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S1 Comparisons of General Treatment Models and Marginal Structural
Models

In this section, we further discuss the similarities and differences between the General Treatment
Models (GTM) (Ai et al., 2021) and the Marginal Structural Models (MSM) (See Example 6), a
well-known class of semiparametric causal models developed by Robins and colleagues (Robins
et al., 2000). MSM was developed, in part, to overcome the curse-of-dimensionality when drawing
causal conclusions from interventional or observational studies when the treatment regimes under
study are complex. In its simplest form, MSM directly models the counterfactual mean EY (¢) as a
parameterized function g(t; 3*) of t € T with 8* == (85, 87) .

When T = {0, 1}, g can only be a linear model, and this linear model is saturated /nonparametric:
MSM (3) coincides with GTM in Example 1. For example, one can posit the following nonparametric
(or saturated) linear MSM:

EY (t) = g(t; B") = B; + Bit. (S1.1)

This model is nonparametric because the model imposed on EY'(¢) does not induce any restrictions
on the observed data distribution.

When t is a continuous variable, however, finite-dimensional parametric MSM is often specified.
For example, the statistician could insist on modeling EY (¢) by linear model (S1.1) and believe
that the model is the truth. Under unconfoundedness, linear MSM (S1.1) imposes the following

restriction on the observed data distribution:
EY (1) = E[E(Y|X, T = )] = E[¢(X, T)Y|T = t] = 5 + Bt = g(t: 8°), (S1.2)

where £(z,t) = pr(z)/prx(t|r). Under unconfoundedness, Model (S1.2) imposes the following

moment/equality constraint on the data generating process:

EEX,T)(Y —g(T;8")w(T)]=0,Vw:T =R, (S1.3)



so induces a conditional moment constraint in the sense of Ai and Chen (2003), leading to a
non-trivial orthocomplement to the model tangent space. We also refer readers to Section 3 of Chen
and Xie (2025) for a related discussion. It should be noted that one can also parameterize the MSM
using nonparametric models when ¢ is continuous, as in Bonvini and Kennedy (2022) or as we have

done in Section 4.

S2 Verification of Assumption 7 for ATE and QTE

In this section, we demonstrate that Assumptions 7(i) and 7(iii) hold for both ATE and QTE from
Examples 1 and 2. We first recall the following definition from the empirical process theory (van der
Vaart and Wellner, 2023).

Definition 2 (VC-subgraph class). A collection F of measurable functions is called a VC-subgraph
class, or a VC-class, if the collection of all subgraphs of the functions (see Section 2.6.2 of van der
Vaart and Wellner (2023)) in F forms a VC-class of sets (see Section 2.6.1 of van der Vaart and
Wellner (2023)).

It suffices to verify Assumption 7 for the first coordinate of I'(-, -, 3), which corresponds to the
estimating equation for 35 when 7= 0. We first verify Assumption 7(i):

o ATE in Example 1. We need only to consider the function class Fate = {Y — B0 : fo € Bo},
where By is the parameter space for §j. By Lemma 2.6.17 in van der Vaart and Wellner
(2023), Fare is of VC-subgraph with index 1. Theorem 2.6.7 of van der Vaart and Wellner
(2023) further implies that, for any probability measure @,

N (Fate || - g2, ellFatello2) < C (16e) €2, 0<e<1,

where FATe = supg,es, ly — Bol| is the envelope and C' is a universal constant. Hence, by
Definition 1, Fate is of VC-type with characteristics (4v/ Ce, 2).

o QTE in Example 2. In this case, the relevant function class Fqre == {7 —1L(Y < fo) : Bo € Bo}.
Denote p'(u) == 7 — 1(u < 0), for u € R. Then p/(+) is monotone and Fqre = p’ 0 FaTe =
{P(f) : f € Fare}. Lemma 9.9 (viii) of Kosorok (2008) implies that applying a monotone
function to a VC-subgraph class does not increase the VC index. Therefore, FqTg is also of
VC-subgraph with index 1, and thus of VC-type with characteristics (4v/Ce, 2).

For verification of Assumption 7(iii), denote the first coordinate of T'(-, -, @) as T(O)(-, -, ).

« ATE in Example 1. The difference is I'O)(Y, T, o) — TO(Y, T, By) = (Bo — By)(1 — T'), which
is linear in By — B5. Thus, T (., -, 3y) meets this condition with index o = 1.



« QTE in Example 2. We have TO/(Y, T, B9) — TO(Y, T, 8)) = [1(Y < B)) — L(Y < Bo)](1 =T).

Then,
E[ sup PO, T, 8) - 1O, T, 8)]
‘BO 50| 6
—Efa- sup 1(BoABYy <Y < foV B
|BO ﬂo‘<6
:E[ sup 50/\50<Y<50V50)} P(T'=0)
|Bo—B41<S6
E{ sup [Py (Bo) — PY(/B(/))” P(T=0)
‘BO Bo|<6
NEY

where Py (8) := P(Y < ) is the marginal distribution of Y and the last inequality holds if
Py (+) is Lipschitz continuous. Thus, in this case, F(O)(-, -, Bo) satisfies this condition with index
ap =1/2.

S3 Higher-Order Estimators for Parameters of GTMs

As mentioned in Remark 5, for the sake of completeness, the following lemma characterizes the
HOIFs of ¢(8) (or more precisely, of ¢(3)) in the sense of Robins et al. (2016), which paves the
way towards further reducing the bias due to estimating ¥ by f)k However, deriving the statistical
properties of these higher-order estimators is beyond the scope of this paper, as the proof will

eventually need to handle U-processes of order growing at a rate poly-log in sample size n.

Lemma 1. For any B € B, under Assumption 1, the m*"-order influence functions of By i form > 2

are of the following forms:

IFE) L (8) = —(&(X1,Th) = &(X1, 1)k (X1, T1) TS 0 (Xo, To) (T (Y2, T, B) — b, (X2, T2)),
IR, (8) — 1R (8) =

+ ()™ E(X, Th) — €00, T)gr(X1, 1) T [T {60, TS(X,, T) T = 3)5
s=3

X (X2, Ty)(T (Y2, Tz, B) — b, (X2, T2)).
Then the m*-order influence functions of @Z_)k(ﬁ) for m > 2 simply take the forms
FG(8) = IF(8) + RS, (8).

Since (1) is only used for defining the treatment effect parameter 3* and there is no restriction



on the observed data tangent space, the derivations of HOIFs of 1/_%(,3) will follow the strategy
presented in Liu et al. (2024) and Robins et al. (2016). When referring to Liu et al. (2024) in the

proof, we always mean the arXiv version of Liu et al. (2024).

Proof of Lemma 1. We first derive the HOIFs of By x(3) and v1(8). To ease presentation, we

introduce some additional notation useful locally in the derivation.

~

ar = S E[E(X,T) — &(X, 1)) b (X, T)],n e = S 'E[L(Y, T, B) — by (X, T)) (X, T)],
ékcf) :=£<-7 )= o dk(), b k() = b () + g ().

So By x(B) = of Sknp i and Pr(8) = pO(B) — af Ygnp k- By Lemma A.2 of Liu et al. (2024), we

have

IFG) =S¢t (&(X,T) — €(X, 7)) (X, T),
It is a standard calculation to show that the influence function of By, 1 (3) is:
1
IFG)  (8)
= (X, T) = &(X, T))ow(X, T) 'Sy g e + ol Ty on (X, T)(T(Y, T, B) — b, (X, T))
= g B O, T)O(X, T) Sy g ke — ool By g

By applying the same calculus rule from page 50 to page 51 of Liu et al. (2024), we obtain the

second-order influence function of By, 5, takes the form

”:1(3211 (B) = —(E(Xy1,T) — E(X1,T1)) (X1, T1) " S dr (X2, To) (T(Ya, T2, B) — g (X2, T2)).

The HOIFs of By 1,(3) then read as follows: for j >3

IFE L (8) ~ 1F3.) ()
= (1 YEXL, T — €(X0, Th)) (X, T1) T85! H {(06(Xe, TR (X, 1) T3 ) 2
X G (Xa, To) (T(Ya, To, B) — b, (X2, Th)).
The HOIFs of ¢;,(8) follows from the HOIFs of By x(3) and the linearity of influence functions. [J

Armed with these results, we can construct higher-order estimators of ¢(3) and of 3 itself as

follows. Similar to the first-order estimator of ¢(3), which is a second-order U-statistic, the m-th


https://arxiv.org/pdf/2306.10590

order estimator of ¥ (8) is given by the following (m + 1)-th order U-statistic:

=(m)

oM (B) = W (B) + Unmt1(lFs, ]

where IT:I(BTZ);C is defined in the same way as IF](3m¢)k, except that (i) &(X1,T1)dr(X1,T1) is replaced

_ m m—+1 ~

by ¢r(X1,T3), (ii) becomes [] and (iii) X is replaced by Xj. It is worth noting that
s=3 s=4

—EWC(ﬁ) = U"a3[IT:l(32ik('6)]‘ B™ is then defined as the solution to the system of U-statistic

equations
BB =o.

Next, the following result bounds the bias and variance of 12,(:”) (B) as an estimator of the
truncated parameter z/jk(ﬁ), indicating the potential benefit of using a higher-order estimator to
debias the estimation error due to estimating ;. The proof follows immediately from Liu et al.
(2017), hence omitted.

Lemma 2. For any B € B and fized positive integer m > 2, we have

pa - ||k — Skllm . (S3.1)

[E 4 B) = onB)]|| S 1€ = €llpa - g, — bl

As a consequence of Assumption 6(ii), we in turn have
[E[£7(8) = x(®)]|| S IE—€llp2 - (IBime = Bll + B — banellon) - 55 = Sillzy™. (53.2)

If we further impose the same conditions as in Theorem 1 and additionally assume (i) m < \/logn
and k < n/log®(n) and (i) |Sk — Ykllop = op(1), we also have

k ~ _ ~ _
c = 4 {0, — baldulllp o + ITIIE — €ldnl13.2}
n

+ minl L IT[bgy: — bﬁ’ékw%p - [1[bg,,,. — bﬂ’ék]”%,q 7
(p.@):pg=1, 5+ =1

cov[Pi™(8)] < (53.3)

for some absolute constant C' > 0.

Lemma 2 can be served as the starting point of deriving statistical properties of B(m), were
results related to higher-order U-processes established. We leave this important technical problem

to future work.

S3.1 Convergence Rates of the Empirical Gram Matrix Estimator

When B* is n~/2-estimable, we can appeal to the methodology developed in Liu et al. (2017)

and take k = o(n) or more precisely k < n/log?(n) without assuming regularity conditions on the



marginal density px(x) of X. Specifically, we use the same nuisance sample for estimating the

nuisance parameters to construct the following second-order U-statistic estimator of >:

Sem ———— Yz (X2, (X)) @ {i, (1), (1)}
n(n—1) i Zen
LY XK T T
n(n=1) i Fen

Obviously, E[ik] = ¥, so it is an unbiased estimator of X;. We note that throughout the article Sk
denotes a generic estimator of ¥ and only in this section f]k denotes the empirical Gram matrix
estimator.

Let <Z_>k(X,-,Tj)q3k(Xi,Tj)T = Q; ® R; to further simplify the presentation. Corollary 3.1 of
Minsker and Wei (2019), which we cite below, provides a user-friendly moment bound on the

second-order degenerate U-statistic component of the following Hoeffding decomposition:

Sk — Sk
1 QiR +Q;®R; ]
_ ZIN{E[ ! yol} EQ@ER}
+ ) (nl_l){(Qi®Rj+Qj®RZ-)—E(Qi®Rj+Qj®Riin)}
1<i<j<n
= > GO)+ Y. H(0;0y),
i=1 1<i<j<n

where G and H are appropriately chosen k x k-symmetric matriz-valued functions. For more recent

development on tail bounds for matrix-valued U-statistics, we refer readers to Bandeira et al. (2025).

Lemma 3 (Corollary 3.1 of Minsker and Wei (2019)). Let {Ozm,i =1,---,n} forl =1,2 be two

independent copies of {O;,i =1,--- ,n} and let E; denote the expectation with respect to only the
copies indexed by . Then

E|l S HO,0)|| < (ogk)? Y E|Y E22(0Y, 08
s op =1 |lj op (S3.4)
+ loghy® | Emax|| 3 #2(0", 02
B (P on

Thus to obtain a useful bound of E H21<i<j<n H(0;, Oj)H , we need to control each of the two
<i<y< op
terms on the RHS of (S3.4), respectively denoted as (log k)?I; and (log k)3 I here. We first simplify



the following term that will be useful to control both I; and Is. Then

ZHz 1 0(2))

Jij#i

QY (R —ERHQM ® (R —ER)T)
_ 5 H(QfLEQ)@Ri”}{(Qg? EQ)T © RV}
= TL— 1 2]]751 +{Q (1) ® (R(Q) ER)}{( Q) ®]%(1 T}
+{(QY —EQ) @ R! }{Q“” (R —ER)T}
QM y @ (L 2( ~ER)(R? —ER)T}
| 11 > @7 EQ)(Q ~EQ)T} @ (R{VR("}
D) Q{Qm( > b {(RY —ER)RMVT}
Ly QY —EQRV T @ (RIV(RY —ER)TY

Jﬁéz

As for I, we have

Z E2H2 1 0(2))

JigFi
QMg 1T}®E( *) _ER)(RY —ER)T
_ 1 +E2(Q EQ)(Q@) EQ)T ®{R DRIMTY
"m0 ) +edee QY —EQ T} (R —ERR{""

}
+EA{(QV) — EQ)Q?)T} ® {R§1><R§.2> _ER)T)

The first two terms in the above display are relatively easy to control. For the last two terms, we

use the third term as an example and by symmetry the fourth term follows from the same analysis.

E {Q“)( P _EQ) Ty o {(RY ~ERRM} = E2{Q!Y © (RY —ER)H{(QY —EQ) ® RV} T
= Q"R @ Ex(RY —ER)(QY —ER)".

