ(y1)/3−αµ(y2)/3dy1dy2

+ α3

∫
R3

+

(W (y1, x1)
2W (y2, x2)W (y3, x2) +W (y1, x2)

2W (y2, x1)W (y3, x1))e
−α

∑3
k=1 µ(yk)/3dy1dy2dy3

+α4

∫
R4

+

W (y1, x1)W (y2, x1)W (y3, x2)W (y4, x2)e
−α

∑4
k=1 µ(yk)/4dy1dy2dy3dy4

)
≤ C

(
e−

α

3
(µ(x1)+µ(x2)) + α(H1(x1)e

−α

3
µ(x2) +H1(x2)e

−α

3
µ(x1)) + α2(H1(x1)

2e−
α

3
µ(x2) +H1(x2)

2e−
α

3
µ(x1))

+α3(H1(x1)
2H2,0(x2) +H2,0(x1)H1(x2)

2) + α4H1(x1)
2H1(x2)

2
)

where Hi,j are defined in Equation (B.2); therefore, for any t1, t2 ≤ α, using

the fact that H2,0 ≤ H1 and that
√∑p

i=1 ai ≤
√
p
∑p

i=1

√
ai

vα

√
E |Dz1Fα|2 |Dz2Fα|2 ≤

√
6C

2∑
q1=0

2∑
q2=0

(αH1(x1))
q1/2(αH1(x2))

q2/2e−
α

6
(µ(x1)1q1=0+µ(x2)1q2=0)
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Additionally, from Equation (B.8), we have

vα

∫ √
E
(
(D2

z1,z3Fα)2(D2
z2,z3Fα)2

)
dx3

≤ C ×

(∫
W (x1, x3)W (x2, x3)(e

−α

4
(µ(x1)+µ(x2)) + e−αµ(x3)/4)dx3︸ ︷︷ ︸

Bα,1(x1,x2)

+

∫
(αH1,1(x2, x3) +

√
αH2,2(x2, x3))W (x1, x3)(e

−α/6µ(x1) + e−α/6µ(x3)))dx3︸ ︷︷ ︸
Bα,2(x1,x2)

+

∫
(αH1,1(x1, x3) +

√
αH2,2(x1, x3))W (x2, x3)(e

−α/6µ(x2) + e−α/6µ(x3)))dx3

+

∫ √
A2(x1, x2, x3)dx3︸ ︷︷ ︸
Bα,3(x1,x2)

)

for some constant C. To show that γα,1 → 0, we aim to show that, for any

q1, q2 ∈ {0, 1, 2}, and any k = 1, 2, 3

Iα,k(q1, q2) :=

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)Bα,k(x1, x2)dx1dx2

= o(α4σ−1ℓσ(α)
4)

Consider first

Iα,1(q1, q2) =

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)

×W (x1, x3)W (x2, x3)(e
−α

4
(µ(x1)+µ(x2)) + e−αµ(x3)/4)dx1dx2dx3

≤
∫

(αH1(x1))
q1/2L(x1)µ(x1)e

−α

4
µ(x1)dx1

∫
(αH1(x2))

q2/2L(x2)µ(x2)e
−α

4
µ(x2)dx2

+

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2W (x1, x3)W (x2, x3)e

−αµ(x3)/4dx1dx2dx3

For q1, q2 ≥ 1, using Hölder’s inequality and Assumptions ?? and ??,∫
(αH1(x1))

q1/2(αH1(x2))
q2/2W (x1, x3)W (x2, x3)e

−α/4µ(x3)dx1dx2dx3

≤
(∫

(αH1(x1))
q1dx1

∫
L(x3)

2µ(x3)
2e−αµ(x3)/4dx3

×
∫

(αH1(x2))
q2dx2

∫
L(x3)

2µ(x3)
2e−αµ(x3)/4dx3

)1/2
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= O(α(q1/2+q2/2+1)σ−2ℓσ(α)
q1/2+q2/2+1)

