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SM.A Convergence of Markov chains to diffusion processes
The procedure for obtaining weak diffusion limits for discrete-time Markov processes has been outlined
in detail in Ethier and Kurtz (1986) and Stroock and Varadhan (1979). Nelson (1990) first applied this
procedure in the context of GARCH processes to derive the weak limit of a standard GARCH(1,1) model.
Let X" = {XZ?}ZZO be a discrete-time Markov process on R” and define its cadlag extension as in
Equation (16). We denote by ||-|| the Euclidean norm on RP. The weak convergence theorem is stated

below.

Theorem SM.1. (Nelson, 1990) Assume there exist continuous, measurable functions A and X defined on

R? such that for any ¢ > 0 the following conditions hold:
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X% = x| - A@x) || - 0.

(ii) lim sup
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X = x| - 20X =o.

(iii) There exists 6 > 0 such that

2+6
limsup |[77'E H AX((ZL) ‘ x = x] H =0,
7,0 kt
70 || x||<c
where AXEZ}FDTJ represents the i element of vector X EZL)T - Xg;).

If we assume that X(()") converges in distribution to Xy, and if the SDE

dX; = A(Xy) dt + X (X;) dW; (SM.1)

*We are grateful to the Editor, Liangjun Su, the former Editor, Eric Renault, and three anonymous referees for their extensive
comments, which substantially improved the paper. We also acknowledge the helpful comments from the seminar participants at
Technical University of Munich, University of Calgary, and Quantact Actuarial and Financial Mathematics Laboratory, as well as
the participants at the SSC 2024, Samos 2024, CAIMS 2024, SSC 2025, and QFFE 2025 conferences.

TQuantact Actuarial and Financial Mathematics Laboratory and Département de mathématiques et de statistique, Université de
Montréal, PO Box 6128, Station Centre-ville, Montréal, QC, Canada, H3C 3J7; email: maciej.augustyniak@umontreal.ca

#Corresponding author. Department of Mathematics and Statistics, University of Calgary, 2500 University Drive NW, Calgary,
AB, Canada, T2N 1N4; email: abadescu@ucalgary.ca

$Department of Statistics and Actuarial Science, Simon Fraser University, 8888 University Drive, Burnaby, BC, Canada, V5A
1S6; email: jbegin@sfu.ca

IDepartment of Mathematics and Statistics, University of Calgary, 2500 University Drive NW, Calgary, AB, Canada, T2N 1N4;
email: sarathkumar. jayarama@ucalgary.ca

SM-1


maciej.augustyniak@umontreal.ca
abadescu@ucalgary.ca
jbegin@sfu.ca
sarathkumar.jayarama@ucalgary.ca

admits a solution which is unique in distribution and almost surely finite for any t € [0, T, then the process
{Xﬁ")}te[oj] converges weakly to {X;}cjor] as T approaches zero. Here, W is a p-dimensional standard

Brownian motion on the filtered probability space, also independent of Xy.

Note that condition (iii) ensures that the sample paths of the limiting process are continuous with prob-

ability one; that is,

i1 (n) (n)
limz™'P (H Xy = Xpr

For simplicity, we only consider the convergence to time-homogeneous SDEs. However, the result from
Nelson (1990) also holds if the drift and diffusion terms A and X depend on ¢.

The existence and uniqueness of a (strong) solution of the above SDE are guaranteed under some regu-

> e X{) = x) =0, forall >0,

larity conditions on the drift and diffusion functions, e.g., Lipschitz and linear growth conditions.! However,
the weak limits of our affine GARCH models are square-root processes whose diffusion coefficients do not
satisfy the Lipschitz property at zero, and therefore Feller-type conditions need to be considered. These are

illustrated and discussed in Appendix A.2.2 of the manuscript.

SM.B Characterization of affine diffusion processes and proof of Proposition 4
To establish an affine setting in continuous time, we introduce below the following assumption for the
process X, which satisfies the SDE of Equation (SM.1).

Assumption SM.1. For any u € R?, we assume the F;-conditional characteristic function (cf) of Xt is
exponentially affine in X,, for all t < T that is,

xx; @|F,) = E [exp (iu” Xr) | Fi| = exp(®@; T - 1) + Y@; T - ' X,), (SM.2)
where O(u; T — t) and Y(u; T — 1) = [‘I’l w;,T-1 ... ¥Y,w;T- t)]T are complex-valued functions

with jointly continuous t-derivatives satisfying the initial conditions ®(u;0) = 0 and ¥(u;0) = iu.
The necessary and sufficient conditions for X to be affine are provided below.