Then

< ElQQ |lopkt + E[ RR [|opka + E[QR " [lop + E[[ RQ " [lop <

1
13 n(n—1) n2

As for Is, we have, by repeatedly applying the matrix Bernstein inequality as in Lemma 4,

Z H2 1) 0(2))

JijFi

I, = Emax

op



L

< —.
Nn3

Thus combining the above together, we have that the second-order degenerate U-statistic part is

bounded by
(klogk)2 s <\/Elogk>2 . (kl/?’logk‘)g‘
n n n

As for the linear term in the above decomposition, one can directly apply the standard matrix

Bernstein inequality (Tropp, 2015), cited below.

Lemma 4 (Rephrasing Theorem 6.1.1 of Tropp (2015)). Let M = Y"1 G(O;). If for each i =
L ,n, |GOi)|op S k/n, then
klogk klogk
E|Mlop S /=0 + =
n n
Thus in summary, we have

R klogk klogk [klogh)2 logk\?  (logk)?
Errzk—zkr\ops\/Tg+ () *’“{(0g ) (%) }
n n n n n

We can then combine this result with the empirical HOIF framework developed in Liu et al. (2017)

to construct higher-order estimating equations for 3* as:

™ (8) =0,

such that the final estimator B(m) with order m = logn is n~/2-consistent and asymptotic normal

with no extra smoothness assumption imposed on the marginal density of X.

S4 Discussion of Assumption 8

In this section, we briefly show how the localized conditions in Assumption 8 imply the standard

uniform eigenvalue bounds for the Gram matrices:

Lemma 5. For every k, and ki, the eigenvalues of E [zx, (X)®?] and E[wy, (T)®?] are bounded from

above and away from zero uniformly in ky and k.

Proof. We focus on E[wg, (T)®?]; the argument for E [z, (X)®?] is analogous. For any unit vector



b € R, by definition

2
b E[wy, (T ®2b—/ (waz ) pr(t)dt.

By Assumption 8(ii), for any ¢ € T, the number of nonzero terms in the basis function wy, (¢) is at
most cs. Denoted them by (wi, (1), ..., w;,, (t))T. Then,

It follows from Assumptions 8(i) and (iv) that

2
W 2 0 (1)2
/T(;bz z(t)) pr(t)dt g/qu_:lblj 4 ()2pr(t)dt
cs ) )
stlbij / ,, Glkpr(

cs
SO0 ke 1/ke S
=1

which yields the desired uniform upper bound on the largest eigenvalue.
For the lower bound, note that Zf;l 1{t € 87,;} < cg for all t € T. Hence,

kt ke 2 ke 9
; /8 N (gbiwz-(t)) pr(t)dt = /tr (;ﬂ{tesm}) (wal ) pr(t)dt
2
Scs/ (wal ) pr(t)dt

< bE [y, (T)w, (T) " | b.

Then taking sum over all 87; and using the assumption that b" Js, W, (B) W, (t)Tdtb > b2, we

obtain the lower bound

bTE [, (1), (T) | b2 1.



S5 On the Relationship Between Higher-Order Estimators and Other

Related Proposals in Econometrics

As suggested by a referee, in this section, we illustrate the connection between the higher-order
estimators studied in this paper and several other bias correction methods in the recent econometrics
literature, including Cattaneo et al. (2019), Cattaneo and Jansson (2018), and Cattaneo et al.
(2025).

S5.1 Discussion of Cattaneo et al. (2019)

Cattaneo et al. (2019) study two-step semiparametric estimation and inference in settings where the
first-step linear regression may include many covariates. To keep the exposition simple, we focus on
the ATE case and take the target parameter to be * = E[Y(1)]. To facilitate comparison with our

construction, we characterize 8* via the moment condition

where &(x,t) =t/P(T =1|X =) and b(z,t) = tE[Y|X = x,T = 1] are nuisance functions.

In this example, we first would like to emphasize that Cattaneo et al. (2019) and our paper
target different parameters, which will be discussed in detail shortly after. However, Cattaneo et al.
(2019) and our paper share a common feature, which is that both consider to use linear models (of a
possibly nonlinear k-dimensional feature map/basis ¢y of (X, T)) to approximate certain quantities
related to nuisance parameters, such that the target parameters of Cattaneo et al. (2019) and ours
both reduce to bilinear functionals, with their precise forms to be revealed thereafter. In particular,
Cattaneo et al. (2019) use linear models to directly approximate the nuisance parameters, whereas
we use a linear approximation to represent the nuisance estimation errors; when the nuisance
estimates are zeros, these two approaches collapse. For such bilinear functionals, a naive plug-in
estimator can have non-negligible leave-in bias in high-dimensional settings when the dimension
k 2 /n (Cattaneo et al., 2019). In terms of bias correction strategies, Cattaneo et al. (2019) start
from the plug-in estimator and apply a jackknife-based correction, whereas we exploit the bilinear
structure directly and construct an unbiased U-statistic estimator. We show below that, for bilinear
functionals, these two strategies yield the same estimator.

To facilitate the analysis below, let Z;(X) € R* be a dictionary for X. Since T is binary, define
or(X,T) = Tz,(X) and the k x k population Gram matrix Sy = E[¢r(X,T)%?] = E[Tz,(X)%?].

Strictly following Cattaneo et al. (2019), they are interested in solving for * of the estimating
equation (%) = 0 in (S5.5), and postulate linear approximations for the nuisance components £

and b. Specifically, we assume that
(X, Th) = o(Xi, i) e + e, Elor(Xi, T;)exs] =0,

10



b(Xza z_’l) = ng(Xz, z_’i)—r’yb + €24, E[d;k:(XZ, Ti)e2i] = 0’

where eq; and ey; are the best linear approximation error, and (v¢, ) are the population least-squares

coefficients, i.e.,

Let £(X,T) = ¢p(X, T) "¢ and b(X,T) = ¢p(X,T) . Plugging (£,b) into the moment equation
(S5.5) yields the following population quantity

B=E[€X,D{Y ~b(X,T = 1)} + b(X,T = 1)
= E[T2(X)Y]" 7 — 7 E [T2e(X)26(X) | 3 + Elz (X)) T
E[T2x(X)Y]" S5 E[Z2e(X)] = % Sem + 7 Sk
E[Tzx(X)Y]" £, Elzx(X)].

Hence, under this linear-approximation regime, the target parameter 8* actually reduces to the
above bilinear functional 3, which has exactly the same structure as By i (see e.g. (10)), which will
also be reintroduced later specifically for ATE 5*.

In contrast, our higher-order construction instead targets the approximation bias of first-order
estimating equation ¥ (B) = Ly [f(Xl,T){Y b(Xi, 1)} 4+ b(X;, 1) — B}, and uses linear
approximation only to approximate the nuisance residuals 5 ¢ and b — b. The bias of 1/1 (,6’) has

a product form involving two first-step estimation errors:

E($N(8)} — ¥ (8) = E{E(X. T) = &(X, T)HB(X, T) — b(X, T)}]- (S5.6)

Consistent with the main text, we employ sample splitting: the nuisance estimators E and b are
obtained from an independent nuisance sample and all expectations E[-] heretofore in this section
are taken with respect to the main sample conditional on the nuisance sample. Hence fA and b can
be treated as fixed functions.

Our framework imposes no linearity restriction on ¢ and b. We allow fA and b to be obtained
using flexible methods (e.g., kernel smoothing, series estimation, or machine learning), although to
obtain sharp theoretical results, we sometimes impose certain smoothness assumptions on £ — E and
b — b such that the truncation bias that cannot be captured by the basis ¢y, is sufficiently small.
We project the nuisance approximation residuals E — & and b — b onto the sieve space spanned by
dr(x,t). As described in Section 3.1, this projection leads to a decomposition of (S5.6) into (i) a
truncation bias TBy ; and (ii) a part of the bias (55.6) captured by the k-dimensional dictionary

11



ér. The latter can be written as a bilinear functional
By = aZE;lnk,

where

o~

ap = E[(E(X,T) — Dze(X)],  me = E[T(Y = b(X,T))zx(X)]

are k-dimensional vectors; See Section 3.1 and 3.2 for a detailed derivation.

Next, we use the bilinear functional By, ;, = a;—Z,;lnk as a concrete example to show that the
two constructions based on jackknife bias correction and U-statistics lead to the same estimator.
Specifically, we take By, as the parameter of interest and oy, and 7, are high-dimensional nuisance
parameters. We also assume that X = E[¢ (X, T)®?] is known for convenience. Our strategy

estimates By, j, by leveraging its equivalent bilinear form:
By,x = E{E(X,T) — 1z (X)) TS, E[T{Y - b(X, T)}zi (X)),
which can be unbiasedly estimated by the following second-order U-statistic:
By k= Un2l{E(X:, T) = 1326(X) T8 20(X) T3H{Y; = B(X;, T) Y. (85.7)

The jackknife-based bias correction procedure in Cattaneo et al. (2019) starts from the plug-in

estimator of By
3 ~Ty—1~
Bd},k,plug-in = Qp Ek Mk

where
N 1~ _ R 1 R )
ar = — > (6N, T) = ap(Xa), e = — 3 Tl Ys = b(X, i)} 24 (X5).
=1 i=1

The estimator Bw,k,plug—inv which is a V-statistic, will have a bias of an order greater than or equal
to n~'/2 when k > \/n. To implement the jackknife-based bias correction procedure in Cattaneo
et al. (2019), for each ¢ € {1,...,n}, we compute the leave-one-out analogs of ﬁka’plug_in as

RO _ AT —1(—0)
Bw,k =g X My

a0 — 1 > EXLT) — X)) = n’_‘ LAk i C(TE(X, To) = D2(Xe), - (S5.8)

12



(= n o 1 ~ _
Ao = i — = Tu(Ye — b(Xe, To))20(Xo). (S5.9)

Let Ez(/))k =n"1Y0, ﬁfbf,f) =1y, a,(gfé)TE;lﬁ,(gé) be the average of the leave-one-out estimators.

T n
Then, the jackknife bias-corrected estimator is defined by

~

Bd),k’,jackknife = sz,k,plug—in - (TL - 1)(B5b?k - Bz/),k,plug—in)-

Lemma 6 in the end of this subsection shows that the jackknife bias-corrected estimator coincides

exactly with our second-order U-statistic estimator, i.e.,

By k jackknite = By k-

The above derivation shows that, in the special case where the target functional admits the
bilinear representation By, = a;Elzlnk, the two constructions ]T%Qr/,,k and ]/_5)1/)7k7jackknife yield the same
U-statistic. The key ingredient of our approach is to first construct a representation like By, ; and
estimate By by a natural U-statistic. By contrast, the jackknife-based bias correction method of
Cattaneo et al. (2019) can be viewed as a general bias correction scheme for parameters such as By, 1,
for which standard plug-in estimators (such as the standard M-estimation) have non-negligible bias
when the dimension is large relative to v/n. It is worth mentioning that the approach in Cattaneo
et al. (2019) can deal with parameters of a more generic nonlinear form than the bilinear form By, ,
but the theoretical results are restricted to &k = O(y/n) due to the nonlinearity of the more general
problems considered. For By j, we have seen that the U-statistic estimator is unbiased for any k
when X is known. Finally, if ¥ is unknown and is replaced by ZA]k, our Supplementary Material
Section 53 derives HOIFs of By, ;. to use higher-order U-statistics for further bias correction. To
our knowledge, systematically extending jackknife-based corrections to control such higher-order
remainder terms seems to be beyond the scope of Cattaneo et al. (2019), but we suspect that
constructions similar to those in HOIFs can be considered. We also refer interested readers to Lin
et al. (2024) for a recent result in this direction.

Finally, we record Lemma 6 and its proof below.

Lemma 6. The following algebraic identity holds:
Ew,k,jackknife = Ew,k-

Proof. Substituting the explicit leave-one-out formulas for ai™ and ﬁ,g_ﬁ) in (S5.8)—(55.9) into the
definition of Eg&?k’ we have

By =

S|

(D) T a1 (1
Zal(c : Eklnl(c )
=1
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n R _l_ -
— %Z {nT_l 1@k — ﬁ(f(Xe,Tz) — 1)Zk(X€)} ot {ni 1% - i 1T4(Yg - b(XZ7T£>)Zk(Xe)}

=1

n? 2n

1 LN
* n<n—1>2§ (Xe, T) = 1)2(Xe) " 2 2 (X0) To(Ye — b(Xe, T0)
1 no__ R

- {1 T (n—1)2 } ag Sy ik + (n—1)? ;(E(XZ,TZ) — Dzx(X0) "2 2 (X ) To(Ye — b( Xy, Ty)).

Then, we obtain

(n—1)(BY), — ﬁw,k,pmgm

1 aT " 1 ~
=--——0 2 T + Z (Xe, To) = Dzi(Xe) "2 20(X0) To(Ye — b(Xe, T0)).
)io

Hence, using the above result, we derive

By jackknife = By g plug-in — (n - 1)(A1(p — By ko plug-in)

1 " o R
= (1 + n—l) ap sy e - Z (X0, Ty) — 1)zi(Xe) "S5 " 2e(X0) To (Ve — (X, Ty))
)io
n n on - - R
= ———5 > > (X, T) - 1)zp(X3) "85 26 (X5) T3 (Y — b(X;, TY))
(n—1)n
i=17=1
1 —~ B i ~
i > (E(Xe, Ty) — V)zr(Xe) "8 2e(X0) To(Ye — b(Xe, Tr))
=1
1 ~ ~ L -
G (E(Xi, T) — Dzi(X) 5 2 (X5)T5 (Y — b(X5, T))
1<i#j<n
- Ed),k:
which completes the proof. O

S5.2 Discussion of Cattaneo and Jansson (2018)

We next discuss how the bootstrap-based bias correction approach developed in Cattaneo and
Jansson (2018) is also connected to our higher-order estimators.

