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Appendix A. Proof of Proposition 1

Proof. PERIS: the subject maximizes Eq. 3.1, which can be simplified as:

(A.1) v = min
µ(E1)∈[a,b]

1

2
(p1µ(E1) + p2(1− µ(E1)) +

1− p21
2

+
1− p22

2
)

The DM has three different kinds of strategies: report p1 < p2, p1 > p2, or p1 = p2.
Depending on the DM’s prior beliefs, he chooses the strategy that maximizes his
utility. We first list all available strategies and then analyze his optimal strategy
given different prior beliefs.
Strategy 1: report p1 < p2. In this case, the valuation is decreasing in µ(E1).
Therefore a minimum is attained at µ(E1) = b:

v1 =
1

2
(bp1 + (1− b) p2) +

1

2

(
1− p21

2
+

1− p22
2

)
Whenever the constraint p1 < p2 is satisfied, the optimal strategy, given by the first
order condition, is to report (p∗1, p

∗
2) = (b, 1− b) if it satisfies p1 < p2 .

Strategy 2: report p1 > p2. In this case, µ(E1) = a gives the minimal utility:

v2 =
1

2
(ap1 + (1− a)p2) +

1

2

(
1− p21

2
+

1− p22
2

)
and a similar analysis shows that the optimal strategy is to report (p∗1, p

∗
2) = (a, 1− a)

if it satisfies p1 > p2 .
Strategy 3: report p1 = p2. The term µ(E1) drops out and the utility becomes:

v3 =
1

2
(p1 + 1− p21)

and the optimal strategy is to report (p∗1, p
∗
2) =

(
1
2
, 1
2

)
.

We next show how the DM chooses among the three strategies according to his prior
beliefs.
Prior belief 1: a < b < 1

2

Date: December 6, 2021.
1
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For strategy 1, p1 < p2 is satisfied since b < 1
2

implies b < 1 − b. The attained

maximum is: v∗1 = 1
2
(3
2

+ b2 − b), which is minimized at 1
2
. Given that b < 1

2
then

v∗1 >
5
8
,

For strategy 3, the maximum is v∗3 = 5
8
.

For strategy 2, a < 1
2

implies a < 1−a and therefore p1 > p2 is not satisfied. We show

that when a < 1
2

then strategy 2 (i.e., p1 > p2) implies v∗2 <
5
8
:The first inequality is

obtained by replacing a by 1
2

and the second by maximizing the quadratic function

in p1 and p2. It is maximized at
(
1
2
, 1
2

)
.

Therefore v∗1 > v∗3 > v∗2, implying that when the prior belief is a < b < 1
2
, reporting

(p∗1, p
∗
2) = (b, 1− b) is the optimal strategy.

Prior belief 2: 1
2
< a < b

In this case, when b > 1
2

then strategy 1 (i.e., p1 < p2) implies v∗1 <
5
8
: the first

inequality is obtained by replacing b by 1
2

and the second by maximizing the quadratic

function in p1 and p2. The maximum of 5
8

is attained at
(
1
2
, 1
2

)
. As a consequence,

v∗1 <
5
8
, v∗2 = 1

2
(3
2

+ a2 − a) (because a > 1− a), and v∗3 = 5
8
. Therefore, v∗2 > v∗3 > v∗1,

implying that reporting (p∗1, p
∗
2) = (a, 1− a) is the optimal strategy.

Prior belief 3: a ≤ 1
2
≤ b

In this case, v∗1 < 5
8

and v∗2 < 5
8
. This can be proven as above, noting that the

maximum 5
8

of 1
4

(2− p21 − p22 + p1 + p2) is only reached if p1 = p2 = 1
2

and therefore,

not if p1 < p2 or p1 > p2. Furthermore, we know that v∗3 = 5
8

and therefore, v∗3 >

v∗1, v
∗
3 > v∗2. This implies that reporting (p∗1, p

∗
2) =

(
1
2
, 1
2

)
is the optimal strategy.

-
CERIS
The subject maximizes his utility of the experiment as represented by

v
(
I
(

(f1, f2) , (k1, k2) ,
(
ĩ, ˜̀
)))

= minµ∈C

[
1
2

[(µ(E1)× k1 + (1− µ(E1))× k2)] + 1
2

(� 1

k1
u(`)d`+

� 1

k2
u(`)d`

)]
The DM can have three different strategies: reporting k1 < k2, k1 > k2 or k1 = k2.
Depending on the prior beliefs of the DM, he chooses the strategy that maximizes
his utility. We first list all available strategies and then analyze his optimal strategy
given different prior beliefs.
Strategy 1: report k1 < k2. In this case, the valuation is decreasing in µ(E1)
therefore, µ(E1) = b gives the minimal valuation:

v1 =
1

2
[(bk1 + (1− b) k2)] +

1

2

(� 1

k1

u(`)d`+

� 1

k2

u(`)d`

)
Whenever the constraint k1 < k2 is satisfied, the optimal strategy, given by the first-
order condition, is to report (k∗1, k

∗
2) = (u−1 (b) , u−1 (1− b)) if it satisfies k1 < k2.



