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Abstract
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In particular, it provides the proofs of the lemmas and Theorem 10. For ease of reference,

we restate the assumptions and the lemmas’ statements.
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1 Assumptions

For ease of reference we restate the assumptions made in the paper.

Assumption 1. (i) {e;} are independently and identically distributed (i.i.d.) over time
and across individuals with mean zero, 0 < E(e%,) = 0 < 0o and Elex|*” < Cy,r > 2 for
some constant Cy > 0 and {u;} are i.i.d. across individuals with E(u?) < Cy for some
constant Cy > 0; (ii) €; is independent of p; for all i and t; (i) Y po |lag] < oo and
1 =500 apzk # 0 for any |2| < 1; (i) yi1-s, s = 0,1,2,..., are generated from the
stationary distribution given p;.

Assumption 2. T'a is invertible for any p. The square root of the largest eigenvalue of
Fgl/Fgl, denoted by Ay, is finite for any p.

Assumption 3. E(u}) is finite.
Assumption 4. > 2, k|| < cc.

Assumption 5. (i) {(gi, €ir)} are independently and identically distributed (i.i.d.) across
individuals, and €; is i.9.d. across over t. (ii) E(ei | {Gis}2_ ooy iti) = 0. (i93) {gi} is
strictly stationary and of short memory overt. (iv) The long-run variance of gi is uniformly
bounded across 1.

2 Notation

Throughout the supplemental materials, C' € (1,00) denotes a generic bounded constant,
which does not depend on any index and whose actual value varies across occasions. Given
a matrix A, we let ||A|| denote the Euclidean matrix norm defined by ||A||?> = tr(A’A).
Additionally, let [|A]|; denote the Banach norm so that [|Al[1 = sup,o{|[Az||/||z|[}, using
the Euclidean norm for the vector I, ||I]| = (I'1)'/2. For any symmetric matrix A, we let
Amin(A) and Apax(A) be the minimum and the maximum eigenvalues of A, respectively.
We note that ||A||1 = v/Amax(A’A). When A is symmetric and positive definite, ||A|[; =
Amax(A). Define v, = E(wiw; k). We let
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Wit = m(wit + ot wir).
We also define Wi t,r (p) = (wi,t,T7 s 7wi7t—p+1,7—p+1)/7 W7 = (wl,tﬂ'; s 7wN,t,7')/ and Wt r (p) =
(Wiry .o Wi—pt1,7—ps1). Similarly, define €, = (i + -+ €7)/(T —t+ 1) and &, =

(Etrs s Entr)

The following inequalities will be used below: [|A||1 = /Amax(A’A) < (tr(A’A)/? =
[|All. ||ABI|? < ||A]|3]|Bl|? and ||AB||?> < ||Al|?||B|? (see Lewis and Reinsel (1985) and
Wiener and Masani (1958)). For any conformable matrices A and D and any square matrix
B, |A'BD| < |Bl1||All - |D].



We repeatedly use the result that there exists C; > 0 such that the minimum eigenvalue
of I', is greater than C for any p and there exists C's < oo such that the maximum eigenvalue
of ', is smaller than Cj for any p. This result holds under Assumption 1(iv) by Corollary
3.3 (i) and (ii) of Davies (1973).

3 Proofs of the lemmas for the AH estimator

Recall that the AH type estimator is:

Define

Then, we write:

We also write

U=U;+Us,
where

1 N T
U, = —— Zit(p) Abit p,
NOEPIPIRCLELE

1 N T
Uy = ——Fi— Zit(p) Aeis.

N 2,2,

We have the following lemmas.

Lemma 1. Suppose that Assumptions 1(i) and 1(iii) are satisfied. If N — oo and T — oo,

Then
S p
TAh-TAll =0, | ———— | .
ITA —Tall p( N(T—p))

Proof. We write that

p P T
HFA — FAHZ ZZ T p Z Z Yit—a—1 yzt b — yi,tfbfl) - (7|a—b+l| - '7|a—b|))
a=1 =p+

b=1 1=1 t=p+2



As E(Yit—a—1(Yit—b — Yit—b-1) — (Va—bs1] — Va—b])) = 0, we have

T 2
1
E| —F— (Yit—a—1Yit—b — Yit—b-1) — ('y|a,b+1‘ — ’Y\afb\))
N(T -p) i t=p+2
1
= mE(yi,t—a—l(yi,tfb — Yit—b-1) — Va—bs1] — Nas))*-

Given that y;; = n; + wy, we write

EWit—a—1Wit—b — Yit—b-1) — Va—bs1] — Nas))’
E((Wig—a—1 4 1) (Wit—b — Wit—b-1) — Va—br1| — Va—b|))”

< 2B((Wig—a—1 + 1) (Wig—b — Wit—5-1))) + 2(Va—bt1] — Vja—b|)’

= AE(Wit—a1wit—p — Wit—a1wit5-1)") + 4B (wig—p — wir5-1)%) + 2(Va-bs1] — Va))’
< AE(Wig—a—1wig—p)?) + 4B (Wi t—a—1wii—o-1)%) + 4E07) (27 — 271) + 2(Vabr1] — Va—b|)’
< C

Y

by Assumption 1 where C' does not depend on a,b,t, and s. It follows that

. 1 p p?
E|lA —Tal? € ——— C’:O().
N(T—p);; N(T —p)
By the Markov inequality, we have the desired result. ]

Lemma 2. Suppose that Assumptions 1 and 2 are satisfied. If N — oo and T — oo, then

e o b
ITA = Tall1 = Oy (\/m> .

