
Supplementary Materials for

“How Should We Estimate Inverse Probability Weights

with Possibly Misspecified Propensity Score Models?”

A Literature Review of the Weighting and Matching

Methodology in Political Science

To investigate the prevalence of the IPW in political science, I survey all the articles published

in the American Journal of Political Science, the American Political Science Review, and

the Journal of Politics from 2000 and 2022. I employ the following procedure:

1. Search the following words in the three journals via Google Scholar on March 15, 2022.

2. Carefully read all the articles found by the search to code whether they use each of

the popular weighting and matching methods (the IPW, entropy balancing, propensity

score matching, genetic matching).

The search words are following:

• IPW

• inverse probability weighting

• inverse probability weights

• inverse probability weighted

• propensity score weighting

• propensity score weights

• propensity score weighted
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• CBPS

• covariate balancing propensity scores

• covariate balancing propensity score

• entropy balancing

• entropy balance

• (matching OR matched OR match) AND (“propensity score” OR “propensity scores”)

• “genetic” AND “matching”

The identified articles are presented in Table A.1, where I code the journal, author(s),

and title of the article (Journal, Author, and Title), the year, volume, and issue of the

publication (Year, Vol., and Issue), and whether the article uses the IPW, CBPS, entropy

balancing, propensity score matching, and genetic matching (IPW, CBPS, EB, PSM, GM).

Note that the publication year of the forthcoming articles is coded as 999 and treated as

publication in 2022 in the following analysis.

To summarise the results, Figure A.1 shows the number of published articles that use

each of the IPW (green), entropy balancing (purple), propensity score matching (yellow),

and genetic matching (blue) in the three journals each year from 2008 and 2022. The IPW

is increasingly utilized in the past five years, making it the most widely used method in each

of the five years. The decline of the propensity score matching and the rise of the IPW after

2015 may be partly attributable to (King and Nielsen 2019), an influential work (cited 1106

times as of March 14, 2022) presented at Polmeth 2015 that recommends not to use the

propensity score matching.
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Notes: This figure shows the number of published articles that use each of the IPW (green),
entropy balancing (purple), propensity score matching (yellow), and genetic matching (blue)
in the American Journal of Political Science, the American Political Science Review, and
the Journal of Politics in each year from 2008 and 2022. The IPW is increasingly utilized
in the past five years, making it the most widely used method in each of the five years.

Figure A.1: The rise of inverse probability weighting
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Notes: This figure shows the empirical cumulative distribution functions (ECDF) of the
covariate X. The solid line represents the empirical CDF for the target group (S = {i | Ri 2
{0, 1}}), and the remaining two lines represent the weighted ECDFs of the weighted group
(S1 = {i | Ri = 1}) where weights are estimated by the proposed method (the dashed line)
and the MLE (the dotted line).

Figure B.1: The empirical cumulative distribution functions

B Distributional Balance in the Numerical Example

Figure B.1 shows the empirical distribution functions of covariate X. The proposed method

(the dashed line) approximates the target distribution (the solid line) better than the MLE

(the dotted line).

C Proofs

C.1 Proof of Proposition 3

The bound in Proposition 3 of this study is slightly tighter (⇡ 1.63/a < 5/(3a)) than that of

Tan (2020) when a = 1/2, but it gets much tighter as a gets small: ⇡ 4/(3a) when a = 1/5,

for example.
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Proposed evaluation (0 < a ≤ 1)

Tan (2020)'s evaluation (0 < a ≤ 0.5)
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Notes: This figure compares the evaluation of an upper bound of the relative errors of the
propensity scores. The dashed line represents the evaluation of Tan (2020), which evaluates
the upper bound for special cases where 0 < a  1/2. The solid line represents the proposed
evaluation, which evaluates it more exactly for more general cases where 0 < a  1.

Figure C.1: Comparison of the evaluation of an upper bound of the relative errors of the
propensity scores

Figure C.1 shows the di↵erence between these two evaluations of the upper bound of the

relative errors of the propensity scores for 0.1  a  1.

I provide the proof of Proposition 3, which is a generalization of Proposition 2 of Tan

(2020).

Proof. Let r = ⇡(X)

⇡(X,�̂)
and  = a(1�a+a log(a))

a2�2a+1 . Since  > 0 over 0 < a < 1, it is su�cient to

show that for a 2 (0, 1], if 0 < r  a�1, then:

(r � 1)2/2  r � 1� log(r) for a = 1 (31)

(r � 1)2  r � 1� log(r) for 0 < a < 1. (32)

First, if 0 < r  1, then r � 1� log(r) � (r � 1)2/2 � (r � 1)2. The first inequality holds

because r�1�log(r)�(r�1)2/2 decreases to 0 over 0 < r  1. This is su�cient to prove (31),
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thus the following proof concentrates on the proof of (32) under the condition of 0 < a < 1.

To prove the second inequality, it su�ces to show k1(a) = (a�1)2�2a(1�a+a log(a)) � 0,

where the derivative of k1(a) is �4(1�a+a log(a)). Thus, k1(a) is decreasing over 0 < a < 1,

which implies that k1(a) > 0.

Second, the function k2(r) = r�1�log(r)�(r�1)2 has a derivative of (1�r)(2r�1)/r.

Thus, k2(r) is increasing over 1  r  (2)�1 and then decreasing when r > (2)�1. Since

k2(1) = 0, it is su�cient to show that k2(a�1) = a�1 � 1 + log(a) � a�2(1 � a)2 � 0 for

0 < a < 1. Substituting  = a(1�a+a log(a))
a2�2a+1 gives k2(a�1) = 0 for any 0 < a < 1.

