Dynamic Pricing with Multiple Consumers and Alternating Offers Under Retailer Competition: Theory and Experiment

Online Appendix 1: Proofs of Theoretical Results
Proof of Lemma 1
Suppose Lemma 1 does not hold. That is, there exist Consumers 1 and 2 with valuations v1 and v2 respectively, such that v1 > v2, Consumer j (j = 1, 2) buys in period tj at price pj* in equilibrium, and t1 > t2. Let Δt = t1 - t2 > 0. The implication is that:

δt1-1(v1 – p1*) ≥ δt2-1(v1 – p2*), or δt2p2*– δt1p1* ≥ δt2(1- δΔt) v1
also,
δt2-1(v2 – p2*) ≥ δt1-1(v2 – p1*), or δt2(1- δΔt) v2 ≥ δt2p2*– δt1p1*.

These together imply that δt2(1- δΔt) v2 ≥ δt2p2*– δt1p1* ≥ δt2(1- δΔt) v1, which implies v2 ≥ v1 in contradiction to v1 > v2. Hence Lemma 1 must hold.

Proof of Proposition 1
Lemma 1 implies that Consumers with valuations according to the prior uniform distribution over [0, ῡ] will be “skimmed off” from the top of the range downwards as the game proceeds. In other words, in equilibrium, the posterior distribution of the valuation of a Consumer who has not yet purchased at the beginning of period t (assuming that the game progresses to period t with positive probability in equilibrium) can be described as a uniform distribution over [0, vt*] where ῡ ≥ vt* ≥ 0 (for notational convenience, we can define v1* = ῡ).
It is first useful to show that in no period can the equilibrium price be zero. Suppose it is so in period t and the game progresses to that period with positive probability in equilibrium, so that vt* > 0. Then every Consumer who has not purchased by the beginning of period t will do so, as they can extract their full valuation immediately. The game will not proceed to the next period with positive probability, and both Retailers earn zero payoff from period t onwards. Now consider that the Retailer that makes a price offer in period t offers not zero price but a positive price pt > 0. Since the equilibrium price in any following period must be at least zero, any Consumer with valuation higher than v(pt) will purchase in period t, where:
v(pt) – pt =  δ [v(pt) - 0], or v(pt) = pt / (1- δ).
As long as pt < (1- δ) vt* , v(pt) will be less than vt*, so that [v(pt), vt*] is a non-zero interval, meaning that the Retailer in period t could earn at least pt (vt* - v(pt)) > 0 by pricing at pt instead of zero. This implies that zero price cannot occur in equilibrium. The further implication is that vt* > 0 for all t, because, with positive equilibrium prices, the zero valuation Consumer will never buy. 
Because the game has an indefinite horizon with constant per-period continuation probability – alternatively, infinite horizon with constant per-period time discount factor across players – the game at the beginning of period t must be identical to the game at the beginning of period 1 up to a scaling factor of vt*/ ῡ. This means that v2* / ῡ = vt+1*/ vt*. Furthermore, the game with Consumer valuation having a prior distribution over [0, ῡ] is identical to that with Consumer valuation having a prior distribution over [0,1] up to a scaling factor ῡ. Therefore, the equilibrium solution must be such that:
v2* / ῡ = v3*/ v2* = v4*/ v3* … = vt+1*/ vt* = α,
so that vt* = ῡ t-1, where α is a constant that is independent of ῡ. This leads to statements (2) and (3) of Proposition 1. Moreover, the ex ante probability of a transaction happening in period t in equilibrium must be:
δt-1 (vt* - vt+1*)/ ῡ = δt-1αt-1(1-α),
which is statement (4) of Proposition 1.
The same scaling argument can be applied to the equilibrium prices, that is:
p1* / ῡ = p2*/ v2* = p3*/ v3* … = pt*/ vt* = r,
so that pt* =  vt* r = ῡt-1r, where r is a constant that is independent of ῡ.
Note that the marginal Consumer with valuation vt+1* must be indifferent between purchase in period t and period t+1. That is:  
vt+1* - pt* =  δ (vt+1* - pt+1*), 
ῡ t - ῡt-1r = δ ῡ t - δ ῡtr , or
 - r = δ – δ  r. 
That is, r =  (1- δ)/(1- δ) or α = r/(1- δ + δ r). Thus pt* =  vt* r = ῡt-1r =  ῡ t (1- δ)/(1- δ), which is statement (1) of Proposition 1.
The equilibrium ex ante expected payoff of Retailer 1 is:
p1*(ῡ - v2*) +  2p3*(v3* - v4*) +  4p5*(v5* - v6*) + …
= ῡ r ῡ (1 - ) +  2 ῡ2 2r 2 (1 - ) +  4 ῡ2 4 r 4 (1 - ) + …
= ῡ2 r (1 - )/ (1- 24).
