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A Math Proofs

Proof of Proposition 1. For candidate L“, she needs to maximize the following problem:

max - (—| = 1= ) + (1 = 7}) - (=] = 1 = 2, (1)

ko - A A B B
where 7 is a function of 7, x3, zf, and zp.

First, we assume that 0 < 24 < 2P < 2* <28 <24 <1 and 2* € [u — a, u + a], where
x* is the indifference position that the voter is indifferent between choosing two candidates
in election A; we will prove this assumption is held in equilibrium later. This assumption

implies
. Tp g+ +af)
2(1+7)

Therefore, the probability that L4 wins is 77 (24, 28, 2%, 28) = Pr(z,, < 2*). Since z,, is

uniformly distributed on [u—a, p+ o, it follows 77 = 5-[2* — (u— )]. Plug 77 into Eq.(1),

we have

1 [z + 24+ v(28 + 2B)

A A
By the First Order Condition,
g
vy = = (2f +ag) + (1+9)(u - ). (3)

2

Similarly, following the same approach, we consider the maximization problem for candidate
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RA. Tt follows

th == (@] +af) + 1+ 7)(n+ ) (4)
In Election B, we also have

o = = )+ (L4 ) o), 6

o= =D (ad ) + (0 Bt o) (©

Then we can solve this system of linear equations, Eq.(3)-Eq(6), and get,

rp=p—(1+7a,  ap=p+(1+7)a

vp =p—(1+pa,  rp=p+(1+pa

We can find that these results satisfy the assumption.
Now we show that all equilibria must satisfy the condition 0 < 4 < 28 < 28 <24 < 1.

It implies the solution above is the unique equilibrium.

A

Consider the situation where an equilibrium result satisfies the condition 74 < x4 <

P < 2B, In election A, there are two possible scenarios: the indifference position x% =

xLHRJF;(IR z7) , or o4 — 29 = (2B — 2P). Similarly, in election B, there are two possible

mL+$R_B($R_$£) A) B B

. . . o . x A _
cases: the indifference position z}; = 5 or Bz —axp) =ap — 7.

xf +mgfﬁ(mgf:ﬁ’2)

2

xf+x§+’y(x§ 7$E)
2

, we can find: a9 =

In the case that =% = and z% =

p—a—2(xE—28) and 24 = p+a — (28 — 28). Similarly, 28 =y —a — 2(v4 — 24) and
xﬁ-u—i—a—ﬁ(x‘g—xL) Thus, 24 = p—a —ay, 14 = p+a —ay, 24 = p— a+aff and
x4 = p+ o + af, which contradicts with z4 < 5.

In the case that x4 — 29 = (28 — 28) and B(x4 — 28) = 28 — 2P, we have By = 1.

Now consider election A, since 4 < x4 < 28 < 28 then, any voter whose ideal point is less



than x4 will vote for candidate L#, and any voter whose ideal point is greater than x? will

vote for candidate R*. Voters in interval [z4, 2] are indifferent. These indifferent voters

will flip a coin to make the decision, therefore half of them will support L# and other half

A B
of them will support R4. It is equivalent that voters whose ideal points are less than %

A B
TRtTp

will support L* and those whose ideal points are greater than will support R4. Then,

L*’s question becomes

A
mpe g | P o (=) (")
Thus, 24 = —co. Then, using the same approach we can find that 2% = +o00. Therefore, it

is impossible that 4 — 24 = y(28 — 28) because both sides are infinity.

A A B B
zptepty(@p—zp) A Ay _ ..B B :
3 and B(zh —x7) = x5 — x7. We know this cannot

In the case that x7% =

be an equilibrium. In election B, every voter z; € [z, 2] is indifferent between z? and z5.

It also means x; < x4 will prefer 22 and z; > ¥ will prefer 4. Now if candidate from Party

L moves her policy a lightly left from 22, then she will win all votes in [z, 22] and be closer

to her ideal point —1. Therefore this case cannot be an equilibrium. Similarly, the case with

ef+af—Bah—r])
2

A A _ B B *
ag — vy =y(rg —ar) and 2 =

cannot be an equilibrium. Therefore, any
solution with 24 < 24 < 28 < 28 cannot be an equilibrium. Using the similar approach,

we can show that all other situations cannot be on the equilibrium path. O]
To prove Proposition 2, we need the following lemma.

Lemma A.1. When 2 =i —T and x4 = i + T with T < (1 + ), then in election B*,
we have

(1) 2% = — (1 + B)a and 2% = i + (1 + B)a when p* = [i.