Cattaneo and Jansson (2018) study two-step semiparametric estimation and inference with
kernel-based first-step estimators, allowing the first step to converge slowly when the bandwidth is
small. To facilitate comparison with our framework, we again use the ATE example in Section S5.2,
where the target moment ¢ () is linear in the nuisance functions £ and b. In this linear case, the

bias analyzed in Cattaneo and Jansson (2018) is mainly driven by the leave-in bias that results from

14



the use of the same sample in both steps, when the bandwidth is small. They show that, certain
nonparametric bootstrap procedures can also recover the leading bias term and hence deliver valid
inference.

Our construction allows the nuisance estimators fA and b to be obtained by generic learners, such
as random forests, or neural networks. By using sample splitting, we focus on the approximation
bias. We first approximate this bias by a bilinear functional B, induced by a dictionary-based
projection, and then estimate this functional directly via a U-statistic estimator.

Despite this difference, the two approaches are closely connected. As discussed in Section S5.2,
once the target is reduced to the bilinear functional By, j,, we will show that the resulting bootstrap
bias-corrected estimator is asymptotically equivalent to our U-statistics-based estimator BM.

Let {O; = (Y3, T;, X;)}, be the original sample and let Of,..., O} be a bootstrap sample
drawn with replacement from {O;}? ;. Define

1 -

ay = ;Z( (X5, T7) = Dze(X5), g = ZT* Y; = b(X5, T))z(X5).
j=1

The bootstrap plug-in estimator of By, j, = akTEglnk is
D * T
By . = (@)= '

Let M,,; be the number of times that O; is “redrawn” from {Oy, ..., 0y} to form OF,...,O},. By
construction, the vector of counts (M, ..., My,) is independent of Oy, ..., O, and multinomially
distributed with parameters n and (probabilities) 1/n,...,1/n. This representation allows us to
rewrite any bootstrap empirical average as a weighted average over the original sample, with random
weights {M,; }7_ ;. Then

and similarly

77k - ZMmT - b(XuT)) (X)

The difference Efp T Ew,k,plug_in provides a natural estimator of the bias of the plug-in estimator

I§¢,7k7plug_m for By 5. For simplicy, we define the oracle bootstrap bias corrected estimator as

E¢,k,bootstrap = ]/—D\)zp,k,plug—in - E* [B:};,k - Bw,k,plug—inL (85'10)

where E*[] denotes expectation conditional on the original sample. We refer to this estimator as

oracle because it involves the conditional expectation E*[]. In practice, one can approximate this
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conditional expectation by the Monte Carlo bootstrap average over B resamples.

Lemma 7 below shows that

B 5 k
B¢,k,b00tstrap = Bka + OP <nQ> .

Under k = o(n?), it follows that

k n k
ﬁ.\/kﬁtn _n\/k‘—i—n

Hence, the remainder term is asymptotically negligible under the normalization used in our dis-

= o(1).

tributional results. Therefore, Ew%bootgtrap and ]§¢7k are asymptotically equivalent up to an error

term of order k/n?, which is o(n~'/2) (negligible compared to the parametric rate) if k = o(n3/?).

Lemma 7. The following hold under Assumptions 6-8:
~ ~ k
sz,k,bootstrap = B’l[),k + OP ﬁ .
Proof. Using the definitions of Efpk and ]§¢,k7plug_m, we have

B;kp,]g - Bz/;,k,plug—in = (a )Tzk nk &gzlzlﬁk
n

= % ZZ{MmMm — 1HE(X T — D)25(X3) T8 26 (X)) T5(Y; = B(X, T)))

~

= Z Z{MmMny DHEX, Ty) = Dze(X0) "8 2k (X5)T5(Y; — b(X;, T)))

i= lz;é]y 1
+ 72{ —1HE(X, Th) — Dzi(Xa) TS 20 (X)) Ti(Y; — b(X, T)).
Since
n(n —1) 1
E* MpiMpj| = ———=1——,
[ il 2 -
—1 —1 1
ez =Dy L
n n n

taking E*[-] conditional on the original sample yields

n n
E* [B;Z,k - BQp,k:,plug in] = — Z Z Xla T Zk(Xl)TElzlzk(X])T‘](}/] - b(X]’ T‘]))
i= 1,17'53] 1

Z (X5, T) — Dze(X) "2 2 (X)) TH(Yi — b(X,, T;))

=1
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S (XL T — Dze(Xa) T8 2 (X5) T3 (Y5 — b(X;, 1))
i=1j=1

S EXG T~ 12 () T 3 (KT~ (X, )
=1

M=

3

3‘;-;

3

1 11~ 1 &~ _ _ -~
== AT+ 5 3 (€ T) = D2e(X) T 2 () T(Y = b(X5, ).

n i=1
Hence,

Bzp,k:,bootstrap = B¢ k,plug-in — E [B;Z,k - sz,k:,plug—in]

= LTS Ly SE ) ~ 1o (X) S B KT~ B )
SR z# jé(m,m Dz () TS 2 (X) T (Y - B(X. )
+ ("Tjgl - % if:l(A(Xi,Ti) — 1)z1(X:) 'S 2 (X)) T (Vi — b(X3, T3))
— By - ?ﬁ(;_ni%é(m,m 12X TS ()T (Y — DX, T))
+ ngé(g(xl,m Dz (X)) "2 20 (X)) T(Y; — b(X, T))

where the last equality holds by Lemma 8. 0

Lemma 8. The following hold under Assumptions 6-8:

= 1 CETS Z Z E(X T) — 1)an(Xa) T8 2e(X) T (Y = b(X;, T5)) = Op (1),
i=114#j,j=1

ST - 120 T 2T 5 ) = 0 ()
i=1

Proof. Denote

1 n n B _ ~
I=—> > E(X:, Th) = Dze(X0) TS ' 2e(X) T3 (Y — DX, ),
i=1i7#j,j=1
1 & —15 b
1= — Z Dz(X0) 'S 2u(X)T(Y; - b(X,, T))).

For the term I, the same variance calculation as in Lemma 15 yields var(I) = O(1/n + k/n?). For
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the mean,

o~

E[1] = E[(&(X,T) — 1)zx(X)] TS "E[zx(X)T(Y = b(X,T))] = o} Spmie = O (1),

where the last equality holds by the definitions of o and 7, and the condition that the largest

eigenvalue of ¥ is bounded. Combining mean and variance bounds,

I:OP<\/IH+\T/1E+1>:OP(1).

For the term I1, by 7y () 'S 2k (z) < (|5 |opl|ze(2)]1* < ¢,

|

CQ
< el

1 &~ _ 1 ~

n2 D E(X, T) — 1)z2p(X0) T8, 2 (X)) T(Y; — b(XG, Ti))H
—

N N 2

(X0, T) — DY — X T)|| = 0 (i’;) —o(%).

Thus, by Markov’s inequality, we have

1T = 3 S EX T — 12X 5 2 (X To(Y; — DX, Th) = Op (k) |

i=1 n

Combining the results for terms I and I1, we complete the proof. ]

S6 Technical Results Related to U-Processes

In this section, we establish refined local maximal inequalities for U-processes that can be used to
establish convergence rates and asymptotic normality of higher-order estimators considered in this
paper. These are key technical tools for the main results in Sections 3.3 and 4.2, and may also be of

independent interest for other related applications. We begin by introducing the necessary notation.

S6.1 Notation and Review of Concepts from U-Process Theory

We first recall the key notation introduced in Section 1.3, and then introduce additional terminologies
for U-statistics and U-processes that will be used in the technical lemmas that follow.

Recall that U,, ,,, is the m-th order U-statistic operator, i.e.,

_ |
Unonh = Uph(O1, -+ Op) = (=T S w04, ,04)

|
W i<iiE e fim<n

for any measurable function (kernel) h : O™ — R. So, U, 1 = P,, is understood to be the empirical
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mean operator. Let S, denote the symmetrization of a function of m variables,

1
Smh(017 7Om) = 7' Z h(OH? 7O'lm)

’ 1§7:17£"'7£imgm

Because a U-statistic averages over unordered subsets, Uy ,,h = Upm(Sph). Accordingly, all
subsequent notation and results are stated for symmetric kernels; when a kernel is asymmetric, they
apply by default to its symmetrized version.

For any symmetric measurable function h : O™ — R and j = 1,...,m, let P/ h denote the

function on O’ defined by

Pm_jh(ol, ceey Oj) = E[h(ol, -5 04, Oj+1, ce ,Om)]
(S6.1)
:/---/h(ol,...,oj,ojﬂ,...,om)dp(oj+1)--.dp(om),
where we always take Oq,---,0,, to be i.i.d. drawn from a common law P in this paper. Thus,

P4 = h and P™h = E[h(Oy,...,0,,)]. We also introduce the following shorthand notation for

Hoeffding projection of a symmetric measurable function h, for j < m:
mih(o1,...,0;) = (8o, = P) -+ (8o, — P)P™ 7 h(01,...,0m). (S6.2)

For a non-symmetric kernel h we work with its symmetrised form S, h; all the above definitions are
understood with that replacement, i.e., P Jh = P™7 S, h and mjh = 7jSpph. Then the Hoeffding

decomposition of U,, ,,h of any measurable functions h is given by

Upmh—P"h=3" <m> Unj (;h).
—1 \J
7j=1

We next review some basic terminologies about U-processes used throughout. Let F be a class
of symmetric measurable functions f : O™ — R. We assume that there is a symmetric measurable
envelope I for F, that is sup e |f | <F, such that P"F? < co. We will assume certain uniform
covering number conditions for the function class F. Let || - |5 denote the supremum norm over
F,ie. |flls = supses |f|.- For a probability measure @ and a constant p > 1, let || - [, denote
the L,(Q)-seminorm, i.e., ||fllo, == {[|f(x)[PdQ(x)}'/P for finite q while |f|/g.. denotes the
essential supremum of |f| with respect to Q. For any function class F with [|F|g, > 0, we use
N |- g elIF)
cover F. See Section 2.1 of van der Vaart and Wellner (2023) for details. For j = 1,...,m, we define

Q,p) to denote the minimal number of || - g p-balls of radius €||F||g, needed to
the uniform entropy integral

b m—j m—j i/2
Jj(é,?,F)::/Usgp{l—i-logN(P IF, |- o2 TP Flig2)}" dr,
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where P71 = {P™~Jf : f € F} and supg, is taken over all finitely discrete distributions on OI. It
is straightforward to verify that P ~/F is an envelope for P™~7J. To avoid measurability difficulties,
we will assume that F is pointwise measurable. If F is pointwise measurable and P™F < oo (which we
have assumed), then 7;F :== {7;f : f € F} and P™"JF for j = 1,...,m are all pointwise measurable
by the dominated convergence theorem.

For completeness, we recall Definitions 1 and 2.

Definition 1 (VC-subgraph class). A collection F of measurable functions is called a VC-subgraph
class, or a VC-class, if the collection of all subgraphs of the functions (see Section 2.6.2 of van der
Vaart and Wellner (2023)) in F forms a VC-class of sets (see Section 2.6.1 of van der Vaart and
Wellner (2023)).

Definition 2 (VC type class). A function class F with envelope F is said to be of VC type with
characteristic (4, v) if supg N (F, [ - [[g,2 €l|Fllg,2) < (A/e)? for all € € (0, 1], where sup denotes

the supremum over all finitely discrete probability measures.

S6.2 Local Maximal Inequalities for U-Processes

In this section we allow the function class to depend explicitly on the sample size n. Throughout,
we denote a generic function class by F, to emphasize this dependence and derive non-asymptotic
bounds that hold for each fixed n.

Chen and Kato (2020) establish local maximal inequalities for U-processes indexed by a VC-type
class F,, :== {f : 02 — R}, whose envelope is denoted by F,,. Their bounds are expressed in terms
of the VC characteristics (Ay,v,) and quantities including sup sy, |]P2*kf||pk72 and HP2*an||Pk72
for £ = 1,2 (see their Corollary 5.5). Because their bound uses the projected envelope PF,(-)
(i.e. the conditional mean of F,, in one of the arguments), it can be unnecessarily loose when PF,,
is of greater magnitude in order than the quantity of actual interest, supscg, |Pf|. To sharpen
the analysis, we work directly with sup g, |Pf| and derive a refined maximal inequality tailored
specifically for our problem. The next lemma records this result; as indicated, it is particularly

useful when supcg |Pf]is much less than PF,,.

Lemma 9. Suppose that (1) F,, = {f : 02 - R} is a collection of symmetric pointwise measurable
functions from O? to R with envelope function Fy,, and (2) F, is of VC type with characteristics
(Ap,vy) with A, > e and vy, > 1 (recall from Definition 1). Then

vplog Ay - [|[Fallpes | (valog An)'/ - ||PE,[Ip2
+ .
n vn
(ii) If we further assume (3) sup e, IPf()lloc < mn, and ||PF,()|cc < My, then

(i) E[[IUn2(f) = P*flls, | <

(IFnllez 2 +ma) - vn log(4; v n)

n

E[IIUn2() = P?flls] <
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| SWres, [PFllp2 - vunlog(4y, vV n)
vn ’

where Al == /A, My /my,.

Remark 14. For the class F,, = Hy,, defined in (S7.8) in Section S7.1, F, is of VC type with
fixed characteristics (4A4,v) and envelope F,, = Ha ,,. In this case, the following hold: [|PF,||p2 <
[Fallp2o S VE, |[Fn()]lso S, supseg, [ fllp22 S VEk with k& < n?. Moreover, because each Pf(-)
is a conditional expectation (recall from the notation (56.1)), (S7.1) implies supseg, [[Pf(-)[lo S'1

~

and supscg, [[Pfllp2 < 1. Plugging these bounds into Corollary 5.5 of Chen and Kato (2020)

~

renders all higher—order projection terms negligible, leaving the first order term:

P Vulog(AvV PF,, -vlog(AV
E |:”Un72(f) _ P2f||3"n:| S Supfe?n H fHP72 v Og( \/%) + H HP72 v Og( n)

Vklog(n)

< —-.
~ \/ﬁ
Instead, our maximal inequality replaces the projected envelope PF,, by the tighter quantity
supseg, |Pf[, and PF,, only influences the bound through the VC characteristics. Thus, PF,, only
appears in a logarithmic factor, which in turn is dominated by logn. Specifically, Lemma 9 (ii)

implies that:

log(n)  VElog(n)
N R

Even when n < k < n?, the right-hand side of the above display still shrinks to zero. Hence, the

E[IIUn2(f) = P*flls, ] <

refined inequality remains informative in the regime where the bound by directly applying results in
Chen and Kato (2020) is not sufficiently sharp. [ |

Proof of Lemma 9. For any f defined on O?, we have the following decomposition

Un,Q(f) - P2f = Un,? (ﬂ'gf) + 2UTL,1 (Flf) .