Theorem SM.2. (Filipovi¢ and Mayerhofer, 2009) Suppose X satisfies the SDE from Equation (SM.1) and
has the affine property of Assumption SM. 1. Then, the drift and diffusion coefficients A (x) and X (x) X (x)"T

are affine in x; that is,

p
Ax)=Ap+ XiA1; = Ao+ Aix, (SM.3)
i=1
14
LWE® =Bo+ ) xBi, (SM.4)
i=1
for some p-dimensional vectors Ay and A1 ; and p X p matrices By and B;, withi = 1,..., p. Note that A ;

is the i™ column vector of the p X p matrix Ay. Moreover, ® and ¥;, with 1 < i < p, are solutions of the

The standard Lipschitz and linear growth conditions which ensure the existence and uniqueness of the solution of the above
SDE are

IAG) = A1+ 1 Z®) - W I <Cllx -y,
IA@ I + 1 2@ 1P <C* (1 +1IxIP),

for any x,y € R”, where C is a positive constant.
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following system of Riccati equations:

1
00 (u;1) = AgW (u; 1) + E‘I’ w;0)" BoY (u;1), ®(u;0) =0, (SM.5)

1
Wi (u;1) = AW (u; 1) + ET w;0)" B;Y (u;1), Y (u;0) = iu. (SM.6)

Conversely, suppose the drift and diffusion coefficients A (x) and £ (x) X (x)" are affine in x as in Equa-
tions (SM.3) and (SM.4). If there exists a solution ® and V;, with 1 < i < p, to the system of Riccati equa-
tions from (SM.5) and (SM.6), such that ® (u;t) + ¥ (u;t)" x has non-positive real part for all u,x € RP
and t > 0, then X is affine with the conditional cf from Equation (SM.2).

Note that the weak diffusion limits of the HN(C) and IG(C) models under both physical and risk-neutral
measures are affine processes. Since option pricing relies on the computation of the F;-conditional risk-
neutral cf of the log-asset price process Yr, we only focus on deriving this quantity for the diffusion limit of
the HN(C) model from Proposition 3.

We now prove Proposition 4. The proof follows the prescriptions outlined in Theorem SM.2 from
Filipovi¢ and Mayerhofer (2009). First, we identify the affine specifications from Equations (SM.3) and
(SM.4) for the HN(C) diffusion limit. We have:

1 1
" 1 1
Ay = 2aa7¢ , A1 =0, Ajp=|Kst+2a5ys (/1 + 5) , Az = 2a5ys (/l + 5) ,
2 4 2a,a” 1 1
a7 @@ & 2a4y4 (/1 + 5) —Kg + 20474 (/l + 5)
and
0 0 0 1 —2a5Ys —2a474

By =10 202 2a’sCVq , B1=0, B,=B3= —2ayys 40’%)’? 4asaq7s7q :

N
0 2a5, 2 a4y, Aasagysyg gy,
Plugging in the above values into the system of Riccati equations from (SM.5) and (SM.6), we obtain after
some algebraic manipulations the required ODEs. Note that the conditional cf of Y7 under the risk-neutral

measure Q, which is required for valuation purposes, is obtained by lettingu =[u 0 01]".

SM.C Multi-step conditional cumulant generating functions for discretized affine GARCH models
As in the continuous-time case, the valuation of option prices at any time ¢ requires the computation

of the multi-step ff;")—conditional cgf of the log-asset price process Y(T") under the risk-neutral measure

Q™. Proposition SM.1 describes the recursive procedure to achieve this for our discrete-time affine pricing

framework.