Proof. Given ||Al|]1 < ||A|| for any matrix A, Lemma 1 implies the desired result.
O

Lemma 3. Suppose that Assumptions 1 and 2 are satisfied. If N — oo and T — oo with

App/\/N(T —p) — 0, then

B A2p
I —-rdlh=0, —220—]).
|| A A Hl P <\/m>

Proof. First, we note that ||Tx"||1 = Ap. Following an argument like the proof in Lewis and
Reinsel (1985, Theorem 1) or Berk (1974, Lemma 3), we can write

T Ty = IR (Ta —TA)TR = — [Pgl + (fgl - Pgl)} (Ta —Ta)TRY,



and thus,
PR =3 < (I0E! Il + 105" =T34 [T = Tallirs I
= (% +IP3" = T3l Ifa = Tallid.

We note that Ay|[Ta — Talli —p 0 if \pp//N(T —p) — 0 by Lemma 2. Thus, with a
probability approaching one, we have Ap||fA —Talll <1 and

MITa =Talh
1=X[[Pa = Tall
The above inequality implies the first result by Lemma 2. O

0L = TRk <

Lemma 4. Suppose that Assumptions 1, 2 are satisfied. If N — oo and T — oo with

T%2/N — 0, then
. Ap
LML =0, [ Ay + —2—x ).
s "7 VNT -p)

Proof. The result follows by observing that

) S v
IR < PR+ (5 = PR = Op [ Ap + ———2
p 4 N(T—p)

by Lemma 3 and Assumption 2. O

Lemma 5. Suppose that Assumptions 1 and 2 are satisfied. If N, T, p — oo with p'/? Z;O:Hl || —
0, then

1] = Op | P D o

k=p+1
Proof. We have
N T 1 T
EHUIH = T p Z Z Zzt Abzt sz Z E HZzt Abzt”)
i=1 t=p+2 i=1 t=p+2
2\ 1/2
1/2 1/2 1/2 =
< C(BIZawIP)" (El1abal2)? = C (pE@2) " [ E| Y orlyiss
k=p+1
- - 1/2 .
< Cp Y D el law - |E(AY i—pAyi )] <C-p? > o)
k=p+1k'=p+1 k=p+1

noting that E(yzt_k) and | E(yi4—kyii—w)| = [Vjp—w|| are uniformly bounded given >t s il <
oo, which follows from the condition z;’;e |9j| < co. The Markov inequality implies the
desired result.

O



Lemma 6. Suppose that Assumptions 1 and 2 are satisfied. If N — oo and T — oo, then

_ p
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Proof. We have

N T N T
1
E(|Uo|?) = E Zit(p)Ae; S — E (|| Zie(p) Aei|?
(I10a11?) N p)ZjZ; (p)Aci NZ(T_p)Q;t:Zp;l (11 Zu(p) Al )
N T
< v X (EllAal?) (B1Za)P) - £62) =0 (5
T e Pt ( —p) N(T —p)

The desired result follows by the Chebyshev inequality.

Lemma 7. Suppose that Assumptions 1 and 2 are satisfied. If N — oo and T — oo with
(T — p))\%p/N2 = O(1), then

VN(T — p)f;rglUg/vAHp —4 N(0,1),

where

T T
1 _ _
Vimp=—E | Y. Y Aq.Ae 1 Zia(p) Ziv (0) TRV L
(T - p) 8:p+2 8/:p+2

Proof. We observe that

mﬂglew/v“],p \/T—p Z Z 6/ 1Zzt A6it/UAH,p-

i=1 t=p+1

Let

S; = Z gl 1Zzt AEzt/'UAHp

V t p+1

By construction, we have /N (T — p) ;FZIUQ/’UAH’]; = Zfil Si. We apply the Lyapunov
CLT to Zfi 1 S;. First by Assumption 1, S; is independent across ¢ for any N. Next, by
the definition of v4p ,, we have SN | E(S?) = 1.

Finally, we examine the moment condition of the theorem. Let r > 2. The Minkowski
inequality implies that

(E(Si|")M" < Z A Zi(p) Aeit fvamp)") V"

VNT D) t=p+1



We observe that
' —1r7. . r ' —1r7. 2r\1/2 C2r /2, —1 r
B3 Zit(p) Aeir/vamy)” < (BT Zu(p)*) "~ (ElAea) " g, |

by the Cauchy—Schwarz inequality. We note that E|Ag;|*" = O(1). We also have UZ}{,p =
O(1), as we have M1 Amin(TA"TAY) < Amin(TRYT A2 < OTRVT RN < Ny M, for fixed
p, given that ||¢|| and ||B,||1 are bounded.

We can write

16,05 Zis ()] < 16T R 1211 Zi (0)I],
so that

p+1 "

— 2r T r
16T Zin(p)|™ < MzOONT) D (wir—5)?|
=2

as [|6p]|?> < My and ||T 1|1 = O()\,). Thus, we have
— 2r r
E6LL Za(p)|” < O0'P"),

by Minkowski’s inequality, and using E|y;|*" < C' < oo by Assumption 1. This implies that
E(%FglZit(p)Aeit/vAH,p)’” = O()\;p’"/z). We thus have

E(S[) =0 ((T - P)r/2N—’"/2>\;pr/2)

uniformly over i. Note that E(S?) = 1/N. Thus, the moment condition for the Lyapunov
theorem holds when

NT/Q NT

/2
(T~ p)" PN =Pagpr2 (T = py P> <<T —p)Azp) /
- (T

is bounded.

4 Lemmas useful for the GMM and DFIV estimators

This section presents several lemmas that are commonly employed in the derivation of the
asymptotic properties of the GMM and DFIV estimators. Some are presented in Lee, Okui
and Shintani (2017) which is the supplemental appendix to Lee, Okui, and Shintani (2018).