SUPPLEMENTARY MATERIAL 3

Strategy 2: report k1 > k2. In this case, µ(E1) = a gives the minimal valuation:

v2 =
1

2
[(ak1 + (1− a) k2)] +

1

2

(� 1

k1

u(`)d`+

� 1

k2

u(`)d`

)
and a similar analysis shows that the optimal strategy is to report (k∗1, k

∗
2) =

(u−1 (a) , u−1 (1− a)) if it satisfies k1 > k2.
Strategy 3: report k1 = k2. The µ(E1) term drops out and valuation becomes:

v3 =
1

2
k1 +

� 1

k1

u(`)d`

and the optimal strategy is to report (k∗1, k
∗
2) =

(
u−1

(
1
2

)
, u−1

(
1
2

))
.

Next, we analyze the subject’s optimal strategy for three different cases of prior
beliefs.
Prior belief 1: a < b < 1

2

Since b < 1
2
, we have 1 − b > b. Hence, (k∗1, k

∗
2) = (u−1 (b) , u−1 (1− b)) satisfies

k1 < k2 (u−1 is increasing) and therefore the maximum valuation under strategy 1 is
attained at:

v∗1 =
1

2

[(
bu−1(b) + (1− b)u−1(1− b)

)]
+

1

2

(� 1

u−1(b)

u(`)d`+

� 1

u−1(1−b)
u(`)d`

)
For strategy 3, the maximum is v∗3 =

� 1

u−1( 1
2
)
u(`)d`+ 1

2
u−1(1

2
)).

Next we show v∗1 > v∗3. Consider the function:

(A.2) f(x) =
1

2
(

� 1

u−1(x)

u(`)d`+

� 1

u−1(1−x)
u(`)d`+ xu−1(x) + (1− x)u−1(1− x)).

The first order condition gives:

(A.3) − x
(
u−1
) ′

(x)− (1− x)
(
u−1
) ′

(1− x) + u−1 (x) +

x
(
u−1
) ′

(x) + (1− x)
(
u−1
) ′

(1− x)− u−1 (1− x) = 0.

Simplifying Eq. A.3 gives

(A.4)
1

2
(u−1(x)− u−1(1− x)) = 0.

This implies that u−1(x) = u−1(1 − x) gives a stationary point. Since u−1 increases
monotonically, it holds only for x = 1− x = 1

2
. It is a minimum, since f

′
(x) < 0 for

x < 1
2

and f
′
(x) > 0 for x > 1

2
. Therefore, the minimum is attained at x = 1

2
.

Hence, v∗1 = f(b) > f(1
2
) = v∗3 as b < 1

2
.

For strategy 2, (k∗1, k
∗
2) = (u−1 (a) , u−1 (1− a)) does not satisfy k1 > k2 since a < 1

2

and u−1 is increasing. Below we show that v2 cannot exceed v∗3:
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v2 = 1
2

[(ak1 + (1− a) k2)] + 1
2

(� 1

k1
u(`)d`+

� 1

k2
u(`)d`

)
< 1

4
(k1 + k2) + 1

2

(� 1

k1
u(`)d`+

� 1

k2
u(`)d`

)
≤

� 1

u−1( 1
2
)
u(`)d`+ 1

2
u−1(1

2
)).

The first inequality is obtained by replacing a with 1
2

and the second by
maximizing the function with respect to k1and k2. The maximum is reached at(
u−1

(
1
2

)
, u−1

(
1
2

))
and it is v∗3. Therefore v∗1 > v∗3 > v∗2, implying that reporting

(k∗1, k
∗
2) = (u−1 (b) , u−1 (1− b)) is the optimal strategy.

Prior belief 2: 1
2
< a < b

Since a > 1
2
, we have a > 1 − a. Hence, (k∗1, k

∗
2) = (u−1 (a) , u−1 (1− a)) satisfies

k1 > k2 (u−1 is increasing) and therefore the maximum valuation under strategy 2 is
attained at:

v∗2 =
1

2

[(
au−1(a) + (1− a)u−1(1− a)

)]
+

1

2

(� 1

u−1(a)

u(`)d`+

� 1

u−1(1−a)
u(`)d`

)
For strategy 3, the maximum is again v∗3 =

� 1

u−1( 1
2
)
u(`)d`+ 1

2
u−1(1

2
)).

Next we show v∗2 > v∗3. Consider the function f as defined above and its first order
condition Eq. A.3. With the same arguments as above, we obtain v∗2 = f(a) >
f(1

2
) = v∗3 as a > 1

2
.