Proposition SM.1. Assume that the process X" = {X/(;)}ZZO with X,(:;) = Y,E? sg? qg? 1" follows the
dynamics of Equations (1) to (4) and satisfies the affine property from Assumption 1. Then, for any t € T
and any real w andv = [ vi v, |7, the multi-step ’Jrf")—conditional Jjoint cgf of X(T") under the risk-neutral
measure QU introduced in Assumption 2 is given by

Q(n)
G’)X

(n)
T

(w,v | Stf”)) = wYt(") + AP (v T - 1) + ’BﬁD w,v;T — 1) sﬁ") + @29 w,v;T — 1) qﬁ").
; i*D LT 7+ D o _ [ @D e 55D e
Here, the coefficients A** w,v;T —t) and B~ (w,v;T —t) = [BS w,v;T — 1) Bq w,v; T t)] sat-
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isfy the following recursions:
AP wv;iT-0)=APwwv;T -t -1)+ AP (w,fB*D w,v; T — t—T);T),
@*D w,v;T — 1) =@*D (w,fB*D w,v;T —t — T);T),
with the terminal conditions A*® w,v;0) =0, and @*D (w,v;0) = v. The one-step risk-neutral coefficients

= =+ D . ..
A*P (w,v; 1) and B~ (w,v; 1) are related to the coefficients of the one-step 3?") -conditional cgf of AXETT

given in Assumption [ via the following relationships:
AP (w,v; 1) = AP (w4 0(7), v + £(1);7) = AT (0(0), £(7); 7)
B (w,v;1) =B (W + 0(1), v + £(1); 1) — B (0(1), £(); T) + v1,
Bi® (w,v:1) =B (W + 0(7), v + £(1): 1) — BT (0(1), £(1); 7) + 2,

where 0(t) and €(7) are assumed to satisfy the no-arbitrage constraints of Equations (8) and (9).
Proof. This result follows in a similar way as the proof of Proposition 1 of Augustyniak et al. (2023). O

SM.D Additional proofs
SM.D.1 Proof of Proposition 1

First, we introduce the following notations for each distributional assumption:

[~ (1= ¢,(0)] 0
S P [_(1_%@))},
K5 =| " _0¢S(T)) - Pa’(r) - ,7—12 (@@ 0y @),
KSw=|  ° ~ 050 - (") 7).
(- 0@)] n”

Using the constraints of Equation (15) and the above notations, we have
@) =), (P eyr) =@ - 27( @) 0rV@),
2(e™(@) - (@ 0y D))
s ’
for u € {s, g}. We proceed by showing the convergence of the coeflicients of the Efg)—conditional joint cgf of

(n) (n) (n)
AY i1yer BSgernyer (et 1yt

v = [vi v, ]". Using the first relationship, we can verify that A% (w,v; 1) = AN (w,v; 7). Next, we show

K () =K} (1) -

and Ag of the IG(C) model to the HN(C) counterparts, for any real numbers w and

the convergence of 329 (w,v; 7). Using the above relationships and applying I’Hopital’s rule twice, we have

lim B9 (w,v; 1)
n—0

= lim (w (139(7) - %) +vT K (1) + % (1 - \/(1 = 2T ?9(n)) (1 - 2wy VT = 207 (@75() © ¥75(1))) ))

n—0

-1 - w7 (aN(r) - Neryo N
= lim {W(AN(T)_E)JWT[ (1 ¢S(T))l_ v (oz () 77(3 Moy (T)))
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(1 - \/(1 —20TaN(@) (1 - 2n(w VT = 227 (¥(1) 0 ¥N())) - 20N (7)) )

+ lim
n—0 n?
= w/lN(T) +v' —(= ¢S(T))l
0
L=wnvr =27 (1) - (eV(0) 0™ (1)))
- \/(1 - 2VTG’N(T)) (1 - 27 (w VT =207 ((IN(T) 0] ’}’N(T))) - 2VTG’N(T))
+ 7171_% 7

=wAN () + v KN (1)

(W VT =27 (G’N(T) o} ’}/N(T))) [1 - J
1-2n(
— lim
n—0 277

(wvT-27 (@@ 077 (@)’
2 (1 - ZVTG'N(T))

1-2vTaN(7)
wVT = 207 (@X(0) 0 yN(1))) - 2N (7)

=wAN@) = v (1 — ¢y(1)) + = BN (w,v;7).

The convergence of ng (w, v; 1) is obtained in a similar fashion.
SM.D.2 Proof of Proposition 2 for the IG(C) case

The weak limit for the IG(C) model is computed similarly to the HN(C) case. We therefore only sum-
marize the main quantities needed for this evaluation.