C.2 Proof of Proposition 4

For completeness, I provide the proof of (17), which is also found in Tan (2020) though I

corrected a typo.

Proof. By E[�2] = E[�]2 + V(�) for a random variable �, one has

E

2

4
 
1

n

nX

i=1

RiYi

⇡(Xi, �̂)
� µ

!2
3

5 = E
" 

R

⇡(X, �̂)
� 1

!
Y

#2

+
1

n
V
 

R

⇡(X, �̂)
Y

!
. (33)

By the Cauchy–Schwartz inequality, the first term is no greater than c ⇠(�̂):

E
" 

R

⇡(X, �̂)
� 1

!
Y

#2

 ⇠(�̂)E[Y 2]. (34)

By the law of total variance, one has

1

n
V
 

R

⇡(X, �̂)
Y

!
=

1

n
V
 
E
"

R

⇡(X, �̂)
Y

����� X
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+
1

n
E
"
V
 

R
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Y

����� X
!#

(35)

=
1

n
V
 

⇡(X)

⇡(X, �̂)
E[Y | X]

!
+

1

n
E
"
⇡(X)(1� ⇡(X))

⇡(X, �̂)2
Y 2

#
(36)

 1

n
cE

"
⇡(X)2

⇡(X, �̂)2

#
+

1

n

✓
1

⇢
� 1

◆
cE

"
⇡(X)2
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(37)

 c

n⇢
(1 + ⇠(�̂)), (38)

where the second and third (in)equalities hold by the missing-at-random assumption. From
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(33), (34) and (38), one gets (17).

D Equivalence of the Loss Functions of the Proposed

Method and Entropy Balancing

In Section 3.6, I pointed out that the DBW and entropy balancing use the same loss function

(4) with di↵erent link functions, where the DBW uses the logistic function and the entropy

balancing uses the exponential function as shown in Wang and Zubizarreta (2020). For

completeness, I provide a proof for this notion.

The entropy balancing is a method to estimate weights that minimizes the entropy di-

vergence between the estimated and base weights (wbase,i = 1 8i):

argmin
wEB,i

nX

i

RiwEB,i log(wEB,i), (39)

subject to the following covariate balancing conditions:
nX

i=1

(RiwEB,i � 1)Xi = 0. (40)

Adding a constant (�
Pn

i RiwEB,i = �n) to (39) and using the Lagrangian function, the

solution to this constrained optimization problem is obtained as the solution to the following

unconstrained optimization problem:

argmin
wEB,i, �EB

nX

i

�
RiwEB,i log(wEB,i) +RiwEB,iX

T
i �EB �XT

i �EB �RiwEB,i

 
, (41)

where �EB are the Lagrangian multipliers. Taking the derivative with respect to wEB,i pro-

vides:

Ri{log(w⇤
EB,i) +XT

i �
⇤
EB} = 0 for all i. (42)

Thus, the solution w⇤
EB,i, �

⇤
EB satisfies (40) and the following equations:

log(w⇤
EB,i) = �XT

i �
⇤
EB for all i. (43)
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Using (43), the solution to (41) is obtained as the minimizer of the following function:

argmin
�EB

nX

i

{�XT
i �EB +Ri exp(�XT

i �EB)}, (44)

where I added a constant (2
Pn

i RiwEB,i = 2n). This function is equivalent to the loss

function of the DBW (4) by letting ⇡EB(Xi, �EB) = 1/wEB,i = exp(XT
i �EB) denote propensity

scores with the exponential function for a link function.

E Algorithm for the Distribution Balancing Weighting

with the Normalization and Regularization

This section extends the di↵erence of the convex functions algorithm for estimating the

DBW explained in Section 4.2 to incorporate the normalization and regularization. First of

all, I decompose the non-convex loss function of (22) into the di↵erence of the two convex

functions as follows:

h(�) ⌘
nX

i=1

log(⇡(Xi, �)) +

Pn
i=1(1� ⇡(Xi, �))

n0

nX

i=1

✓
Ri

⇡(Xi, �)
� 1

◆
+ �||��1||2 (45)

= h1(�)� h2(�) (46)

h1(�) = g1(�)�
Pn

i=1 log(⇡(Xi, �))

n0

nX

i=1

✓
Ri

⇡(Xi, �)
� 1

◆
+ �||��1||2 (47)

h2(�) = g2(�)�
Pn

i=1(1� ⇡(Xi, �) + log(⇡(Xi, �))

n0

nX

i=1

✓
Ri

⇡(Xi, �)
� 1

◆
+

nX

i=1

✓
Ri

⇡(Xi, �)

◆
.

(48)

Using this decomposition, the algorithm repeats the following two steps until convergence.

First, as the majorization step, it constructs a surrogate function v(�, �t) for iteration t as

follows:

v(�, �t) = h1(�)� {h2(�t) + h0
2(�t)

T(� � �t)}, (49)

where �t is the initial value or values obtained in the previous iteration and h0
2(�) =

@h2(�)
@� .

Second, as the minimization step, it estimates �t+1 such that minimizes (49) with respect
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to � while keeping �t fixed. This minimization is easily conducted because the objective

surrogate function is convex.

The R package dbw implements this algorithm for estimating the DBW.

F Related Literature

To improve the IPW estimation, several studies proposed methods that directly balance

the prespecified moments of covariates between the target and weighted groups. Several

methods balance finite prespecified moments with or without the propensity score model

(Graham, De Xavier Pinto, and Egel 2012) (Hainmueller 2012; Imai and Ratkovic 2014; Tan

2020; Vermeulen and Vansteelandt 2015), another method balances infinite moments with

nonparametrically estimated weights (Chan, Yam, and Zhang 2016), and other methods

balance the kernel functions (Hazlett 2020; Kallus 2020; Wong and Chan 2017; Zhao 2019).

