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2 F. CARON et al.

Appendix A. Proofs of secondary propositions for the variances and

clustering coefficients

A.1. Proof of Proposition ?? on var(N,)
An application of the Slivnyak-Mecke and Campbell theorems gives

var(Ny) =E(N,) + 202 /0 b w(z) (1 — Wz, z))e @) dy

+of / (W) — 14 W (a,y)) (1 = W(a,2))(1 = W(y,p))
54
X (1= W (x,y))e @)=enl) drdy.
Using the inequality e — 1 < ze®,

var(Ny) < E(Ng) + 2a2/ () e M@ dy:
Ry

I
&
<
_|_
[\

o? / p(z)e M@ dy
Ry

+a2/ e~ @)= nWIW (2, ) dxdy
RY

o0
+ Za2+k/ 1/(3:,y)ke_o‘“(x)_o‘“(y)da:dy.
k=1 RY
Now, using Lemmas 7?7 and 77

W (x,y)e “H@) W) dady < / w(z)e @ dy = O (a7 My (a)).

R% Ry

/ vz, y)e*au(x)*au(y)JraV(w,y)dmdy -0 (a20*2ag§(a)) )
R%

It follows that var(N,) = O(a3+29724¢(a)?).

Assume Assumption 77 and ?7 are satisfied, with a = 1. From the first part

of Proposition ??, we have the upper bound var(N,) = O (a!t*702(w)) .
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We now derive a lower bound. If o = 0, var(N,) > E(N,) 2 alp(a), hence

var(Ny) < af(a). Consider now the case o > 0. We have

var(No) > 042/ (™) — 1)(1 = W (x,2))(1 = W(y,9)(1 = W(z,y))

R

> e—au(w)—au(y)dwdy

and using the inequality e* — 1 > x and Assumption 77?7

var(Na) > o’ /R v(,y) (1= W(w,2))(1 = W(y,y)(1 = W(z,y))e =10 dedy

> oo | h / " @uly) (1 — Wz, 2)) (L — Wy, )1~ W(z.y))

e—au(ﬂc)—au(y)dxdy

Using Lemmas 77 and 7?7, we have

[ st = W23 = Wl )1 = W )e @ 0 duay

[e'e) 0o 2
o [T et ey — ([ e ae) ~ a2,
o Jo R,

It follows that, for o > 0, var(N,) = a'*29¢2(a). Combining this with the
upper bound gives, for all o € [0, 1] var(N,) < ol 2702 (a).
A.2. Proof of proposition ?? on var(Ng;)

We have,

E(Ng ;| M) = E(Na | M)

= Y 1y, <alo, <aP {Z Lo,<aZik =J and Y 1o, <aZipk = J | M} -
k k

21 #1/2

J
= Z Z Zﬂehgaleizgo‘

be{0,1}3 j1=0 i1 s

x P {Z Lg,<aZik =J and Y Tlg,<aZipk = and Y lg,<aZikZik = j — j1
k k k

and Zj,i, = bi1, Zi,i, = bi2, Ziyi, = boo | M'}

2i2
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where b = (byy,b12,b20) € {0,1}3. Let Ay, Ap, Ajo be disjoint subsets of
N\{i1, 42} such that |Aia|+bi2 = j—j1, |A1|+]A12]|+b11 +b12 = [A2| +|A1 2|+
bas+b1o = j respectively corresponding to the indices of nodes only connected to
node i1, only to node iz, or to both nodes (i1,42). Let A = {i1,i2}UA1UAUA 5.
We have

’ {Z VosaZik =3 )_ VousaZiok = o 3 VousaZiakZiok = J = 1
k k &

(Zisiss Ziyigs Zini,) = b | M}

]19,. <a]19,- <a , \ b
e B B ‘1 — ‘2 — - W ’l92‘1 s ,ﬁil 11W /1912 , 19 22W 191'1 ’ 197;2 1a
AlAzz:Alg (‘7 7‘71 7b12)!(.]1 7b11)!(]1 —b22)! ( ) ( ) ( )

X {1 - W<19i1719i1)}17b11{1 - W(ﬁiwﬂiz)}libm{l - W(ﬂiﬂﬁ’b)}liblz

g [H ﬂekgaW(/ﬁi“ﬁik){ 1912’191k ] [H 10k<0‘{1_ (ﬂllaﬁlk)}W(ﬁlwﬁlk)

keA, kEA,

[H Low<aW Vi, 93 )W (9, B, )] eXp |~ Z {909, (Ok; V) + oy, (Ok, Vi) }
hedz kEN\A

Using the extended Slivnyak-Mecke theorem,

B(NZ) = BNay)

2+J+]1_b11—b12—b22

Z 2: L5000 15000 1j <j—b
- - — — | ©J12011 T 12022 7157 — 012
be{0,1}3 j1=0 (J = J1 = bi2)! (jr — b11)!(jr — ba2)!

X / {M(.’E) - V(xﬁg)}jlibu{/i(y) - V(CL‘, y)}jlibzzy(xj y)j*jlfblz
2
X

6—a#($)—au(y)+au(z,y)W(x’ x)bn Wy, y)b”W(q:, y)b12{1 W, x)}l—bu

X {1 — Wy, y) Y2 {1 = W(z,y)} P2 dady
2+J+Jl b11—b12—bao

Z Z ]lj12b11 Hj12b22 ]ljlﬁj—bu
bE{O 1}3 j1= (7 = J1 — b12)! (41 — b11)!(j1 — ba2)!

. / ,U/(x)jl *buu(y)jl *bzzy(x’ y>j*j1*blzefa,u(x)fau(y)Jra,j(x,y)
=

X W (z, )" Wy, y)*2 W (2,y)"2{1 = W(z,z)} {1 - W(y,y)}' "
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x {1 — W(x,y)} "2dedy
We will need the following lemma.
Lemma A.1. Let r > 1, ji,j2 > 0. Define
I = /]R lan@) [an(y)l (av(z, y)) e (e ety rar(en) dudy.

Under Assumptions 1 and 2, we have for all r > 1

I, = O(a’~2m+20 12 (),
Proof. We have, using Assumption 2, that
L<ao / (@) o) (@, y) e B+ 24y ay

2
+

< Cla" =2 / () ere 2 dy / (ap(@)) e dz + o(a™?),
R, R,

for any p > 0. Assumption 1 and Lemmas ?? (o = 1) and ?? (o € [0, 1)) imply
that for all » > 1
Ir — O(ar72ar+20£(27(a>).

It follows
a2+2j*b11*b22*2b12
EN2 7EN j < s - :H- 11 12]_‘ 22 12
( oz,]) ( a,J) ~ be{zo:l}g (] — by — bll)!(] — by — b22)! J>b11+b1a L j>baa+b
. / pu() =i ()i b bez gmenlm) ety tar E Y (4, )P (y, y)P2 W (2, )2
R

2
+

) {1 =W (z,2)}' {1 = W(y,y)} "2 {1 = W(x,y)} "2 dady + O{a? 7172402 (a)}.