Similarly,∫
(αH1(x1))

q1/2W (x1, x3)W (x2, x3)e
−αµ(x3)/4dx1dx2dx3 = O(α(q1/2+1/2)σ−2ℓσ(α)

q1/2+1/2)∫
W (x1, x3)W (x2, x3)e

−αµ(x3)/4dx1dx2dx3 = O(ασ−2ℓσ(α))

and it follows that for any q1, q2 ∈ {0, 1, 2}, Iα,1(q1, q2) = O(α3σ−2ℓσ(α)
3) =

o(α−1+4σℓσ(α)
2) as required. Consider now

Iα,2(q1, q2) =

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)

× (αH1,1(x2, x3) +
√

αH2,2(x2, x3))W (x1, x3)(e
−α/6µ(x1) + e−α/6µ(x3)))dx1dx2dx3.

We have, using Lemma B.2

Iα,2,1(q1, q2) :=

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)

× αH1,1(x2, x3)W (x1, x3)e
−α/6µ(x1)dx1dx2dx3

≤ α

(∫
(αH1(x1))

q1/2e−
α

6
µ(x1)1q1=0L(x1)µ(x1)e

−α/6µ(x1)dx1

)
×
(∫

(αH1(x2))
q2/2e−

α

6
µ(x2)1q2=0W (x2, y)L(y)µ(y)e

−α

4
µ(y)dx2dy

)
If q1 = 0, ∫

e−
α

3
µ(x1)L(x1)µ(x1)dx1 = O(ασ−1ℓσ(α))

and if q1 ≥ 1, using the bound (B.5),∫
(αH1(x1))

q1/2L(x1)µ(x1)e
−α

6
µ(x1)dx1 = O(α(q1+1)σ/2−1ℓα(α)

q1/2+1/2)

(B.10)

If q2 = 0,∫
e−

α

6
µ(x2)W (x2, y)L(y)µ(y)e

−α

4
µ(y)dx2dy ≤

∫
L(y)µ(y)2e−

α

4
µ(y)dy = O(ασ−2ℓσ(α))

If q2 ≥ 1, using Hölder’s inequality, the bound (B.4) and Assumptions ?? and

??,∫
(αH1(x2))

q2/2W (x2, y)L(y)µ(y)e
−α

4
µ(y)dx2dy
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≤
(∫

(αH1(x2))
q2

)1/2 ∫ (∫
W (x2, y)

2dx2

)1/2

L(y)µ(y)e−
α

4
µ(y)dy

≤
(∫

(αH1(x2))
q2

)1/2 ∫
L(y)2µ(y)2e−

α

4
µ(y)dy = O(α(q2/2+1)σ−2ℓσ(α

q2/2+1))

Hence Iα,2,1(q1, q2) = o(α4σ−1ℓ2σ(α)). Consider now

Iα,2,2(q1, q2) :=

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)

× αH1,1(x2, x3)W (x1, x3)e
−α/6µ(x3)dx1dx2dx3

If q1 = 0, we obtain the following bound, using the same computations as above,

Iα,2,2(q1, q2) ≤ α

∫
e−

α

6
µ(x1)L(x1)µ(x1)dx1

∫
(αH1(x2))

q2/2e−
α

6
µ(x2)1q2=0W (x2, y)L(y)µ(y)e

−α

4
µ(y)dx2dy

= O(α4σ−2ℓσ(α)
4σ)

If q1 > 0, we have

Iα,2,2(q1, q2) ≤
∫ (∫

(αH1(x1))
q1dx1

)1/2(∫
W (x1, x3)

2dx1

)1/2

(αH1(x2))
q2/2e−

α

6
µ(x2)1q2=0

× αH1,1(x2, x3)e
−α/6µ(x3)dx2dx3

≤
(∫

(αH1(x1))
q1dx1

)1/2 ∫
L(x3)µ(x3)(αH1(x2))

q2/2e−
α

6
µ(x2)1q2=0

× αH1,1(x2, x3)e
−α/6µ(x3)dx2dx3

If q2 = 0, noting that H1,1(x2, x3) ≤ L(x2)µ(x2)L(x3)µ(x3), we obtain

Iα,2,2(q1, q2) ≤ α

(∫
(αH1(x1))

q1dx1

)1/2 ∫
L(x2)µ(x2)L(x3)

