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1. Further Experiments with DMDc
We choose 𝑀 = 5 as a reasonable threshold for truncating the singular value decomposition of 𝑿′

because it sits just after the elbow for the singular value distribution of each scenario (see Fig. 1).
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Figure 1. The first 20 normalized singular values of 𝑿′. We normalize by dividing by the maximum
singular value. The vertical black line represents our singular value threshold of 𝑀 = 5.

We use a lag of 𝜏 = 1 year for the autoregressive component (e.g., to construct 𝑿 and 𝑿′) because
using more than one year would capture more climatology than we already do. Our aim for this part of
the model is to capture internal variability. Internal variability does not have memory, therefore we do
not include higher time lags. In experiments, we found that, even with this lag, the autoregressive com-
ponent captures two phenomena. It captures changes in the warming trend between different scenarios
and changes in internal variability in different scenarios (e.g., changes in ENSO oscillation).
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1.1. Autoregressive component
The eigenvalues of the DMDc models for each scenario are in Fig. 2. The ENSO modes oscillate at a
higher frequency as we increase the forcing in all scenarios except SSP126 (Fig. 3 and Tab. 1).
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Figure 2. The eigenvalues of the DMDc models.
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Figure 3. The oscillation of the ENSO modes over time, based on their eigenvalues from DMDc.

Table 1. The frequency of ENSO oscillation for different scenarios detected by DMDc.

Scenario Frequency (1/years)

SSP585 0.18
SSP370 0.16
SSP245 0.13
SSP126 0.15



01
02
03
04
05
06
07
08
09
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51

Environmental Data Science 3

The least significant scaled mode detected by DMDc is associated with the smallest eigenvalue. We
plot this scaled mode in Figure 4 for completeness.
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Figure 4. The 5th scaled mode from DMDc. The plot on the right of each map is the mean latitudinal
temperature profile. The color bars and latitudinal profiles are in °C.

1.2. Forcing contribution
The DMDc model correctly identifies increased forcing as we increase the emissions scenario.
However, it does not identify spatial mean cooling from aerosols (Fig. 5).

0 5 10 15 20 25 30
Years

0.000

0.005

Fo
rc

in
g 

co
nt

rib
ut

io
n SSP585

0 5 10 15 20 25 30
Years

SSP370

0 5 10 15 20 25 30
Years

SSP245

0 5 10 15 20 25 30
Years

SSP126
CO2
CH4
SO2
BC

Figure 5. Spatially averaged radiative forcing contribution of each forcing agent for each scenario.
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2. Comparison to DMD
We use projected DMD for our DMD model. First, 𝑿 and 𝑿′ are constructed as they were for DMDc
(see Methods). The DMD model is 𝒙′𝑛 ≈ 𝑨𝒙𝑛 for 𝑛 = 1, 2 . . . , 𝑁 . The SVD of 𝑿 is used to compute
the first 5 scaled modes following the procedure by Krake et al. Krake et al. [2021]. The eigenvalues
are essentially the same as those from DMDc (Fig. 6).
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Figure 6. The eigenvalues of the DMD models..

Table 2. The frequency of ENSO oscillation for different scenarios found by DMD.

Scenario Frequency (1/years)