Lemma 8 (Lee, Okui and Shintani (2017, Lemma B.1)). Suppose that Assumption 1 is
satisfied. Then,

a0 =0y () and Bl )P =0 (-0

T—t+1 T—t+1



Lemma 9 (Lee, Okui and Shintani (2017, Lemma B.2)). Suppose that Assumption 1 is
satisfied. If N — oo, T'— 0o and p — oo with p/T — 0, then

1 d / L
N 2 W ®)wieap) ~ T = 0, <W>

t=p+1

Lemma 10 (Lee, Okui and Shintani (2018, Lemma A.1)). Suppose that Assumption 1 is

satisfied. Let I‘ be an estimator of I'y, such that HF -T H = Op(pNn1p) where pn 1, = 0(1)
as N — 00, T — o0 and p — oo. Then, as N = oo, T — 00 andp—>oo, we have

Hf‘p_Fle = Op (PN,T,p)a
NTp) ' =T, = Op(pnrp),
and [|(Tp) [y Op(1).

Lemma 11 (Lee, Okui and Shintani (2017, Lemma B.3)). Suppose that Assumption 1 is
satisfied. If N — oo, T — oo and p — oo with p*/(NT) — 0 and p/T — 0, then

1
7£’r ! Z wi—1(p)er/vp —a N(0,1).

\% N( t=p+1

5 Proofs of the lemmas for the GMM estimator

Note that variables with superscript ‘*’ are transformed by the forward filter so that

by = (T = /(T =t + 1)(bep =271 brp/ (T — 1) and ¢f = /(T =) /(T —t + 1)(er -

ZZ:t-s—l /(T —t)). The estimation error of the GMM estimator can be decomposed as

a(p) — alp) = (T5) G+ (T5) ' G2

where
, Tl = =
Iy = NT > 2 (p) Mixi(p), Gi= NT > @i (p) Mib;, and Gy = NT > wi(p) Mie;.
t=p+1 t=p+1 t=p+1

Note that we can write

T—1

W)=\

(wi—1(p) — we,r-1(p)) -

Lemma 12. Suppose that Assumptions 1 and 3 are satisfied. If N — oo, T — oo and
p — oo with p*/T — 0, then

"G b
16§ -1yl =0, ().



Proof. We observe that
T-1 T-1

. 1 T-—t 1 T-—t
r¢ = > _1(p) Myw;—1(p) — > 1 (p) My -
p NT T—t+1wt 1(p)' Mywi—1(p) NT T—t+1wt 1(p)' My, r—1(p)
t=p+1 t=p+1
T-1 T—1
1 T—t _ , 1 T—-t _ P
— _ Myw;_ — _— _ M, _ .
NT Tt 1T 1(p) Mywy 1(p)+NT E T 11T 1(p) Mywe -1 (p)
t=p+1 t=p+1
The first term in the decomposition is that
T—1
1 T-—t ,
— — Wy Myw;—
NT Ty () M (p)
t=p+1
Tr-1 T—1
1 T—t , 1 T—t ,
= — —— Wy _ _ I — Mp)w,— .
NT 2o Ty U e )t gn D g ) (= Mwa ()
t=p+1 t=p+1
Lemma 9 gives
T—1
1 T—t , P plogT
_ _ -TI,|| =0 .
NTt4JT—t+1wtﬁmu%1@) P p<\/NT+ T

We consider the second term. Let n; is the N x 1 vector of the errors of the population
linear projection of 7 on Z; so that n; =n — Z,d;, where

0.2

0r = E((z Z( 1E Zit"i) = O'2L L+ 1 202L . — I 1L.
t (( (24 zt)) ( ltnl) ( nttit t) ntt 1 241—‘;1% t
We have that

o2
E(m*’m) = N("g - 5£E(Zit77i)) =N <771> = (7) )

2.,/
1+ O'nLtFt Lt

where 1/(1 4 ¢, ;) = O(1/t) by Assumption 1. Given wy_1(p) = x4_1(p) — nt, and
xt—1(p)(I — My) = 0, we have that

1 «— Tt 1 =y
_ . /I—M _ — */ I — Mn*
NT > T 1(p)'( Hwi—1(p) NT > T_H_lapnt( DN L
t=p+1 t=p+1
T—1
1 T—1 2
< — — Apax (I — M, A
= NT g1 e ) ||7é |
t=p+1

We observe that Apmax(I — My) = 1 because I — M, is an idempotent matrix and that
[nie | < Infl? - [lepll* = Op(Np/t). Thus, it holds that

T-1 T—1
1 Tt , 1 T—-t Np
E _ I — Mi)we— = 0O, | — E
NTt: 1Tft+1wt 1(p)( t)wi—1(p) P NTt:pHT—tJrl t

plogT
_ op( : >



Next, we have

T-1

1 T—t ,
— P Mw; 7—
NT t;rlT_t+1wt 1(]9) tWt, T 1(17)

1 = oy

= NT T 1
o Tt

Amax (M) [[we—1 ()| - [0, 71 (p) | -

Given M, is an idempotent matrix, we have Ayax(M;) = 1. Lemma 8 gives that ||w;—1(p)| =

O,((Np)'/?) and ||ws7-1(p)|| = Op(/Np/(T —t)). Thus, we have

1 =y
_ "M,
NT tzzp;rlT_t+1wt 1(17) tWe, T 1(p)