(2) When i — T < p* <+ T, and p* # ji

ah =1+ B)(p—a)—BE; 2k =01+8)(+a) - 8a



(3) When p* < ji—T

v =p—a—pT;  dh=p"+a-pT.
(4) When u* > i+ T,

o =k —a + BT ok =P+ a4+ BT

Proof of Lemma A.1. For the first part, in the Nth district, the indifference point of

N N A A N N
election B is z*N = +$I;(Jﬁ(;)L+wR) = ”;?11% + %ﬂ, following the proof of Proposition 1,

we have 2% = 1 — (1 + B)a and % = i + (1 + B)a for k= N,
In a district £ < N, we need to consider two cases.

Case 1. When 2% 28 < 23F < 2k 24 the indifference point of election B* is z** =

o} +al+Bf+ag)
2(148)

. Then the candidate from Party L need to solve the question:

max — (v — ¥ + a) (o, — 2%).
zk «

So we have 2% = (1+3)(uF — ) — Bj. Similarly, we can solve that =% = (14 8)(u* +a) — .
These solutions hold if and only if % 24 < z*% < 2k 24. Since 2** = ¥ in equilibrium,
therefore, we need max{pn — (1 + %)a,ﬂ — T} < pF. Because T < (1 +v)a and vy < 3, we
may conclude when ji — T < p*, 2% = (14 8)(u* — ) — B and 2, = (1 + B8)(1* + ) — .

Case 2. When 2% < 23F < 2% 28 24, the indifference point of election B* is x** =

k k A_ A
mLHRH;(rR 1), Using the similar way, we can find that 2% = p* — a — BT and 2%, =

p¥ +a — BT. Condition 2§ < x** < 2k 24 24 requires z¥ < 23 < 2% which is satisfied by
T < (1+7v)a and B(1+7) < 1 (Assumption 1), and z** < x4, 24, which requires u* < ji—T.
Similarly, in a district & > N, when p* < g+ T, 2% = (1 + B)(¢* — ) — B and

% = (1 +8)(u* +a) — Bu. When p* > i+T, 2% =y —a+ BT and 2%, = " +a+ 8T O



Proof of Proposition 2. Lemma A.1 has proven the equilibrium positions in election B*.
In election A, assume x4 and 23 have the following forms on the equilibrium path: x4 = i—T
and x4 = ji+T with T < (1+7)a. Then the policy positions can be calculated from Lemma
A.1. Since (2 + v)a < d by Assumption 2, we know p* ¢ [i — (1 + ), i + (1 + 7)a] for
k # N. Therefore, when p* < ji, 2% = u* — o — BT and 2% = pu* + o — 8T.

Consider election A in the N — 1th district with the expected median voter position i —d,

T " . Ain this district is 24 . — mera:‘gfy(m%_lfxg_l) -
the indifference position of election A in this district is 2y, = 5 = p—ya.,

which is greater than p¥ ' +a = p—d+a. It implies Party L will win this district. When we

A B
consider one party deviate from the equilibrium position in election such that “L -ng =[—a,

then 232 | = — (14 7)a, which is still greater than pV !+« = y—d+a by Assumption 2.

This result indicates that for any policy positions of 24 and 24, as long as one candidate has
a positive but less than 1 probability to win the Nth district in election A, party L always
wins the district with % < ji. Similarly, under the same condition, party R always wins the
district with p* > fi. Therefore, we can conclude that the Nth district with 7 is the only
pivotal district for election, i.e, win the election as long as win this district.

Therefore, two candidates in election A only need to consider how to win the Nth district.
Since #% = ji — (14 B)a and z% = i + (1 + B)a from Lemma A.1, so using the same way in
Proposition 1, we can get 24 = ji — (1 +y)a and 2% = ji + (1 + y)a, i.e., T = (1 +79)a in

Lemma A.1. This proof process also indicates the uniqueness of the equilibrium. O]

Proof of Proposition 3. In election B*, when ¥ = i, a candidate with ideal point p* +qv
from Party R has the expected payoff —q#, and the candidate with an ideal point u* —gv from
Party L has the same payoff —quv. If a candidate participate in the election, her expected
payoff is %(—q@)—i—(l —+7(—w)), and if her does not, the payoff is —w. Therefore, a candidate
joins the election if and only if gv > w. This means that in Party L, only candidates with

ideal points greater than p* — w will join the election. In Party R, only candidates with



ideal points less than p* + w will join the election.
Similarly, when p* < i, a candidate with ideal point p* + qv from Party R has a payoff
—[q0 + B(1 + v)a]. The candidate from Party L has the payoff —[qv — S(1 + v)a]. Then

the rest of the procedure is the same as the case when p* = fi. Similarly, the result can be

easily found for the case when p* > ji. O



B Extensions

B.1 When candidates Care about Another Election

In the main context, from the candidates’ perspective, competition in other elections only
affects their probability of winning, without influencing their payoff from policy outcomes.
In this section, we explore an extension where the candidates’ policy payoff is also impacted
by the outcome of another election. This extension accounts for scenarios where a candi-
date in one district might consider how the outcome of a national election could affect the
implementation of their local policies in the future.