Let Vy and Vj respectively denote the sum of terms such that b2 = 0 and

bi2 = 1 in the above sum. Using the inequality e* < 1 + ze®,
a2+2j*bn*b22

Vo = Z (7 = b11)!(J — b22)!

b117b22€{071}2

/ Iu(x)j—buIu(y)j—blz6—au(w)—fw(y)+w(z,y)
R2

X W (z, )" W (y,y)"= {1 = W(z,2)} " {1 = W(y,y)}' "2 {1 = W(=z,y)}dady



6 F. CARON et al.

C)é2+2j_b11 —baa

= J—bu1 j—bis  —au(z)—au(y)
anb:zz (7 = b11)!(J — b22)! /Ri p(z) w(y) e

X Wz, )" W (y,y)"2 {1 — W (x, 2) 170 {1 — W (y, y) 2 dxdy

a3+2j—b11—522 b i
J—011 J—012
11,022 +

w e~ ox) —ap(y)+ow(x.y) dxdy}

-y L = W e

-b
bllab22 ] 11

1+5—bas )
g {' | ey w1 - Wi, y)}l—b%—u@)dy}
(4 — b22)! R,

+ O 202 ()} = B(Nay)® + Ofa® 274172062 ()

Similarly,

2j—bu —ba2 ]]_

a i>14b1y Lj> 14050 - .
i < j ; . ] )
1 _bllz:bzz (7 =1 =01)!l(j =1 = bao)! /Ri wz) 1(y)

eay(:v,y)—au(w)—a#(y) W(ZE y)dgjdy

Z I PP RUNE F S RT / p() b ()T
i (=1 =b1)!(f =1 =b22)! Jrz

e_a“(‘v)_a“(y)W(m, y)dzdy + O{a2+2a+1_2“€g(a)}

For j1 > 1 and j3 > 1, using Cauchy-Schwarz and Lemma 77,

/W T,y Ly )72 —ap(z)—auly )dacdy
1/2
< [ ey { [ty >dy} () 2da
Ry

1/2
< {/M(x)jlﬂne_a“(m)dx} {/M(y)2j"‘e_2a“(y)dy}

and for j; >0

/ pla)re MO HDW (2, y)dady < / pla)re HOW (2, y)dody
R2 R%
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N / p(z) e @ gy = O {a ()}
Ry

It follows that V; = O{a2+37/2=1/2032 (a1 +-0{a! 72 (a) } +O{a? 27 +1-2a¢2 (1)},
Combining the upper bounds on Vj and V4, we obtain var(N, ;) = O(a372¢729¢2 ()
and this terminates the proof. In the case 0 = 0 and a = 1, one can use Lemma

?? instead of Lemma 77 and replace big O by little o in the above bounds,

together with the fact that E(N, ;) = o(al()) and £(t) = O(£3(t)) if o = 0.
A.3. Proof of Proposition 77

We first prove the first equality. The proof is similar to that of Proposition

77, given in Section A.2. For any j > 2,

0Ro; =2 Tailp,—jlo,<a= Y ZinZuZulp, —jlo,<a-
i i#hAl

Let Sq; = 4R3j. We have

Saj = Z ZikZitZilp,i=jlo.<a (4.2)
itk

= E : ZilklzilllZkll1Zi2kQZizlzzkzl2]lDan:j]lDaiz:j]leilSaﬂeizga
i1k Al FiaFkaFl

+ 2 Z Zilklzilllzklll Zizkzzizll Zk2ll]]‘Dai1:jﬂDai2:j]]‘9i1 §a19i2§a
i1 £k £l FioEks

+ 2 Z Z’hkthllelh Zi2k1 Zizh:u'Duil:j]lDaiz:j]l@il Sa]]'eigga
i1 £k AL Fip

+ Z ZilklZilllzklllZi1kzzi1lzzk212:H'Dm'lzj:ﬂ‘eilfa
ik £l £ Al

+2 > Zik Zit, Zhat Bk Zhoty L, =i 10, <a
’L’l#kl#ll#kz

+2 Z Zi1klzi1llzk1l1 ]]‘Dailzj:ﬂ'eiléa
’L’l#kl#ll

Note that some of the terms above are equal to 0 if j < 4. First note that
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for any jg < j:

Jo .
Z (H Zu) Ip,.=jlo,<a < (j()) Noj (A.4)

Hence the last three terms of the right-handside of (A.2) are upper bounded
by CjN,,j, for some constant C; that does not depend on «. Consider now

Sa,j,l = E : Zi1k1 ZilllzklhZi2k’QZi212Zkzlz ]lDMl:j]lDMZ:jHGiI Saleigga
hFk £l FiaFka#l2

J
= : :Sa7j717j1
J1=2
where, for j1 =2,...,7
Sa,j:le - Z ZilklZilllzklllZi2k22i2122k212 ]lDailzj]lDaiQ:j
i1 7k #l
FioFkaFElo
X ]lzk ZiykZigk Loy <a=J—J1 ]191'1 §a]10i2 <a
= > " Zisks Zisty Zkat, Ziaks Bists Zkats LD, = 1Dy =
be{0,1}% irhy £l
FloFkaF#l>

x :H‘Ek Zilkzizkﬂskga:j—ﬁ ]]'Zililzbll :H-ZiliQZle ﬂZi2i2:b22 197’,1 SOé]]'GiZ <a

where we introduce b = (b1, b12,b22) € {0,1}® as in Section A.2. Using the

extended Slivnyak-Mecke theorem, for j; = 2,...,7,

E(Sa7j717j1) (A.5)
a2+j+j17b117b127b22
. . . - 1 i ‘_b12:ﬂ‘ b 1 .
be%:l}s (] —J1- b12)!(]1 — b1 — 2)!(]1 — bog — 2)! s J12 1z
x| Aplar) = vy, w2) P20 (ag) — v(ay, 20) P00y, mp) T

R

X e*a“(zl)*““(xz)“‘”(zl’IZ)W(afl,yl)W(:cl, 21)W (y1, 21)W (22, y2 )W (22, 22) W (y2, 22)

X W (z,z)" W (y,y) 2 W (z, )"
X {1 = W (z, )} 70 {1 = W(y,y) 022 {1 — W(z,y) '~ "2da dy1dz deadysdzs

o2 Hitii—bii—b12=ba

S B B B N 1-1 -7b12ﬂ,1 bll]l'l b22
be{;l}3 (G — 1 — b12)! (1 — b11 — 2)!1(j1 — ba2 — 2)! <Jj G1>biy L >
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% / M(ml)ﬁ*?*bn Iu(xQ)jl*Q*bzz V(Jrl, x2)j*j1*b12 e*a#("f)*aﬂ(y)+a’/($1@2)
RS
x Wz, y1)W (1, 20)W (y1, 21)W (22, y2)W (22, 22) W (y2, 22)
X W(l‘l, xl)an(.%'Q, acg)b”W(xl, xg)b12
x {1 —W(xy, xl)}lfb“{l — W (xa, xg)}lfb”{l - Wiy, $2)}17b12dxldyldzldazgdygdzg
(A.6)
For b3 # 0 or j # j1, we can bound the terms in the above sum by

a2+j+j1—b11—b12—b22
(] _ jl _ b12)!(j1 _ bll _ 2)[(.71 o b22 _ 2)| J1<j—b12 £J12b11 L J1>b22

></ Iu(wl)jl*bnlu(wg)jl*bzzy(xl,xQ)J'*jl*blze*aﬂ(m)*aﬂ(y)JraV(th)
R

X W(zy,21) " W (2, 22)22 W (21, )2
X {1 — W(.%'l,xl)}l_bu{l — W($2,l‘2)}1_b22{1 — W(xl,xg)}l_b”dxldxg
— O(a3+2072a50(a)2) (A7)

using the intermediate results of the proof in Section A.2.
Consider now the sum of terms such that bjo = 0 and j = j; in (A.6). Using

the inequality e® < 1+ ze®, this sum is upper bounded by

a2+2j*b11 —bao

Jj—2—b11 j=2—bas , —ap(x)—ap(y)+av(z,zs)
buzb:m (J = b1ir = 2)(j — b2 — 2)! /Ri ul(n) 1(w2) e