1 =y 1 »
- VNp/Np— | =0, [ L) .
O NTt:pZ;lT—H—l PP p<ﬁ)
Similarly, we have

T-1

1 T-t _ , p
_1(p) Mywe—1(p)|| = Op | —= ) -
NT Z T—t—i—lwt’T 1(p)' Mywi—1(p) p(\/T)
t=p+1
Finally, we have
T-1 T-1

1 Tt _ _— 1 Tt _ 2
— @y 1 (p) My -1 (D) || < —— Amax(M, - :
NTt:;lT—mW 1(p) My, (p) _NT@;T_M ax(M0) [ @01 (p)]

As M, is an idempotent matrix, we have Apmax(M;) = 1. Lemma 8 implies that ||w;,r—1(p) 12 =
Op(Np/(T —t)). Thus, we have

A=
_ B o
Z T W-1,T— M1 77—
NT Z T7t+1wt 1,7 1(p) Mywy 1,T 1(p)
t=p+1
T—1
1 r—t 1 plogT
= 0 N — o, (PosL )
P NTt:%;lT—t+1 P p< T )

To sum up, noting that plog T/T = o(p/v/T), it holds that

. logT  plogT P plogT
-1 =0y (A= +2 . ~0
» D p( NT+ T + T + T—l— T b

S~
\\T//

10



Lemma 13. Suppose that Assumption 1 is satisfied. If N,T,p — co with p*/? ZZO:p_H lag| —
0, then

1G1ll=0p | VP Y laul | = 0p(1).

k=p+1

Suppose that Assumptions 1 and 3 are satisfied. If N, T,p — co with p'/? Ez’;pﬂ lag| — 0
and p?/T — 0, then

16, Gl =0p [ > feul

k=p+1
Proof. We have that
= =
IGi = |57 2 @i/ M| < 57 3 A M) i )] - [, ]
t=p+1 t=p+1

Given that M, is an idempotent matrix, Apax(M;) = 1. We also let

T —t
w)

ikt ~\ T 711 (Wi t—k — Wi t—k+1,7—k) -

; * — (o] T / x N0 ]
Then, we write 27, (p) = (w; ;_1 1, w;;_,q) and b7, , =3 07y oww; 4 . We have that

B} ()| = NE(tr(ai () NZE(( wlioid)) = NoB((ul )

by the stationarity of yZ.Tt_k i As E((yjt_ & t)z) is uniformly bounded, we have that

27 (p)Il = Op(v/Np)

uniformly in . We also have

2
o
* 2 *
EHbth = ((bztp)) NE Z O‘k’w;’r,tfk,t
k=p+1
2
o0

= N Z Z |owk] - o] - | ( Wi t—ktW 7,t Kt )| <CN Z okl |

k=p+1k'=p+1 k=p+1

by observing that ]E( Wy g W jt y¢)| is uniformly bounded. Therefore, we have

[e.@]
[65p)l = Op | VN >~ awl | - 2)

k=p+1
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To sum up, we have that
1 T-1 [e%¢) o0
Il =57 Y On (VAP) Op (VN 3 feul | =0y (VB Y el
t=p+1 k=p+1 k=p+1

The proof concerning the order of ||€;,(f§ )~1G || is analogous to that of the correspond-
ing part of Lee, Okui and Shintani (2018, Lemma A.3) and is thus omitted. O

Lemma 14. Suppose that Assumptions 1, 8 and 4 are satisfied. If N — oo, T — oo and
p — oo with plogT/T — 0 and T/N — 0, then

VplogT  \/plogT = p*/%\/logT
_ = 0,(1).
el OP<VNT N TNUAVT T UNT )

The proof of Lemma 14 uses the following lemmas.

Lemma A.1. Suppose that Assumption 1 is satisfied. Let d; be the N x 1 vector containing
the diagonal elements of M;. Define k3 and k4 be the third and fourth cumulants of €,
respectively. Suppose thatr >t, ¢ > s andt > s. Then, cov(e;Mye,, e;Mseq) is equal to

20%s + ks E(d)ds) < (20" + k4)s if l=r=p=q,
k3E(d;Mse,) if l=r=p+#q<t,
k3E(d.Mye)) if r=p=q#l<t,
ksBE(diMse,) if l=r=q#p<t,
ols if s<l=p#r=qorl=q#r=p,
)

(elMep if r=gq,l<sandp<s,

where |E(d,Mge,)| < Vsto if ¢ < t, |E(d.Me)| < (sN)'20, |E(d;Mge,)| < sto if
s <p<tand |E(d;Msep)| < VsNo if p< s and |E(e;Mse,)| < No if | < s and p < s.

Proof. Alvarez and Arellano (2003, Lemma C1) show that for [ > r and p > ¢,

20%s + kaE(dyds) < (20 + ky)s ifl=r=p=q,

E(d,M. ifl=r= < t,
Cov(ether,engeq) _ Hi (di Mseq) 1 r=p#q
o*s ifl=p#r=yq,
0 otherwise,

where |E(d,Mge,)| < V/sto.

Therefore, we consider cases with [ < r or p < ¢q. We note that in these cases
cov(e;Mye,, e,Mseq) = E(e;Myere,Mse,) because E(e;Mye,) = 0if | < 7, and E(e,Meg) =0
if p<gq.

Let E; be the conditional expectation operator given (e;_1,...,¢€q,...).

12



First, we consider the case in which [ < r = p = ¢. Noting that r > ¢, it follows that
E(efMtere;Mseq) = E(e;Myere, Mge,) = E (tr (elMtEt(ere;Mser))) = k3E (e, Myds).
We have that E(e;M;ds) =0if [ > t. If | < t, then, we have that
(E(e)Mydy))* < E((e)Mydy)?) < E(d.dse;Mie;) = sE(e;Mze;) < o*sN.
Next, we suppose that p < [ =r = ¢. Noting that r > ¢, it follows that
E(e;Mtere;Mseq) = E(e;Mtere;MseT) =F (tr (Et(ethe,«e’r)Msep)) = k3 E(diMsep).
We have that E(d;Me,) =0 if p > ¢. If p < ¢, then, we have that

o’st  ifp>s,
o?sN ifp <s.