Other studies propose to balance moments approximately up to prespecified levels and mini-

mize the dispersion of the estimated weights (Wang and Zubizarreta 2020; Zubizarreta 2015).

However, when the propensity score model, if it exists, is misspecified, the unknown true

outcome model needs to lie in a linear space spanned by the balanced functions for consis-

tency (Fan et al. 2021; Zhao and Percival 2017; Zhao 2019; Zubizarreta 2015), which makes

it di�cult to determine moment conditions in a finite sample. In contrast, the proposed

method minimizes the imbalance in the multivariate covariate distribution (Section 3.3),

whose importance is acknowledged in several studies (Hainmueller 2012; Li, Morgan, and

Zaslavsky 2018; Zhao 2019; Zubizarreta 2015). This allows it to minimize an upper bound

of the mean squared error of the parameter of interest (Section 3.5). In the matching frame-

work, the coarsened exact matching shares this spirit of balancing the multivariate covariate

distribution (Iacus, King, and Porro 2011, 2012).

The nonparametric methods, such as the nonparametric propensity score estimation with

the sieve logistic regression (Hirano, Imbens, and Ridder 2003), the nonparametric moment
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balancing weight estimation (Chan, Yam, and Zhang 2016), and the kernel balancing weight

estimation (Hazlett 2020; Kallus 2020; Wong and Chan 2017; Zhao 2019), also ensure that

the covariate distribution will be balanced if the number of balancing conditions grows

adequately as the number of the observations increases. However, their performance is not

guaranteed with a finite sample and heavily depends on the selected hyper-parameters, and

tuning hyper-parameters is still a di�cult and unsolved open problem (Wong and Chan 2017;

Zhao 2019; Zubizarreta 2015). In contrast, the proposed method is a parametric method

that minimizes the distribution imbalance, which leads to other attractive characteristics

such as minimizing the upper bound of the MSE of the parameter of interest and the double

robustness property (Section 3.5, 4.1, and 4.3).

Recently, Huling and Mak (2020) proposes a nonparametric weight estimation that min-

imizes the energy distance in the covariate distribution between target and weighted groups.

This approach shares the same motivation with the proposed method in that the multivariate

covariate distribution, instead of the prespecified moments of covariates, should be balanced.

However, it cannot be doubly robust because it does not have a propensity score model, nor

does it have the attractive properties that the proposed method has, especially in a finite

sample.

Lastly, the entropy balancing method proposed by Hainmueller (2012) is closely related

to the proposed method. The entropy balancing method estimates weights to balance the

selected moments of covariates between the target and weighted groups without modeling

propensity scores explicitly while minimizing the reverse KL divergence between uniform

weights and estimated weights. However, it is later shown that it has an implicit propensity

score model (Zhao and Percival 2017), and it is modeled using the exponential function,

i.e., ⇡(Xi) = exp(XT
i �), in the estimation of the average outcome (Wang and Zubizarreta

2020). Interestingly, the solution to the dual problem is the minimizer of the loss function

that is equivalent to the proposed method (Wang and Zubizarreta 2020). Thus, the entropy

balancing method for the average outcome estimation minimizes the KL divergence between
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the true and estimated weights. However, the important di↵erence is that the propensity

score model of the entropy balancing method is always misspecified by construction, and

it is no longer doubly robust for the estimands other than the average treatment e↵ect

on treated (Zhao 2019). This is because it implicitly models the propensity scores as the

exponential function of the linear predictors, and thus they are unbounded above and cannot

be interpreted as the conditional probability of the response.

G Details of the Empirical Analysis

This section presents details of the study of foreign occupation and insurgency in France

analyzed briefly in Section 6. First, like recently proposed estimators such as the calibrated

weighting and bias-reduced doubly robust estimators (Chan, Yam, and Zhang 2016; Tan

2020; Vermeulen and Vansteelandt 2015), the nDBW estimator estimates two propensity

scores for the ATE estimation. Each of them is used for estimating the inverse probability

weights for the treatment group and control group. To optimize the hyper-parameters in the

nDBW estimator, I use a grid-search approach with the range [0, 0.2] for the regularization

parameter � and adopt the values based on the upper bound of bias.

Tables G.1–G.2 present the details of the results, where the third column shows the

upper bound of bias and the last four columns show the hyper-parameters used for the

nDBW DR estimator. First, when the distance from the demarcation line is small, all

the estimators produce similar point estimates, standard errors, and upper bound of bias.

However, as the distance increases, the MLE DR, calibrated weighting DR, and CBPS DR

estimates diverge from those of the nDBW DR and entropy balancing DR estimators, and

their standard errors increase, which reach their peaks when the distance is 27.5. When the

distance becomes larger, the calibrated weighting DR estimator does not produce estimates

due to the convergence issue, which is indicated by the blanks for corresponding spaces in

the table.
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Table G.1: Results for the study of political devolution and resistance activities
ATE s.e. upper bound of bias �t �c

0 < (distance from the demarcation line) < 15

nDBW DR 0.49 0.21 0.12 0.13 0.05
MLE DR 0.49 0.21 0.13
Calibrated weighting DR 0.50 0.21 0.12
CBPS DR 0.50 0.21 0.13
Entropy balancing DR 0.47 0.21 0.12
Unweighted 0.46 0.23 0.18

2.5 < (distance from the demarcation line) < 17.5
nDBW DR 0.51 0.19 0.12 0.11 0.06
MLE DR 0.51 0.20 0.13
Calibrated weighting DR 0.52 0.19 0.12
CBPS DR 0.53 0.20 0.13
Entropy balancing DR 0.50 0.20 0.12
Unweighted 0.48 0.21 0.19