Here, 71 is the Hajék projections defined in Section S6.1. Since the function class &, is of VC type
with characteristics (A, v,,) satisfying 4,, > e and v,, > 1, applying Corollary 5.6 of Chen and Kato
(2020) to function class F,, with their £ = 1,2 and p = 1, we obtain

Jo(1,FnsFa) - [Fullpr s _ vnlog An - [|Fale2
E[lUno(maf)lls, ] < 2 (S6.3)

n n

J1(1, 5., F) - ||PF,| (v, log Ap)Y/2 - ||PF,|
Vv Vn

Combining (56.3)—(S6.4), we prove part (i) of this lemma.

P2 < 2, (S6.4)

E[IUn1(m1h)lg, | S
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If we further assume condition (3) stated in this lemma, we can sharpen the bound for the
first-order term U, 1 (71 f). Define the function class mF,, == {f =m f: f € F,}. For any f € F,,
by definition of 7y, we have 71 f = Pf — P2f. Up to a universal constant, centering does not alter
the VC-type characteristics. Consequently, using Lemma 14, we obtain mJ, is still of VC type
with characteristics of order (4v/A, M, /my, 2v,) and envelope my,. Since sup seq, [P f|lp2/mn <1,

applying Lemma 13 to the function class m F,,, we obtain

supseg, [[Pfllp2 - v/vnlog(A), vV n) L Mt log(A], V n)

vn n ’

where Al = /A, M, /m,,. Since A/, > A,,, combining (56.3) and (S6.5), we obtain

E V1 (Nllys, ] < (S6.5)

E[[1Un2(f) = P*fliz,| S E[IUn2(maf)lls, | +E [IUna(mif)lly, ]

(IFullps2 +mn) - onlog(d, V) supjes, Pl - /onTog(A V)
n Vn ’

which completes the proof. ]

N

The function class encountered in this paper generally has a product structure 3¢, = { f - gy, :
f € F}, where F is of a fixed VC-type class with characteristics (A, v), and g, is a single function
that depends on n. By Lemma 12 below, H, is again of a VC-type class whose characteristics
remain independent of n, whereas its envelope, F, = sup e | f| - |gn|, can vary with n. For such a
function class, we develop a new and readily useful maximal inequality for third-order U-processes,
which are heavily used in our higher-order estimators. The proof parallels that of Lemma 9, with

additional steps to handle the third-order Hoeffding projection term U, 3(m3f).

Lemma 10. Suppose that (1) F,, := {f : O3 = R} is a collection of symmetric functions from O3 to
R with envelope function ¥y, (2) &y, is of VC type with bounded characteristics (A,v) (recall from
Definition 1), and further (3) sup sy, IP2f () |loo < M, and ||P?Fp(-)||oco < M. Then

(IFallpsa +mn) -Jo8(45 V1) sup e, P21 2 v/ ToB (AR V)

n vn '

E[IUns(f) = P*flls| <
where Al == M, /m,,.
Proof. Similar to the proof of Lemma 9, we first apply the Hoeffding decomposition:

Uns(f) = PPf = Uns (m3f) + 3Un2 (m2f) + 3Up1 (m1f)

where 7; for j = 1,2, 3 represent the Hoeffding projections as defined in Section 56.1. By Jensen’s

inequality, we have ||P372F,[|p25 = O(||[Fnllps 2). Since the function class &, is of VC type with
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bounded characteristics (A4, v) independent of the sample size n, we have J3(1,F,,F,) < 1 and
Jo(1,F,,F,) < 1. Thus, applying Corollary 5.6 of Chen and Kato (2020) to function class F with
their £ = 2,3 and p = 1, we obtain

J5(1,Fn, Fn) - [Fullpoa _ [[Falless
E[|Una(msNlls,] < i < (S6.6)
and
Jo(1,F, Fn) - [P 1Eullpe 2 _ [[Fullps
E [IUn2(m2f)lly, | < . 2 g SR (36.7)

Following the same analysis for the empirical process mF, = {f =m1f: f € F,} as in Lemma 9,

we obtain

supjeg, [IPfllp2 - log(A7 Vin) mylog(A}, Vn)
< n
E U1 (H)llr,s,] £ NG p I T (368)
where Al = M,,/m,,.
Combining (56.6)—(56.8), we conclude
E[[Uns(F)lls.] S E [IUns(msf)lly, ]| +E [IUna(m2h)ls, | +E[[Uni(mf)lls, |
< [Fallps 2 + malog(A}, V n) | SUPreg, IPfllp.2 - v1og(A7, vV n)
~ n \/ﬁ Y
which completes the proof. ]

We next quote a result from Theorem 3 of Andrews (1994) that will be useful in the proof.

Lemma 11 (Uniform entropy for sums and products). Let F and G be two classes of functions
with envelopes ¥ and G, respectively. Then, for any € > 0, the uniform entropy numbers of

FG={fg:feF,geltandF+S={f+g:fe€F,gec§} satisfy

sup NITF+ G, - llg2 2€elF + Gllg2) < Sup N, |- llg2 €llFllg2) - Sup N(G, [ - .2, €llGllg,2),

Sup N(T -G g2, 2€)F - Gllg2) < Sup N - o2 elFlloe,) - Sup NG, [ - [lQ.2: €llGllQ.2)-
Lemma 12 (VC-type characteristics of sums and products). Suppose F and G are pointwise measurable
measurable and VC type with characteristics (Ag,vy) and (Ag,vg) , and envelopes F and G,
respectively. Then, F+SG={f+g: f€F, g€ 5} andFG={fg: fe€F g€ G} are VC type with
characteristics A’ == 2(A;5Ag9)1/“, and v' = vy + vg. Specially, when § = {g}, F+ G and FG will
be VC type with characteristics (2Ag, vy).
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Proof. Using Lemma 11, we have

sgpN(fT"Jr S, I llg.2, elF +Gllg2) < SgPN(”fa I llg2 €/2lIF(lq2) sup N(S, [ - l.2 ¢/2lIGll@.2)

(2Ag> 7 (2149) vg
€ €
(2(14”‘3’,5’1429 )1/ (vg+v5) ) vg+ug

€

IN

which implies F + G is of VC type with characteristics A" = 2(A5” Agg)l/ Vand v = vy +vg. O

Lemma 13. Suppose that function class F, : O — R is pointwise measurable with envelope function
F,, and is of VC type with characteristics (Ay,vy), satisfying A, > e and v, > 1. Suppose that
log(supseg [ fnllp2/Fnlp2) Slogn and [Fn(-)llec S Mn. Then

supseg,, [|fllP2 - vvnlog(An Vn) M, -v,log(A, Vn
E [|Unsif —Pfls, ] < 028 NG + L ).

Proof. For any constant sequence satisfying loga, /b, < logn, we have the following inequality
holds:

an/bn
Hlan/on, T ) = [ sup {1+ 108N |- gz lFallga)} ' de

IN

an/bn
/ \/1 + vy log (A, /e)de
0

Qn /On 1/2 Qn /On
</ " 12d6> . </ o {1+, log(An/e)}d6>
0 0

1/2

IN

1/2

= Zn{Zn(l‘i"l}nlogAn)+'Un(—€10g6+6) gn/bn}
1/2

= Zl . {Zn(l + vp log Ay) + ”nzl{log(an/bn) + 1}}

A

2\ Jonlog(Anan fba) S 3+ \/vn log(An V ),

n

where the second inequality holds by Cauchy—Schwarz inequality, the penultimate inequality by
A, > e, v, > 1, and the last by loga, /b, < logn. Then, applying this result and Theorem 5.1 in
Chen and Kato (2020), we obtain

p2/IFnllP2, Fn, Frn) - [[Fnllp2
vn
N Jisupses, [flp2/IIFnllp 2 Fns Fr)? - [Fn()lloo
n - su 11132/ [IFnll?
Preg, P2/ lIEnllp2

J
E {HUan — PfH?n} _ Jilsupyey, [If]
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< Supfeﬁ'n HfHP,Q "V Un 1Og(ATL \ n) Mn * Up log(An \ n)
+ .
~ \/ﬁ n

O

Lemma 14. If F, = {f : 0" — R} is of VC type with characteristics (An,vy,) and envelope F,,, then

foreveryk=1,...,r—1,
(i) PT=FF, is also of VC type with characteristics (4+/Ay,2vy,) and envelope PT~FF,,.

(ii) Suppose further that sup ;e [P™*f( Moo < My and |P"FF,()|loo < My,. Then, PTFF, is

of VC type with characteristics (4v/AnMy/myp, 2v,) and envelope my,, i.e.,

AM Ay

2Un
) , forall0 <1< 1.
My T

Sgp NP *F,, | - o2, 7mn) < (

Proof. Lemma 5.4 of Chen and Kato (2020) states that for any VC-type function class F with

characteristics (A,,v,), P"~FJF satisfies

sup NP, |- g2 P Fullg2) < (4v/A /e)?n,0 < Ve < 1,
Q

which establishes part (i).
For part (ii), set € = 7my,/||P""*F,|lg2 in the display above. Then, since [P F,| g2 <
IP"*F () ||oo < M, we obtain

2Un 2vp
4||Pr—an|yQ,2\/An> _ <4Mm/An>

mnT mnT

Sgp NP5 T, || - g2, Tmn) < (

S7 Proof of Results in Section 3.3

Before starting the proof, we first summarize some frequently used results. Under Assumptions 6(iii)
and 8(i)—(iii), Lemma 16 of Liu et al. (2017) implies the following uniform bound: for any function
feeXxT),

(LA IOn) S F{OBT (S7.1)

Recall that II[f | ¢;] is the projection of f onto the linear span of basis ¢y, defined in Section 1.3.
Because the proof carefully tracks changes in 8, we now make this dependence explicit by moving
3 out of subscripts into argument parentheses. For notational simplicity, hereafter we sometimes

~
—_

write I'g :==T'(-,-, ) and denote =g := i(Ol, O2; B) if this causes no ambiguity.

25



S7.1 Proof of Theorem 1
Proof of Theorem 1. First, we will show, for any 3 € B,

W@ Z18-8% ¢ (S57.2)

for some constant ¢. Given (S7.2), we obtain E[[|3?) — 8*|]] < 7., if we show that [[(8@)| < 7.8
with probability approaching one.

By Assumption 5(ii), for any € < ¢3/2p (cs is as defined in Assumption 5(ii)), there exists § > 0
such that for any 3 satisfying |3 — 8*|| < 6, we have ||Vgy(8) — Vg9 (8*)||c < €. Then, for any 38
satisfying ||3 — 8| < ¢, since (8*) = 0, by Taylor expansion, we have

$(B) = Vgu (B (B - B7),

where B lies between 8* and B. Then, by Assumption 5(iii), we have

IVae(BN(B® = 8 = Vv (8)(B® — B8] = I{Vsv(8') = V(8918 — 8
> [V (87)(B® = 8| —ep- |1B®) - 87

- 1 ~
> [Vav(8")(B = Bl - 5IIVeu(89)(8% — 87|
= JIp0(8) - (B - 7)) 2 2159 - 7).

For any (|3 — B*|| > d, by Assumption 4, ||1)(3)]| > ¢ for some constant ¢. Hence, combining these
two cases, we obtain (57.2).