The first-order derivatives evaluated at w = 0 and v = 0 of the step dependent coefficients of the IG(C)
model provided in Equations (A.4) to (A.6) are almost identical to those obtained in the HN(C) case. The
only exceptions are the coefficients Bffl,o,o(ﬂ’ which are now given by

VTt

B o) = AT+ —— — =,
u,1,0,0 n n

for u € {s,q}. It follows that, based on the convergence rates of Assumption 3.A, we recover the same

limiting coefficients as in the HN(C) case with the following difference:

DY G

f¢ T n n _
Puroo= Iy ——— =4

which consequently leads to the drift term of Equation (A.10):
r+ Ah;
A (X)) = —Ks St
(4 = )
For any u € {s, g}, we compute below the second-order limits for the IG(C) model based on the convergence

rates from Assumption 3.B:

A (@ 0
) 2,0,0 .
AL = Jim —= = lim - =0,
2,0,0 -0 T =0T
A5 (@) 0
AL = 1im 1 = gim = = 0,
0 0 T =0T
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iy =i
T—>O
Aggzo T_>0
‘Aggl 1= r—>o
Agoo = lim
Bi?z,o,o - 11_13(1)
B?1,91,1,0 = ll_r)%
B3,91,0,1 - Ti_rf(])
Biijo,z,o - ll_r}(l)
Bi?o,l 1= 11_{%
Bi?o,o,z - 11_13(1)

(1)
L1 jim 2 = 0,
T ™0 T
9
(1) 2n8a?
2,0 i 2140 5(D) _ 2
T 7—0 T
¥RLG)) 2Pas(Dag(t)
: m - - = 27] asaq’
T -0 T
S 8 2
(7 2n° a4 (1)
02D _ i 240D 2
T 70
(7)
B, 2 0080 LT L
T 0T
w10 i Vea, (@ (vs@ = n*) /n as (vs — 1)
T B Tl—r>r(1) T - n ’
3{,91,0,1 (1) Vray(7) (711(7) - 774) n  a (Vq - 774)
= m =
T 7—0 T n ’
2 2
a0 ® @@ -] ol (-
T B T—I>I(1) T ]]2 ’
u 0 1, 1(7) as(T)a’q(T) (75(7') - 774) (Vq(T) - 774) /772 B ;g ('YS - 774) (7(] - 774)
T—I>I(1) T - 772 ’
2 2
02 2@ (v = 1*) i @y
T B 70 T TIZ :

Plugging these values into the matrix of asymptotic second-order cross-cumulants yields

hel-

4 4
s \¥Ys — 1 g \Yq — 1
) br-1), o),
n 5 n
4 2 4 4 4
as(\ys =1 (@) \ys—1 asag(ys =" )\vg =1
BJS (Xt) = Ml’lt ana? + #ht 2n8a‘vaq + s ‘1( ) - )( 4q )
n n n
4 4 4 2 4)\?
g\Yq =1 As@q\Ys =N )\Yqg =1 Aq) \Yg =1
—q( I )h, 2778afsa/q+ i q( ’ 2)( 1 )h, 2n8a2+ —( q) ( Z ) h;
n n n
Performing a Cholesky decomposition of the above covariance matrix leads to the following diffusion term:
Vh, 0 0
4
as\Ys—1
% (X)) = ( 7 ) Ve Nan'as 0f,
4
g \Yqg — 1
—( 7 )‘/h_t ‘/27740'11

The resulting limit is again a degenerate diffusion driven by two mutually independent Brownian motions

W] and W2 .

We verify now Condition (iii) of Theorem SM.1 in the context of IG(C). Letting 6 = 2 and taking the

fourth-order derivatives of the moment generating function of AX ()

-1 ()
T EHAY(HI)’ |

(k+ D)t

CF,‘(’?] =LP7+o(1),
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4

|| A5, [ 19| = L7 + oo
4

B[ Aqi e | 190] = Lfr+ oo,

where Lg/g , ng and L?]‘q are finite quantities that depend on Xl(;) and the underlying diffusion limit parameters.
Finally, the verification of the multidimensional Feller constraints from Duffie and Kan (1996) for the IG(C)
diffusion limit is done in a similar way as for the HN(C) limit, see Appendix A.2.2 from the manuscript for

details.
SM.D.3 Proof of Proposition 3 for the IG(C) case

The risk-neutral limit of the IG(C) model follows the same prescription as the proof for the HN(C)
counterpart from Appendix A.2.3.