5 < (distance from the demarcation line) < 20

nDBW DR 0.30 0.18 0.13 0.10 0.03
MLE DR 0.30 0.20 0.14
Calibrated weighting DR 0.31 0.19 0.13
CBPS DR 0.29 0.20 0.14
Entropy balancing DR 0.31 0.19 0.13
Unweighted 0.28 0.19 0.21

7.5 < (distance from the demarcation line) < 22.5
nDBW DR 0.22 0.25 0.14 0.11 0.03
MLE DR 0.19 0.24 0.15
Calibrated weighting DR 0.19 0.29 0.15
CBPS DR 0.16 0.24 0.16
Entropy balancing DR 0.20 0.21 0.15
Unweighted 0.14 0.16 0.25

10 < (distance from the demarcation line) < 25

nDBW DR 0.15 0.23 0.15 0.09 0.02
MLE DR 0.16 0.26 0.16
Calibrated weighting DR 0.17 0.29 0.16
CBPS DR 0.16 0.28 0.17
Entropy balancing DR 0.13 0.20 0.15
Unweighted 0.09 0.16 0.26

Notes: This table presents the results for the municipalities within various distances
from the demarcation line estimated with the various methods, where the third column
shows the upper bound of bias and the last two columns show the hyper-parameters
used for the nDBW DR estimator.
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Table G.2: Results for the study of political devolution and resistance activities
ATE s.e. upper bound of bias �t �c

12.5 < (distance from the demarcation line) < 27.5
nDBW DR 0.25 0.34 0.16 0.09 0.03
MLE DR 0.40 0.52 0.19
Calibrated weighting DR 0.33 0.20
CBPS DR 0.44 0.58 0.19
Entropy balancing DR 0.22 0.27 0.17
Unweighted 0.09 0.16 0.28

15 < (distance from the demarcation line) < 30

nDBW DR 0.06 0.14 0.17 0.10 0.04
MLE DR 0.03 0.13 0.20
Calibrated weighting DR
CBPS DR �0.01 0.13 0.21
Entropy balancing DR 0.05 0.17 0.19
Unweighted 0.08 0.13 0.30

17.5 < (distance from the demarcation line) < 32.5
nDBW DR 0.10 0.12 0.19 0.09 0.03
MLE DR 0.09 0.14 0.24
Calibrated weighting DR
CBPS DR 0.07 0.13 0.25
Entropy balancing DR 0.12 0.14 0.22
Unweighted �0.02 0.13 0.32

20 < (distance from the demarcation line) < 35

nDBW DR 0.00 0.13 0.20 0.09 0.04
MLE DR 0.02 0.15 0.23
Calibrated weighting DR
CBPS DR �0.05 0.18 0.28
Entropy balancing DR 0.04 0.17 0.26
Unweighted �0.07 0.11 0.36

Notes: This table presents the results for the municipalities within various distances
from the demarcation line estimated with the various methods, where the third column
shows the upper bound of bias and the last two columns show the hyper-parameters used
for the nDBW DR estimator. The blanks for the calibrated weighting DR estimator
indicate that it does not estimate weights because of the convergence issue.
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H Another Empirical Study: The Persuasive E↵ect of

the News Media on Voting Choice

This section examines the performance of the nDBW estimator with a study of the persuasive

e↵ect of the news media on voting choice. Ladd and Lenz (2009) studies the e↵ect of news-

paper endorsements on voting choice by exploiting a rare opportunity during the campaign

for the 1997 UK general election, where a prominent British newspaper, the Sun, switched

its support from Conservative to Labour, and three smaller newspapers, the Daily Star, In-

dependent, and Financial Times, switched from no endorsement to a Labour endorsement,

while other newspapers did not change their support. They use data from several waves of

the British Election Panel Study 1992–1997 to compare the treated respondents who read one

of the above newspapers and untreated respondents who did not read them. The outcome

variable is voting choice in the 1997 election reported in the post-election survey.

To address bias due to di↵erences in other attributes than the treatment, Ladd and

Lenz (2009) balances the treated and untreated groups on the following pre-treatment vari-

ables using a genetic matching, and (Hainmueller 2012) addresses this problem by using the

entropy balancing in the reanalysis. The control variables include various measures for a re-

spondent’s prior evaluation of the Labour Party and Conservative Party (such as prior party

support, prior voting choice, prior party identification, etc.), prior ideology, socioeconomic

status (such as education, income, working-class identification, race, profession, region, etc.),

age, gender, political knowledge, etc. Using these control variables, I estimate the average

treatment e↵ect (ATE) with the nDBW DR, MLE DR, calibrated weighting DR, CBPS

DR, and entropy balancing DR estimators and their jack-knife standard errors with the 192

treated and 1,219 untreated respondents. To optimize the hyper-parameters in the nDBW

estimator, I use a grid-search approach with the range [0, 0.3] for the regularization param-

eter � and adopt the values based on the upper bound of bias, which yields �t = 0.28 and

�c = 0.01.

S28



nDBW
DR

MLE
DR

CAL
(DR)

CBPS
(DR)

EB
(DR)

0.00

0.05

0.10

0.15

0.20

0.25

0.080 0.085 0.090 0.095 0.100 0.105
Upper bound of bias

AT
E 

es
tim

at
es

Notes: This figure shows the upper bound of bias (Hazlett 2020) for various estimators on
the x-axis and their ATE estimates with the 95% confidence intervals on the y-axis. The red,
navy, purple, blue, and green lines indicate the nDBW DR, entropy balancing DR, CBPS
DR, calibrated weighting DR, and the MLE DR estimators.