X Wz, y1)W(x1, 20)W (y1, 21)W (22, y2 )W (22, 22) W (y2, 22)

x W (w1, xl)bllW(xg,xg)b22{1 — W(azl,xl)}kb“{l - W(xg,SCQ)}17b22d1‘1dy1d2’1dx2dy2d22
a2+2j*b11*b22

< Jj—2—b1n1 j—2—bas  —ap(z)—au(y)
- bllzblz (J = b1r = 2)(j — b2 — 2)! /R‘i ul(@) p(w2) e

X Wz, y1)W(x1, 20)W (y1, 20)W (22, y2)W (22, 22) W (y2, 22)

X W(xl, a:l)b“W(xg, 2?2)1722{1 — W(:Cl, .’L‘l)}lib“{l — W(QJQ, 332)}17b22d.%'1dy1d2’1d1'2dy2d22
a3+2j—b11—b22

J—2—b11 J—2—bas *aﬂ(ff)*au(y)Jrau(x,y)
! sz: (J = b1 — 2)1(j — ba2 — 2)! /Ri pla) (@2) v(z,y)e

X Wiz, y1)W (21, 21)W (y1, 21) W (x2, y2 )W (22, 22)W (y2, 22)
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X W(l’l, xl)b“W(l‘g, $2)b22 X {1 — W(l’l, xl)}l_bu{l — W($2, xg)}l_b”da:ldyldzldaj2dy2d22

< 4E(Ra;)?
3+2] —b11—b22

J—bn J—baa —ap(z)—ap(y)+av(z,y)
+ Z ] _b11_2) (] —b22—2) / M($1) :U’('TQ) I/(l‘,y)e

bll 7b12

X W(l‘l, fEl)bllW(l'Q, 1‘2)b22 X {1 — W(Il, 561)}1_1711{1 — W(l‘g, xg)}l_b22d$1d$2

_ 4E(Ra,j)2 +O<a3+20—2a€(r(a)2)

using Lemma A.1 in Section A.2. It follows that

E(Saj1) = E(4Ra;)” + O(a* 2772 (a)?) (A.8)
Consider now
Sa,j2 = Z Zisky Zisly Zkyly Zisks Zigly Zkoly LD, = 1D,i, =510, <al6,,<a
i1k £l FiaF ks

We have similarly
E(Sa,j2) = O(a27729 ()?) (A.9)

using Lemma A.1. Similarly, using Lemma A.1, E(S, j3) = O(a®T277244, (a)?).
Combining the above bound with (A.8) and (A.9), we obtain var(R,;) =
O(a?+29724¢ (a)?). We now consider the second bound in Proposition ?7?.
Consider an increasing sequence «; — oo such that a,+1 — a, = o(ay,) as
n —oo. Let I, = {i, 0; < a,} and I = 14, \Ia,.
For any j > 1, let
R\ = Z ToerilDa, =15, . 2,01
ZEI

We have, similarly to Equation (A.2)

“ n+1 Xn+41

R(l) Z Z Z Zzlkl zlllzklllzlzkzzlzlzzk212

Zl,lg k17£l #7,1 Zg?ékg?élg

x1p  _:1p . —;1 41 1.
Dayiy =7+ Daniz=J Zifle,ﬁ Zy, =1 Z;ZEWZ' =1

: Tigig
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Hence using the same decomposition as (A.2) together with the fact that
Iy, .. zs=1 < 1, we derive the same bounds as (A.4), (A.7) and (A.9) so
that

E((RU))?) < g g (0m) + 05727720 () + E(Sa, 1)

where, writing b = (b11, ba2),

Gfan O‘n+1\{i17i2}

Oém] 1,5 — § : E : § : leklzllllzkllllek2Z12l2Zk2l2]]'Dan 1—J:H‘Dun ig =

be{0,1}2 i1 742 k17l
FhaFls

Iy o " ZiiiZip =012, 1, =60 1 20,0, =000 U5, 200 =105, e 200, =1
so that E(gamﬂ,j) = E(Rﬁl )) We thus obtain that Var(R(lj)) = O(adT27729 (0, )?).

A.4. Proof of Lemma 77

Let IS = In, \a, = {i | 6; € (0, otns1]}. First note that R,; = S7_, RY+

R,(w) + Rq(w) where

1 E
) = an+1lﬂDani:T]]‘Zi/e1’C ANESS

i€la,
R£L2T') = Z Tan+1i]]'Dani:T:H‘Zi/€Ic Z“-/227
i€la, "
(3) = Z ToriilDa, =y, e Zou=1-
tels
For any r < j
el,,, ,#t
( ‘M) 3 Z W (95, 9)W (3, 03) W (90, 93) Tl r — 2P | S Ziw > 2| M
i€la, ., Ik vely
el., €I
+2 ) 0 YOS WL 9)W (0, 0)W (00, k) Jn (i — VP [ D Zi > 1M
i€la, , I#i k#i irele
€re

+ Y W@ 9)W (9, D)W (91, 95) T (i, 7)
i€la,,, I#k
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where, recalling the definition of g, , in Equation (?7),

I
- Zs#?,k,il,...,iT Go,9; (957195).

el,, r
Jn(i,7) = > [HW(ﬁi,ﬁis) e

i1 F£bs. . Fi#lF#k Ls=1
Note that
Z Z” > 2|M =1—¢ Z se1¢ Gonq1—an, 0 ,0s) Z W 19“19 /g@n+1 an, (9 s )
i'ele irele

Using the Slivnyak-Mecke theorem, the inequality 1 —e™¥ —ye™¥ < 32 for y > 0,

the condition (??) and Lemma ??, we obtain

E(RZ) S ans1ah(anis — an)? / Lo(z)u(z) e~ @ dz < o108 (a1 — an)2{an),

where Lo(x) converges to b > 0 at infinity. Noting that (ap+1 — an)/ayn =
O(1/n), we obtain E (R( )> < a2™(ay,)/n?. This implies that Y, E (ESE)) J(@2TH(ay,)) <
+o0 so that, by Markov inequality and Borel-Cantelli lemma, fe,(f) = o(ag ()
almost surely as n tends to infinity.
We now study
R() = Z Toniilp,,i=rly, . z,0=1-
iels

Similarly to before

€l,,
B (R | M) <303 Wi, 0)W (00, 00)W (90, 94) Julisr = 2P | S Zio = 1M
icle 1#£k irele
I#i
+2> ) W0, 9)W (0, 95)W (91, 9) T (i, 7 — 1)
lelg kel,,

so that

a+1£(an)

E (fiﬁbr)) S (a1 — an)za;/L3<33)M($)r+1€—anu( Vdz < 2o

n

()

where Lsz(z) converges to b and Ry, = o(at1(a,)) almost surely as n tends
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to infinity. Finally, we have

€l
E(RDIM) S S Wi 0)W (0, 00)W (F1, ) Jnlisr = 2) S W (s, 92)

i£l#£k irele
€l.,,

+2) 0 Wi, )W (0, 95)W (91, 9) T (i, 7 — 1)
i#l kele

which implies that

(1) ar+l _
E ( nr ) ) ,S (an+1 an) / L (x),u(f];)ﬂ_le_a"'“(m)dx
R

a%“éa(an n+1£0'( n)

~0 (W) = o(1).

where Li(z) converges to b. Moreover, from Proposition 7?7

var <Oé%+1£0_(0[n)> = O (an )

so that, RY = o(altl(ay,)) almost surely. It finally follows that, for any

j>1, Rn] = o(al™¢(a,)) almost surely as n tends to infinity.
Appendix B. Proof of secondary propositions for the Central Limit
Theorem
B.1. Proof of Proposition 77

