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A  Proof of Lemma 1

Before proceeding with the proof of Lemma 1, we need need to introduce some notation, as well as the
definition of the Dobrushin contraction coefficient.

For any pair of integers 0 < s < ¢ we can explicitly construct the conditional pdf of the subsequence
of observations ys.; given a point X; = x4 in the state space and a choice parameters © = . We denote
this density as ggstt(, (x5), with the notation chosen to make explicit that, for fixed ys.¢, this is a function

of the state value x4 (i.e., it is interpreted as a likelihood). It is not difficult to show that

ot lp(Ts :/ /nge ;) H m,6(dry|Ti—1). (A.1)

I=s+1
We also introduce a specific notation for the conditional distribution of the state X; conditional on
Xj_1 =1xj_1, © = 0 and the subsequence of observations from time j up to time ¢, y;+. For any j < t,
this is a Markov kernel, denoted k;’fét (dxj|zj—1), that can be explicitly written as

90 (x)j0(dxjlzi—1)

fggfife(fj)ﬁ,e(dfj|$jfl)

ky o (daj|zi—1) (A.2)

via the Bayes’ theorem. If the observation sequence is fixed, then the composite probability measure

5t+19 dlL'tJr1|IL'5 / /Tt+19 dl‘t+1|l't H k d$j|$j 1) (Ag)

Jj=s+1
is a Markov kernel on (X, B(X)).
The composite likelihood in (A.1) and the Markov kernel in (A.3) can be used to write integrals w.r.t.

the composite map ¥? explicitly. To be specific, given a probability measure o € P(X), it is an

t+1|s

36



exercise to show that
(0 K092l )
(f, \I/fH'S(a)) = (t+1, t, . (A1)
Ys:t )

gs:t,@7 «a

The representation in (A.4), together with assumptions A3 and A4, enables the application of standard
results from [11] which become instrumental in the analysis of Algorithm 2.
We first define the Dobrushin contraction coefficient [12] for Markov kernels and then show how it

can be used to control the difference between between two probability measures \I/f +1|s(0‘) and \I/f +1|S(77)

0

t+1]s (and, in particular, the same observation

which are constructed using the same composite map ¥

subsequence ys.t+1) but different initial conditions o # 7.
Definition 5 The Dobrushin contraction coefficient of a Markov kernel Kqy from X onto (X,B(X)) is

B(Kg) = sup |Kg(Alz) — Kg(Al2")] < 1.
z,x’'€X,AEB(X)
An upper bound for the contraction coefficient of the kernel Kgftiw, explicitly given in terms of the

constants m, €, and a in assumptions A4 and A3, is given below.

Lemma 3 If assumptions A3 and A4 hold, then
Lt—s+1J

2
B 10) < (1 - a,ff_1> (A.5)

for every 6 € Dy.

Proof of Lemma 3. Since the inequalities in A3 and A4 are assumed to hold uniformly over the
parameter space Dg, the bound in (A.5) follows readily from Proposition 4.3.3 in [11] (see also [11,
Corollary 4.3.3]). O

Finally, we proceed with the proof of Lemma 1: From [11, Proposition 4.3.7] we obtain an upper
bound for the difference of integrals that depends on the Dobrushin coefficient of the Markov kernel

KY: g namely

Ys:t
(¥ s1s(@) = (F, O ()| < 20 floeBKE 1 0) ( Julze)

sup —) |(Fo) = (Fom],  (A0)

TEX (gs;tﬁeaa)
for some f, : X — R with ||fs|| < 1. Moreover, from the definition of the composite likelihood in (A.1)

and the assumption g?fe <1 for every j > 1 and § € Dy (in A3), it follows that

9450(s) < (9.5t 0> Totmiso(75)) (A7)

whereas, from the bound g;”e(z) > %, for all j > 1 and 6 € Dy (in A3) and the assumption A4, we obtain
that

: € s+m: ~,
(929> @) 2 —2 (955 s Tarmis 0 (15)) (A.8)
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for any Z4 € X. In particular, for z; = &, the inequalities (A.7) and (A.8) taken together yield

gsystte(SCS) < a™
Ys:t —

(gst97 )

independently of xs. This, in turn, enables us to rewrite (A.6) as

€r

(f, O aps(a)) = (£, 7 115 (0) SQHfHooﬁ(Kii’He) (fs;) = (fssm)]| - (A.9)

By combining Lemma 3 with (A.9) we readily obtain the inequality (5.3) and complete the proof.