Figure H.1: Results for the persuasive e↵ect of the news media on voting choice

Figure H.1 presents the results, where the x-axis shows the upper bound of bias for

the estimators (Hazlett 2020), and the y-axis shows their ATE estimates with the 95%

confidence intervals. The red, navy, purple, blue, and green lines indicate the nDBW DR,

entropy balancing DR, CBPS DR, calibrated weighting DR, and the MLE DR estimators.

In this case, all the estimators provide similar ATE estimates (0.11–0.14). Regarding the

quality of the distributional balance of these estimators, the nDBW DR estimator e↵ectively

constrains the upper bound of bias, which confirms its superiority in distribution balancing.
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I The Full Results of the Simulation Studies

The full results of the simulation studies are presented in Table I.1–I.6.
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Table I.1: Simulation results: Linear outcome model 1
Type A PS coe�cients Type B PS coe�cients
n = 200 n = 1000 n = 200 n = 1000

Bias RMSE Bias RMSE Bias RMSE Bias RMSE
Correct PS model

nDBW �0.60 2.86 �0.09 1.33 0.76 2.95 0.03 1.34
MLE �0.27 11.61 �0.04 4.90 �0.03 7.67 �0.02 2.82
CBPS 1.94 4.54 0.37 1.76 2.04 4.73 0.30 1.78
Calibrated weighting 0.06 2.57 0.00 1.15 0.04 2.60 �0.06 1.16
Entropy balancing 0.06 2.57 �0.01 1.15 0.04 2.60 �0.06 1.16
True propensity score 0.05 23.28 0.39 10.74 �0.45 17.95 �0.26 8.12
Unweighted �9.78 10.39 �9.97 10.09 10.05 10.68 9.95 10.07
nDBW DR 0.54 2.89 0.17 1.31 0.74 2.80 0.09 1.20
MLE DR 0.36 3.65 0.01 1.74 0.44 3.74 0.00 1.76
CBPS DR 0.49 3.25 0.07 1.59 0.38 3.08 0.02 1.46
Calibrated weighting DR 0.54 2.97 0.12 1.41 0.42 2.74 0.04 1.22
Entropy balancing DR 1.15 3.16 0.91 1.64 1.40 3.10 1.11 1.66
True propensity score DR 0.37 3.57 0.04 1.81 0.62 4.08 0.05 1.96
Imputation �0.55 3.32 �0.82 1.74 4.93 5.79 4.90 5.08

Misspecified PS model

nDBW �3.21 4.77 �3.70 4.08 3.48 4.64 1.10 1.75
MLE 20.93 143.01 44.47 292.98 0.54 6.75 0.53 2.51
CBPS 1.03 4.84 �2.01 2.94 6.18 7.55 3.86 4.19
Calibrated weighting �2.14 3.83 �2.76 3.14 2.31 3.70 2.23 2.58
Entropy balancing �1.52 3.56 �1.95 2.46 3.79 4.80 3.77 4.00
True propensity score 0.21 23.15 �0.28 10.51 0.18 18.23 �0.08 8.37
Unweighted �10.02 10.64 �9.97 10.10 9.92 10.51 10.01 10.14
nDBW DR �1.98 3.73 �2.61 2.99 2.49 3.81 1.79 2.18
MLE DR �5.97 22.52 �16.30 129.23 3.11 4.49 3.07 3.39
CBPS DR/BRDR �2.73 4.36 �3.57 3.97 3.07 4.39 3.33 3.63
Calibrated weighting DR �2.14 3.83 �2.76 3.14 2.31 3.70 2.23 2.58
Entropy balancing DR �1.52 3.56 �1.95 2.46 3.79 4.80 3.77 4.00
True propensity score DR 0.31 3.66 0.09 1.77 0.47 4.09 0.12 1.97
Imputation �0.62 3.39 �0.82 1.70 4.84 5.67 4.96 5.14

Notes: This simulation compares the performance of various methods for estimating propen-
sity scores and (inverse probability) weights by investigating combinations of six versions
of the true outcome model (linear 1, linear 2, quadratic 1, quadratic 2, exponential 1, and
exponential 2) and two versions of coe�cients for the true propensity score model (type A
and B) with the two di↵erent numbers of observations (n = 200 and n = 1000). For each es-
timation method, I use two propensity score model specifications (correct and misspecified)
and report the bias and RMSE for each in the table.
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Table I.2: Simulation results: Linear outcome model 2
Type A PS coe�cients Type B PS coe�cients
n = 200 n = 1000 n = 200 n = 1000

Bias RMSE Bias RMSE Bias RMSE Bias RMSE
Correct PS model

nDBW �0.16 3.77 �0.05 1.76 0.28 3.77 �0.01 1.77
MLE �0.12 10.57 �0.07 4.51 �0.10 9.87 0.00 3.71
CBPS 2.03 5.45 0.35 2.15 2.01 5.50 0.33 2.16
Calibrated weighting 0.11 3.47 �0.02 1.58 �0.02 3.47 �0.04 1.56
Entropy balancing 0.11 3.47 �0.02 1.58 �0.03 3.47 �0.04 1.56
True propensity score 0.12 22.19 0.35 10.17 �0.52 19.90 �0.27 8.98
Unweighted �3.59 6.18 �3.76 4.37 3.76 6.29 3.73 4.34
nDBW DR 0.07 3.64 0.03 1.65 0.62 3.66 0.08 1.63
MLE DR �0.06 4.89 �0.13 2.19 0.43 5.14 0.02 2.35
CBPS DR 0.06 4.40 �0.08 2.01 0.34 4.37 0.04 2.01
Calibrated weighting DR 0.10 3.77 �0.05 1.72 0.37 3.73 0.06 1.67
Entropy balancing DR 0.02 3.85 �0.08 1.74 1.18 3.91 0.95 1.91
True propensity score DR �0.12 5.19 �0.09 2.48 0.63 5.56 0.07 2.62
Imputation �3.21 5.78 �3.36 4.02 5.25 6.86 5.24 5.58