Let

ZOC = N N | M Z 10 <oz IlD > (1 — e_M(ga,ﬁi)))

where we recall that g, (6, 7) = —log(1 — W(z,?))1p<, and

e MGavi) = =2 ~log(1=W(¥i0)) ;<0 — H(l — W (9, 1%‘))19 =
J

We have E(Z, | M) = 0 hence var(Z,) = E(Z2). Note that

Zgé =Zo+ Z ]lailﬁa(]lDa,nZl — (1 _ e_M(ga’ﬁil)))ROQSQ(RDa‘izzl _ (1 o e—M(ga‘ﬂiQ)))
i1 #is
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_M a9,
= Zo+ Y Lo, <alp., >110,<alD, 21— D To, <alp,, >11p,<a(l —e (90.0:))

7;1 ;élQ il 7512
= g call = MmNy 0 p, s+ Y g call — e MO T, o (1 — e M)
i1740o i1 #is

We have
B(Z2 M) = Y 1ozl cae M0men)Mlon) (ann, 0ada) 1)
i171s
Applying the extended Slivnyak-Mecke theorem
E(Z3) = a2/ (1= W (z,2))(1 = W(y,y)) (1 = W(x,y))e” @ -enrer (i — (1 —W(z,y)))dwdy
R

<o [ W,y om@-enw oz gy,
< "
Using Cauchy-Schwarz inequality, v(z,y) < /u(z)u(y) < %(M(x) + u(y)), and
Lemma 77, we obtain
- O 1+U€a € 10,1
E(Z;) :a2/ p(@)e/2@ g = gty = O te(@) a0 D)
’ ofal(@)  o=0

It follows from Markov’s inequality that, in probability
O(a1/2+"/2€(1,/2(a)) o€0,1)
o(a /2012 () oc=0

B.2. Proof of Proposition 77

Lo =

Define M(ha) = 3, Z; where Z; = ho(0;,9;) = 1g,<q [1 — (1 — W (0;,9;))e 0] .
Using Campbell’s formula

E<Zﬁ0:“/ (1= (1= W(z,2))e=®)dz = B(N,)
p 0
~ 00 2
var (z Zi) = a/ [1 —(1- W(x,x))e_o‘“(w)} dx < E(Ny)
z 0
Noting that E(N,) ~ a!*9T'(1 —0)f(a), it follows from Chebyshev’s inequality
that, in probability,

> Zi— E(Na) =0

Var <Z Zz) -0 (a1/2+0'/2€$_/2(a))
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If p has an unbounded support then, under Assumption 7?7, either ¢ > 0
or 0 = 0 and #4(t) — oo. In both cases, in probability, ). Zi — E(N,) =
0 (a1/2+"fa(a)) .

B.3. Proof of Proposition 77?7

Let
falM) = 3" Toca [(1 = W (05, 91))e™HP) — e~ Mo

The idea is to use Theorem 1.1 from [2]. To do so, define
A

e
where v, = var(fo(M)) ~ var(N,) < a'*t27¢%2(a). Note that E(F,) = 0 and
var(F,) = 1. Consider the difference operator D,F, defined by

F, (B.1)

D.F, = \/%(fa(M +6.) — fa(M)
Also
D2 Fa:Dz (DzFa):Dz < L (fa(M+6Z)_fa(M)>)
21,22 2 1 2 \/@ 1
_ } (falM 4+ 82 4 62) = fa(M +62) = fa(M +62,) + fa(M)).

Define

1/2
Ya,1 -= 2 ( \/]E(Dzl FOL)Q(DzzFa)2\/]E(Dgl723Fa)2(D§2,23Fa)2d21d22d23>
=

6
+

1/2
Vo2 1= < / E (D2, .,Fa)* (D2, .. Fo)’] dzlede;»,)
R

Yo, 3 ::/ E\DzFa]3dz
R2

+

We state a corollary of Theorem 1.1 from [2].

Corollary B.1. [2, Theorem 1.1] If Ya1,Ya,2: Ya,3 — 0, then

ALY
NG

F, — N(0,1).
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The rest of the proof aims to show that v41,74,2,7,3 — 0. The proof is
rather lengthy and therefore split in different subsections. We first state a few

notations and lemmas that will be useful in the following.

B.3.1. Definitions and lemmas The following lemma, obtained with Hoélder’s in-

equality, will be used multiple times.

Lemma B.1. For any d > 1 and any z1,...,29 > 0,
d
E (H fM(gM)) < e Tieanlen),
k=1

Proof. Using Holder’s inequality, for any d > 1

E (ﬁ[ eM(ga,zk)) < f[ E (efdM(ga,zk))
k=1 k=1

d
< [ e 30 a-t-Wenahdy = =% Tiouz)
k=1

d
et 0w

k=1

For i,7 >0, let
H; j(w1,22) = W (a1, y)' W (2, y)e”1#Wdy, Hi(z) = Hig(z,z). (B.2)
RY
The following lemma compiles various useful bounds.

Lemma B.2. Assume Assumptions 1 and 5. Then

e Forallj>1 and all x1,...,2;-1 >0,y >0 and p1,...,p; > 1, >0

o o -1 1/2
/ (/ Wy, ;)" [H W(yl,xk)p’“] €_a“(y1)dy1> W (y2, ;)dx;
o \Jo P

5—1 1/2
< L(y2)p(y2) (/L(yl)pju(’yl)pj [H W(yl,ﬂﬂk)p"] G_Q“(yl)dm)
k1

o For any x9 > 0,

/H1»1(371»$2)2d5”1 < /L(yl)L(y2)u(y1)u(y2)w(f€2,yl)W($27y2)6Z(“(y1)+“(y2))dy1dy2

(B.3)
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o foranyq=1,2,...

/0 " H () da = / ﬁ / Wz, ys)e= 34 dydz = O(a®90,(a)?)
i=1
(B.4)
e Foranyq>1,p>1,
/(aH1 (21) 2L (21 ) (1 )P 2e™ M) dgy = O(9TD9/27P/2¢ () (a+1)/2)
(B.5)

o Ifq <3,

2
/L(xl)u(ﬂfl)pw(ﬂflvm)qeZ“(“)dﬂﬂl < p(x2)?L(22)? (/ L(xl)Qﬂ(xl)Qpezu(xl)m) '
(B.6)

Proof. The first inequality comes from Holder’s inequality, together with

Assumptions ?? and ??. Also (B.3) is a consequence of

/H1,1($1,$2)2d$1 = /V(ylay2)W(332,y1)W($2,y2)€Z(“(yl)ﬂ(w))dyldyz

Under Assumption ??, For any ¢ = 1,2,..., using Assumption 77, 7?7, and

Lemma 77,

oo q
/ Hy(z)ldx = /H/W(m,yi)e_zu(y‘)dyidx
0 ;
<H [ a0 = Ot
Using Holder’s inequality,

1/2
/(aH1(:Bl))q/2L(x1)u(x1)p/Qe Fp(@) dxy < ( aH1 (1) qd:cl/L(;Ul)gu(xl)pe_g“(xl)dx1>

= O(al7t)9/2-p/2¢_(o)(a+1)/2)

which proves (B.5). Finally recall that from Lemma ?? that for any p > 1,

/ Lz p(z1)Pe” 5#@0) dey = O(a” Ply(a)).
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so that using Holder and Assumption 77, for any ¢ < 3
/ L(w1)p(x1)PW (21, 22) e~ 590 day < pu(2) 7L (1)1 (/ L<w1>2n<x1>2pe3“(”“”"”1)2
O
B.3.2. General bounds Let z = (t, ). Recall that gq 4(60,9) = —log(1—W (z,9))Lg<q.
Vo X D Fy = 1i<o(1 — W(z, z)) [e*a“(m) — eiM(ga'z)} + Li<q Z lgigaW(ﬁi,x)e*M(g“ﬁi).