Next, we show H@b(,@@))ﬂ < 7,8 with probability approaching one. Since QZIE:Q) (5(2)) =0 and
¥(B*) = 0, we decompose [|1h(B?)]| as follows

(B <(B?) — x (B + [6:(B?) — 52 (B + [62(B?) — ¢2 (8|
+ 102 (8%) — i (BY) | + [6k(8*) — » (8-

Since 1%2) (,(;(2)) = 0 by the definition of B® . we derive
192 (B®) — 32(8%)1| = 192 (81| < 119 (8%) — 6B + 19:(8%) — ¥(8Y)]|-
Thus

1e(B)] < 3sup [[¥(8) — vr(B)] + 3 sup |97 (B) — i(B)|| = 31 + 3I1.
BEB BeB
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Convergence Rate for [:

$(8) — Yi(8)

= E[E(X, T)T(Y, T, 8)] — E[6(X, T) {D(V, T, B) = bp, (X, T) } + £(X, T)bg,,, (X, T)]
—E[{e(x, 1) = EX. D)} or (X, 1) | 2E [G6(X.T) {ba(X, T) = By, (X, T) ]

= E[{e(X, 1) = &X, 1)} - {ba(X,T) =B, (X, T) }]
—E[{e(x, 1) - (X, T)} (X, )T £ E [60(X, T) {ba(X, T) = g, (X, T) }

= E[IT" ¢ =& | &) (X, 1) - T" [bg = bg,,, | 6] (X, T)] = TBy4(8). (S7.3)

Hence, we obtain

I < sup [TByx(B)]| S ITTH(E — €low)|lp2 - sup |[T1H[bg — ba. |0 lp.2- (S7.4)
BeB BeB

(2)

Convergence Rate for /1: Recalling the definition of IF;’ from Lemma 1 in Section S3, we

o
consider the following decomposition:
32(8) — 0(8) = UnglF) — (8)
= U3 (IFG), —EDFG) 1) +Una (35— E[E4]) .- (S7.5)

We will derive the convergence rate uniformly in 3 for each term in (S7.5). For the second term

in (S7.5), consider the function class 3{; defined as follows
e ::{h(ol,Og,B) =Z(04,04;8) :BEB}. (S7.6)

By Assumption 7, {I'(y,t,3) : B € B} is of VC type with characteristics (A4, v). By Lemma 12, 3 is
of VC type with bounded characteristics (44, v) and envelope H;(O1,02) = supges Hé(Ol, Os; ,6')H

By Assumptions 6 and 7, we have |[Hi|[p2o < 1. By Jensen’s inequality, we have [|[PHi[lp2 <

~ ~

|Hil|p2 2 < 1. Then, using Lemma 9 for function class J;, we obtain

E l?a‘é% |Un2(Ee) - P?(émH] S (S7.7)

To control the first term in (S7.5), we need to consider the function class
Hap = {h(01702703,,3) = |F§32127k(01702703;ﬁ) 1B € 3}- (57.8)

Then, by Assumption 7 and Lemma 12, Hy,, is of VC type with bounded characteristics (44, v)
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and envelope Hs ,,, which is defined as follows

H,,(01,02,03) = ‘{E(le T (X1, Th) — Zx, (X1) @ Wy, (Ts)}T ¥ ok (X2, Tn)

X sup HF(Y27T2,B) _gﬁinit(X27T2>H .
BeB

Using Assumptions 6, 7 and 8, we have ||P?Han(-)|loo < [Han (5, )lloo S ¢(k)? < k, and

[Ha,n||ps o = {E {HHQ’”(ODO%OS)HZ} }1/2
1/2
{E 0 ) 550 1) s 095,52, ) = B 5]
C(k)

For any h € Hap,, P2h can be written explicitly as

(XTI~ B (X T) = 5 [ Tl = B ] (X, Dt

R B R 1 o (S7.9)
H[f - §’¢k] (X’ T) (Fﬁ - bﬁinit) T3 /a:exn[bﬂ - bﬁinit‘¢k](x7T)pX($)d$a

which is a combination of projection terms. By Assumptions 6 and 7, we have [[£(-,")]|c0 S 1,
HE(,)HOO S 1, supges ITC, - B)lee S 1, and SUPges Hbg( Il < 1. Thus, using the result in
(S7.1), we obtain

sup [P2h( oo S sup [[TIlbg — bae 61| + ITIIE = €1B41C, ) oo
heXHa n BeB oo

S sup [[(bg — bg) (5 oo + 1€ = €)oo S 1.
BeD

This also implies suppcsq, , |P2h|lp2 < 1. Hence, applying Lemma 10 to Hs ,, we obtain

2) 3 \flogn logn
sup ||Up 3 (IFg P |F + . S7.10
c [ o (21) - (i )] s Lk b 70
Hence, by (57.5), (57.7), (S7.10), we have
~(2) - VEklogn logn
II = su — =0 \% . S7.11
sup [47(8) = u(8)| p( Ve (87.11)
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Combining (S7.4) and (S7.11), we obtain

(\/Elogn logn
P vV
n vn

[p(8)|| =0 + I € = €180)llm2 - sup [T b Bamwk]um)

- OP (’?n,,@)?

which completes the proof.

S7.2 Proof of Theorem 3

Proof of Theorem 3. By construction, we have 12;’(3) (3(2)) = 0 and ¢(B*) = 0. Consider the following

decomposition:

0=47(8%) = w@ (B?) —E[0 (B + EDY (BD)] — ER (8]
E[0 (8%)] — E[¢L7 (8%)] + E[0:7 (8] — ¢(8%)
< sup |97 (8) — EWY (8)]| + |EWFY (B — E[Y (87)]

+ E[P (8] - E[B (87| + IE[G (87)] — (8-

Using the condition that for some constant ¢ > 0, HE[@Z,?) (B1)] — Elyy, (2) Ba)]ll = ¢l|B1 — B, it
follows that

18~ BN 5 sup [7(8) - Y @) + 157 (9] — £ ()

+ [ 8 - w89

Conditioning on the nuisance sample the analysis of supges Hw(g) (B) — E[zz,(f) (B)]]] closely parallels
that of the term supges ||¢k (B) — E[ (2)( B)]]], so both terms attain the same convergence rate.
Thus, by the result in (S7.11), we have, with probability approaching one,

Vklogn y logn <=

sup [017(8) — B @) £ =55 v S STas

BeB

By (S7.3), we have E[J”) (8%)]—¢(8%) = TBy 4(8"). Hence [[E[JL (87)]=¢(8%)]| = | TBy4(8°)I S
Tn,@. It remains to control the term E[Al(f) (B%)] — E[qz,(f) (B8%)].

e[ (8] - E[Y (8°)]
= |E[{ece.m) — €.} (X, 1) TS = 2 E [0n(X,T) {bae (X, T) = b, (X, D |
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< |l —€llp2 - lIbg — ballp - 1Sk = Zllop-
Combining all terms, we obtain the desired bound:
E[IB® — B2] S g + 1€ = Ellp2 - bg = Ballpz - 155 — Zkllop-
By Assumption 6(ii), we have
Ibge = bgllp2 < 1bg+ — ballp2 + [1Bgw. — bgwellp2 S 18" = Bunitll + 1bg. — billP.2-
Hence, when Assumption 9 holds,
1€ = Ellp.2 - Ibg- — bgnllpz - ISk = Sillop = o(n™2) <7, 5o,
which implies E[||3® — 8*[|] < .- O

S7.3 Proof of Theorem 2

The matrices Vi(8) and V2(3) that appear in Theorem 2 are defined by

. n = ®2
Vi(8) = lim ——E [{%lzﬂ + 37r1IF](32;k(,6)} (S7.12)
1 -~ ®2
and Vo(B) = lim - —E [{mzﬁ +3mlFy) (B)} [ (57.13)

Proof of Theorem 2. By Assumption 5, ¥(0) is differentiable with respect to 3. Using Mean Value

Theorem, we obtain
0 =(8") = (B?) + Vgu(8) - (B® - 87,

where 31 lies between 8* and 8(2). Because Vg1 (B) is continuous in 3 at 8%, and ]\5(2)—,@* | = op(1),

we have

n/Vk+n(B? —B*) =~ V(8] - n/VE+n-o(B%) +op(1). (S7.14)

Since 0 = ¥ (8*) and @Z,(f) (B(Q)) = 0, we have the following decomposition

" 32y " 22N\ T (AR
T VB = <= (B - (B} (S7.15)
+ o= {0 = 3P B%) - (3n(8) - 07 (8"} (S7.16)
~ it {w;(f)(ﬁ )—%(ﬁ*)}- (S7.17)
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By (S7.3), (11) and [|3® — B*|| = Op (7 s), the right-hand side of (S7.15) is op(1). By (11) and
Lemma 16, (S7.17) converges to a normal distribution. Combining this and (S7.14), we obtain the
desired distribution of 5(2) as stated in Theorem 2. To complete the proof, it remains to show
(S7.16), which is a U-process indexed by B@ s op(1). Since we have shown in Section S7.1 that
18® — 8% < Tn,@ With probability 1 — o(1), it remains to show that, conditioned on this event, we

have

" W a8 — @ {8 - 528
P(|ﬂ—;ll|f§;:n,ﬁ\/m H{W(ﬁ) by (5)} {1/%(5 2 }H )

=o(1). (S7.18)
Consider the following decomposition

{028) = oB)} - {9287 — on(87)} (S7.19)
_ung(ng)k<ﬁ> IFS (8) - E[IF” (8) —IFS) () +Un2 (25 - S —E[Z5 - Z51]).

First, we define the function class

o~

Hys = {h(o,m = E5-Ep- = (X, DY, T,8) -T(Y.T,8%)]: BB, B -8 < w}.
(S7.20)

By Assumption 7 and Lemma 12, the function class H; s of VC type with bounded character-
istics (84,v) and envelope Hy5(0) = supg_ Bl <Tp IE(X, T)[D(Y, T, 8) — (Y, T, 8%)]|. Since

1€(-, ) |lso < 1 under Assumption 6, we obtain

\Hl,aupmsEl/?[ sip [TV, T, 8) — (Y, T, 8] < ()™
1B—B*||<rn,8

where the last inequality holds by Assumptions 7. Applying Theorem 2.14.1 of van der Vaart and
Wellner (2023) to H; 5, we obtain

} < Ji(L, Mg, Hig) - [Hisllee o (Fng)™
His] ™ \/ﬁ ~ \/ﬁ

Similarly, we define the following function class

E {Hun,l(h) - P2(h)‘ (S7.21)

Hons ={ h(01,0,03,8) = IF) (B)—IF (8"):BEB|B— B STup . (5722

Using arguments analogous to those used for H; 5, the function class is also VC type with bounded

31



characteristics, and its envelope function Hj , 5 is defined as

Hj1,,5(01,02,03) = ’{E(Xle)&k(Xl,Tﬂ — 7k, (X1) ® Wy, (T3)}T ¥ k(X2 Tn)

x sup  |T'(Y2, T3, 8) — I'(Y2, T2, 8]
I1B—B*IISrn,8

Note that, [|£(-,)leo < 1 and ||€(-,-)||lso < 1 under Assumption 6. Using Assumptions 7 and 8, we
have [[P?Hans()lloo S [H2n.8( 7 )lleo S C(K)? < k and

E [IHz205(01, 02, 03)]

S E{¢k(X2,T2)TEk1¢k(X27T2) sup  |[T(Y, Tz, B) — T'(Yz, To, B%)|?
I1B=B*||<Tn,8

SCWPE| sup (V2T ) - (¥ T,
1B=B*I<rn,8

5 k - (’Fnﬂ)QaO?

f (Tn,ﬁ)ao

For any h € Ha 5, the explicit expression of P?h is given by

which implies ||

XTI - Tar BT — 5 [

T[€ — €|¢4)(X,T) (g — Tg+) — ;/wexﬂ[l“ﬁ—F5*|¢k]($7T)px(x)dw-

P2h(0) = H[FB — T+ | 3] (X, t)pr(t)dt

1
38(
1
3
Since [|€(-; )]loe < 1, [IEC, ) loe < 1 and projections do not increase length, using Jensen’s inequality,

we obtain

swp [Phlpa SEV2| sup  [T(V.T.0) - DT B £ ()™
h€Ha,n,s 1B8=B*lI<rn.s

where the last inequality holds by Assumption 7. By Assumptions 6, 7, and (S7.1), we have
sup [[10a14] (), < sup o) S 1. and [T = ldn ()] S 1€ = OC Mo 1,
which implies supycg, . , [IP?h(-)[loc < 1. Hence, applying Lemma 10, we obtain

E V- (Fng)™ logn +logn - (np)*Viogn (57.23)
%2,11,6 n \/ﬁ

E U‘un,g(h) - P3h‘
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Hence, combining (57.19), (S7.21), and (S7.23), we obtain

N — b MPYAL) — (4 *\ _ 7(2) g%
E[“ﬁ_sll.f;%m [(58) ~32®) ~ (98" — 5 (8")|

1 VEk

n
= +] (F8)™ log n

<
~“Vk+n

:(\/k:+n \/k+n> (Pn,3)*" logn = op(1),

where the last equality holds since we assume (75, g)*° logn — 0. Hence, we have shown that (57.18)

is o(1), which completes the proof. O

S7.4 Technical Lemmas for Results in Section 3.3

Lemma 15. Suppose that Assumptions 6-8 hold. Then, for a given 3 € B, conditioning on the

2 1k
ofte )
op n n

nuisance sample,

Jeor U (1757, (8))

where IF](iZ (B) is defined in Lemma 1.

Proof. Taking a unit-norm vector v € R? (||v|| = 1), we need to show

v cov [Umg (IF%,IC(B))} v = var [Un,3 (UTIFI(BQ;Z,JB))} _0 (1 N k;) '

n = n?
By using Lemma 15 in Liu et al. (2017),

var [U ( T|F](327z k(ﬁ))} = var {U"ﬁ {53 ( TIF](321/)) k(ﬁ)) H
1

< imE {{E |:Sg (vTIng’k(Ol,OmOs;ﬁ)) | O1, -+ 701”2} = 23:@"
i=1 =

where S5 is the symmetrization operator defined in Section S6.1. For (i, first note that
E[|F1(32;7k(01702703;5)TU | O]
— { (X1, T1)ow(X1,T1) — 21, (X1) ® E [wg, (T)]} ¥ 'E [m(x, T) {bﬁ(x, T) — ba(X, T)} v}

o~

(X1, T [{bg — bg} To|x) (X1, Th) — /tETH[{BB — b} " v|gk) (X1, t)pr(t)dt.
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Then
E UA(Xth)H[{BB - bﬁ}Tv|€5k](X17T1)’2]
< €[5 — vy ot (x| S €[] - 00y ] 51

where the second inequality follows by the Ls-norm contraction property of Lo-projection and the

last inequality follows by Assumption 6. Similarly, by Jensen’s inequality, we have

T

<[] |06 — o} olén)(w. 0 pr(t)px (a)dtda

E U/ 1[{bg — b} "v|ox] (X1, t)pr(t)dt
T

—E [g(Xl,Tl) [{bs bﬁ}T”"Z”f](Xl’Tl)ﬂ

S B [1i{bs - ba) Teldicn, )] 5 1

Hence,

By,k

e [{E0FE), (01,02, 060w | 0a)}] = o).

By symmetry, we also have

E [{E[IF@)

By.k

(01.02,05:8) v 0] = 0(1)

e [{EIFE), 01,02.058) 0 03]} ] = 001),

Taking these together implies (1 < %
For (o, first note that

E[IFS) (01,0,05:0) v | 01,04)

k

={E(X1, T1) (X1, Th) — 24, (X1) @ [TWkt(t)PT(t)dt}TZ;;%k(XmTz) {gﬂ(Xz,Tﬂ - F(Y2,T2,5)}T v.