Misspecified PS model

nDBW �4.55 6.45 �4.62 5.03 4.04 6.08 1.97 2.79
MLE 17.20 127.21 36.83 234.68 1.47 9.01 1.39 3.63
CBPS �0.42 5.86 �3.24 4.13 7.43 9.35 4.56 5.16
Calibrated weighting �3.55 5.59 �3.73 4.18 3.27 5.33 3.15 3.66
Entropy balancing �3.49 5.70 �3.51 4.03 4.54 6.33 4.45 4.86
True propensity score 0.19 22.11 �0.22 10.02 0.20 20.02 �0.16 9.28
Unweighted �3.88 6.33 �3.74 4.34 3.69 6.13 3.73 4.36
nDBW DR �3.36 5.48 �3.56 4.02 3.27 5.32 2.58 3.17
MLE DR �6.05 17.36 �9.29 62.15 4.34 6.43 4.25 4.73
CBPS DR/BRDR �4.42 6.42 �4.53 4.99 4.44 6.44 4.49 4.95
Calibrated weighting DR �3.55 5.59 �3.73 4.18 3.27 5.33 3.15 3.66
Entropy balancing DR �3.49 5.70 �3.51 4.03 4.54 6.33 4.45 4.86
True propensity score DR �0.32 5.28 �0.02 2.42 0.47 5.75 0.07 2.63
Imputation �3.43 5.91 �3.36 3.95 5.23 6.83 5.24 5.60

Notes: This simulation compares the performance of various methods for estimating propen-
sity scores and (inverse probability) weights by investigating combinations of six versions
of the true outcome model (linear 1, linear 2, quadratic 1, quadratic 2, exponential 1, and
exponential 2) and two versions of coe�cients for the true propensity score model (type A
and B) with the two di↵erent numbers of observations (n = 200 and n = 1000). For each es-
timation method, I use two propensity score model specifications (correct and misspecified)
and report the bias and RMSE for each in the table.
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Table I.3: Simulation results: Quadratic outcome model 1
Type A PS coe�cients Type B PS coe�cients
n = 200 n = 1000 n = 200 n = 1000

Bias RMSE Bias RMSE Bias RMSE Bias RMSE
Correct PS model

nDBW �2.26 6.28 �0.55 2.81 �0.45 5.77 �0.21 2.62
MLE �0.78 18.19 �0.06 8.02 �0.21 14.70 0.00 5.60
CBPS 1.24 7.26 0.24 3.34 2.05 7.21 0.32 2.92
Calibrated weighting �1.55 6.33 �0.37 2.97 �0.75 5.78 �0.22 2.57
Entropy balancing �3.74 6.92 �3.03 4.04 �3.47 6.50 �3.06 3.91
True propensity score �0.17 30.73 0.54 14.26 �0.60 25.64 �0.31 11.65
Unweighted �6.85 8.93 �6.91 7.36 7.16 9.77 6.94 7.52
nDBW DR �2.16 6.08 �0.48 2.66 �0.86 5.67 �0.20 2.53
MLE DR �1.43 7.45 �0.31 3.53 �0.53 6.95 �0.14 2.96
CBPS DR �1.58 6.63 �0.39 3.11 �0.55 6.18 �0.14 2.79
Calibrated weighting DR �1.78 6.15 �0.45 2.81 �0.64 5.74 �0.17 2.56
Entropy balancing DR �3.68 6.86 �2.72 3.79 �2.13 5.92 �1.67 2.94
True propensity score DR �1.63 7.58 �0.30 3.71 �0.78 6.88 �0.22 3.15
Imputation �5.81 8.39 �5.03 5.72 �2.89 6.78 �2.73 3.81

Misspecified PS model

nDBW �3.28 6.61 �1.88 3.11 1.69 6.42 0.24 2.68
MLE 34.36 244.59 80.25 611.06 �1.47 13.75 �1.46 5.38
CBPS 2.53 7.42 1.01 3.17 5.40 9.63 2.23 3.91
Calibrated weighting �1.83 6.22 �0.43 2.73 0.66 6.30 1.07 2.87
Entropy balancing �3.63 6.87 �2.40 3.59 �0.95 6.30 �0.62 2.70
True propensity score 0.29 30.65 �0.23 14.00 0.27 26.02 �0.15 12.01
Unweighted �6.95 9.03 �6.85 7.30 6.85 9.42 6.99 7.55
nDBW DR �1.89 6.17 �0.47 2.66 0.32 6.24 1.00 2.83
MLE DR 1.71 25.10 17.40 174.96 1.02 7.76 1.34 3.51
CBPS DR/BRDR �2.04 6.71 �0.09 3.13 1.32 7.02 1.21 3.21
Calibrated weighting DR �1.83 6.22 �0.43 2.73 0.65 6.30 1.07 2.87
Entropy balancing DR �3.63 6.87 �2.40 3.59 �0.95 6.30 �0.62 2.70
True propensity score DR �1.57 7.53 �0.27 3.68 �0.78 7.05 �0.23 3.11
Imputation �5.76 8.26 �5.00 5.67 �2.94 6.89 �2.73 3.78