We have

—ap(x) _ o=M(ga.x)

\/@|DzFa‘ < li<a ( € + Z Lo, <aW (¥4, x)e M(g“ﬂ’i)>

(B.7)

Similarly,

\/% Z1, Zz( ) = ]]'thtzgaw(xla .1'2) |:(]~ - W(ml,xl))eiM(ga’“) —+ (1 — W("L’Q,JjQ))e*M(gaxzz)

~ Lty ta<a O Lo,<aW (93, 21)W (9, wa)e M (920
Note that the above is equal to 0 if ¢ > « or to > a. For t1,ts < «
V0 X D2, Fal® < 2W (1, 22) (e Mnm) 4 g7 Mgura))?
+2 (Z Lg,<a W (s, 21)W (93, $2)€_M(g"”9i)) 2
< AW (21, 22)2 (e Maw) 4 e=M(ga)y 4 QZ Lo, <o W (93, 21)2W (95, 22) 2 2M (900.)

+2 Z ]leiga]leSaW(ﬁia ~T1)W(7917 33'2)W(19j, xl)W(ﬁj, $2)€_M(ga“9i)_M(9"‘*‘9J)
i#j

v2(D? | F,)%(D? | F,)?

21,23 22,23

< 16W (z1, x3) W($27x3)2(6*M(9a,m1) 4 G*M(ga,m))(e*M(g(,,m) + efM(gmza))

2
+ 8W (w1, )% (¢ M0 m1) 4 e M 00n0) (Z Lg,<aW (97, 22) W (9, m)eM(ga,m>



Supplementary material: On sparsity, power-law and clustering properties of graphex processes19

2
+ 8W (g, w3)* (¢ M oz) 4 o7 Mlena)) <Z Lo, <o W (9;, 21)W (¥, x?,)eM(gwi))

+4 Z ]1911 SaleiQ Saﬂeig Sa19i4§aW(/&il ) wl)W(ﬁll 3 1‘3)W(’l91'2, xl)W(ﬂb ) $3)

11,02,i3,04

X V[/v(ﬁi37 1‘2)W(’l91'3, .%'3)W(?9i4 , $2)W(197;4, 1‘3)6_ i M(ga‘ﬂik)
We obtain, using the inequality (B.3)

E (va(D, ., F)* (D2, ., F)?)

<O x <W(m1,m3)2W(m2,m3)2(e‘0‘/2“(5”1)) + 0 21(@)) (e ma/2m(T2) 4 gm/2u(ws)y
+ (Q2H171($2, x3)2 + aHa o(x2, 23))W (21, mg)z(e_a/g’”(“) + e_o‘/3“(“3)))

+ (042H1,1(a:1, x3)% + aHyo(x1,x3))W (22, x3)2(e_°‘/3”(mg) + e_a/3“(m3)))

+A2(x17 Z2, .%'3)) (B8)
for some constant C' > 0, where
Ag(w1, 2, 73)

4
=B Y TIW0i, 2s) 10, <aW (i, 20)W (0s,, 20)W (I, 22) W (0, ) 5= M000)

i1,i2,is,i4 €=1

1
= 044/HW(ye,$3)W(y17$1)W(y2,Il)W(yzxz)W(ys,$2)W(y47962)6_&/4(2?—1”(%))@1:4
=1

+a’ /(W(yl,$1)2W(y1,$3)2W(y2,1‘2)W(yz,fﬂ3)W(y3,xz)W(y:s,sz)

+ W (g1, 2)2W (1, ) W (2, 20) W (2, 23) W (y, 1) W (ys, ) e~/ 332 ) gy,
+a? /(W(yhxl)zw(ylaxS)QW(yZ;$2)2W(92,$3)2

+ W (g1, 22)W (g1, 210) W (g1, 23) W (y2, 1) W (y2, 22) W (3, w3) e~/ 2B W) gy
+Oé/W(yl,xl)QW(yhxz)QW(yh$3)46_a“(y1)dy1>

B.3.3. Proof thatv,,3 — 0 We show here that v, 3 — 0, or equivalently f E !./1),1DZF|3 dz =
o(a3/?13903 (o)), From Equation (B.7) and using the inequality (a 4 b)® <
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4(a® + b3) for any a,b > 0, a sufficient condition is

o
/ B ‘efam) o M(ge.s)
0

We have

el

3
<Z Ty, <a 1917 x M(ga'ﬂi)> dr = o(a1/2+3‘7€3(a)).

—ap(®) _ g=M(ga)

2
}dx<2/E< —op@) _ o M(gm)> )dm

/ (1 — e~200@) 4z = (a0, (a)

Also under Assumptions 7?7 and ?7, using Lemma B.1

3
/ (E ﬂg <O‘ 19“ z Mwaﬁi)) dx =< / Z H lezg <a 191/7 .Z‘) M(gaﬂi") dx

11,%2,i3 /=1
<o ([ om0y w02 [ viwrure @ ay) ([ wmwe o)
+a [ L@PuPe 0B dy = 0@ty ()),

It follows that 743 — 0 as a — o0.

B.3.4. Proof that o2 — 0 We now need to show that the integral of the right

hand-side of Equation (B.8) with respect to x1, z, x3 is o(a 3v2) = o(a 1147 (2(a)).

For the first term in the right hand-side of the inequality (B.8), we have
/W(xl,xg)QW(xg,a:g)Q(e_;“(xl)) + e @)y (em 5@ e 3H@)) gy dagday
< 3/W(ac1, xg)W(xg,xg)(e_%(“(le"(“)) + 6_%M(w3))d$1d1}2d£€3

<3 / (21, 9)e— PN FRED g o 4 3 / ()P $45) g

= 0(a* 205 (a)) + O(a” s (a))

For the second line (and similarly for the third line) in the RHS of Equation
(B.8), we have, noting that Hao(z2,x3) < Hy1(z2,x3)

/(a2H171(x2, 133)2 + OtHLl(xQ, xg))W(Il, x3)2(eia/3‘u(x1) + eia/g‘u(%)))dxldxgdl‘g
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< a2/W(9317333)2W(y1,$2)W(y1,333)W(y2,$2)W(y27333)

% (6—0/3(u(y1)+u(y2)+u(9&1)) + e_a/g(“(yl)Jr“(yZ)*“(“)))d:vldxgdxgdyldyQ
+ a/W(xl, xg)QW(yl,$2)W(y1’x3)(e—a/3(u(y1)+u(fc1)) + e_o‘/g(“(yl)+“(x3)))dxldxgdxgdyl

= o2 / W (w1, 23)20 (g1, y2)W (g1, 23)W (3, 3)

x (e~ /3y tulyz)tu@) o g=a/3y)+uly2)+1(@3))) da dsdyy dys

+a / W (1, 23) 2 ()W (g1, w3) (e~ /30w +(0) | o=a/30w)+0(9)) 4, dipsdiys

< 2612/L(931)2L(3/1)L(?JZ)M(l‘l)QM(yl)ﬂ(3/2)e_a/?’(“(yl)+“(y2)+”(zl))d$1dy1dy2
+a/u(y1)2L(y1)L($1)2u($1)Qe_a/g(”(yl)w(ml))d:mdyl +a/M(x?))?L(xg)%(yl)e—a/3(u(y1)+u(xa))dx3dy1

= 0(a¥ 24, (a)?)

using Assumption 7?7 and Lemma ??. For the third term in the right-handside

of Equation (B.8), we obtain
/Ag(xl, o, xg)dxldx2d$3
4 2
<t ([ LPutre v 0dy) 4o [ Lttt ( [ L2ute o)
2
+a? ( / L(y)*u(y)*e 2“(y)dy> +a / L(y)*u(y)®e " Wdy = O(a*" )05 (a)
It follows that v42 — 0 as a — oo.