As in the benchmark model, we consider two elections, A and B. The setup of the model
is exactly the same as the benchmark model, except for how the candidate’s utility is defined.

In election k € {A, B}, candidate j* chooses 5? to solve the following problem:

H;?%Xp[ﬁf-(—lfj—ffl)Jr(l—?Tf)-(—\fj—flij|)]+(1—p)[W{k-(—Ifj—5}k|)+(1—7fj~_k)-(—Ifj—fifl)],
(8)

Here, p € [0,1] denotes the weight of the payoff that candidate j* places on her own

J

election. 77}“ denotes the probability that j* wins the election. The symbols Eg‘? and 7% j

represent the policy choices of j* and her opponent, respectively. 7rj_k signifies the probability

k k

that j*’s co-partisan candidate j~* secures a win in another election. The terms z; " and

k

55:;? refer to the policy choices of j7% and her opponent in that other election, respectively.

We have the following result:

Proposition B.1. There exists a unique pure strateqy Nash equilibrium:

In Election A:

i=p+T+yalm—1);  Tap=p+1+7)a(l—mn).



opg1-1=ey)
Here ny = £t——£—.
1-(+52)28y

In Election B:

I =p+ 1+ Bam—1);  Tp=p+(1+B)all—n).

Ly (1-12LB)
1-(52)28y

Here ny =
Compared to the benchmark model, we find that 24 =y — (1 4+ 7)a < 74 <  — « and
p+a <y <azp=p+(1+v)a. This result indicates that the interaction effect still exists,
causing candidates’ policy positions to become more divergent than in the Calvert-Wittman
model. However, since candidates take the outcome of another election into consideration,

the magnitude of divergence is less than that in the benchmark model. A similar result can

also be found for Election B.

B.2 Coordination and Manipulation

In multidistrict elections, candidates running in districts with a disadvantage may receive
a low expected payoff (e.g., a conservative candidate running in a liberal district). This
scenario introduces the possibility of coordination among candidates from the same party.
In this section, we extend the multidistrict model to consider situations where a party might
manipulate a lower-level election to enhance its chances in an upper-level election.

For simplicity, we keep the model setup consistent with that described in Section 4.1.
We consider only three districts: a central district, a left-leaning district, and a right-leaning
district. The expected median voter’s positions in these districts are still denoted as {u*}
with k = 1,2 or 3. Notably, u? = ji for the central district.

Parties prioritize winning the upper-level election over winning any single district in the

lower-level election. Parties may offer an individual benefit M to their candidates in lower-



level elections to increase their chances of winning the upper-level election. Candidates in
Election B* must prioritize maximizing their party’s probability of winning in their district
in Election A over their own expected utility in Election B* to receive the benefit. M
compensates candidates for sacrifices they make, such as committing to future promotions.

We assume that
Assumption B.1. M < g+ 1.

This assumption eliminates situations where the benefit is so significant that most local
election candidates prioritize the upper-level election over their own.

For Party R, without considering M, a local election candidate’s expected payoff is 1 — 1
in the central district and pu* — 3(1 4+ +)a — 1 in the left district. Assumption B.1 implies
that right party candidates in the right-leaning and central districts prefer to focus on their
own elections rather than accept the offer from the party. Now we focus on the case where
p* < = B(1+vy)a+ 1+ M. The expected payoff for a right party candidate from the
left-leaning district is so low that they might opt to accept the party’s offer. In this situation,

the candidate’s problem becomes:

max P(z} > o), 9)

TR
where ! is the local median voter’s position in the left district and z*! is the indifference
point of Election A in the left district. Meanwhile, their opponent from Party L still will try

to maximize their own expected payoff in this local election. That is,

max - (=1 —ap|) + (1 —mp) - (=]1 — 2l), (10)

L
where 7} is the probability that the candidate from Party L will win the local election in

the left district.



In this left district, since both policy choices, x4 and x4, from Election A are still on
the right side of the local median voter’s position, the indifference point should be z*!' =

A A
:EL+36R

54 — 2(xp — xp). For R', in order to bolster the vote share in Election A within her

district, she must select a policy position that makes the indifference point z*! as low as
possible. Therefore, the optimal choice is to choose xt, = x*! such that v(zh —21) = 24 — 7.