2µ(x3)
2e−

α

6
µ(x2)e−α/6µ(x3)dx2dx3

= O(α(q1/2+2)σ−2ℓσ(α)
q1/2+2)

If q2 > 0, using Hölder’s inequality and the bound (B.6),

Iα,2,2 ≤ α

(∫
(αH1(x1))

q1dx1

)1/2(∫
(αH1(x2))

q2dx2

)1/2

×
(∫

L(x3)
2µ(x3)

2e−α/3µ(x3)dx3

)1/2 ∫
L(y)2µ(y)2e−

α

4
µ(y)dy = O(α7σ/2−3ℓ(α)7σ/2)
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Now, using Hölder and the fact that H2,2 ≤ H1,1, together with (B.5),

Iα,2,3(q1, q2) :=

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)

× (
√

αH2,2(x2, x3))W (x1, x3)e
−α/6µ(x1)dx1dx2dx3

≤
√
α

∫
(αH1(x1))

q1/2L(x1)µ(x1)e
−αµ(x1)/6dx1

×
∫

(αH1(x2))
q2/2

(∫
µ(y)W (x2, y)e

−α

4
µ(y)dy

)1/2

e−
α

6
µ(x2)1q2=0dx2

= O(α(3+1/4)σ−3/2ℓσ(α)
3+1/4)

Consider

Iα,2,4(q1, q2) :=

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)

×
√

αH2,2(x2, x3)W (x1, x3)e
−α/6µ(x3)dx1dx2dx3

If q1 = 0, then, using the above computations,

Iα,2,4(q1, q2) ≤
∫

(αH1(x2))
q2/2e−

α

6
(µ(x1)+µ(x2)1q2=0)

×
√

αH1,1(x2, x3)W (x1, x3)dx1dx2dx3

= O(α(3+1/4)σ−3/2ℓσ(α)
3+1/4)

If q1 > 0 and q2 = 0, noting that H2,2(x2, x3) ≤ L(x2)
2µ(x2)

2L(x3)
2µ(x3)

2 and

using Hölder’s inequality and Assumptions ?? and ??,

Iα,2,4(q1, q2) ≤
√
α

(∫
(αH1(x1))

q1dx1

)1/2 ∫
L(x3)µ(x3)e

−α

6
µ(x2)

√
H2,2(x2, x3)e

−α/6µ(x3)dx2dx3

≤
√
α

(∫
(αH1(x1))

q1dx1

)1/2 ∫
L(x3)

2µ(x3)
2e−α/6µ(x3)dx3

∫
e−

α

6
µ(x2)µ(x2)L(x2)dx2

= O(α3σ−3ℓσ(α)
3)

If q1, q2 > 0, noting that
∫
H1,1(x2, x3) =

∫
µ(y)2e−

α

4
µ(y)dy = O(ασ−2ℓσ(α)),

Iα,2,4(q1, q2)
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≤
√
α

(∫
(αH1(x1))

q1dx1

)1/2

×
∫

L(x3)µ(x3)(αH1(x2))
q2/2
√

H1,1(x2, x3)e
−α/6µ(x3)dx2dx3

≤
√
α

(∫
(αH1(x1))

q1dx1

)1/2(∫
(αH1(x2))

q2dx2

)1/2

×
(∫

L(x3)
2µ(x3)

2e−α/6µ(x3)dx3

)1/2(∫
H1,1(x2, x3)dx3dx2

)1/2

= O(α3σ−3/2ℓσ(α
3σ))

It follows that

Iα,2(q1, q2) = o(α−3v2α). (B.11)

Finally, consider

Iα,3(q1, q2) =

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)

√
A2(x1, x2, x3)dx1dx2dx3

where√
A2(x1, x2, x3)