B.3.5. Proof that ¥, — 0 For any x > 0 and any unit-rate Poisson point measure

M on ]Ri, denote
oz, M) = @) 4 = M(ga) (B.9)

For any z; = (t1,x1), 22 = (t2,x2),if t; > aorty > a, then ]Dzl(Fa)]2 ]DzQ(Fa)|2 =
0. Otherwise, if ¢1,ts < a, we have from Equation (B.7),

Vo | Dz, (Fa)|2 1D, (Fa)|2
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< 4Ta(."L‘1, M) + 2 Z ]lg,iga]lgjgaW(’ﬂi, :L'1)W(19j7 xl)e_M(Qa,m)—M(ga,ﬁj)
(2%]

X 4Ta(332, M) +2 Z ﬂgigaﬂgjgaW(l%, :L‘g)W(i%‘, :Ez)e_M(g“’“i)_M(g“v”j)
i,J

< 16Ta($1, M)Ta(x% M)

+ 8 Z ]lgi’gjga {W(ﬁz, xl)W(ﬁj, xl)T’a(JJg, M) + W(’l?l, xQ)W(ﬁj, :IJg)Ta ($1, M)) efM(g“’ﬂi)fM(g““’j)

1,J

4
+4 Z W(l?il,l‘l)W(ﬁiz,xl)W(ﬁig,l‘g 1914,1‘2 H(]lg <a€ ga'ﬂik)).

1,02,13,%4

Note that, using Campbell theorem, together with Lemma B.1

E(ro(z1, M)ra(z2, M)) < e~ (@) +u(z2))/2

It follows that, using the extended Slivnyak-Mecke theorem
2 2 2
V2E (|D=, (Fu)l? D (Fa)P)
<C (G—Z(u(m)w(rz)) + a/ (W (y,z1)e” 21 4 W (y, z9)e” 2H@)) e 21W) gy

0
+ 042/ {(W(yl,iﬂl)W(ym$1)6_%“($2) + W(yl,CL’Q)W(’yz,$2)€_%“(“)}€_a“(y1)/3_a“(y2)/3dyldy2

R

+ a3/ (W (g1, 21)>W (ya, 22)W (y3, ) + W (y1, 22) W (y2, 21)W (y3, 1))~ Zi=t H08)/3 gy dyodys
=)

+a? W (yr, x1)W (y2, 21)W (y3, 22) W (ya, x2)e” @ Eil”(yk)/4dy1dy2dyady4>
Ry

<C <€7%(”(“1)+"(“)) +a(Hi(z1)e” 512 4 Hy(29)e™ 5M)) 4 o2 (Hy(21)%e ™ 57@2) 4 Hy(20)%e 5#(®0))
a3(H1 (LUl)QHQ,O(I'Q) + Hyo(z1)Hy (a:g)Q) + 044H1(x1)2H1(a:2)2)

where H; ; are defined in Equation (B.2); therefore, for any ti,t2 < o, using

the fact that Hy g < H; and that P a; <>

2 2
va\/E|Dlea!2 D., Fol> <V6C YN (aHy (1)) /2 (aHy (w2)) /26 & () Lanmotnle2)Lin—0)
1=0¢g2=0
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Additionally, from Equation (B.8), we have

Va / VE (D2 Fo)2(D2, ., Fo)?)des

<Cx (/W(ﬂfl,l’g)W((EQ,$3)(€_Z(#(ml)+#(m2)) + e @)/4) oz

B 1 (z1,22)

+ /(OéHl,l(Ig, 1‘3) + OzHQQ(aZQ, J;g))W($1, xg)(efa/au(xl) + 67a/6‘u(13)))dx3

B 2(1,22)

+ /(aH1,1(371,$3) +\/aHy (1, 23))W (29, x3) (e~ 012 4 g=/0n(@2))) g

+ / \/md$3>

Bq s(x1,22)

for some constant C'. To show that 7,1 — 0, we aim to show that, for any

q1,q2 € {0,1,2}, and any k= 1,2,3
Iok(q1,q2) := /(aHl(ml))QI/Q(OéHl(wz))qQ/Qe_(‘;(“(xl)]1“=°+“(x2)1‘*2=°)3a,k(361,£U2)d961dx2
= 0@ ,(0)")
Consider first
Ioa(q1, 2) = /(aHl($1))q1/2(04H1(902))q2/26_Z(“mm“°+”(x2)]1”°)
X W (1, 23)W (29, 3) (e~ 5 WE)FTH@)) | omen(@s)/4y gy drodas
= /(aHl(xl))ql/QL(M)ﬂ(xl)eZ“(ml)dwl /(aﬂl(372))q2/2L(3?2)M(9€2)€Z“(xz)d@
+/(aHl(ml))q1/2(aH1(.TQ))qZ/QW(ZEl,IE3)W(1}2,.Ig)eau(xg)/4d$1d$2d1}3
For g1,q2 > 1, using Holder’s inequality and Assumptions 7?7 and 7?7,

/(aH1 (1)) (@Hy (29)) 22 W (21, 23)W (2, 23) e~ @) dy dods

< (/(aﬂl(xl))qldxl/L(xS)QM(x;;)Zeaﬂ(l“s)/éldx?)

1/2

X /(aHl(mg))qu:vg/L(xg)Qu(:rg)Qe0‘“(‘”3)/4da:3>
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— O(a(ql/2+q2/2+1)‘7—2£g(Q)Q1/2+Q2/2+1)
Similarly,
/(aHl(ml))%mW(mlv$3)W(552,$3)€_a”(z3)/4dx1dm2d:v3 = O(al0/2H1/2)0 =2y _(o)0/2+1/2)
/W(ifl,$3)W($2,xs)e_a“($3)/4dx1d:n2dx3 = O(of’_QEU(a))

and it follows that for any q¢1,¢2 € {0,1,2}, In1(q1,q2) = O(a37 720, ()?) =

o(a~'147¢,(a)?) as required. Consider now
Loa(q1, 2) /aHl 20)) 2 Hy (9) )82/ 26 & () Ly cot(a2) ;o)
x (aHy 1 (x9,x3) + 1/ aHa o (2, 23))W (21, x3) (e /@) 4 =/61@)))da) dargdas.
We have, using Lemma B.2
Inoa(q1,q2) ;:/(aHl(xl))ql/Q(aHl(@))qz/?e—z(u(ml)ﬂql—ow(wz)lqz—o)
X ozHLl(:cg,:cg)W(xl,xg)e_a/G“(ml)dxlda:deg

<a (/(OZHl(xl))ql/2e_(g#(ﬂﬂl)]lqlOL(.’L‘l)'u,(gyl)e—a/ﬁu(xl)dxl)

X (/(OéH1($2))q2/2€_z“(h)ﬂ””W(wzay)L(y)M(y)E_Z“(y)d@dy)
If 1 =0,
[ L) = 0" a(a)
and if ¢g; > 1, using the bound (B.5),
/(O‘Hl(xl))QI/QL(xl)M(fb‘l)e_:”(“)dwl = 0(a@FV7271y, ()0 /2H1/2)