First, we solve the martingale constraints in Equations (8) and (9) based on the coefficients of the 3'",(;)-
conditional joint cgf of AY ((121)1’ AsEZil)T, and Aquzrm under P® computed in Equations (A.4) to (A.6). We
obtain the following relationship between 6(1) and &(7)

1—2§@fxa@0@;¢ﬂ)_(nwﬂ&)—ﬂ2+2VF(1—%faffa@»f
2Vt 81 VT (A0 1 (1 - ¢ Ta()

Using the limiting parameter constraints of Assumptions 3 and 4, the limit of the equity risk preference

0(r) =

(SM.7)

parameter exists and is given by
¢ @0y

n
Note that under the parametric relationships between the HN(C) and IG(C) parameters from Equation (24)

1
ezn%an=—5—1+fd%— (SM.8)

one can obtain the equity risk preference parameter for the HN(C) model from Equation (A.18) as a limit
when 77 approaches zero of its counterpart from Equation (SM.8).
For any non-negative integers i, j,k with 1 < i+ j+k < 2, and u € {s, g}, we introduce the first- and

second-order derivatives of the risk-neutral coefficients evaluated at w = Q and v = 0:

N ai+j+kj139 v ai+j+kA39 ,V;
A??k(T) _ | j(wk 7) _ . j(wk 7) ) (SM.9)
oWy gm0 L T
) Giti+kBIS v GititkpIS Vs
Bi% MOE — j-(w kv i = — j(w kv L (SM-10)
OW'oviOvy gm0 OW'OVIOvy iy v=tr)

Using Equations (SM.7) and (SM.8), together with the limiting parametric constraints from Assumptions 3

and 4, we compute the first-order derivative limits as follows

jq,go,o =0
AP =2,
flg’go’] =Kq0'2 +2n8a,a €,
@3,91,0,0 = %
30 __K_adw—fnﬂ )
5,0,1,0 s 7 5]



g5 - _ (a=n') (1
5001 = © n A+ K
=99 A (73 774) 1
Boio= - 7 A+ 5]
4
- Ag\Yq— 1 1
e _ ‘1( q )

Replacing these quantities into Equation (A.10) allows us to obtain the risk-neutral drift coefficient from
Equation (27). The limits of the second-order derivatives are the same as under the physical measure, which
leads to the same covariance matrix 239 (X, = X9 (X,). Condition (iii) of Theorem SM.I (see Section
SM.A) and the multidimensional Feller constraints from Duffie and Kan (1996) are verified in the same way

as in Appendix A.2.2.
SM.D.4 Affine property of the HNSV model and the characterization of its weak limits

We show that the HNSV model of Equations (41) to (42) satisfies the affine property of Assumption 1.
Indeed, for any w, v € R, the ?;c';)—conditional cgf of AY, ((121)1 and Ah&’lm is computed as

P nY _ P (n) (n) n
GAY(") A (w, % ’ SFf{T) = log (E [exp (w AY e + VAh(k+l)T) fffw )

(k+ D)= (k+ 1)1

= wrt+v((1 = ¢(0) (1) - (1)) + (WA(T) = v (1 = $(1))) "

() 2
tog (57 Jexp (w VE Y ey, + v (v, - 2900 Y ) |22
= wrr+v((1 - ¢(1) (1) — (1)) + (wA(T) = v (1 = ¢(1))) A"
(1)
+ ep(n) M2y w2 o (51 () h,(:.lr), 62(7), 83(7) h;:.?, 04(7), 05(7) ?g)) .
(k+ D) (k+ D)7~ (k+ D)7~ (k+ D7 (k+ D)7~ (k+ D)7

Here, U _is a standard Gaussian random variable independent of 6((121)7 conditionally on ff}(’? that satis-

(k+Dr
m  _ 277
Y = P€ine T N1 =P Uy
and 01(7), ..., 05(7) are given by

fies the following representation:
51(1) =wAT - 2vpa(T)y(T), 02(7) zvpza(‘r), 03(1) = = 2v4/1 — p2a(t)y(7),

64(r) =v(1 = p*) a(v), 55(r) = 2vp /1 = pa(a).
Using the fact that for any two independent standard Gaussian random variables Z; and Z;, the joint cgf of
71, le, 7, Z%, and Z,7, is given by
wi(1 = 2ug) + u3(1 = 2un) + 2uyusus