≤ α2H1,1(x1, x3)H1,1(x2, x3) + α3/2

(
H1,1(x2, x3)

√
H2,2(x1, x3) +H1,1(x1, x3)

√
H2,2(x2, x3)

)
+ α

(√
H2,2(x1, x3)

√
H2,2(x2, x3)

+

√
W (y1, x2)W (y1, x1)W (y1, x3)2W (y2, x1)W (y2, x2)W (y2, x3)2)e−α/2(

∑2
i=1 µ(yi))dy1:2

)
+
√
α

(∫
W (y1, x1)

2W (y1, x2)
2W (y1, x3)

4e−αµ(y1)dy1

)1/2

Using Assumption ??,∫
H1,1(x1, x3))H1,1(x2, x3)dx3 ≤

∫
W (x1, y1)L(y1)µ(y1)e

−α

4
µ(y1)dy1

∫
W (x2, y2)L(y2)µ(y2)e

−α

4
µ(y2)dy2

Therefore, using the asymptotic bounds (B.5) and Assumption ??,

Iα,3,1(q1, q2)

:= α2

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)H1,1(x1, x3)H1,1(x2, x3)dx1dx2dx3

≤ α2

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2H1,1(x1, x3)H1,1(x2, x3)dx1dx2dx3

≤ α2

∫
(αH1(x1))

q1/2L(y1)µ(y1)W (x1, y1)e
−α

4
µ(y1)dy1dx1
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×
∫

(αH1(x2))
q2/2L(y2)µ(y2)W (x2, y2)e

−α

4
µ(y2)dy2dx2

for any q1, q2 ≤ 2. If q = 0,∫
(αH1(x))

q/2L(y)µ(y)W (x, y)e−
α

4
µ(y)dydx =

∫
L(y)µ(y)2e−

α

4
µ(y)dy = O(ασ−2ℓσ(α))

If q > 0, noting that, using Hölder’s inequality and Assumption 3,∫
(αH1(x))

q/2W (x, y)dx ≤ L(y)µ(y)

(∫
(αH1(x))

qdx

)1/2

we have∫
(αH1(x))

q/2L(y)µ(y)W (x, y)e−
α

4
µ(y)dydx ≤

(∫
(αH1(x))

qdx

)1/2(∫
L(y)2µ(y)2e−

α

4
µ(y)dy

)1/2

= O(α(q/2+1)σ−2ℓσ(α)
q/2+1).

It follows that Iα,3,1(q1, q2) = O(α4σ−2ℓ(α)4σ) for any q1, q2 ∈ {0, 1, 2}. Con-

sider now

Iα,3,2(q1, q2) :=α3/2

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)H1,1(x2, x3)

×
(∫

W (y1, x1)
2W (y1, x3)

2e−α/3µ(y1)dy1

)1/2

dx1dx2dx3

≤ α3/2

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2H1,1(x2, x3)

×
(∫

W (y1, x1)
2W (y1, x3)

2e−α/3µ(y1)dy1

)1/2

dx1dx2dx3

Using Lemma B.2,∫
H1,1(x2, x3)

(∫
W (y1, x1)

2W (y1, x3)
2e−α/3µ(y1)dy1

)1/2

dx3

≤
∫

W (x2, y2)L(y2)µ(y2)e
−α

4
µ(y2)dy2 ×

(∫
L(y1)

2µ(y1)
2W (y1, x1)

2e−
α

3
µ(y1)dy1

)1/2

Therefore

Iα,3,2(q1, q2) ≤ α3/2

∫
(αH1(x2))

q1/2W (x2, y2)L(y2)µ(y2)e
−α

4
µ(y2)dy2dx2
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×
∫

(αH1(x1))
q2/2

(∫
L(y1)

2µ(y1)
2W (y1, x1)

2e−
α

3
µ(y1)dy1

)1/2

dx1

For q1 = 0, ∫
L(y2)µ(y2)

2e−
α

4
µ(y2)dy2 = O(ασ−2ℓσ(α)),

while for q1 ≥ 1,∫
(αH1(x2))

q1/2W (x2, y2)L(y2)µ(y2)e
−α

4
µ(y2)dy2dx2

≤
(∫

(αH1(x2))
q1dx2 ×

∫
W (x2, y2)

2L(y2)
2µ(y2)

2e−
α

4
µ(y2)dy2dx2

)1/2

≤
(∫

(αH1(x2))
q1dx2 ×

∫
L(y2)

4µ(y2)
4e−

α

4
µ(y2)dy2dx2

)1/2

= O(α(q1/2+1/2)σ−2ℓσ(α)
q1+1/2).