(E(d;Msep))* < E((diMgep)®) < E(dydye, Myep) = tE(e,Mqep) < {
For the case with [ = p = ¢ < r and the case with [ = r = p < g, it is obvious that
E(efMterengeq) =0.
We now suppose that [ = p < r = ¢. We observe that

E(efMtere;Mseq) = E(e M, e;Mge,) = E (tr (MtEr(ereé)Mseleg)) =o’E (tr(Msele;))

If | > s, then o?E (tr(Msee])) = ots. If I < s, then o?E (tr(Mee))) = o*E(e)Mye;) <
0?E(e)e) < o*N.
We examine the case in which [ = ¢ < r = p. Noting that [ = ¢ > s, we have

E(e;Mye,e, Mge)) = E (tr (MtET(ere/T)MseleE)) =d’E (t’r(que;)) = os.
The case in which [ = ¢ > r = p can be considered similarly. Noting that [ > ¢, we have
E(ejMyere.Mge)) = E (tr (Myere, MyEy(i€)))) = 02 E (tr(Mgerel)) = o’s.
Consider the case in which I =r, [ # p, | # q and p < q. If ¢ > [, it is easy to see that
E(e;Mtere;Mseq) = 0.
On the other hand, if [ > ¢, then
E(e;Myere,Myeq) = trE(Ey(e;Myer)e,Mse,) = O'2tE(€,pMSEq) =0,

where the third equality follows because | = r > t.
Similarly, if p = ¢, I <r, [ # p and 7 # p, then E(e;Me,€,Mgeq) = 0.
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For the case with [ = p, [ #r, | # q and r # ¢, we have

0 if r > >,
E(eEMtere;,Mseq) = E(eMe e Msey) = , , l " ord
tr(E(MeregMseey)) if 1 >rand > g,
B 0 ifr>1lorqg>I,
B o’tr(E(Msere))) if 1 >rand > q,
- 0,

where the third equality follows by noting [ > ¢ if [ > r.

Similarly, we have E(e;M;e e, Mge,) = 0 for the case with [ = ¢, 1 #r, 1 # p and 7 # p,
and for the case r = p, I # p, [ # q and r # q, E(e;Myere,Mse,) = 0.

For the case that r = ¢, [ # r, | # p and r # p, we have that

0 if | >
E(e;Mtere;Mseq) = E(efMtere;MseT) 1 Zrorp=>m
tr(E(Mee,Mserey)) if 7> 1 and r > p,
B 0 ifl>rorp>r,
- o*tr(E(Msee,)) if r>1and r > p.

If l > s or p> s, then tr(E(Msee,)) = E(e;Msep) = 0. However, if [ < s and p < s, then
tr(E(Msee,)) = E(e;Me,) may not be zero but |E(e;Msep)| < 0°N.
Lastly, when [, ¢, r, p are all different, it holds that

E(e;Myere,Mseq) = 0.
O

Lemma A.2. Suppose that Assumption 1 is satisfied. Suppose thatr >t, ¢ > s andt > s.
Then, it holds that, if r = q,

cov(w;Mye,, w;Mseq)

= O(Vel+VoN)+02 3 > Bl Myey-m),

k=l—s+1m=p—s+1

where E(€;_, Msep—m) < oN, if r # q and ¢ > t,
cov(w; Myer, w,Mse,) = Vi—gbp—r(20*s + k4 E(dyds)) = O (s)
and, if ¢ < t,

cov(w] Mye,, w;,MSeq) = Y p_rkisE(d; Mge,) + SU4¢l_q’¢p_7« = O(\/g)

14



Proof. We first consider cases with » = q. Lemma A.1 implies that
cov(w] Mye,, ’w;,Mser)

[o¢]
= Y Pp_rcov(e. M€y, €, Mse,) + Z Yrhp—rcov(€)_ Myer, €. Mge,)
k=0

(o] o0
+i—p Z tmcov(e. Mie,, e;_mMSer) + Z Yrtbp—iskcov(e_p M€y, € Msey)
m=0 k=0,k#l—r

[ee] oo
+ Z Z Yrbmeov(€e_p Mier, €, Mge,).

k=l—s+1 m=p—s+1

We have that

o0
Y1 Pp_rcov(e. Mye,, €. Me, ) + Z Vrbp—rcov(€)_ Mier, €. Mge,)

k=0
[oe) o
+i_p Z tmcov(el. Mye,, e;_mMseT) + Z Yrtbp—iskcov(e_p M€y, €, Mse,)
m=0 k=0,k£l—r

= Yty (20" + KaB(dids)) + > Yty rrsE(di Miery,)
k=0

+Yr_y Z Yk E(d, Msep—n) + so Z Yrbp_i1k

m=0 k=0,k£l—r
= O (3+(5N)1/2+\/§+(3N)1/2+s) -0 (\/QJF(SN)m)’

noting that ¢ > s. We also have

oo [e.e] oo o0
Z Z ¢k1/JmCOU(€E_kMt€T, E;J—mMser) =0’ Z Z @Z)kme(E;—kMsepfm)-
k=l—s+1m=p—s+1 k=l—s+1m=p—s+1

Next, we suppose that r # ¢ and ¢ > t. Lemma A.1 gives that

cov(wZMteT,w;Mser) = Yi_rYp_rcov(e, Mie,, €, Mse,)

U gpr 0% + raB(dd)) = O(s).
For cases with ¢ < t (note that in this case r # ¢), Lemma A.1 provides that

cov(wateT,w;Mser) = 1/)l_r¢p_rH3E(d£M5€q)+SO’41/JZ_q1/Jp_T

— O(Vsl+s) =0(Vsh).