2[(1 = 2u)(1 - 2us) - 2]

G(zl Z2.23,73.7,25) (w1, up, us, ug, us) =

- % log ([(1 = 2u2)(1 = 2us) - u2]). (SM.11)
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we obtain after some straightforward algebraic manipulations the following affine representation for the

n) i (n) (n)
EFf(T -conditional cgf of AY, a and Ah(k e

P m\ _ . . (n)
GAY((:L) AN (w, % ’ 3";(7 ) = AWw,v;1)+ B (w,v;1) ./,
T T

where the coeflicients A (w, v; 7) and By, (w, v; T) are given by
Aw,v;t) =wrr+v ((1 - ¢(1)) 0'2(1') - a(T)) - % log (1 — 2va(T)),
w2t (1 - pz) (wp VT - 2VCL/(T)’)/(T))2

+
2 2(1 = 2va(r))
Since the HNSV model is affine, the proof of Proposition 5 follows by computations that are analogous

Brw,v;t) =wAd(t) —v(l — ¢(7)) +

to those used to derive the diffusion limits in Corollary 1. The new parametric convergence rates in Assump-
tion 5 only affect the computation of the diffusion matrix of the weak limit of the HNSV model. For all cases,
the drift coefficient A(X,) is identical to the one derived for the HN model in Corollary 1. However, the lim-
its of the second-order derivatives per discretization step of Appendix A.2.2 must be recomputed under each
of the convergence rate choices for the parameters «(7) and y(r). For all cases, we have By, (X;) = h,. When
51 = 0and 6, = 0, we obtain B, (X;) = —2ayph; and By (X;) = 2a* +4a*y*h,. When §; > 0 and 6, = -6,
we obtain By (X;) = —2ayph; and By (X;) = 4a272ht. When 6; = 0 and 6, > 0, we obtain By, (X;) = 0
and By (X;) = 2a2. Finally, when 6; > 0 and 6, > —d;, we obtain B> (X;) = 0 and B (X;) = 0. For
each case, the expressions for the diffusion matrices X (X;) follow from the Cholesky decomposition of the

covariance matrices B (X;) with the above entries; that is,

Vi; 0 ]

if ;=0 and 6, =0
—2aypVh 2% +42y2 (1 - p?) Iy

h 0
\z if 6; >0 and 6, = -0,
—2aypVh 2ay\1-p*> b
(X)) =

h 0
Vi if ;=0 and 6, >0
0 V2a

h, 0O
\/_t if 51>0 and 0y > —01
0 0

SM.D.5 Weak limits of the CEVSYV model

The CEVSV model does not satisfy the affine property of Assumption 1 for any p > 0. Indeed, using
a similar approach as in Section SM.D.4, we can show that for any w,v € R, the joint cgf of AY™  and

(k+1)r
Ahé:lm conditional on 31’;) is

o (v ‘ FE) =wrr +v(1 - ¢(0) (D) + (wA@) = v (1 = g A = va7) (")

k+ D> M+ e



+ e (
(n) (n)2 (n) m2  (n) (n) 1.kt* Y2kt s 94 ke
et 1€k e Y e Y eo€ur e Yaa e AT T2k 3k Th kT TS ke

F). (SM.12)

where 6(1"’]){7, - 6(5sz are Crrf:;)—measurable processes given by
6(1’,’]; =wvr h](:;) - 2vpa(T)y(T) (h](:?)p , 6(27,!111 =vp’a(7) (h](!;))p ,
8\ = -2 ﬁa(r)y(r) (nY s) =v(1-p%)a@ (H)".
853 =201 - pPa@ (1)

Using the general expression of Equation (SM.11) and after some algebraic manipulations, we obtain

2 1— 2
G]i(;im AR (w, v ’ 3’}(’;)) =wrt+v(l - ¢(1)) 0'2(‘1') + (w/l(r) —v(1 —¢(1)) + M) hl(;)

(k+ 12 e 1yr

(wp VT h;{? — 2va(T)y(T) (h;:;))p)z

- va(T) (hz(:;))p * 2(1 - 2va(r) (hz(cn))p)

— % log (1 — 2va(T) (h,(:?)p).
For p > 0, the logarithmic term
—% log (1 — 2va(T) (h;{?)p)

is nonlinear in hl(;), so the conditional cgf is not affine. When p = 0, the denominator and logarithmic term

are independent of h](:;). Expanding the squared term in the numerator, however, produces the term

2wipa(n)y(m) VT )
1 - 2va(T) kr >
which is not affine in h,(;) unless pa(7)y(r) = 0. Apart from the trivial case a(tr) = 0, the CEVSV model is
therefore affine when p = 0 only if p = 0 or y(7) = 0, and is non-affine for every p > 0.