By Assumptions 6-8, we have

|

<E [{k (e [ v-vktu)pT(t)dt}Tz,;l oo [ v-vktu)pT(t)dt}]

T 2
{000 e [an@prath =66, 1)

v’ {gﬁ(X% Ty) — I'(Ys, Tn, 5)}®2 U]
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< Amax (57 E [(k X o [, <t>pT<t>dt)T (2 e [, <t>pT<t>dt)]

S Amax (S 1E [21, (X) 25, (X)] B [, (1) Ty, (T)] S B = k.

~

where )\maX(E,zl) is the largest eigenvalue of matrix E;l. Similarly, we derive

E [‘(Z;k(Xla Tl)TE,;lq_sk(Xg,Tg)r UT {gﬁ<X27TQ) — P(YQ,TQ,,@)}®2’0

E [ék(Xl,TﬂTE;;l(Ek(Xl, T1)]

Amax(ZE [6(X, T) (X, T)]

=S5 [ 607 (20, @) 2 (@) © (0, ()0, (1)) pr(Opx (@)l
-1

< Ao (85, E |2, (X) T2, (0| E [, (7) g, ()] S e

S
S

Thus

(2) T 2
E UEUFBW(OLO%O%ﬂ) v | 01,02]’ ] = O(k).

Similarly, we have

(2) T 2
E UE[IFBw,k(Ol,Og,Og;B) v] 01,04 ] — O(k),
2) T 2
e |[ENFS),(01,02,058) v | 02,04 | =00
Hence,
K
CP ok

For (3, we have

6 S E|(IF2),(01.02.008)Tv)

By.k
2

[~ _ T _
= —E ’{E(X1,T1)¢k(X1,T1)—2kz(X1)®Wkt(T3)} S or (X2, To)

x ol {EB(X27T2) - F(Y%Tzﬁ)}@z U}

$ o€ [{Ex D) - e D) 60 1) TS G T)|

< (5B [(X, 1) (X, 7)) £ K

e \max
~ n3
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Combining the above analyses, we complete the proof. O

Our next result characterizes the asymptotic distribution of 12,(62) (B*) (defined in Section S7).
Before stating the lemma, recall the definitions in (S7.12) and (S7.13):

®2

Vi(B") = lim "kE {{27@5* +3mIFG) (89}

n—oo n 4+ By,k

* . 1 = 2 * ®2
Va(B) = lim o |{maZs +3matrf] (87} ).

Lemma 16. Conditioning on the nuisance sample, suppose that Assumptions 6—8 hold.
If k< n,

V{2 (87) = vn(B9)} = Vi Ui (2mZp. +3mIFG) (B7)) +o0p(1) % N(0,V4(8").

If k> n,

2 _ 2 .
ﬁ{ 28— (87} = % Uz (moZa: +3malFf;) (87)) +op(1) 5 N(0,V5(8%)/2).
If k/n — 1 for some T € (0, 00),

Vi {i2 (%) — (8} = v Uni (2mEp- +3mIFE) (87))
+ Vi Un (Mg + 3mlFE) (%)) + op(1)

Bk
4N (o, (1+7) {vl(ﬂ*) + ;vg(m}) . w

Here, TI-[f | qgk] denotes the orthocomplement of the projection of f onto the linear span of ¢y, as
defined in Section 1.5. {/;I(f) (B*) and 1,(B*) are defined in Section S7.

Remark 15. Since this lemma is established conditional on the nuisance sample, and both éﬁ*
and IF1(3212 . depend on the initial estimator Binit, the asymptotic distributions of 15,(3) (B*) — ¥r(B*)

established in this lemma also implicitly depend on Bin;t. |

Remark 16. In Assumptions 3 and 7, we have assumed that the observations are bounded. For the
CLT established in Lemma 16, the boundedness assumption can be relaxed if one uses Corollary
1.4 in Bhattacharya and Ghosh (1992) instead of their Corollary 1.5. The former only requires
certain moment conditions to be satisfied, avoiding making the stronger boundedness assumption.
We decide to stick to the boundedness assumption, following the related literature on HOIFs (Liu
et al., 2017; Robins et al., 2023). ]
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Proof. Take a unit-norm vector v € R? (||v|| = 1) and define

{2771%* +3mIFY) (5*)}

gn(Ol) = \/m bl
o {m:Zg +3mlFy) (8}
hn(Ol,Og) = n\/m - .

Then, E[g,(01)] = 0, and h,,(O1,02) is degenerate in view of the definition of w9 given in (S6.2) in

Section S6.1, and
lim n°E[hy(01,02)ha(01,02) "] = a ' Vo(B8")a,
lim 7E[g,(01)9.(01)"] = a"V1(8")a.
By Corollary 1.5 in Bhattacharya and Ghosh (1992), if the following conditions hold

sup |gn(0)| = 0,
o

sup |hn(01,02)] — 0,
01,02

nsup E|h,(01,02)| — 0,
01

then we obtain the following central limit theorem jointly for 3= ¢,,(O;) and 31 <;, £i,<n,

( >, 9n(05) ) $N<<0> | [aTvl(ﬁ*m 0 D
219‘1;&@'291 hn(Oiy, Oy) 0 0 %GTV2(B*)0J

By the Hoeffding decomposition (recall from Section S6.1), we have

U (B) = 9r(8) = UnamslFy) (8°) +3UnamlFS) (8°)
+ 3Un,1771|F](3127k (,6*) + Umgﬂ'gélg* + 2Un7171'1§[3*.
Then, in view of n/vk +n - Un,37r3|FBw (B) = op(1), we have

n
k+n

1<ii#ia<n

If K < n, then V5 =0 and n/vk +n = /n+ o(1), which implies that

Vo {32 (8% - in(87)} = Zgn )+ op(1) 5 N (0,aTVi(8%)a).
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(S7.24b)

(S7.24c)

(Oiw Oiz):

a2 —ue)) = Y h(01170w+zgn )+ op(1).



If k> n, then V; = 0 and n/vk +n = n/Vk + o(1), which implies that

%-QT{QE,?)(,@*)—#_%(,@*)}: 3y hn(0i1,0i2)+0p(1)iN(o,aTVZ(ﬁ*)a/z).
1<ii#ia<n

If k = mn for some constant 7, then n/vk +mn=+/n/y/1+ 7 and

ﬁ-aT{?(ﬁ*)z,z)k(ﬁ*)}:ﬁlw{zgn(om )> hn<0i1,om>}+0p<1>

1<i1 £ig<n
4N (0, (14+7)a" {V1(ﬁ*) + ;VQ(B*)} a) .

It remains to verify whether Conditions (S7.24a)—(S7.24c¢) hold.

Condition (57.24a): Using (57.9), Condition (S7.24a) holds by Assumption 6 and Assumption 7,
and the result in (S7.1).

Condition (S7.24b): By Assumption 6 and Assumption 7, we have

aTﬂ'Qég* (01,02)‘ < sup aTég*(ol,OQ)‘ <1

01,02

sup
01,02

and

(2)

sup aTﬂglFBw (01,02 B*)
01,02 ’
< sup |alIFY) (01,02,03;5*)’
01,02,03 vk
< |[(Bgye — T (¢ )H - sup {A(ﬂh t1)or(z1,t1) — Z, (21) ® W (t3)}T Sy o2, to)
~ init Y 0o 01,0203 ? ? T t k Y
< (k)

where the last inequality holds by Assumption 8. Thus we have

k 2
sup |hn(01,02)] < C() — 0.

01,02 n\/k‘i‘n

Condition (S7.24c): Denote ¢, == {¢1,--- ,¢r}. By Assumption 8, there are at most cg (cg is a
positive integer that does not depend on n) nonzero terms in the sum X |¢i(x, t)¢i(x2, t2)| -
‘aT {bﬁanat (x2,t2) — ['(ya, ta, [3*)}‘ for any (0,02) € O? and all nonzero terms are bounded by

C(k)?[|a™ {Bgmis) = (.-, 89}

HOO

In addition, for any 4, the probability of the set of oo € O such that |¢;(z, t)p;(z2, t2)|-|a’ {Bﬂinit (x2,t2)—

38



I'(y2,t2,8%)}| # 0 is bounded by 1/k. Then, for any (z,t) € X x T,

E Hﬂgk(%t)TEEl&k(szTz)aT {gﬂanit(XmTz) - F(YmTzﬁ*)}H
< A () E{| 0, ) 00X, To)| - a7 {Bg (X2, T2) = T(¥, T2, 8" } |

IN

)\max (21;1) E [i ‘d’i(x?t)(bi(XQaTQ)’ ' ’aT {gﬁinit(X27T2) - F(Y2=T27/3*)}“|
=1
< %)\max (221) cs - (0752}1)1202 |pi(z,t)di(w2,t2)| - )GT {gﬁinit(%fa) - F(yzvtmﬁ*)}‘ Apx7 () llso

< P (51) €2 a7 B~ Ta) ()| = O(1),

oo

where )\maX(E,zl) denotes the largest eigenvalue of E,;l and the last equality holds by Assumptions 6—

8. As a result of Assumption 6 and Jensen’s inequality,

o~

S‘LJ)PE[{E(OU ) or(x,t) — 1, (x ®/Wkt wpr(u)du} Z; op(Xo, To)a T {bg, (Xo, To) — F(Y%Tz?ﬁ*)}m

< supE | (21 (2) @ Wi, (1) T 5 6u(Xo, To)aT (B, (Xa, To) ~ (12, To, 8) | = O().

Similarly, analogous results can be obtained for the remaining terms in 7r2IF( ) (017 Oo; 3*). Taking

these together, we have:

a {mIF]gik(Ol,Oz;ﬁ*)}“ < n O(1) = o(1)

E )
nEP [ nwk+n vk+n

01

Finally, since sup,, ,, aTﬂ'Qég* (01, 02)‘ < 1, we obtain the following:

n
E|[hin (01, 09)|| < — e - O(1) = o(1).
ns})llp || (01 2)” n\/m ( ) 0( )
O
S8 Proof of Results in Section 4
To aid the exposition, we define the following quantities:
7@ =2 = [ wpmxulo)du (8.1)
/ {s 7yw) = €, u) = &, 1) + €@, O Kn(w)pryx (ulz)du, (532)
Ag(z ::/g{bg T,u) — bﬂinit(aj,u) —bg(x,t) —|—55init(a:,t)}Kt,h(u)pT|X(u|x)du. (S8.3)
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Using Assumption 1(ii) and Assumption 15, and a similar argument to that used in the proof of
Theorem 1 in Kennedy et al. (2017), we have

0 <cy < Ax) <) < oo for any z, and sup |A;(z)] < h*"2, for j = 1,2, (S8.4)
zeX

where ¢y, ¢y are two fixed constants. By the definitions of A(z) and g(z) (defined in Section 4.1), we

have, for any function h(x),

ERCX)) = [ h@px(@de = [ h@A@g()dr, (38.5)
ERC) KD = [ hia)g(e)ds. (38.6)

By definition of A\(x) and (S8.4), we have

o', a=a' /

9(2)2k, (2)25, (2) dwa = a"E [M(X)26, (X)®?] a < 0 E [2,(X)®?] a.
zeX

Hence, Assumption 8(iii) implies that the eigenvalues of (NZky are bounded from above and away
from zero uniformly in k,. Consequently, analogues to (S7.1), using Assumptions 8, we have: for
any function f € C(X),

M [f | 2k ) ()l o < [1F () lloo (S8.7)

where I [f | 2., ](-) = (fy f(2)2x, ()g(x)dz) " 121, ().
Under Assumption 6(iii), for any ¢t € T and § > 0, we have

E[ sup [F(V,T.61) —T(Y,T.5)° | T =1
|B1—B2|<d

1
—E[ sup [D(Y,T.B1) —T(Y,T,B)* | T = t]pr(t)
C5 " |B1—B2|<S

1
< —E[ sup [D(Y,T,B) —T(Y,T,B)].
C5 " |B1—B2|<S

Hence, applying Assumption 7(iii), we obtain

EV2[ sup |D(Y,T,B1) —T(Y,T,B)|* | T =t] < d. (8.8)
|B1—P2|<8

S8.1 Proof of Theorem 6

Because the proof carefully tracks dependence on 3, we now make that dependence explicit by

moving (3 out of subscripts into argument parentheses. Denote population counterpart of 1%2,3 (B) as
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given by ¢ x(8) = [T/Jt [(8)).

Proof of Theorem 6. Assumption 14, together with an argument similar to that leading to (S7.2) in
Section S7.1, implies

(B 2 1B = Bil A e (58.9)

for some constant ¢ > 0. Consequently, to bound | @2) — Bf], it suffices to control the quantity

~(2
[e(B17)]. . y

First, we establish the consistency of ,Bt(z) by showing that |¢t(ﬁt(2))| S Tpnp — 0 with probability
approaching one, where 7, n, is defined in Theorem 6. Note that .(5;) = 0 and wt &l (2)) 0.