B Proof of Lemma 2

We look into the approximation error which can be written as

(f’ EtZYOt) - (fa €t,9t) 5

2 (0¥ (600) - (i ()
+(fa‘I’f|t0(fé\,[90)) (£, 95, (7))

30 (an)) = (¥ ()
+\(f,@ffo (€2,)) = (£, 90 ()]

where the equality follows from a ‘telescopic’ decomposition of the difference (f, §£’et) — (f,&t.0,)- To see

|(f7§t]YGt) - (fvgt,et)‘

IN

(B.1)

this, simply recall that &) = ¢, = 75" (independently of 8y according to the model in Section 2.2)
and note that ¥ t|t0( 0) = &.,0,- By way of Minkowski’s inequality, (B.1) enables us to express the L, norm

of the approximation error (for p > 1) as

850~ o, < 38 (600 )~ (95 ()],
k=0

/(v (@) — (12 ()| (B.2)

The last term in the decomposition above can be easily upper bounded using Lemma 1, namely

| (7. €5) = (£ 9l ()| < 2|f|oo(1_a§1)L;JgH(JFOaTéV)—(JEO,TO)pa
N ®3)

where || fol|co < 1 and the second inequality follows readily from the fact that 70V = £0'p, 1s an i.i.d. Monte
Carlo approximation of 7y (hence, Cy < o is a constant independent of N ). For the remaining terms in

the sum of (B.2), Lemma 1 yields

0980 (0 )) ~ (s (1 )],

.
2 flloe <1 - m) - ) () = (ol (N eor0i))| - (B.4)

IN
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where || f;—xloo < 1.

In order to convert (B.4) into an explicit error rate, we need to derive bounds for errors of the form
|(ho&sa, ) = (nowley (€8 ra, )|+ where b s X — R with ||l < 1. With this aim, we

P
consider the triangular inequality

H(h,gtj\ik,@,k) - (h,\Iffik (éﬁkfl,et,k,l))up < H(hj,éﬁkvet—k) —-FE Kh’gt]\ikﬁt%) |gt7k:| Hp +
|2 () 1Ga] = (he i (o)) @)
(n)

where G, = o (%t e 1,z§t pe1s10sts>0:1 <n < N) is the o-algebra generated by the random

variables between brackets, and analyse the two terms on the right hand side separately.

For the first term on the right hand side of (B.5), we note that

(160 ) B [(1 €0 ) 160e] = - 3750
n=1

where
S(nk—h( " ))—E[ (xt k)|gt k} n=1,.. N,

are zero-mean and conditionally (on G;_j) independent r.v.’s. Therefore it is straightforward to show that

E H (h’ftj\ik,et,k) - FE {(h,gt]\ikﬁt,k) |gt—k} ’p |Qt_k} =F %i gt(ﬁ)k
n=1

for some constant ¢ > 0 independent of N and independent of the distribution of the variables S_’t(ﬁ)k,

P P
|gt_k] <oz (B9

n =1,..,N (in particular, independent of the sequence {0;},;>0). Taking expectations on both sides of

(B.6), and then exponentiating by %, yields

hEN wo ) —E (& ko, . )Gk <—. (B.7)
I )-£[( )i, < 7%

To find a rate for the second term in (B.5), we note that

Yt—k—1 N
(gt k—1,00_1_1 (h”Tt*kﬁt—k) 7§t7k71,0t,k,1)
B[(n€ ko) 100] = o (B5)
gt k—1,04 1’£t*k71,0t,k,1

whereas

Yt—k— N
0, N (gtt ", 0 (h, Tt—k.6.) 7§t_k_179t7,€71)
(h” \pt—k (gt*k*179t7k71)) = Yin1 N . (Bg)
(gt k—1 9,’§t—k—1,9t,k,l)

Subtracting (B.9) from (B.8) and then rearranging terms yields

B((he¥ss, ) 1G] = (howle, (Niiro . ))) =

Yt—k—1 Yt—k—1 N
(gt k—1,04_p_1 (thtfk,Gt,k) gt k—1,0, (hv’thk,Gt)5§t7k7119tik71)
Yt—k—1
(gt k— 19ta‘ft7k71,9,,,k,1)
N Yt—k—1 Yt—k—1
E Khaét—k,et,k) |gtfk} (gt k=10, — Jt—k—1,0,_,_ 1v§t—k—1,9t,k,1)