The proof of Proposition 6 follows in a similar way to that of Proposition 2 but relies on a direct compu-
tation of the first- and second-order limits of the conditional moments per discretization step instead of using
the general methodology of Appendix A.2.1—only applicable to affine settings. Similarly to the HNSV set-
ting, the drift coefficient A(X,) from the representation in Equation (17) is identical to the one derived for
the HN model in Corollary 1, under all convergence rates considered in Assumption 5. The second-order

limiting moments are computed as follows:

1 pon
lim ~Var™" [AYS) | | F] =,

=0T (k+D)t
1 P (n) n) 2 5. 25, 2 2. 261460\ 120
i V™ [ [977] = (207 g 20 -yl 20700 .

i L CovE” [AY®™ (n) n) L5148y ) P12
lim ~Cov™ AV A e | Ty =—2aw(1lgg)f‘ z)h, :

These limits are evaluated for all possible choices of ¢; and §;, and the diffusion matrices are then obtained
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for each scenario using the Cholesky decomposition; that is,

h 0
\/_t if61:0and62:0
—2ayph? 2% +4a2y* (1 - p2)h?

h 0
\/_t J if 51>0 and (522—(51

=2ayph! 2ay+1-p*h!

(X)) =
h 0
\/_t if61:0and62>0
0 V2ah!
hy 0
\/_t if 01>0 and 07 > —0]
0 O

Note that Condition (iii) of Theorem SM.1 from Section SM.A of the Supplementary Material holds in a
similar way as in the affine case presented in Appendix A.2.2.
To determine when these limiting diffusions are affine, recall that the drift coefficient is affine for every

p, so it remains to examine B(X,) = X(X,)X(X,)". In the first two cases,
Bia(Xy) = —2ayph!™ ",

while B»,(X;) is proportional to htz"7 . Hence, when the return-variance covariance is nonzero, affinity requires
p = 1/2. If this covariance vanishes but the variance diffusion remains nonzero, affinity holds for p €
{0, 1/2}. In the third case, B12(X;) = 0 and Bx»(X;) = 2a/2h,2p, so the limit is affine for p € {0, 1/2}. In the

fourth case, B12(X;) = B2 (X;) = 0, and the resulting deterministic-variance diffusion is affine for every p.

References

Augustyniak, M., A. Badescu, and J.-F. Bégin (2023). A discrete-time hedging framework with multiple
factors and fat tails: On what matters. Journal of Econometrics 232(2), 416-444.

Duffie, D. and R. Kan (1996). A yield-factor model of interest rates. Mathematical Finance 6(4), 379-406.

Ethier, S. and T. Kurtz (1986). Markov Processes: Characterization and Convergence. New York: John
Wiley & Sons.

Filipovi¢, D. and E. Mayerhofer (2009). Affine diffusion processes: Theory and applications. In H. Al-
brecher, W. J. Runggaldier, and W. Schachermayer (Eds.), Advanced Financial Modelling, pp. 125-164.
Berlin, New York: De Gruyter.

Nelson, D. B. (1990). ARCH models as diffusion approximations. Journal of Econometrics 45(1-2), 7-38.
Stroock, D. W. and S. R. Varadhan (1979). Multidimensional Diffusion Processes. Berlin: Springer-Verlag.

SM-11



	Convergence of Markov chains to diffusion processes
	Characterization of affine diffusion processes and proof of Proposition 4
	Multi-step conditional cumulant generating functions for discretized affine GARCH models
	Additional proofs
	Proof of Proposition 1
	Proof of Proposition 2 for the IG(C) case
	Proof of Proposition 3 for the IG(C) case
	Affine property of the HNSV model and the characterization of its weak limits
	Weak limits of the CEVSV model