Notes: This simulation compares the performance of various methods for estimating propen-
sity scores and (inverse probability) weights by investigating combinations of six versions
of the true outcome model (linear 1, linear 2, quadratic 1, quadratic 2, exponential 1, and
exponential 2) and two versions of coe�cients for the true propensity score model (type A
and B) with the two di↵erent numbers of observations (n = 200 and n = 1000). For each es-
timation method, I use two propensity score model specifications (correct and misspecified)
and report the bias and RMSE for each in the table.
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Table I.4: Simulation results: Quadratic outcome model 2
Type A PS coe�cients Type B PS coe�cients
n = 200 n = 1000 n = 200 n = 1000

Bias RMSE Bias RMSE Bias RMSE Bias RMSE
Correct PS model

nDBW �0.70 5.75 �0.19 2.63 �2.19 6.25 �0.50 2.78
MLE �0.76 14.18 �0.09 5.78 �0.45 19.10 0.16 8.00
CBPS 1.57 6.72 0.32 2.93 1.65 7.56 0.34 3.35
Calibrated weighting �0.98 5.73 �0.21 2.60 �1.40 6.32 �0.32 2.95
Entropy balancing �3.64 6.57 �3.02 3.89 �3.63 6.87 �3.00 4.01
True propensity score �0.46 26.59 0.33 12.16 �0.60 30.81 �0.20 13.66
Unweighted 6.75 9.34 6.93 7.52 �6.90 8.88 �6.88 7.33
nDBW DR �1.60 6.20 �0.39 2.69 �3.03 6.61 �0.71 2.86
MLE DR �1.11 7.63 �0.12 3.43 �1.53 9.63 �0.17 4.80
CBPS DR �1.33 6.87 �0.23 3.16 �1.75 7.36 �0.33 3.74
Calibrated weighting DR �1.50 6.38 �0.32 2.84 �2.10 6.51 �0.49 3.06
Entropy balancing DR �4.30 7.49 �3.42 4.36 �5.09 7.81 �4.02 4.86
True propensity score DR �1.26 7.52 �0.18 3.54 �1.87 10.22 �0.31 5.16
Imputation �1.11 7.12 �0.26 3.16 �11.23 12.50 �10.89 11.16

Misspecified PS model

nDBW 5.57 9.08 6.27 7.02 �7.14 9.20 �4.12 4.94
MLE 23.21 109.17 42.96 259.51 �10.78 16.41 �10.53 11.55
CBPS 7.26 11.09 3.79 5.21 �4.53 8.87 �8.22 8.92
Calibrated weighting 4.67 8.46 5.46 6.30 �6.40 8.63 �5.40 6.05
Entropy balancing 2.30 7.29 3.15 4.41 �9.16 10.71 �8.50 8.88
True propensity score 0.39 26.63 �0.44 11.70 0.24 31.11 0.06 14.22
Unweighted 7.05 9.65 6.94 7.54 �7.00 9.00 �6.85 7.34
nDBW DR 4.31 8.24 5.18 6.03 �6.63 8.71 �4.70 5.38
MLE DR 10.72 31.50 26.53 186.73 �7.23 10.21 �6.63 7.37
CBPS DR/BRDR 5.69 9.57 6.97 7.83 �7.15 9.54 �7.01 7.61
Calibrated weighting DR 4.67 8.46 5.46 6.30 �6.40 8.63 �5.40 6.05
Entropy balancing DR 2.30 7.29 3.15 4.41 �9.16 10.71 �8.50 8.88
True propensity score DR �1.04 7.63 �0.25 3.47 �1.90 10.36 �0.31 5.24
Imputation �0.99 7.21 �0.23 3.15 �11.37 12.64 �10.88 11.17

Notes: This simulation compares the performance of various methods for estimating propen-
sity scores and (inverse probability) weights by investigating combinations of six versions
of the true outcome model (linear 1, linear 2, quadratic 1, quadratic 2, exponential 1, and
exponential 2) and two versions of coe�cients for the true propensity score model (type A
and B) with the two di↵erent numbers of observations (n = 200 and n = 1000). For each es-
timation method, I use two propensity score model specifications (correct and misspecified)
and report the bias and RMSE for each in the table.

S34



Table I.5: Simulation results: Exponential outcome model 1
Type A PS coe�cients Type B PS coe�cients
n = 200 n = 1000 n = 200 n = 1000

Bias RMSE Bias RMSE Bias RMSE Bias RMSE
Correct PS model

nDBW �3.99 11.49 �1.08 5.46 �0.54 10.77 �0.38 5.01
MLE �1.28 29.80 �0.10 13.73 �0.25 23.32 �0.04 8.80
CBPS 1.51 13.34 0.23 6.47 2.93 13.00 0.40 5.39
Calibrated weighting �2.67 11.55 �0.75 5.74 �1.25 10.71 �0.42 4.84
Entropy balancing �5.90 12.08 �4.80 6.91 �5.46 11.47 �4.86 6.61
True propensity score �0.11 49.48 0.84 22.47 �0.77 38.44 �0.47 17.41
Unweighted �14.23 17.95 �14.34 15.16 14.79 19.57 14.41 15.45
nDBW DR �3.58 10.77 �0.94 5.06 �1.10 10.49 �0.32 4.81
MLE DR �2.44 13.31 �0.58 6.69 �0.58 12.93 �0.22 5.52
CBPS DR �2.64 11.91 �0.75 5.85 �0.67 11.60 �0.22 5.21
Calibrated weighting DR �2.94 10.97 �0.86 5.31 �0.88 10.69 �0.28 4.82
Entropy balancing DR �5.56 11.72 �4.10 6.35 �2.60 10.61 �2.05 4.96
True propensity score DR �2.67 13.96 �0.55 6.98 �0.85 13.00 �0.31 5.90
Imputation �10.23 15.02 �9.05 10.40 �2.38 11.67 �2.55 5.66