Additionally, for q2 = 0, using Hölder’s inequality and Assumptions ?? and ??,∫ (∫
L(y1)

2µ(y1)
2W (y1, x1)

2e−
α

3
µ(y1)dy1

)1/2

dx1

≤
∫ (∫

L(y1)
4µ(y1)

4e−
2α

3
µ(y1)dy1

∫
W (y1, x1)

4dy1

)1/4

dx1

≤
∫

L(x1)µ(x1)dx1

(∫
L(y1)

4µ(y1)
4e−

2α

3
µ(y1)dy1

)1/4

= O(ασ/4−1ℓσ(α)
1/4)

while for q2 ≥ 1∫
(αH1(x1))

q2/2

(∫
L(y1)

2µ(y1)
2W (y1, x1)

2e−
α

3
µ(y1)dy1

)1/2

dx1

≤
(∫

(αH1(x1))
q2dx1

∫
L(y1)

2µ(y1)
2W (y1, x1)

2e−
α

3
µ(y1)dy1dx1

)1/2

≤
(∫

(αH1(x1))
q2dx1

∫
L(y1)

4µ(y1)
4e−

α

3
µ(y1)dy1

)1/2

= O(α(q2+1/2)σ−2ℓσ(α)
q2/2+1/2).

Hence, for any q1, q2 ≤ 2, Iα,3,2 = O(α3σ−2ℓσ(α)
3) = o(α−3v2α). Consider now

Iα,3,3(q1, q2) := α

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)

×

[(∫
W (y1, x1)

2W (y1, x3)
2W (y2, x2)

2W (y2, x3)
2e−α/2(

∑2
i=1 µ(yi))dy1:2

)1/2

+

(∫
W (y1, x2)W (y1, x1)W (y1, x3)

2W (y2, x1)W (y2, x2)W (y2, x3)
2e

− α

2(
∑2

i=1
µ(yi))dy1:2

)1/2
]
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dx1dx2dx3

Using Hölder’s inequality,∫ (∫
W (y1, x1)

2W (y1, x3)
2W (y2, x2)

2W (y2, x3)
2e−α/2(

∑2
i=1 µ(yi))dy1:2

)1/2

dx3

≤
(∫

W (y1, x1)
2W (y1, x3)

2e−
α

2
µ(y1)dy1dx3

)1/2(∫
W (y2, x2)

2W (y2, x3)
2e−

α

2
µ(y2)dy2dx3

)1/2

For q = 0, using Assumption ?? and ??∫
e−

α

6
µ(x)

(∫
H2,2(x, x3)dx3

)1/2

dx ≤
∫

e−
α

6
µ(x)

(∫
W (y, x)2W (y, x3)dydx3

)1/2

dx

= O(ασ−1ℓσ(α))

Additionally,(∫
W (y1, x1)

2W (y1, x3)
2e−

α

2
µ(y1)dy1dx3

)1/2(∫
W (y2, x2)

2W (y2, x3)
2e−

α

2
µ(y2)dy2dx3

)1/2

≤
(∫

L(y1)
2µ(y1)

2W (y1, x1)
2e−

α

2
µ(y1)dy1

)1/2(∫
L(y2)

2µ(y2)
2W (y2, x2)