We now present the proof of Lemma 14.

15



Proof. We observe that

1 T—-1
Gy = w7 2 ()M
t=p+1
T-1 T_1
1 Tr—t / 1 T—t S
e _ M B - M
NT Z T*tJrlwt 1(]7) t€t NT Z T*t+1wt 1(])) t€441,T
t=pt t=p+1
! T-1
1 r—t _ / 1 T—t S
_ o M o Y |
NT t;I T — t + 1’LUt 17T 1(p) t€¢ + NT t;I T — t + 1wt 17T l(p) tet-‘rLT

Noting that w;_;(p) Me; is a martingale difference sequence, we have

2
T-1

Since
tr(E(we—1(p) Mywi—1(p))) < tr(E(wi—1(p)'wi—1(p))) = Ellwi—1(p)||> = O(Np),

where the last equality follows from Lemma 1, and (T —t)?/(T —t + 1)? < 1, we have
2

1 Tt 1 P
— LT i) M|l =0 N :0(—).
NTt:pZ;lT—t—irlwt 1(p) Miey N2T2tzp:1 p NT

Therefore, the Markov inequality gives

— _ M;e _ "Mie,,.
NT T _—t+ 1wt 1(p ) t€t+1,7 = NT Z Z T—t wt 1(p)' Myer,
t=p+1 t=p+1 m=t+1

Now, we have that
2

NT Z Z _t+1wtfl(p),Mt€m

t=p+1m=t+1

- N2T2 Z Z —t—i—lT—t’+1 Z Z tr (B (wi—1(p) Myemeéy Mywy -1 (p))) -

t=p+1t'=p+1 m=t+1m/=t'+1

16



Now, we have that

0, if m#£m/,

E (wi—1(p) Myeme,,, Mpwy _1(p)) = .
( e ) o’E (wtfl(p)/Mmin(t,t’)wt’—l(p)) , otherwise.

Therefore, we have

2
Z Z t+1wt—1(p),Mt€m
T, =p+1 mei1 L
== T — max(t,t)
!
= N2T2 tzp;l tlz —t+D)(T -t + 1) (E (wt—l(p) Mmin(tvt’)wt'—l(p))) :

We observe that

) T-1 T-1

g Z Z (T T — max(t, t’) . (E (wt—l(p)/Mmin(t,t’)wt’—l(p)))

272 7 Y
NI 2 2 T E T )
T—1 T-1 —t/
= tr (E (wi—1(p) Mywy _
- N2T2tzp;-1t’§:t _t_|_1 —t/—i—l) T( (wt 1(]9) tWe 1(p)))

= N2T2 Z i+ 1 (E (wtfl(p)/Mtthfl,TfQ(p))) )

where
T—1
5 1 T—¢
t=t

It holds that

tr(E (wi—1(p) Myy—1,7-2(p)))

IN

tr(E (wi—1(p) wi—1,7-2(p)))

NAJE( w101 (0)] ) B -1, 720 ?)

°(7r):
T—t

where E(|[w;¢—17-2(p)||*> = O (Np/(T —t)) by the short memory assumption in Assump-
tion 1. Thus, it holds that

IN

2

22 oy Np
wt_l(p)/Mtem = 579 O( >
NTthH Zm —t+1 N°T? £ T—t+1 Tt

17



The Chebyshev inequality gives that

T—1
1 T—1t P \/13
_— M :O [ — .
NT tzp;l T i+ 1w 1(p) Mi€ry1,r b <\/NT3/4>
Next, we consider the term
1 = oy T-1 T-1
NT M ' Mie;.
NTZ T 41T 1(p) Mier = NTZZ —t+1 win () Myey
=l t=p+1m
We have
T-1 2
1 ~— T-t
E E— - D _ /M
NT z;_lT_t—i_lwt’T 1(p) t€t
-1 T— T-1 T-1
- N2T2 Z Z —t+1T—t/+1 Z Z t?" Mtetet,Mt/wm/( )))
t=p+1t'= m=t m/=t'

We have that

E (wpn(p)' Myerely Myw, (p))
= cov (wn(p) Myer, woy (p) Myey ) + E (wm(p) Myer) E (€y Myw, (p)) -

Let ¢(p) = (Y4, ..., ¥—p)". Since E (e}, Myey) = 0 for t’ # ¢, we have that

E ('lU;thQ) =F (Z wkefm_kMtQ) = wm—tE(féMth) = wm—tO'Q(t — 1)

k=0

It therefore holds that
E (wm(p) Myer) = 0”(t — 1)thm—t(p).-

Thus, we can write

,  To1 7Tl 1 1 T-1 T-1
/ /
N2T2 Z Z T —t4+1T -t +1 tr (E (’wm(p) Mtet) E (et/Mt/wm/ (p)))
t=p+1 t’—p+1 m=t m/—¢'
T-1 T—1 T—-1
t—1 t'—1 ,
= N O Z — T 7o 1 (oo ()11 (0)')
—p+1 t'=p +1 m=t m/=¢'
— T—1 T—-1

Ym—t (P)%ﬂm/ft/ (p)

T
T;Z)mt(p)> <Z ¢m’—t’(p)> .