Consider the following decomposition:

B S [ (B = e (B + [ (87) — nl87)
Hmk< D) =R B} — {un(8) - R 80 }|
+ BB - 5560

N sup \wt - @bt,k(ﬁ)‘ (S8.10)
+%5H@ﬁw> G 8)} = {Per(8) — 938} (S8.11)
W (S8.12)

Here, the first term (S8.10) contributes to the bias, the third term (S8.12) captures the variance,
and the second term (S8.11) is a U-process indexed by f.
First, we analyze the term (S8.10). Applying Lemmas 17 and 18, we obtain the following bias

decomposition:

Ve(B) — Vi (B)
= E[E(X, T)bs(X, D)|T = tlpr(t) — E [Kyn(TH)E(X1, T{T(Yy, Th, B) — bg, (X1, T1)}]
+ E B (X1, To) K (1)
—E [{Kt,h(Tl)E (X1, T1) — Kon(T3)}2), (X1 20, (X2){T (Y2, Tz, B) — bg (Xa, T2)}Kt,h(T2)}
= E [Kpn(T) {6(X,1) = €, 1)} {bs(X, ) = b (X, 1) }]
‘Agmﬁﬁ*ﬂﬁwmwwHﬁﬂ@—%@wmmmmmm+mmww

~

= | A0 —&@.0} {bs(a,0) = B, (2.0)} g(0)da

zeX

_ /xex l_Ig[/\(‘7 t) - 5(7 t)’ikz:l(x) X Hg[bﬁ(, t) — Eﬁinit(.7 t)likz](a:)g(x)dm + O(hal/\ag)
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~

:Lexﬂé[bﬁ<'7t)—Eﬁimt(»t)\Zkz](w)xﬂj[f(-,t)— (1) | z1,](2)g(x)dz + O(h"2),  (S8.13)

where I, [f | z,](-) = [y f(2)z, () Tg(z)dx @,;El Zi, (-) denotes the projection (with respect to the
weight g) of f onto the linear span of z;, and Hj[f | Z,|(-) = f(-) = I[f | Zx,](-) denotes the
orthocomplement of this projection. This shows that the leading bias is determined by the product
of the projection errors of bg(-,t) — Eﬂinit(~, t) and &(-,t) — E(, t) onto the span of zx,, plus a kernel

approximation error of order O(h®**2). Thus, we conclude that

~

(58.10) Ssup [Ty b3 1) = B () [ 22|, - 0516, 0) =€) [ 2]

BeB

o O(h®"*2). (S8.14)

Here, || - ||5.2 denotes the norm || f||y2 = { [y f(z)?g(z)dz}'/? for any function f(z).
Next, we analyze the U-process term (58.11). Since B is compact, we may write supgep as
SUP|5_gr|<c for some constant ¢ sufficiently large to cover B. Applying Lemma 23 with € = ¢, we

obtain
VE 1
58.11 — + — | -1 . 1
(S8.11) = Op( h—l—m ogn (S8.15)

Last, for the term (58.12), applying the decomposition in (S8.13) together with Lemma 22, we

g,2>

have

o~

w@<>—0Qmﬁ%@ﬂ—%MwHuJﬁwmﬁ&w—<meA
VEz 1>.

hoq/\ag
+ O( )+ Op ( o —

Combining the bounds for terms (S8.10)—(58.12), we have, with probability approaching one,
[we(B?)| S (S8.10) + (S8.11) + (S8.12) S T

This establishes the consistency of ,5’;(2).

Building on this consistency result, we now restrict our analysis to the region |5 — /| < 7 np-
This refinement allows us to improve upon the initial rate 7, np and obtain the final convergence
rate stated in Theorem 6. Repeating the decomposition from the consistency argument, but now

over the restricted region, we have
(2 n 2
DI L [0r(8) — Buk(B)] + |51 (5F)
B_B: ~ Tn,np

ﬂ&§3/H%“m BB} = {en(8) - 5260}
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The only change from the earlier argument is that the supremum is now taken over a shrinking
neighborhood of ;. Applying the bias decomposition (S8.13), Lemma 23 with € = 7, np, and

Lemma 22, we obtain, with probability approaching one,

o~

B S s [0 lbsC,6) = a0 2| - g TEC 0 — €60 2]

|B=B5 1< n,np

\//?1+<\/El

9,2

hOtl/\OéQ + + +

nh v/nh nh vnh

) AFpnp)? Vv VR -logn.

Given the additional conditions h(logn)? — 0 and (7, np)®° logn — 0, this further simplifies to

Vs 1
nh vnh

+sup_ [M[bsC ) = B () | 26,]
1B=BF 1S Tn0p

(3] 5

g,2 . Hﬂj[ﬁ(,t) B E('7t) ’ zkr}

9,2

with probability approaching one. Combining this with (S8.9) yields the final convergence rate for
Bt@), thus completing the proof.
O]

S8.2 Technical Lemmas for Proving Theorem 6

Lemma 17. Under Assumptions 15 and 15, we have

E[¢(X, T)bg(X,T)|T = tlpr(t) = E[E(X, )b (X, t) Ky pn(T)] + O(h*112),
Ko (T1)EX TOLT (Y1, T4, 8) = b (X1, T} 4 B (X1, T2) K (T2)]

i

E | Koa(T
[Kt h( )E(X’ t){bﬁ(Xa t) - Bﬁinit (X? t)} + g(X? t)gﬁinit(X7 t)Kt,h(T)} + O(hal/\a2)'

)

Proof. Using a similar argument for proving (S8.4), we have

sup = O(h*1"2),

zeX

| Kuntwpryx ula)du — ppyx (tfo)

Thus
E[S(X, 6)ba (X, 1) Ky (T))] Z/xexﬁ(m,t)bﬁ(m,t) /UGTKt,h(u)pTlx(u|m)dupx(x)dx
:/ &(x, t)ba(x, t)prx (tlz)px (x)dz + O(h™1"2)

_/ (z,t)pr(t)px (xz)dz + O(R12)

E[¢(X,T)bs(X,T)|T = tlpr(t) + O(h*"2).
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Hence, we obtain the first result.
Using the definition of £(x,t), we have

E [ Ko (TEX T 71, 8) = B (X0 13} + B (X L) Ko (1)
[ [ K { ) (53, 1) — B (1)) + € )i . 0) P () lup ()
zeX JueT

=/ Kin(u
zeX JueT

:E[Kth( ){ (X, 1) (bs(X,t) — b (X, ))+§(X,t)3ﬁmit(x7t)H + O(herhaz),

.13 t bB z, t - bﬁ ( )) + f(m,t)ggm(a:,t)} pT|X(U|x)dUpX($)d3} + O(hal/\oQ)

where the second equality uses a similar argument for proving (58.4).

Lemma 18. Under Assumptions 6-8, 13 and 15, we have
E [{600.7) — 0 )20, (0T K1) 4 [z, (CODY.T. 5) = iy (X, 7)) K (7)]
/m ) = €002, 10) X TylBa(-11) = B (- Dz )gla)da] = O(her"e2),
Proof. By the definition of £(X,T),

E [{Kt,h(Tl)g(leTl) — K1 (T3) )21, (Xl)ﬁlzmlzkw (Xo){T'(Ya, Tz, B) — b, (Xo, T5) } Kt p (T )]
= E[{&(X,T) = &(X, T)}2e, (X) T Ky (1)] 95/ E [0, (X){b5(X, T) = e (X, T)} K (T)]

Recalling the definitions of A;(X) and Ag(X) in (S8.2) and (58.3), we have
E [{b5(X, T) = by (X, T) = ba(X, 1) + B (X, ) K (7)1, (X)] = E[A0(X)24, (X))

and

~

E[E(X, T) = &(X,T) — £(X, ) + &(X, )}2k, (X) " Ky o (T)] = E[A1(X)25,, (X)) T].
Then, we obtain

E[{E(X,T) = £(X, )}z, (X)) Ko(DIQE |21, (XHT (Y T, B) = b (X, TV} K (1)
= (EHE(X, 1) — €0, D)y20, (X) T K (T)] + E[A (X)2e, (X)T]) x ]

X (E{bs(X,8) = by (X, )32, (X) Ko (T)] + E[As(X)2, <X>])
[ 480~ €@ 0o, () Tgla)da + / A ()T (a;)dx}

[ Abo(o.t) = Do), (@)oo + / M@ ez, () gla)de|

—
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~

= | AT D) — €0 1) Er ] (2) + Ty [A1 N 24, )(2) }

zeX
x {0 [b3 (1) = By (- ) 26, () + 1T [A2) 25, ] (2) } g () da.

where the second equality holds by using (S8.5) and (S8.6). Hence

E((EX.T) ~ €04, D)2k, (0 Kun (DI [a0, (O, T, 5) = By (X, 7)) K (D)

o~

= [ T — €6 DR @) X Ty (1) ~ B () (g @)

<

zeX
[ Tl = §C Dz @) x Ty [AoN 2, (@)g(@)da

_l’_

[ oAz @) X o5 1) = b (), (@) (o)

_l’_

[ TolA1N 2 )(2) % Ty [Aa\ 2, (@)g a)da

~

S [0 ) = £, 1) 2k g2 - Tg (D22, ] 19,2
+ 1T (A Ak, ]l - |[TTg b5 (-5 £) = B (-5 )12,

9,2
I A Z I 5 - (T [AsAZe, I,
<€) = €(X )92 [A2(X)MX)lg.2
AL OAX) 5 - [[p(X.1) = B (X, 1)
+ A1 (XD)AX) g2 - [[A2(X)AMX) g 2
= O(h™11o2), (S8.16)
where the last equality holds by using Assumptions 6, 15, and (S8.4). O

Lemma 19. Under Assumptions 6, 7, 13, and 15, we have

20
E[ sup |{F<Y,T,m>—P(Y,Taﬁzﬂffuh(T)’Z]:O<€ th>’
|81—B2|<e

aTE [Kon(T) (€06, T) — 160X, Tz, (X2, (X) | 0 S 20" O

where a € Rk is a unit vector.

Proof. By Taylor expansion, Assumptions 6 and (S8.8), we have

ELﬁ sup {TOLT: ) = DT, 3)} i @) (88.17)
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pr(u)du

<)l

E(X, T){D(Y,T,B) — D(Y,T, 52)}\2 I T=t+ hu} K (u)]? pr(t + hu)du

EX.DTW.T.61) - TV T )| | T =]

o8l
= — E| sup
h? Juer L |gi—galse

1
- E { sup
h Juer |B1—B2|<e

1 ~ 2
—E| sw [(6DEMT5) - TV T ) 1T = t]pr(T =) o
h 11— palse
1 ~ 2
+ - V.E [ sup KX, TH{TY,T,61) —T(Y,T, 62)}‘ |T =t + 7hu| huK (u)*du
h Juer 81— Ba|Se

1
S {E [ sup ’F(YvTaﬁl)_F(Y7T7/32)‘2 ‘ T=t
h |B1—Ba|Se

or(T = 1) - Ko + O(h)} ~0 <€2a0hv h) ,

where 7 € (0,1) and ko2 = [ K (u)*du. Thus, we obtain the first result. Similarly, we have
E[K;1(T)% = O (1/h). Then, we obtain
aE [ Ky n(T)HE(X, T) = 112X, T2k, (X)26, (X) | @
< a"E[Ky (16X, T)zi, (X)26,(X) | @
= [Kth 2] a'E {zk zkI(X)T} a

= E[Kun(T 2] T @) o) Pz

< sup
zeX

1
-E{Ktyh(T)Z} a'Q, a < 70 T, a,

where the first inequality holds since we have ||€]| < 1; the first equality holds by the definition of
&(x,t). O

Lemma 20. Under Assumptions 68, 13, and 15, we have the following results:

() s> EIEIECE,T) €06 T)} (T, ()10 2 (X) K (D)5 = T ()
€200 v/ h
~ h ) )
(i) o E[| K1 (T)E[zk, (X) 160, Elzk, (X) Ko (T){bs (X, T) = by (X, T[]
62a: vV h2(a1/\ag)
VTR ~
i) st E[| (TR T2, ()0 e, (Ko (M85, T) — b (5 T
E20:) Vv h2(a1/\o¢2)

~ A )
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(iv) sup_ E[EUKLA(T)ze, (X)T G Elz, (X)Koa(DAbs(X. T) = bg; (X, DI
< 62010 V; h2(a1/\a2)'

Proof. To aid the exposition, we define the following quantities:

Nafa) = [ {8wn) - e} Kon(pryx (ufo)du (38.18)
Ay(z) = /ueg{bﬂ(%u) — bg; (z,u) YKy p (w)pr x (ulz)du — {bs(z, 1) — bgy (x, t) yprix (tx) (S8.19)
As(x) = Ag(x) + {bg(z,t) — bg; (x, 1) bprix ()

_ /u D) = by (@)} K (w)pr (vl (8.20)

Note that both A4(z) and As(z) depend on f3, but, for notational convenience, we suppress this
argument. Assumption 15 states that the functions bg share the same degree of smoothness for

every [3, we can repeat the argument used to establish (S8.4) and obtain the following results:

sup |As(z)] <1, supsup |[A4(z)] < A2 and supsup |As(z)| < 1. (S8.21)
zeX B zeX B zeX

First, we have

sup B [I1Ty[A5(-)A() |2, ) (X) ]

|B—B{1<e

= swp [ AN E)@) A@)g(@)de
|B8—Bf|<Se JzEX

S s [ AP gla)de

|B—B;|<eJzeX
2
< swp sup|As@)P + sup E[6(X.T){bs(X.T) ~ bg (X.T)}|T = 1]
|B—B7|<Se z€X |B—B71<e

S Ao L B sup [D(Y.T,B) — (Y, T, 5;)|T = t]
|B—Bf1<e

-0 (€2a0 vV hQ(Otl/\OZQ)) , (8822)

where the first equality holds by (S8.5); the first inequality by (S8.4) and the properties of projections;
the second inequality holds by definition of {(x,t) and sup ey |[A(x)| < 1; the third inequality holds
by (S8.21) and Jensen’s inequality; the last equality by (S8.8).

Recalling the definition of As(z) in (S8.18) and using (S8.5), we have

o~

E{E(X.T) - (X, 7)), (X)Koa(D)] = ElA(X)20, (X)) = | Aa(@)Mw)zi, (D)o @), (55.23)
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E[{b(X. ) — by (X, )20, (X) Ko (T)] = ELAS(X )2, ()] = | As@)\@), (@)g(w)da.