2e−
α

2
µ(y2)dy2

)1/2

It follows that, for q ≥ 1, using Hölder’s inequality and Assumptions ?? and ??∫
(αH1(x))

q/2

(∫
L(y)2µ(y)2W (y, x)2e−

α

2
µ(y)dy

)1/2

dx

≤
(∫

(αH1(x))
qdx

)1/2(∫
L(y)4µ(y)4e−

α

2
µ(y)dy

)1/2

= O
(
α(q/2+1/2)σ−2ℓσ(α)

(q/2+1/2)
)

Similarly, for the second term of Iα,3,3(q1, q2)∫ (∫
W (y1, x2)W (y1, x1)W (y1, x3)

2W (y2, x1)W (y2, x2)W (y2, x3)
2e−α/2(

∑2
i=1 µ(yi))dy1:2

)1/2

dx3

≤
(∫

W (y1, x1)W (y1, x2)W (y1, x3)
2e−

α

2
µ(y1)dy1dx3

∫
W (y2, x1)W (y2, x2)W (y2, x3)

2e−
α

2
µ(y2)dy2dx3

)1/2

and, using Hölder’s inequality and (B.5),∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)
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(∫
W (y1, x1)W (y1, x2)W (y1, x3)

2e−
α

2
µ(y1)dy1dx3

)1/2

×
(∫

W (y2, x1)W (y2, x2)W (y2, x3)
2e−

α

2
µ(y2)dy2dx3

)1/2

dx1dx2

≤
(∫

(αH1(x1))
q1e−

α

6
µ(x1)1q1=0W (y1, x1)µ(y1)

3L(y1)
2e−

α

2
µ(y1)dy1dx1

)1/2

×
(∫

(αH1(x2))
q2e−

α

6
µ(x2)1q2=0W (y2, x2)µ(y2)

3L(y2)
2e−

α

2
µ(y2)dy2dx2

)1/2

For q = 0,(∫
e−

α

6
µ(x)W (y, x)µ(y)3L(y)2e−

α

2
µ(y)dydx

)1/2

= O(ασ/2−2ℓσ(α)
1/2)

while for q ≥ 1,(∫
(αH1(x))

qW (y, x)µ(y)3L(y)2e−
α

2
µ(y)dydx

)1/2

= O(α(q/2+1/2)σ−3/2ℓσ(α)
q/2+1/2)

Combining the above results, we obtain, for any q1, q2 ∈ {0, 1, 2}, Iα,3,3(q1, q2) =

o(α−3v2α). Consider finally

Iα,3,4(q1, q2) :=

∫
(αH1(x1))

q1/2(αH1(x2))
q2/2e−

α

6
(µ(x1)1q1=0+µ(x2)1q2=0)

×
√
α

(∫
W (y1, x1)

2W (y1, x2)
2W (y1, x3)

4e−αµ(y1)dy1

)1/2

dx1dx2dx3

We have∫ (∫
W (y1, x1)

2W (y1, x2)
2W (y1, x3)

4e−αµ(y1)dy1

)1/2

dx3

≤
(∫

L(x3)µ(x3)dx3

)(∫
W (y1, x1)

6e−αµ(y1)dy1

)1/6(∫
W (y1, x2)

6e−αµ(y1)dy1

)1/6

and, for q1 ≥ 1, using Hölder’s inequality,∫
(αH1(x1))

q1

(∫
W (y1, x1)

6e−αµ(y1)dy1

)1/6

dx1 = O(α(q1+1/6)σ−1ℓσ(α)
q1+1/6).

For q1 = 0,∫
e−

α

6
µ(x1)

(∫
W (y1, x1)

6e−αµ(y1)dy1

)1/6

dx1 = O(ασ−1ℓσ(α))
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It follows that, for q1, q2 ≤ 2

Iα,3,4(q1, q2) = O(α(4+1/3)σ−3/2ℓσ(α)
4+1/3) = o(α−3v2α) (B.12)

Iα,3(q1, q2) = O(α(4+1/3)σ−3/2ℓσ(α)
4+1/3) = o(α−3v2α) (B.13)

and, combining the bounds (B.3.5), (B.11) and (B.13), we obtain γα,1 → 0.
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