(B.10)
If q2 = 07

/ e ST (w9, y) L(y)py)e™ W) dasdy < / L(y)u(y)’e” W dy = O(a” (o ()

If g > 1, using Holder’s inequality, the bound (B.4) and Assumptions 7?7 and

27

*

/(aﬂl(xz))q2/2W(w27y)L(y)M(y)e3“(y)dwzdy
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< ( aH1 (x2)) > (/W x2,Y) dx2> UQL(y)y(y)@*%M(y)dy

< ( aH1 (22)) > 2(y) e i1 W dy = O(al®/2HD7=2y (q%/2+1))
Hence In21(q1,q2) = o(a* 12 (a)). Consider now

In2a(q1, o) = /(aﬂl(xl))qlﬂ(aﬂl(xQ))qz/26—Z(u(wl)ﬂqlo+u(mz)1q20)
X aHLl(mg,mg)W(a:l,xg)e*a/GN(IS)dxld:cgdxg
If ¢1 = 0, we obtain the following bound, using the same computations as above,
Ia22(q1,42) < @ / e S L () ) day / (aHy(w2)) 2/ 2e™ 51 oW (2, y) L) ply)e™ 3V dady
= 0(a'"=21,(a)")

If ¢1 > 0, we have

1/2 1/2
Lana(gr, ) < / (/ (aH1(x1))qld:v1) (/ W(asl,xsfdxl) (aHy ()™ 2312 Ly

X OéHLl(.%'Q, xg)efa/(s'u(zg)dl'gda}g

< (/(ozH1(x1))q1dx1> 1/2/L(:c3)u(x3)(aHl(x2))Q2/26—Zu(xz)ﬂq2=o

X OéHLl(.’EQ, $3)6_a/6#($3)d$2d$3

If go = 0, noting that Hy 1 (z2,x3) < L(z2)p(x2)L(z3)p(xs), we obtain

1/2
Ia7272(q1,QQ) <« </(aHl(x1))q1da:1> /L(wg)ﬂ(xg)L(x3)2u(x3)2eZ“(x2)6a/6“(x3)d$2d$3

O(al0/2+2)7=2¢ () 01/2+2)

If g2 > 0, using Holder’s inequality and the bound (B.6),

oz <o ( famman) " (fmma)”

1/2
X (/ L(x3)2ﬂ(x3)26“/3“(“3)611’3) /L(y)zﬂ(y)Qe‘*“(y)d@/ = 0(a™/* ()%
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Now, using Holder and the fact that Hy 2 < Hj 1, together with (B.5),
Ia23(q1,q2) = /(aHl(xl))ql/z(ozH1(x2))q2/2€_3(“(”1)%0+#(x2)11q20)
x (\/oHa o (o, 3))W (21, 23)e~ /™) day dwodws
= \/5/(aﬂl(ﬂfl))ql/%(m)u(m)ea“(ml)mda:l
1/2
X /(aH1(x2))q2/2 </M(y)W(x2,y)eZ“(y)dy> e 51 Lar=0 g7
= O(a(3+1/4)0_3/2€0(a)3+1/4)
Consider
Topa(q1,q2) = /(aHl(xl))q1/2(aH1(;CQ))%/QG—Z(u(wl)llqlo+u(mz)1q20)

x aHQQ(xQ?x3>W($17$3)e_a/6u(x3)d$1d$2d$3

If g1 = 0, then, using the above computations,

Ln2a(q1, q2) < /(aﬂl(;pz))q?/%Z(/‘(Il)ﬂ‘(“?)lqzo)

X 04H171(.21?2,xg)W(xl,xg)dxldiCdeg

_ O(a(3+1/4)"_3/2€a(a)3+1/4)

If g1 > 0 and g2 = 0, noting that Hao(z2,73) < L(z2)?u(w2)?L(z3)?u(x3)? and

using Holder’s inequality and Assumptions 7?7 and 77,

1/2
Losalas, @) < va < / (o, <x1)>qldx1> / Lzs)u(as)e 57, [Hy g (ws, os)e /@) deydas

1/2
< Va </(aH1(m1))q1daﬂ1> /L(xg)Qu(xg)Qea/6“(x3)dx3/eZ“(Iz)u(xz)l)(m)dxg
— O(a3‘7—3€g(a)3)
If g1, 92 > 0, noting that [ Hy 1(z2,x3) = f,u(y)Qe_g“(y)dy = 0(a" "%, (a)),

In24(q1,92)
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<Ja < / (aHl(xl))qldm)l/Q « / L(as)a(ws) (@ Hi (22))%/% [ Hy 1 (w2, w3)e /%) do g
<Va </(0€H1($1))q1d9€1>1/2 </(0€H1($2))q2d9€2>1/2

1/2 1/2
X </L(.I'g)2/L((L'3)2€_a/6u(x3)d[133) </ H1’1($2,.’E3)d$3d$2> = O(a?"’_g/zfa(a&’))
It follows that

Ino(q1,q2) = 0(073’02). (B.11)

Finally, consider
lo3(q1,2) = /(aﬂl(xl))ql/Q(aﬂl(ﬂﬁz))QQ/263(“(11”‘““”("”2)]1”“) Az (1, 22, 23)dr1drodry
where
Az (x1, 72, 73)
< o?Hy (w1, 23)Hy 1 (22, 23) + a2 <H1,1(932,$3)\/ Hyo(x1,23) + Hyi(x1, 23)/ Hao(22, 963))
+ « (\/HQ,z(xl, $3)\/H2,2(5U2, x3)

+\/W(y1, 22)W (y1, 21)W (g1, 23)2W (y2, 21)W (y2, 22) W (y2, 23)2 e/ 220 “(yi))dwa)

+Va (/ W(yhxl)ZW(yh962)2W(Z~/1,$3)4€_a“(y1)dy1>1/2

Using Assumption ?7,

/H1,1(x1,xg))H1,1(a:2,x3)da:3 < /W(xlvyl)L(y1)M(y1)6_Z“(yl)dy1/W(a:Q,yQ)L(yQ)u(yg)e_Z’”(y?)dyQ
Therefore, using the asymptotic bounds (B.5) and Assumption 77,

Iosi(q1,42)

= a? /(aHl(xl))‘h/2(aH1(wg))qz/QeZ(#(Il)lql0*“(“)1%“)HLl(aﬁl,x3)H1,1(x2,x3)dx1dx2d§c3

< a? /(OéHl(wl))ql/Q(aﬂl($2))q2/2H171($1,CCg)HLl(.TQ,.’Bg)d.’Eld:L’Qd.Tg

<o’ /(OéHl(xl))ql/QL(yl)M(w)W(fChyl)eZ”(yl)dyldm
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% /(O‘Hl(mz))q2/2L(y2)M(y2)W($2ay2)€Z“(y2)dy2dw2

for any q1,q2 < 2. If ¢ =0,

/(aH1(x))q/2L(y)u(y)W(x, y)e i"Wdydzy = /L(y)ﬂ(y)Qe‘i“(y)dy = 0(a" %, (a))

If ¢ > 0, noting that, using Holder’s inequality and Assumption 3,

/(aH1(x))q/2W(sc,y)dx < L(y)u(y) (/(aHl(x))qu> 1/2
we have

1/2

[ @) LW (e Oy < ( [ <x>>Qda:) v ( / L<y>2u<y>2e—2‘“<y>dy)

= O(a\9/2H1)7=2y_()9/2+1),

It follows that In31(q1,q2) = O(a*~2(a)??) for any q1,¢2 € {0,1,2}. Con-

sider now

L32(q1, q2) =32 /(aHI(xl))ql/Z(aHl(xg))q2/2e‘;(u(wl)lqlo+u(xz)1q20)Hl71(x2’x3)