An application of the scaling argument implies that the equilibrium ex ante expected payoffof Retailer 2 must be the same expression as for Retailer 1 but multiplied by  , that is: 
ῡ2 r ( ) (1 - )/ (1- 24).
Substituting r = (1- δ)/(1- δ) into the above ex ante payoff expressions yields statement (5) of Proposition 1.
To calculate the ex ante payoff of the Consumer, recall that the ex ante probability of a transaction happening in period t in equilibrium is δt-1(vt* - vt+1*)/ ῡ = δt-1αt-1(1-α). Moreover, the average payoff of a Consumer who purchases in period t in equilibrium is:
[(vt* + vt+1*)/2]- pt* = ῡ αt-1(1+α)/2 - ῡ αt-1r = ῡ αt-1[(1+α-2r)/2].
The ex ante payoff of the Consumer, taking expectation over all possible valuations, is therefore the sum: 
Σt [δt-1(vt* - vt+1*)/ ῡ ]{[(vt* + vt+1*)/2]- pt*}
= Σt δt-1 αt-1(1-α) {ῡ αt-1[(1+α-2r)/2]}
= ῡ(1-α)[(1+α-2r)/2] Σt δt-1 α2(t-1)
= ῡ(1-α)[(1+α-2r)/[2(1-δα2)]
= ῡ(1-)2(1+δ)/[2(1-)(1-δα2)]
after substituting r =  (1- δ)/(1- δ). This is indeed statement (6) of Proposition 1.
The value of  remains to be solved. To do so, consider the pricing decision of Retailer 1 in period 1, where the Retailer offers a price p1. If ῡ ≥ p1, then a Consumer with valuation higher than v(p1) will purchase in period 1, where:
v(p1) – p1 =  δ [v(p1) - r min{ ῡ , v(p1)}].
This holds because: (1) the game will follow equilibrium path completely from period 2 onwards, and (2) Retailer 2 will offer price r min{ῡ , v(p1)} in the next period, knowing that the posterior range of valuation of a Consumer who has not yet bought by the beginning of period 2 can be described as a uniform distribution over [0, min{ ῡ , v(p1)}]. Note that, in formulating this argument, we have utilized the complete information assumption of the model, that is, the Retailers have complete information over each other’s history of prices. 
Therefore:
v(p1) = p1 / (1- δ + δ r).
We can consider only the case when p1 is small enough such that v(p1) ≤ ῡ without loss of generality of the following argument that is based on payoff maximization. The ex ante expected payoff of Retailer 1 is then:
p1 [ῡ - v(p1)] +  2 [v(p1)2 2 r (1 - )/ (1- 24)]
= p1ῡ - [p12 / (1- δ + δ r)] +   2 [p12 / (1- δ + δ r)2] [2 r (1 - )/ (1- 24)].
The first order condition for p1, with solution p1*, is:
ῡ - [2p1*/ (1- δ + δ r)] +   2 [2 p1*/ (1- δ + δ r)2] [2 r (1 - )/ (1- 24)] = 0.
Moreover, p1* must satisfy:
p1* = ῡ r and α = v(p1*)/ ῡ = r/(1- δ + δ r) for consistency as the equilibrium solution.
Substituting these relationships into the first order condition yields:
ῡ - 2ῡ + 2 [2ῡr/ (1- δ + δ r)2][ 2 r (1 - )/ (1- 24)] = 0, or
1 - 2 +2 2 4 (1 - )/ (1- 24) = 0
(1 - 2)(1- 24)+ 2 2 4 (1 - ) = 0.
This leads to 24-2 + 1 = 0 after simplification.
To show that there is a unique solution in (0,1) to the equation, define f (; ) ≡ 24-2 + 1. Observe that f (0; ) = 1 > 0 and f (1; ) = 2 – 1 < 0. Hence there must be a solution or root for  in (0,1) that satisfies f (; ) = 0. Moreover, as  increases from 0 to 1, the value of the function changes sign whenever  increases past a root of f (; ) = 0. Therefore, for f (0; ) and f (1; ) to be of opposite signs, there must be an odd number of roots of f (; ) = 0 in (0,1). Since quartic functions can have no more than four real roots, the number of roots in (0,1) must be either one or three. If there are three roots, there must be two stationary points in (0,1) where ∂ f / ∂ = 0. However, ∂ f / ∂ = 32 3-2, which strictly increases from -2 to 32-2 in (0,1), so that there can be at most one stationary point in (0,1). This implies that there is a unique solution  satisfying f (; ) = 0 in (0,1).
Finally, note that the above derivation also leads to the out-of-equilibrium formulation for Consumer response to any price offer as a function of valuation, as discussed in the main text. For example, posterior range of valuation of a Consumer who has not yet bought by the beginning of period 2 can be described as a uniform distribution over [0, min{ ῡ , v(p1)}], where:
v(p1) = p1 / (1- δ + δ r) = (/r) p1 
= (1- δ) p1/(1- δ), as r =  (1- δ)/(1- δ).
v(p1) corresponds with v2’ according to the notation in Section 2.2 of the main text. Repeated derivation along any out-of-equilibrium price path will generate the rest of the out-of-equilibrium predictions as noted in that section.
 