Yt—k—1
(gt k— 19ta‘ft7k71,9,,,k,1)

+

3
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hence

E|(h&N 1o, ) |Gi—k| — h, W, AP <
=[( 1G] = (v ( )
N i)+

7§ﬁk—1,9t,k,1) : (B.10)

Yt—k—1 Yt—k—1
a X (‘gt—k—wt,k,l (h’ Tt*kﬁtw) —Y9t—k—1,0, (b, Tt—k0,)
ox (

where we have used the obvious bounds F [(hagﬁk,et,k) |gt_k} < ||hllse <1 and, from assumption A3,

Yt—k—1 N —1
(gtfkflﬁt’gtfkflﬁt,k,l) >a .

From assumption A5, the likelihoods g} (x) are Lipschitz in the parameter #, with constant L,

Yt—k—1 Yt—k—1
9e—k—1,0, — Jt—k—1,0,_p_1

independent of ¢t and x. In particular,

sup

900, (®) = 9/ e, (@) S Lgllf — 0. (B.11)
TEX >T

Also from assumption A5, the kernels 7 g(dz|z) € P(X) are endowed with densities w.r.t. the Lebesgue

measure, hence we can write

975 0 @) (e Teo ) (@) = 915350, (@) (i) (@)

B @) [ BT (@ g @) [ BT g, (2

and a simple triangle inequality yields

T o () (o) (8) — T () (o) ()] <
(50 0= a3, @) [1E 0|+
[ (a8 0 () = g (07 ) |
(L V Lour) (10e-s — Bucill + 16— Bucil) (B.12)

Y

where the second inequality is satisfied because the product g;

9Tie (2') is Lipschitz in ¢ for every ¢ > 1
and z, 2’ € X (a consequence of assumption A5) with constant L ;.

If we substitute (B.11) and (B.12) back into (B.10) we obtain

B[ (n& o) 1Ges] = (mowley (N iro )| < 2023 01y — (B.13)
j=0

where we have introduced the constant L = max{L,, L, -} and taken advantage of the straightforward

inequality ||0; — 0r——1]| < Z?:o |6;—; — 60— j—1]|. Raising both sides of (B.13) to power p and then taking
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expectations yields

P
BB [(h& o, ) 1G] = (n 90 (s, ))|] < CaLyE Z [ 1H
< (2aL(k+1))
k
E |05 — Or—j-1["],
=0
(B.14)
where (B.14) follows from Jensen’s inequality. Combining (B.14) with Proposition 1 we arrive at
N 0, N Cr
HE [(hagtfkﬁtfk) |gt—k} - (h’ lI/tfk (§t7k71,0t7;¢71)) Hp < QGL(k + 1)\/N’ (B15)
where ¢, < 00 is a constant independent of N, ¢ and {6, },,>0.
If we now insert (B.7) and (B.15) into (B.5) we obtain the relationship
N 0 N c+2aL(k+ 1)e,
H (h, gt—k,ét,k) - (ha \ptt_k (gt—k—l,ét,k,l)) Hp < \/N ’ (B16>

where the numerator is finite and constant w.r.t. N, {6,},>0 and t. At this point, we only need to
substitute the latter inequality backwards. Indeed, if we plug (B.16), with h = ft_k, into (B.4) and then
substitute the resulting bound, together with (B.3), into (B.2), we arrive at

2 L) -
10685 = (a0, < = Z( =) @, (B.17)

where Cy = ¢+ 2aLe¢,, and C; = C‘O V 2aLcy.
What remains to be proved is that the sum in (B.17) admits an upper bound C' < oo independent of

t. To show this, we decompose

2 2

‘ 2\ o ERNEY t L%
Z(1aml) (Cw&@%%(laml) +C’12k(1 ) (B.18)

k=0

and note that each term in (B.18) can be written as a sum of convergent series. Indeed, for the first term

t €2 L]
Z( am— 1>

k=0

we have

IN

oS 63. k
meO <1 — am_1> (B.19)

_ i (B.20)