1/2
X (/ W(yl,$1)2W(3/1,3?3)26_&/3“(%)@1) dzryidxadrs

< a’? /(Oéﬂl(%))ql/Q(aHl(@))%/QHLl(x?’x3)

1/2
X (/ W(yl,xl)QW(yl,xg)zea/3“(yl)dy1> dxdxodxs

Using Lemma B.2,

1/2
/H1,1(1L‘2,$3) </ W(y1,$1)2W(y1,$3)2€_a/3“(y1)dy1> dx3

1/2
< /W(fL’Q,yz)L(yz)M(yz)e_4“(y2)dl/2 X </L(yl)Qu(yl)QW(yhﬂUl)%_3“(y1)dy1>

Therefore

Los2(qr, q2) < a2 /(aH1(962))q1/2W($27yQ)L(y2)M(yQ)6z”(m)dwdﬁz
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1/2
< [ty (/ L<y1>2u<y1>2w<y1,x1>263“““”“) o

For ¢ =0,

/ L(y2)p(ya)?e” 1) dyy = O(a” 24, (a)),
while for ¢; > 1,

/(aHl(l‘z))%/QW(ﬂ%y2)L(y2)M(y2)6_i”(yQ)dmdm
i 1/2
= </(O‘H1($2))qldx2 X /W($27yz)QL(yz)ZM(yQ)%_4#(y2)dy2dx2>

1/2
= < / (0H, (22)) " day % / L(y2)4u(y2)46_Z“(m)dy?dm) = O(a\ /21 /D72 (q)nF1/2),

Additionally, for go = 0, using Hélder’s inequality and Assumptions ?? and 77,

1/2
/(/L(yl)zu(yl)QW(yhwl)Qe_B“(yl)dw) dxy

o 1/4
</(/L(y1)4ﬂ(y1)4€_3“(y1)dyl/w(yl,$1)4dyl> dxy

1/4
< /L(wl)u(m)dxl </ L(y1)4u(y1)46_2‘:"(y1)dy1> = 0(a”* My (a)/?)

while for go > 1

1/2
/(aH1($1))q2/2 (/L(yl)Qu(y1)2W(y1,$1)2€3“(y1)d91> .
) 1/2
= </(O‘Hl($1))q2dm/L(yl)Qu(yl)ZW(yhﬂ?l)ze3“(y1)df‘/1dm)
) 1/2
< </(04H1(331))q2d$1/L(y1)4u(y1)4e3“(y1)dy1> = O(a\ e t1/29=2) () 0/2+1/2),

Hence, for any q1,q2 < 2, In32 = O(a’2(,(a)3) = o(a3v2). Consider now

Inss(q, q2) = a/(aHl(xl))ql/Q(aHl(m))qz/ZeZ(u(rl)ﬂql—ow(ﬂ:z)lqz-o)
, 1/2
" K/ W(yhm)QW(yl,$3)2W(?J2,$2)2W(y2,903)26_0‘/2@1'1”(yi))dy1;2>

. 1/2
+ (/W(yl,$2)W(yl,xl)W(y1,ZE3)2W(y2,$1)W(y2,$2)W(y2,$3)26 2@?1““”)dy1;2> ]
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dxldwgdxg

Using Holder’s inequality,
, 1/2
/(/ W(yl,$1)2W(y17$3)2W(y2a$2)2w(y2,$3)2€_a/2(2i=1“(y"’))d?ﬂa) d3

1/2 1/2
< ( / w<yl,x1>2w<y1,x3>2ewwadwdm) ( / W(yg,m)?W(yz,xs)%z“<y2>dy2dx3)

For ¢ = 0, using Assumption 7?7 and 77

1/2 1/2
[ ( / H2,2<x,a:3>dx3> o< [eine < / W(y,a:>2W<y,:c3>dydx3) da

= 0(a’ Yy (a))

Additionally,

1/2 1/2
</ W(yl,xl)QW(yl,x;;)Qezﬂ(yl)dyldm:),) (/ W(?/27372)2W<Z/27333)2€2“(y2)d3/2d$3>

1/2 1/2
< </ L(yl)QM(yl)QW(yl,$1)2€_2“(y1)dy1> (/L(yQ)Qu(y2)2W(y2,xg)Qe_z“(y2)dy2>

It follows that, for ¢ > 1, using Holder’s inequality and Assumptions 7?7 and 77

[tam@) ( / L<y>2u<y>2w<y,x>2e-3u<y>dy)1/2 di

1/2 1/2
< </(aH1(m))qdm> (/ L(y)4u(y)4e‘3”(y)dy) -0 (a(Q/QH/?)C’—QéU(a)(‘1/2+1/2)>

Similarly, for the second term of 1, 33(q1,q2)

. 1/2
/(/W(yl,fUQ)W(yl,wl)W(yl,$3)2W(y2,$1)W(y2,1‘2)W(y2,$3)26_a/2(2i1”(3“))611/1:2) dxs

1/2
< </ W(yl»xl)W(yla$2)W(yl7$3)2€_QH(yl)dyldl'?)/W(Z/Qal‘l)W(y%iUZ)W(yQa$3)2€_2H(y2)dy2d1'3>

and, using Holder’s inequality and (B.5),

/(aH1 (xl))q1/2(aH1(mz))qz/%f%(u(wl)lqlzoJru(wz)ﬂqz:o)
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1/2
</ W(yl,xl)W(ylamz)W(yl,963)262“(y1)dyldx3>
1/2
. (/W(yz,ﬁfl)W(y%902)W(y27$3)26_2“(y2)dy2d$3) dzidxs
1/2
= (/(O‘H1(ff1))qle_Gu(xl)]l"lzow(yhIfl)u(yl)gL(yl)?e_2“(y1)dy1dm>

1/2
8 (/(O‘Hl(m))qze_3“(x2)1q"‘=°W(y27962)#(3/2)3L(y2)26_ZM(yZ)dmdm)
For ¢ = 0,

1/2
</ e*%u(:v)W(y’ x)u(y)3L(y)2e;“(y)dyd$> = O(a0/27260(a)1/2)

while for ¢ > 1,

1/2
</(aH1 (@)W (y, w)u(y)3L(y)26_2“(y)dydx> = O(al9/2H/2o=8/2y (o) 1/241/2)

Combining the above results, we obtain, for any ¢i, g2 € {0,1,2}, I 33(q1,¢2) =
o(a™3v2). Consider finally

Io34(q1,G2) ::/(aﬂl(xl))ql/2(aH1($2))q2/2eg(“(zl)l‘“owm)l”o)

1/2
X Va </ W(y1,361)2W(Z/17«’132)2W(y1,173)46a“(yl)dyl) dxidrodrs
We have

1/2
/(/ W(yl,fUl)QW(yl,$2)2W(y1,$3)46_a”(y1)dy1> dx3

and, for g1 > 1, using Holder’s inequality,

1/6
/ (aHy(21))" (/ W(yl,m)%w(wdw) dy = O(a(DFVOT=1 4, () H1/6),

For ¢ =0,

1/6
/e‘?“(xl) </ W(yhm)ﬁe_a“(yl)dyl) dry = O(a”" o (a))
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It follows that, for ¢, g2 < 2

Ia73,4(QI7 Q@) = O(‘l(“l/g)a*w?@a(04)4“/3) = 0(073"03) (B.12)
Lo 3(q1, q2) = O(aWH/30=3/20 (0)141/3) — o(a=32) (B.13)

and, combining the bounds (B.3.5), (B.11) and (B.13), we obtain ~y,,1 — 0.
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