Online Appendix 2: Subject Instructions Sample (Condition 5B)
In this experiment you will participate in a game between seven players, two sellers labeled Seller #1 and Seller #2, and five Buyers. Each of the two Sellers has five units of the same good to sell. The five Buyers are the only potential customers. Each Buyer requires one unit of the good and can buy it from any of the two Sellers. Without purchasing the good a Buyer cannot make any profit. Similarly, without selling the good a Seller cannot make any profit. The two Sellers compete with each other to sell the five units of the good to the five Buyers.
The trading mechanism
The experiment consists of multiple seasons. Each season lasts for a randomly determined number of periods as explained below. At the beginning of each period, one of the two sellers posts a price and the Buyers who are still in the market may either accept or reject it. 

If one or more of the Buyers accept the price offer, then the season ends for these Buyers with a “deal” between them and the Seller posting this offer. At this point, the computer determines randomly whether the season ends for all the Buyers and Sellers or it continues to the next period. If the season continues to the next period, then it is now the turn of the other Seller to post a price. Only the remaining Buyers who have not purchased the good in previous periods are offered to purchase it at this newly posted price. If the season is terminated, then the Buyers who did not purchase the good end the season with no deal.

In summary, the two Sellers alternate in posting prices until either all five Buyers accept a price offer or the season is randomly terminated, whichever occurs first.  In each season, all the five Buyers visit Seller #1 on the first period, Seller#1 posts a price, each Buyer either accepts or rejects the offer, and then unless the season is terminated, the Sellers alternate in posting their prices.

What is the value of the good?
At the beginning of the season each Buyer will be informed of her value for the good. The value may be different from one Buyer to another. It is the maximum price the Buyer is willing to pay for the good without losing money. On each season the Buyer’s value of the good will be chosen randomly by the computer from the integers between 1 and 1000 (i.e., 1, 2, … , 1000) such that each integer in this range is equally likely. Each Buyer knows her own value of the good, but the two Sellers and the remaining four Buyers do not know this value. They only know that this value is a randomly chosen integer between 1 and 1000. The cost of unit of good for each seller is zero.

What is the player’s profit in this game?
 If a Buyer purchases the good from Seller #1, then Seller #1’s profit is equal to the sale price. If multiple buyers purchase the good from Seller #1, then Seller #1’s profit is equal to the sale price times the number of Buyers who purchase the good at this price. The Buyer’s profit is equal to his value for the good minus the price she pays to Seller #1.

 Similarly, if a Buyer purchases the good from Seller #2, then Seller #2’s profit is equal to the sale price. If multiple Buyers purchase the good from Seller #2, then Seller #2’s profit is equal to the sale price time the number of Buyers who purchased at this price. The Buyer’s profit is equal to her value for the good minus the price she pays to Seller #2.

 If the season is randomly terminated before a Buyer purchases the good (i.e., the Buyer rejects the current price offer and the season terminates), then the Buyer’s profit is zero.

How many periods in each season?
The season ends either if the all the Buyers accept a price offer or the season terminates randomly, whichever occurs first. The probability of terminating the season is fixed on each period at 1/4. In other words, following a rejection of a price offer by at least one of the Buyers, the chance that the season ends is 25%. Consequently the chance that the season continues to the next period is 75%.