T

where the inequality (B.19) is obtained from the identity >~ rln) = mY peor® (for any r € (0,1))
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and (B.20) follows from the limit of the geometric series. For the second term in (B.18) we have

zt:k( amzl)L%J o0 {%J (1_(1;31)L%J B2

IA
s
(]

=0 k=0
00 2 k
— Yk (1 - a:;_l> : (B.22)
k=0
51 — e2q—(m=1

(B.23)

2,—2(m—1 ’
2q—2(m—1)

where (B.21) follows from the mequahty k< 2mL | (for k=0,1,2,... and m > 1), (B.22) holds because
of the identity > 77 (| £ Jrlael =m S0 kr¥ (for any 7 € (0,1)) and (B.23) is readily obtained from the
limit >y krh = (EE (for |r| < 1).

To conclude the proof, we simply put (B.17), (B.18), (B.20) and (B.23) together, to obtain the desired
inequality (5.5) with

~ 1 (A 1 - 1 —e2q=(m=1) =~ N
€ = 2l flamer* (Coma e 4 20 S L) < a1 (Co v s

and Cy VvV Cy < a(c+ Co+ 2Lc¢y).

C A proof for inequality (5.27)

[l o

We need to prove that ||(v, 7l 1) — (v, b, < SIT for some s; < oo independent of N and

(ORS B(Dg)
(1)

Recall that we draw the particles 9( ) =1,..., N, independently from the kernels Ii N p ,i=1,...,N,
respectively, and start from the triangle inequality
(v, 1) = (0, i —1)llp < [1(v, 1) = (v, v prn_ ) llp + (0, v prn—1) = (v, 131l (C.1)

where
N 1 X )
(oot 1) =3 3 [ o0y (a0
1=1

and then analyse the two terms on the right hand side of (C.1) separately.
Let G,,_1 be the o-algebra generated by the random particles {9_?3171, 9(()13171}1951\/. Then

()

B (0, i) IGn ] = NZ [ o055 ) = v pni )

and the difference (v, ih_,) — (v, kn ppud_1) can be written as

N
_ 1 = (i
(’le’[’i:[—l) - (vafNypHy]y—l) =N ZZ'r(zzh
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where the random variables Z,(fll = v(a(f)) — E[v(é,(f>)|gn_1], i=1,...,N, are conditionally independent
(given G,,—1), have zero mean and can be bounded as |Z7(le| < 2||v|lo- As a consequence, it is an exercise
in combinatorics to show that

N

1 &
NZZfLL

p
e
|gn_1] calle (o

E |0, i-0) = @ hpiid )| 1Gus | = E

where ¢; is a constant independent of N, n and v (actually, independent of the distribution of the foll’s).

From (C.2) we readily obtain that

_ c1]v]loo
002 2) = (oo il < A, ©3)

For the remaining term in (C.1), namely, ||(v, kn,ppd_1) — (v, uY_1)||,, we simply note that

%ﬁ / CORUR P

6, 2|l

o(OhL )| Ry (d6) < = 72,

‘(v, HN,przv—ﬂ - (Uaﬂg—ﬂ’

IN

(C.4)

where the last inequality follows from Proposition 1.
Substituting the inequalities (C.3) and (C.4) into Eq. (C.1) yields the desired conclusion, viz., Eq.
(5.27), with constant s; = 2+ ¢ independent of N.

D Additional results on the numerical experiment of Figure 1

In order to provide additional numerical evidence of the stability of the posterior-mean estimates of
the parameters over time, Figure 5 shows the normalised posterior standard deviation (NSTD) of the
parameter estimates for the same simulation run as in Figure 1. At each time n, this is computed for the

j-th parameter, 7 = 1,...,4, as

W
NSTD,, = Y="1 " _ i

GJ'
where 67 is the true value of the j-th parameter (namely, 67 = S = 10,05 = R = 28,05 = B = % and
03 = ko, = 0.8). Again, the NSTD is a random statistic and it displays fluctuations, however it can be

seen that their amplitudes remain bounded and there is no apparent increase over time.
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Figure 5: Evolution of the normalised posterior standard deviation of the Lorenz 63 model parameters
S, R, B and k, over time. The horizontal axes are labeled with continuous time units. After Euler’s
discretisation, each continuous time unit amounts to 1,000 discrete time steps, with one observation
vector every 40 discrete-time steps. The number of particles is N = M = 300.
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