For strategy 3, (k∗1, k
∗
2) = (u−1 (b) , u−1 (1− b)) does not satisfy k1 < k2 since b > 1

2

and u−1 is increasing. Below we show that v1 cannot exceed v∗3:

v1 = 1
2

[(bk1 + (1− b) k2)] + 1
2

(� 1

k1
u(`)d`+

� 1

k2
u(`)d`

)
< 1

4
(k1 + k2) + 1

2

(� 1

k1
u(`)d`+

� 1

k2
u(`)d`

)
≤

� 1

u−1( 1
2
)
u(`)d`+ 1

2
u−1(1

2
))

The first inequality is obtained by replacing b with 1
2
and the second by maximizing

the function with respect to k1 and k2. The maximum is reached at
(
u−1

(
1
2

)
, u−1

(
1
2

))
and it is v∗3.
Therefore v∗2 > v∗3 > v∗1, implying that reporting (k∗1, k

∗
2) = (u−1 (a) , u−1 (1− a)) is

the optimal strategy.
Prior belief 3: a ≤ 1

2
≤ b

In this case, v∗1 < v∗3 and v∗2 < v∗3. This can be proven as above, noting that the

maximum v∗3 of 1
4

(k1 + k2) + 1
2

(� 1

k1
u(`)d`+

� 1

k2
u(`)d`

)
is only reached if k1 = k2 =

u−1
(
1
2

)
and therefore, not if k1 < k2 or k1 > k2. This implies that reporting (k∗1, k

∗
2) =(

u−1
(
1
2

)
, u−1

(
1
2

))
is the optimal strategy. �
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Appendix B. PERIS for RDU with ROCL may not be Incentive
Compatible: An Example

To give an example where PERIS is not incentive-compatible, we consider a subject
whose preference for risk is represented by rank-dependent utility (RDU, Quiggin,
1982), which also corresponds to cumulative prospect theory (Tversky and Kahneman,
1992) restricted to gains.

Let F denote a cumulative distribution function over the outcome set [0, 1]. The

expected utility of F is
� 1

0
u(x)dF (x) which is equivalent to

� 1

0
(1 − F (x))du(x). Its

RDU value is
� 1

0
w(1 − F (x))du(x), where w (·) is a weighting function that is in-

creasing and satisfies w(0) = 0 and w(1) = 1. RDU generalizes expected utility by
allowing not only outcomes but also probabilities that are subjectively transformed by
the subject. The RDU value of a binary lottery 1p0 is w(p). If an incentive scheme
is incentive compatible, the subject should report, under the assumption of RDU:
p∗i = w−1 (v (fi)) in PERIS for all i ∈ {1, · · · ,m}.

Consider the experiment J
(
(f1, f2) , (p1, p2) ,

(̃
i, q̃
))

induced by reporting (p1, p2) in
PERIS. Assume RDU and ROCL under risk. We show that optimal reports (p∗1, p

∗
2)

may deviate from (w−1 (v(f1)) , w
−1 (v(f2))). The reduction of J can be written as

(f1, r1; 1, r2; 0, r3; f2, r4), where r1 = p1
2

, r2 =
1−p21
4

+
1−p22
4

, r3 = (1−p1)2
4

+ (1−p2)2
4

, and
r4 = p2

2
.

To determine the RDU value of J , we need to know how the subject ranks the four
acts f1, 1, 0, and f2. The constant acts 1 and 0 are obviously ranked highest and
lowest, respectively. The ranks of the other two acts depend on their respective utility.
Let’s take for instance v(f1) = v(f2) . The subject’s valuation of the experiment is:

(B.1) v (J) = w(r2) + (w(r1 + r2 + r4)− w(r2)) v(f1)

The first order condition for p1 implies:

(B.2) w′(r2)
∂r2
∂p1

+

(
w′(r1 + r2 + r4)

∂(r1 + r2 + r4)

∂p1
− w′(r2)

∂r2
∂p1

)
v(f1) = 0.

Note that ∂r2
∂p1

= −p1
2

, ∂r1
∂p1

= 1
2
, and ∂r4

∂p1
= 0 by definition. The first order condition

then simplified to:

(B.3)
−p1

2
w′(r2) +

(
1− p1

2
w′(r1 + r2 + r4)−

1− p1
2

w′(r2)

)
v(f1) = 0.

Assume w(r) = r2. The first order condition becomes

(B.4) − p1r2 + (1− p1) (r1 + r4) v(f1) = 0.
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Suppose PERIS is IC and therefore (p∗i )
2 = v(fi) should satisfy the first order

condition. Using (p∗i )
2 = v(fi) and also r1 = p1

2
, r2 =

1−p21
4

+
1−p22
4

, and r4 = p2
2

, the
first order condition is now:

(B.5) 3p31 − 2p41 − p1 = 0.

We show that there exists v (fi) such that the first-order condition does not hold for
p∗i satisfying the IC condition (p∗i )

2 = v(fi). Assume for instance v(fi) = 0.01 and
therefore p∗i should be 0.1 for PERIS to be IC. However, Eq. B.5 does not hold in
this case. This proves by contradiction that PERIS is not IC.
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