How do I use the computer to play this game?
[image: A screenshot of a computer

Description automatically generated]The Seller’s Screen
    	If you are assigned the role of one of the two Sellers, your screen will look like the one on the right. The box at the top left corner displays the current season number (e.g., 2). Below that you are informed of your role (e.g., Seller #1) and the current period (e.g., 3). 

     
If it is your turn to post a price, please use the onscreen keypad to type in a price offer, one integer at a time, and then confirm your price by pressing the CONFIRM button. If you wish to change the price before pressing this button, please press the clear button “C” and re-type your price offer.

     	The right-hand part of the screen displays a “pricing log” that lists the prices that were posted so far in this season. In this example, you are in period 3. You (assigned the role of Seller #1) asked 420 in the first period, and only a single Buyer accepted it (notice the number 1 to the right of the price). The four other Buyers rejected that price. In the second period, Seller #2 posted a price of 750 and none of the four Buyers remaining in the market accepted it (notice the number 0).

[image: A screenshot of a computer

Description automatically generated]The Buyer’s Screen
    	If you are assigned the role of a Buyer, then your screen will look like the one on the right. The box at the top left corner displays the current season number (e.g., 2). Below it you see the value of the good to you (e.g., 729) and the current period (e.g., 3). The screen also shows you the current Seller’s asking price (e.g., 530) and your profit if you accept this price offer (e.g., 199 = 729 - 530).

You may either accept or reject an offer by selecting Yes or NO and pressing the Confirm button.

This screen (right hand part) also shows the “pricing log” that was described above.

    	A message at the bottom of the screen (to all players, not shown here) will indicate which player’s turn to move it is. That is, either Seller #1 posts a price, Seller #2 posts a price, or a Buyer decides whether to accept the last posted price. If some of the buyers reject the current price offer, then a message on the screen indicates if the season ends (with “no deal”) or continues to the next period.
The Sellers are informed of each other’s posted prices (presented in the “pricing log”) and of the Buyers’ decisions.

    	At the end of each season, a summary screen will present the results. Notice that the Sellers will not be informed of the value of the good to the Buyers even after the season is over.

How many seasons will I play, what is my role, and who are my partners?
You will participate in 50 seasons. We have randomly assigned your role in this study as either Seller #1, Seller #2, or Buyer. You will find out your role as the first season starts. You will play the same role in all 50 seasons.

     	This is a 7-player game (2 Sellers and 5 Buyers), but as you may see there are many players in this room. At the beginning of each season, we will match you randomly with 6 other players in this room. It is very unlikely that you will be matched with exactly the same players in more than one season. You will not be informed of the identities of your partners nor will they know yours. These identities will not be revealed even after the experiment is over.

     	You are not allowed to communicate with other players in the room. If you do communicate, we will terminate your participation with no pay.

How will I be paid for my participation?
 If you are a Seller and some of the Buyers accept your price offer, then your profit is the sale price multiplied by the number of buyers.

 If you are a Buyer and you accept a price offer, then your profit is the value of the good to you minus the price you paid for it.
 
 If you are a Buyer and the season terminates with no deal for you, then your profit is zero. Similarly, if you are a Seller and the season terminates with no Buyer accepting any of your price offers, then your profit is zero.

     	At the end of the experiment we will randomly choose m* of the 50 seasons and pay you your cumulative profits from these seasons at a rate of 80 profit points = $1.0. In addition, you will be paid a bonus of $5 for your participation.
Summary of the experimental procedure
     	Each trading season consists of an unknown number of periods determined randomly by the computer. There are two Sellers and five Buyers. The two Sellers (starting with Seller #1) alternate in posting price offers, one price offer at a time. In each period, each Buyer decides independently whether to accept or reject the current price offer. If she accepts the price offer, then the season ends with a deal for her and she leaves the market. The Buyer’s profit in this case is her valuation of the good minus the price she paid for it. The profit for the Seller’s whose price offer was accepted is the sale price. If one or more of the Buyers rejects a price offer, then a random mechanism determines if the season ends immediately with “no deal” and zero profit to the Buyers who rejected the last posted price or it continues for one or more periods. The chance that a season ends after one or more of the Buyers rejected the price offer is 25% and, therefore, the chance that it continues for at least another period is 75%.

     	Once you are certain that you understand the task please place the instructions on the table in front of you to indicate that you have completed reading them. If you have any questions, please raise your hand and one of the supervisors will come to assist you.


Thank you and good luck.



* m was a number that differed between roles; see Section 3.3 in the main text for details. As such, subjects who were assigned different roles received slightly different instructions that differed only in this number.
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