Misspecified PS model

nDBW �7.91 13.26 �5.49 7.27 4.72 12.80 1.24 5.36
MLE 57.77 470.18 159.76 1503.70 0.43 23.32 0.37 9.51
CBPS 1.78 12.85 0.54 6.41 10.65 18.11 6.21 8.64
Calibrated weighting �5.15 12.06 �2.62 6.04 2.61 12.17 3.17 6.08
Entropy balancing �7.48 13.07 �5.40 7.52 0.83 11.72 1.23 5.15
True propensity score 0.31 48.20 �0.27 22.45 0.38 38.69 �0.28 17.85
Unweighted �14.52 18.28 �14.28 15.09 14.28 18.98 14.47 15.48
nDBW DR �5.13 11.96 �2.63 5.88 2.05 11.98 2.78 5.88
MLE DR 0.81 61.38 45.24 601.02 3.69 14.97 4.11 7.91
CBPS DR/BRDR �5.84 13.06 �2.35 6.95 4.23 13.75 3.96 6.94
Calibrated weighting DR �5.15 12.06 �2.62 6.04 2.61 12.17 3.17 6.08
Entropy balancing DR �7.48 13.07 �5.40 7.52 0.83 11.72 1.23 5.15
True propensity score DR �2.69 13.86 �0.47 7.26 �0.99 13.08 �0.34 5.91
Imputation �10.18 14.92 �9.04 10.32 �2.47 11.95 �2.50 5.58

Notes: This simulation compares the performance of various methods for estimating propen-
sity scores and (inverse probability) weights by investigating combinations of six versions
of the true outcome model (linear 1, linear 2, quadratic 1, quadratic 2, exponential 1, and
exponential 2) and two versions of coe�cients for the true propensity score model (type A
and B) with the two di↵erent numbers of observations (n = 200 and n = 1000). For each es-
timation method, I use two propensity score model specifications (correct and misspecified)
and report the bias and RMSE for each in the table.
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Table I.6: Simulation results: Exponential outcome model 2
Type A PS coe�cients Type B PS coe�cients
n = 200 n = 1000 n = 200 n = 1000

Bias RMSE Bias RMSE Bias RMSE Bias RMSE
Correct PS model

nDBW �1.07 10.63 �0.38 4.98 �3.95 11.52 �1.03 5.34
MLE �1.29 22.02 �0.17 9.15 �0.89 31.26 0.23 14.07
CBPS 2.04 12.17 0.39 5.46 2.08 13.63 0.37 6.59
Calibrated weighting �1.76 10.55 �0.41 4.90 �2.50 11.56 �0.68 5.71
Entropy balancing �5.84 11.51 �4.81 6.59 �5.76 12.05 �4.75 6.83
True propensity score �0.84 39.62 0.41 18.13 �0.93 48.77 �0.28 22.09
Unweighted 14.03 18.73 14.34 15.41 �14.39 18.03 �14.31 15.13
nDBW DR �2.85 11.43 �0.77 5.09 �5.32 12.05 �1.41 5.48
MLE DR �1.91 14.22 �0.20 6.55 �2.77 17.88 �0.33 9.64
CBPS DR �2.35 12.78 �0.42 6.00 �3.17 13.59 �0.69 7.28
Calibrated weighting DR �2.67 11.79 �0.60 5.40 �3.78 12.00 �1.00 5.95
Entropy balancing DR �7.04 13.28 �5.60 7.53 �8.70 13.92 �6.93 8.60
True propensity score DR �2.06 14.14 �0.31 6.79 �3.27 19.39 �0.55 10.54
Imputation �0.70 13.16 0.68 5.98 �20.27 22.67 �19.85 20.36

Misspecified PS model

nDBW 10.55 17.32 11.99 13.47 �12.99 16.97 �7.26 8.89
MLE 33.66 145.54 60.81 362.53 �18.59 27.04 �18.18 19.73
CBPS 12.17 19.73 7.11 9.72 �9.60 16.34 �15.25 16.43
Calibrated weighting 8.63 16.01 10.26 11.93 �11.35 15.56 �9.81 11.04
Entropy balancing 4.84 14.05 6.36 8.68 �16.36 19.28 �15.34 16.07
True propensity score 0.72 39.87 �0.68 17.44 0.49 50.87 0.20 22.79
Unweighted 14.67 19.55 14.42 15.51 �14.46 18.11 �14.24 15.12
nDBW DR 7.97 15.57 9.73 11.41 �11.74 15.76 �8.50 9.80
MLE DR 20.04 59.54 49.55 355.21 �13.17 18.47 �12.22 13.54
CBPS DR/BRDR 10.71 18.34 13.09 14.81 �13.05 17.38 �12.94 14.02
Calibrated weighting DR 8.62 16.01 10.26 11.93 �11.35 15.56 �9.81 11.04
Entropy balancing DR 4.84 14.05 6.36 8.68 �16.36 19.28 �15.34 16.07
True propensity score DR �1.59 14.40 �0.43 6.71 �3.20 19.84 �0.49 10.52
Imputation �0.41 13.51 0.78 5.98 �20.46 22.83 �19.83 20.37

Notes: This simulation compares the performance of various methods for estimating propen-
sity scores and (inverse probability) weights by investigating combinations of six versions
of the true outcome model (linear 1, linear 2, quadratic 1, quadratic 2, exponential 1, and
exponential 2) and two versions of coe�cients for the true propensity score model (type A
and B) with the two di↵erent numbers of observations (n = 200 and n = 1000). For each es-
timation method, I use two propensity score model specifications (correct and misspecified)
and report the bias and RMSE for each in the table.
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