(S8.24)
Then, we have
E W E[E(X, T) — &(X, T)} K (T)zk, (X) T 28, (X) Ko (T)[T(Y, T, 8) = T(Y, T, )] 2]

S

S

_E| sup / AN @)z, (1) g(a)dally 2, (X) K (DID(Y T, §) = DY, T 57)]

(S8.25)

T

LIB—B87 15e

=E| sup |II [A3(X)N(X)|zp, (X)] Kep(T)[D(Y, T, B) = T(Y, T, ﬂf)]ﬂ

LIB—B71Se

Sup I, [As(OAC) |2, ] ()] - E [5sgp|< |Kyn(T)[T(Y,T,8) = T(Y,T, BZ‘)]IQ]

2a
sup | A (2)A(2)2 - E l sup | Ky n(T)[L(Y, T, B) — F(Y,T,ﬁf)]ﬂ -0 <6 \/h> :

zeX 1B—B7|<e h

where the last inequality holds by (S8.7) and the last equality holds by Lemma 19 and (S8.4). Hence,

we obtain the result (7).

For the result (i7),

b E || K (TG, () 107 e, ()i (T) 006 T) — 03 (6, T

= E|[Kn(DF] - sup

LS Elzr, (X) " El2k, (X) Ken(T){ba(X, T) — bs: (X, T)}]‘z

_ _ 2
= E|[Ken(T)]*| - sup
. T BB ISe

= E[|K,u(T)P] - ,5P_ [EMlAs0NO) 2101

SE (K] s € [I850AC)z 0P ]
62040 V. h?(oq/\ag)

~Y h )

2, (%) 10 [ 2 @)s(@A@)g(e)de

where the second equality uses (S8.24) and the last inequality holds by (58.22).

For the result (iii),

s {[R (T Tz, ()T e, () K (D) {056, 7) b5 (5, T
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=  sup EUKth )E(X, T)zp,, (X) "t / Zr, (2) As(z)\(z)g(x)dz
|5—5f\56 zeX

S E [ K n ()T [A5 ()A() |26, ] ()] (X, T)]
(1K (DF] - s € [IA50A0fzkI)P]
€200 \/ h2(a1/\a2) N

h 9

T

AN

N

where the first inequality holds since £(z, t) and 5 (z,t) are uniformly bounded, and the last inequality
holds by (58.22).

Similarly, for the result (iv), we have

- 2
s E [l (T2, (0Ol (O KD (ba(X.T) — by (LT
B |<e
- 2
—[E[K ()P sup E [k 70 [ 2 @85 @) ]
|B—B;1<e z€X
where the last inequality uses E[K; ;(T)] S 1 and (58.22). O

= EK (TP sup E T [As (IAC) 2k, ] (X)]P] S €00 v p2(erne2),

Lemma 21. Under Assumptions 6-8, 13, and 15, for any h € Hyp, we have

> =

sup sup [P?h(0; )] <
BEB 0O

Proof. For any h € Hy 5, the explicit expression of P2h is given by

2h(0; B) (S8.26)
= 5 UK (DECK, T) = ELK ()]}, (X)T O B, () K (T){b5 (X, T) = by (X, T))]

+ SEHECT) — €06 T) Hn (1), ()10 20, (X) K (T)[D(Y, T, 8) = (V. T 57)]
1

— g Ken(T)E[z, (X) "1 Elza, (X) Ko (T){bs(X, T) — bs: (X, T)}].

Recalling the definitions of Ag(z) and A4(x) in (S8.18) and (58.20), for any h € Hy y, we have:

o~

2103 ) = F{Ken(T)ECK,T) — LK (1) M1y A5 (ONC) 21, (X)
F 2T, [A5ONO) 28] (X)K (T[T, T,B) ~ (Y, T, 57)]

1

= 3 Kin(T)E[Mg[As()A()]2k, ] (X))
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y (S8.7), we have

sup Ty [A3()AC) |2k, ] ()] Ssup [As(z)A(@)] S 1,

and ilég\ﬂg[%(-)k(-)!ik ()] <Sup\A5( JA(@)] S 1.

zeX

Since [|€(;)|loo S 1, T+ B)llso < 1, and | Keh()lloo S 1/, it follows that

==

sup sup |m1h(o; B)] <
BEB 0€0

which completes the proof. O

Lemma 22. Suppose that Assumptions 6-8 and 13 hold and ky,n — oo with ky = o(n?). Then, for

a given 3, conditioning on the nuisance sample,

war (20)) =0 (7 + 7z
Proof. First, we have:
var (W)(ﬁ)) < var (un,ﬁg) + var (u (ng; t k(ﬁ))) ,
where

T5(01,02) = Ky (T1)E(X1, T){Ts — bg,, (X1, T1)} + b, (X1, T2) Ky (T2) and

IFE) (8) = (K n(T)E(X1, Tr) — Ko (T3)}20, (X0)Q 2k, (Xo){D(Y2, Tz, B) — b (Xo, To) iy (T2)-

Using Lemma 15 in Liu et al. (2017) and a Taylor expansion argument similar to that used in the

proof of Lemma 19, we obtain

var (Un2T5) = var |Unz {S2 (T5) |
el () 10y e[l (1) 1000y £ 5

where S5 is the symmetrization operator defined in Section S6.1. Similarly, for var {U (I ng " (B)) },

we have
var (U (lFl(gi . k(ﬂ))) = var [Un,3 {5’3 (IF% ) k(ﬁ)) }]
S zijnl]E [{E (55 (IFS) _(8)) |01+, 0]} ] — i:gj.
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Following (S8.26) and Lemma 20, we have

By,t,k

E [{E[S(IF(Q) —

) 10)] £ 7. and hence ¢ 5 -

For (3, following the proof of (S8.31), we conclude

1 (2) 2 < ke

For (o2, by Jensen’s inequality, we obtain:

3
var (Un,;), (IF](?’Qi,t,k(B))) S ZCJ S h + 2R

which completes the proof. ]

Lemma 23. Under Assumptions 68, 13, and 15, for any € > 0,

el s [{n9) - 320} - (g - 320} £ (ﬁ ; wim) (v V) - Togn.

|8—Bf1<e

Proof. We begin by decomposing the supremum as follows:

S5 [0n(8) = UIR8) — dun(0) + 550

=, [Pl - OV (B) = UnalIFE) | (8)] — dur () + GV (87) + UnslIFG), (8]

< o [Uns (R &) —1FG B —E(F (8)—F) (8))}] (58.27)
+ s 3 @) - o 8 - e [0 8) - 6060 (58.28)

We first analyze the term (S8.28). Consider the function class

3 = {h(0.8) = K,n(T)EX. TL(Y.T, 3) ~ T(Y.T.57)| : f € B,16 — 5| S e}

~

with envelope function H3(0) = supg_g« < [Ken(T)E(X, T[T(Y, T, B) — T(Y, T, 57)]|. By an
argument similar to that for H; 5 (see (57.20)), we find that Hs is also of VC type with bounded
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characteristics. Since ||€(+,)]|oo < 1, Lemma 19 gives

E[[H3(0)]] = E l sup

E(Xa T){F(Y> Ta B) - F(Y7 Ta 6:)}Kt,h (T) ‘21

|B—B;1<e
* 2 62040 vV h
SE| s [{I00TH) T} (0| =0 ) (9829
—B7|<e

Thus, ||[Hs|lp2 < (¢ v V/h)/vVh. Applying Theorem 2.14.1 of van der Vaart and Wellner (2023) to
Hs yields

E1(5529)) = E [IUn(mly ] 5 21T Il Nea%f (8.30)

We now turn to the term (S8.27). Consider the function class

Han ={h(01,05,05,8) = IF) (B)—IF) (B):BeB,|8—B|<e}.

Similarly, we can show that Hy4,, is also of VC type with bounded characteristics and envelope

~

Hy (01, 02,03) = [{Kyn(T0)E(X1, Ty) — Kyp(Ts) Yaw, (X1) T Q5 2k, (X2) Ko (T2))|
x sup |['(Yz,Ty, ) — (Y, Ty, /)|
|B—Bf1<e

Under Assumptions 6, 8 and 13, we have |[Hyn (-, )|loo S h?¢(kz)? S keh?. In addition,

E[[H4n(O1,02,03)|7] (S8.31)
—E| swp [D(VT.0) - DV T 50 PKon(T)2. () ;)
1B8=571<e

< B [Kia(THECET) — 10X D, (O, ()] 9120, (1)

S JE| st OO, 8) = O T B PR (T2, (00)T O - O, 0720, ()|
B—B;1Se
- [,BSEPK (V. 7,5) = (Y. T )P (TP, ()5 2, ()]
t €
* 2
< el rrmT,ﬂ)—r(xT,ﬂt)r”|Kt,h<T>|]
1B—B; <€
2
< e (@0 V)

h? ’

where the inequalities follow from Lemma 19 and Assumption 8. Thus, [|[Hyy,||ps o S vVEz(€*° V
Vh)/h. Further, by Lemma 20, we have supjcs, . | < (¢* v v/h)/vVh and by Lemma 21,
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suppeac, .. IP?h(-)|lso S 1/h. Thus, applying Lemma 10 yields

VEz - (€2 Vv V/h) -logn  (e* v V/h) - /Iogn
= <
E[|(38.28)]) = E[IUns®)l, . | S e + N . (s8.32)
Therefore, combining (58.30) and (S8.32) completes the proof. O

S9 Supplementary Information on the Numerical Experiments

S9.1 Supplementary simulation results

In this section, we collect supplementary information on the simulation study conducted in Section 5.1.
In particular, we display the normal-QQ plots of our proposed higher-order estimators over various
settings in the simulation (i.e. varying the sample size n and the smoothness parameter s): see
Figure 5 for 85 and Figure 6 for 3] below for Case 1 and Figure 7 for ; and Figure 8 for g7 for
Case 2.

It is quite clear that the higher-order estimator proposed here for QTE with binary treatment is

asymptotically normally distributed across different sample sizes
n € {250, 500, 750, 1000, 1500, 2000, 2500, 3000}

and different smoothness levels of the nuisance parameters with s = 0.25,0.4,0.6.
The GOE estimator (Ai et al., 2021) is obtained by solving (6) with £ estimated through the

following quadratic programming problem:

NG 1 .
min Y = st =Y Loe(X, T) = —— Y ou(XG,TY).
¢ o 2 s n(n—1) =<,
Here, & = (£1,...,&,) with & = &(X;,T;), and ¢y, is a power series basis of length k. The parameter
k is selected by minimizing a cross-validation criterion.
Sensitivity analyses of our proposed higher-order estimators are also conducted, specifically on

the choice of k£ and on the initial estimator Ginjt.

S9.2 Supplementary results on real data analysis

This subsection provides additional numerical results for Section 5.2. Specifically, Tables 3-4 report
sensitivity analyses of our higher-order estimator with respect to the choice of k£ and to the quality

of the initial estimator Bjni;. A summary of the results is provided at the end of Section 5.2.
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Figure 5: Normal-QQ plots for the first coordinate of B(z) across all simulation settings in Case 1,
based on 1000 Monte Carlo replications.
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Figure 6: Normal-QQ plots for the second coordinate of B(Q) across all simulation settings in Case 1,
based on 1000 Monte Carlo replications.
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Figure 7: Normal-QQ plots for the first coordinate of B(z) across all simulation settings in Case 2,
based on 1000 Monte Carlo replications.
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Figure 8: Normal-QQ plots for the second coordinate of B(Q) across all simulation settings in Case 2,
based on 1000 Monte Carlo replications.
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Figure 9: Sensitivity of the higher-order estimator for the QTE, 87 — 3;, to the choice of spline
basis dimension k. The horizontal axis reports the knot factor A, where the number of interior
knots for each continuous covariate is set to [An/100]. The three panels report the empirical mean
squared error, variance, and absolute bias across 1000 Monte Carlo replications for Cases 1 and 2
with n = 2000 and s = 0.25.
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Figure 10: Sensitivity of the higher-order estimator for the QTE, 5] — 3, to perturbations in the
initial estimator. The horizontal axis reports the perturbation level §, where the perturbed initial
estimator is defined by Bi(fi)t = Binit + 6(—1,1)T. The boxplots display the resulting QTE estimation
errors across 1000 Monte Carlo replications for Cases 1 and 2 with n = 2000 and s = 0.25.
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7 Knot Scale (\) Forest Neural Net Boosting LASSO
0.75 1.00 1.09 1.09 1.11
0.25 1.00 1.01 1.09 1.09 1.11
1.25 1.00 1.09 1.06 1.11
0.75 4.67 4.47 4.50 4.45
0.50 1.00 4.74 4.37 4.40 4.35
1.25 4.52 4.24 4.35 4.22
0.75 13.08 11.70 12.04 11.79
0.75 1.00 12.68 11.77 12.15 11.90
1.25 12.81 11.75 12.15 11.90

Table 3: Sensitivity of the HOE estimates of the QTE of 401(k) eligibility (in thousand dollars)
to the choice of spline basis size. The knot scale A, defined in Section 5.2, controls the size of the
spline basis, with a larger value corresponding to a larger basis. Here 7 € {25%,50%, 75%} denotes

the quantile level of the QTE.

7 Perturbation Level (6) Forest Neural Net Boosting LASSO
-0.50 1.10 1.12 1.11 1.12
-0.25 1.05 1.12 1.10 1.11
0.25 0.00 1.01 1.09 1.09 1.11
0.25 1.00 1.11 1.09 1.11
0.50 1.00 1.09 1.06 1.11
-0.50 4.75 4.40 4.56 4.36
-0.25 4.85 4.30 4.53 4.32
0.50 0.00 4.74 4.37 4.40 4.35
0.25 4.67 4.26 4.42 4.35
0.50 4.30 4.25 4.45 4.35
-0.50 12.68 11.90 12.10 11.90
-0.25 12.68 11.80 12.15 11.90
0.75 0.00 12.68 11.77 12.15 11.90
0.25 12.43 11.77 12.15 11.90
0.50 12.63 11.77 12.15 11.90

Table 4: Sensitivity of the HOE estimates of the QTE of 401(k) eligibility (in thousand dollars) to
deterministic perturbations of the initial estimator. The perturbation follows the same scheme as in
the simulation study, namely ,8(5) = Binit +6(—1,1)T, where 6 denotes the perturbation level. Here

init
7 € {25%,50%, 75%} denotes the quantile level of the QTE.
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