(]

t-1 -1
= Z Z T—t+1T -0 +1

t—1 t—1
= N 2 X T AT 71
t=p+1t'=p+1

’U
+
—
“t
3
Il
-
3
Il
B3

|
Q
I
S
L
S
L
/\
S
L

3
I}

—
oo



Since HZZ:;& wm_t(p)H = O(y/p) uniformly in m,¢,T and

T—1 T—p
t—1 T—-5+1
LR TlogT
> i, = O(TleT),
t=p+1 s=2

we have

0_4 T-1 T-1 1 v 1 T_1 / T_1
W Z Z T-t—FlT—t'—{—l (z;wm—t(p)) <Z wm’—t’(p)>

t=p+1t'=p+1 m/=t/

o (I _ o (et

Next, we consider the covariances. Lemma A.2 gives

r-1 T-1 T-1
N?T2 2 Z t+1T t’+1 DD tr(cov (w(p) Myer, wyy (p) Myer) )
—p+1t/—p+1 Tt i t?
T-1 T-1 p—1
N N2T2 Z Z —t+1T—t’+1Z Z > cov (W, Myer, wh,_;Myey)
t= p‘Ht'* m=t m'=t' j=0
T-1T-1p-1
- NZTQZ _t+1zzzzo<t+ﬁ>
m=t m/=t j=0
T-17T-1 p—1 -

Mg

N2T2 Z —t+1 2 Z wkw;cE(dnfjkotﬁm’*j*k')
t=p m=t m'=t j=0 k=m—j—t+1 k=m/—j—t+1

9 T-1 T-1 1 1
JrN2T Z Z T—t+1T -t +1
t=p+1t=t'+1

T-1 T-1 p—-1

X Z Z Z(T/Jm—j—t/l/fm'—j—t'ESE(d;eMt'Gt’) + 04t/¢m—j—t'¢m'—j—t)-

m=t m/=t' j=0
We observe that

N2T2 Z —t+12 Z O<t+\ﬁ) (2 N3/2\f)

For the second term, we have

3
iﬁ
O

1 T-1 1 T—1T-1 p—-1 00 00
/ /
N2T2 (T —t+1)2 2 2. Uiy Mic—-v)
t= m=t m'=t j=0 k=m—j—t+1 k=m’/—j—t+1
1 T-1 1 T—-1T7T-1p—1 0o 00
= O - /
NT? (T —t+1)2 2. 2. Uk
t=p+1 m=t m/=t j=0 k=m—j—t+1 k=m’—j—t+1



Since ‘Z DD it 1/%’ <> pe k|t jik|, which exists for any j by Assumption 4.

2

p—1 T—-1 | Pl /o 2
N NT? > Z t+1 Z Z Uk =0 WZ (Zk|¢—j+k|>
Jj=0t=p+ 1 m=t k=m—j—t+1 j=0 \k=1

Now, we observe that
p—1

Z (Z k- J+k’> <p (i k¢p+1+k’> (i (k+p—1) |1/ka> o(?),
k=1 k=0

which implies that

1 p—1 o) 2 p3
0 NT2 Z (ka—ﬂ-ﬂ) =0 <]VT2> )
=0 \k=1

Therefore, we have that

T—1T-1p-1 00 00
/ /
N2T2 Z —t+1) (T _++1)2 Z Z djkq’bkE(em—j—kMtEm/*j*k/)
m=t m'=t j=0 k=m—j—t+1 k=m/—j—t+1

3
p
o NT2> |
Since Zﬁ;}t Ym—j—¢ = O(1) by Assumption 1, and |E(d;Myey_1)| = O(Vt'), we have

9 T-1 T-1 1 1
N2T?2 Z Z T—t+1T -t +1
t=p+1t=t/+1
T-1 T—1 p—1

X Z Z(¢m—j—tf¢m/—j—tlH3E(d£Mt'€t') + 0 YtV —t)

_ 0 pTlTZI Vit vt _O(p>
N N2T2 T—t+1T -t +1]  ~\N2T/’
t'=p+1t=t'+1
Therefore, it holds that
T—-1
1 T—t , V/plogT /P NG p3/2 NG
— = wyr_1(p)M, = 0, ¥——
NT t:zp;rl T _tr e 1(p) Mier p ( N + N + N3/4T1/4 + VNT + NVT
O VL N/ I i
P N N3/ATY4  /NT |’

because T/N — 0.

20

)



Lastly, we consider the term

1 T—1 T ¢t 1 T—1 1 T—-1 T
> W1 (p) MiEriir = 5 D Wi (p
NTt:pHT—tJrl NTt:pH(T—t)(T—t+1 =5

By an argument similar to what shown above, we have

E(w,, Mer) = (Z (U kMt€l> = Y1 E(eiMye)) = Y i0”(t — 1),

k=0

so that
E (wm(p) Mye)) = o (t — 1)¢hm—i(p).

Therefore, we have that

2

1 = 1 T-1 T /
3 NT tzp;rl (T-t)(T—-t+1) T;fl:zt;rl wm (p)' Mer
ol T-1 T-1 P -
= Wt:pH ) (T —t) (T —t+1) (T —t')(T —t' +1)

T
x> D >t (WYmaa (@) -r(p)') -

T
> > tr (Vi) (p))

=t''=t'+1

3
I
I
3
[

_ <Tzi¢ )(z S vl ) 0 (p/T=DT—1)).