Following a similar procedure, we can calculate the optimal choice for the candidate from

Party L in the right district. The equilibrium strategies can be summarized as follows:
Proposition B.2. There exists a unique Nash equilibrium such that in Election A,
dp=a—(1+ya,  ap=a+ 1+

in Election B,

o when p* = [i,

+ (14 P

:U?r
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=I

ﬂ_(1+ﬁ)av z
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o when p* < [i,

M—a—ﬁﬂ+wa+%iiﬂa

S
I

vp=p" —a=Bl+Ya,

o when p* > [,

2(1+
xlz:;ﬁ—l—a—kﬁ(l—l—v)a—%a; o =P+ a4 B+ y)a.

Figure B.1 shows that upper-level candidates prioritize winning the central district, and
their policy choices remain the same as without coordination (Part 1 of Proposition B.2).

However, as illustrated in Parts 2 and 3 of the proposition, in districts where a party is at a
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significant disadvantage, its candidate might forgo personal success to bolster the prospects
in the upper-level election. Proposition B.2 states that accepting the party’s offer would lead
them to choose a less polarized policy closer to the national median voter’s position instead

of campaigning for the local median voter.

Figure B.1: Equilibrium Positions in Multidistrict Elections with Coordination

/_le
. u . A=) () . u” .
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B.3 Math Proof of Extensions

Proof of Proposition B.1. Candidate j*’s question in Eq.(8) can be rewritten as follows:
ko (~k ~k L=pr bk ook o~k ~k
max 7y - (27, — 75) + ——[m; " - (72 — ;") — 1 —77]]

Similar to the proof of Proposition 1, we take the F.O.C. for four maximization problems,
resulting in four equations with four variables. Following the same approach in th proof of

Proposition 1, the rest of the calculation is straightforward,

Proof of Proposition B.2. We first assume

+ (1 + 7).

= b
I
=I

rp=p— (1470
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Then use the same way in Proposition 1, we know, when p* = [
vp=p—(1+pBa;  xh=p+1+p)a

In the left district, for L!, she still try to maximize her payoff in election B'. From the
proof of Proposition 1, we know L'’s decision is dependent with her opponent’s decision,
so we can calculate her optimal choice is the same as that in the previous section without

manipulation:

vp =p —a—=pB1+7)a

Since R! tries to maximize the vote share for R4 in election A in the left district, so she

needs to make the indifference point, 2k, of A in this district as small as possible. Consider

AL A
T +TR

5t Now let

this situation first, given other players’ positions, if 2% = 2% then 2z} =

x% increases to a point 7 such that o5 = 2!, this step is valid because if it is not, it means

A A
E_ A 1 A 1 _2p+Th vk _ A
when z}, = 27, we would have xp > x7. If so, then we must have vy = <52 — I (2} —27),

A A
. . i +x e .
which is greater than =——£ and we have a contradiction.

Now when we have xh, = ¢, voters between [, +00) will choose R* in election A,

voters between (—oo,z] will choose L#, voters between (z,z7) is indifferent between two
candidates. If 2% increases from z a little bit (a small ¢), then all voters in (7, z4) will vote
for R4, Therefore, this # is the optimal choice for z%, i.e.,

TR — o 2(1+17)

rh=T =1 + - =pF—a—B1+7)a+

12



Similarly, by the symmetry, in the right district with i1 < p*, we have

vh =+ a+ B(1+9)a,

T —xf 2(1—’_7)04

ok =7 =2k + =pF +a+ B +y)a—

Next, we begin to prove x4 = ji— (1 +v)a and x4 = ji+ (1 +7)a. Given this equilibrium
position, we may find 25 = pf —a — B(1+7)a+ @& in the left district, which is greater
than p' + «; similarly, 2% is less than p® — o It implies R loses the left district and wins
the right district. When R4 increases x4, the indifference position in the left district will
increase, while its counterpart in the right district will decrease. This means the probability
of winning the election is still fully determined by the election result in the middle district.
Therefore, this deviation is not profitable for R4, because x4 = ji + (1 + )« is the optimal
choice in this single pivotal district case.

If R4 decreases x4, we use p; to denote the probability that R4 wins the left district,
ps to denote the probability that R4 wins the right district, and p to denote the probability

that R4 wins the middle district. Then the probability for R to win election A is:

P = pips + Pps + Pp1 — 2PPips,

and we also know p3 = 1 — p; by the symmetry. Therefore p4 = (2p — 1)p? + (1 — 2p)p1 + .
Since p > 1/2 when 24 < +(1 + 7)a, it follows that P§ < p for p; € [0,1], and P4 = p
when p; = 0 or 1. Therefore, R*’s expected payoff is Pj (2% — 24) < p(zs — 24'), and when
x4 = i + (14 7)a, we have the equality and R* gets the maximum payoff.

Finally, by the symmetry, we know L* also has no incentive to deviate from the equilib-

rium position.
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