SSP585 0.19
SSP370 0.16
SSP245 0.13
SSP126 0.15
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Figure 7. The oscillation of the ENSO modes over time, based on their eigenvalues found by DMD.
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The warming trend from DMD comes from the sum of warming and cooling scaled modes. This
trend has the same patterns as those found by DMDc and the warming modes have similar correspond-
ing eigenvalues (Fig. 8 a). The two ENSO scaled modes (Fig. 8 b) from DMD display La Niña patterns
and evolve into El Niño after 1 year. These modes oscillate at the same frequency as those from DMDc
except SSP585 (see Tab. 2 and Fig. 7). The major difference between DMD and DMDc lies in the
northern hemisphere of the ENSO patterns. A thorough explanation of this difference is left to future
work. In summary, the scaled modes of DMD exhibit similar spatial patterns and oscillations as those
from DMDc.
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Figure 8. Analysis of the scaled modes from DMD. The scenarios ordered from high to low emissions
are SSP585, SSP370, SSP245, and SSP126. The plot on the right of each map is the mean latitudinal
temperature profile. The color bars and latitudinal profiles are in °C. (a) The warming trend detected by
two scaled modes from DMD. Each spatial pattern is the sum of the two scaled modes associated with
real eigenvalues. (b) ENSO spatial patterns appear in all emissions scenarios, specifically, a La Niña
pattern. Each spatial pattern is the sum of two scaled modes with complex conjugate eigenvalues. All
ENSO patterns evolve into El N Niño after 1 year. That is to say, when these scaled modes are scaled by
their associated eigenvalues and added together, we see a clear warming pattern in the central Pacific.
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3. DMDc Theory
Proposition 1. The dynamic modes, 𝝋𝑚, are the eigenvectors of �̄��̂��̂�

∗
with eigenvalues 𝜆𝑚.

Proof.

�̄��̂�
∗
𝝋𝑚 =

(
𝑿′𝑽𝚺−1𝑼∗

𝐴

)
�̂��̂�

∗
𝝋𝑚 (1)

=

(
𝑿′𝑽𝚺−1𝑼∗

𝐴

)
�̂��̂�

∗ (
𝑿′𝑽𝚺−1𝑼∗

𝐴�̂�𝒘𝑚

)
(2)

= 𝑿′𝑽𝚺−1𝑼∗
𝐴�̂� �̂�

∗
𝑿′𝑽𝚺−1𝑼∗

𝐴�̂�︸               ︷︷               ︸
�̃�

𝒘𝑚 (3)

= 𝑿′𝑽𝚺−1𝑼∗
𝐴�̂� �̃�𝒘𝑚︸︷︷︸

𝜆𝑚𝒘𝑚

= 𝑿′𝑽𝚺−1𝑼∗
𝐴�̂�𝒘𝑚︸               ︷︷               ︸

𝝋𝑚

𝜆𝑚 = 𝜆𝑚𝝋𝑚. (4)

□

Proposition 2. 𝜆𝑚𝝃𝑚 is the evolution of a scaled mode, 𝝃𝑚, over 𝜏 time steps in the subspace spanned
by the columns of �̂�.

Proof. The DMDc model is 𝒙(𝑡 + 𝜏) = 𝒙′𝑛 = 𝑨𝒙𝑛 + 𝑩𝒚𝑛 = 𝑨𝒙(𝑡) + 𝑩𝒚𝑛 where 𝑡 = 𝑛 + 𝐽 + 𝜏 − 1. So an
estimation of 𝑨 using 𝑿, 𝒀 , and 𝑿′, evolves the autoregressive component 𝜏 time steps.

We use the projection matrix onto the columns of �̂� and the previous proposition to find the evolution
of 𝝃𝑚 in the subspace spanned by the columns of �̂�.

�̄��̂��̂�
∗
𝝃𝑚 = �̄��̂��̂�

∗
𝝋𝑚𝛼𝑚 = 𝜆𝑚𝝋𝑚𝛼𝑚 = 𝜆𝑚𝝃𝑚. (5)

□

We now provide the reasoning for the decomposition

𝑨𝒙𝑛 ≈ 𝚵𝚲𝚵†𝒙𝑛. (6)

We approximate 𝑨 with �̄��̂��̂�
∗
. From the previous proposition, we have that 𝝃𝑚 is an eigenvector of

�̄��̂��̂�
∗

with eigenvalue 𝜆. By stacking 𝝃𝑚 into the columns of 𝚵 and using the pseudoinverse 𝚵†, we
have �̄��̂��̂�

∗ ≈ 𝚵𝚲𝚵†.
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