/ t/ l/_tl-‘rl
uniformly in m,m/,[,1’. Since
T—p—1

T-—s

t—1
Z ToivD "~ & vy 0@

_ s=1

we have that
2

1 T—-1 T—1 T »
NT 2 (T —1) —t+1 > 2 wnp) Mic :O<W)‘
t=p+1

m=t I=t+1

Mtﬂ



We then consider the variance. Let gr(t) = (T —t)~%(T — t + 1)~!. We observe that

T-1 T—1

T
| 1
t — ‘M,
"\ NT ZI(T—t)(T—t—i—l) 2 wn(p) Mic

= m
0_4 T-1 T-1 T-1 T T-1 T
= o D D or(Wer(®) Y] > tr (cov(wn(p) Myer, w (p) Myer))
t=p+1 t’:p+1 m=t|=t+1m/=t' '=t'+1
T-1 T T-1

T-1 — T
N2T2 Z Z gr(t)gr( t/ Z Z Z co ( thelv Mt’ﬂ’)

t=p+1t'=p+1 m=t |=t+1m/=t' l'=t'+1 j=0

]

Noting that O(min(t,t')) = O(v/tt'), Lemma A.2 shows that

1 T-1 1 T-1 T
t )' M,
r | var NT Z (T—t)(T—t—i—l Z Z wm t€l
t=p+1 m=t |=t+1
T-1 T- T-1 T -1 p—1
= o Z grgr®) > > Z 3" OVt + /min(t, #)N)
t= P+1t’:p+1 m=t |=max(t,t')4+1 m'=t' j=0
T-1 T-— T 1 T T—
N2T2 2. Z gr(t)gr(t > Z
t=p+1t/=p+1 m:tl:max(t,t’)+1 m/=t/

o0

p—1 00
XY > > Vkr B (€ j— e Mrin(t,¢/)€ms —j— k')

j=0 k—m—j—min(t t’)+1 k=m/—j—min(¢,t')+1

ol T-1 T-— T-1 T T-1 T
+m O ZQT Jor@®) Y. > D D, ZO
t=p+1t'=p+1 m=t |=t+1 m'=t' '=t'+1,l'#1 j=0
It follows that
ol T-1 T-1 T—1 T T—1 p—1
N2T? Z Z gr(t)gr(t’ Z Z O(Vitt' + \/min(t,t')N)
t=p+1t'=p+1 =t [=max(t,t')+1 m’'=t’ j=0

- T — max(¢,t") i :
— O(N2)+O N2T2 Z Z T—i+1) T—t’—i—l)( min(t, t')N
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where

= ~—
z
=}
0
X
~
=

T — max(t, t’
_Z Z (T —t+1)(T—t

T-1 T T-1 T-1 Ty
T e ENAETD iy CL—
_ 2 _ _
o Tt 1) e Tt )T — ¢+ 1)
= TlogT) + 0 0
(\F og + VN Z . 1\[
= 0 (\/NTlogT%— \/NT) =0 (\/JVTlogT> .
For the second term, it holds that
I T-1 T T-1 p—1
e XY ey Y
t=p+1t'=p+1 m=t [=max(t,t')+1m/=t’ j=0
oo )
X Z Z wkwk/E(G;n—j—kain(t,t’)Em’—j—k’)
k=m—j—min(t,t')+1 k=m'—j—min(¢,t')+1
0.6 T-1 T-1 T-1 T T—1 p—1 o] 00
/
SRS 5B TG Y S > >
t=p+1t'=p+1 m=t |=max(t,t')+1 m'=t’ j=0 k=m—j—min(¢t,t')+1 k'=m’—j—min(¢,t')+1
- NTQZZQT t+1 PORID ST
j=0 t=p+1 m=t k=m—j—t+1

p—1 T-1 -

PSSOl DI § Sl ST S S

> el

J=0t=p+1t/'=t+1 m=t k=m—j—t+1 m/'=t' k'=m’—j—t+1

Observing that

T—-1 o) [e%s}
D S (4 - N | (VA
m=t k k=1

=m—j—t+1

T-1 00 oo
> Dokl < D Ebr gl
k=1

m/=t' k'=m/—j—t+1
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it follows that

T-1 T T-1 p—1
[ OISO DS
t=p+1t'=p+1 m=t |=max(t,t’)+1m'=t" j=0
oo oo
/
x > > Ukthrr B (€ j ke Mumin(t,¢) €ms—j—k?)

k=m—j—min(¢,t')+1 k=m’—j—min(¢,t')+1

1 p—1 00 2
NT2 (Z k|¢—j+k|>
k=1

j=0

p—1 T-1 T-1

1 1 0
e WZ 2 2 (T —t)(T—t+1)(T t’+1 <Zk|¢ J+"f|> (;kwt/tﬂkl)

=0 t=p+1t/=t+1

Now, we observe that

) (Z Kl J+k’> <p (Z k¢p+1+k’> (Z k+p—1) |1/ka> o(?),
k=0

7=0 k=1
and
p—1 oo p—1
(ka r) (zkwmm\) 5 (ka ) o).
7=0 k=1 7=0
It therefore follows that
T-1 T T-1 p—1
!NW Z Z gr(t)gr(t Z b
t=p+1t'=p+1 =t |=max(t,t')+1 m’'=t’ j=0
o0 o0
X > > Uktor B (€ j— 1 Mynin(t,0)€m' —j—k')
k=m—j—min(t,t')+1 k=m’—j—min(¢,t')+1
3 3 3
P p°logT p°logT
= 0 O =0 .
(w2) o () =0 (Vs
For the third term, we have
T—-1 T-— T-1 T T-1 T p—1 »
N1/2\
o Z gr®er®)Y. 3 > Y Do) ) =0 (1)
t=p+1t'=p+1 m=t l=t+1m/=t' l'=t/+1,I'#l j=0
Therefore, we have that
T-1
1 T—t B p  plogT p*%/logT
Z Wy r—1(p) Mi€r1,7|| = Op i-ﬁ- Pog- P & .
NT & T—t+1 N3/4\/T VNT
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To sum up, we have

_ P VP vplogT VP P’

L0 (f vplogT p3/2\/10gT>
P

N+N3/4\F+ VNT

_ o, \flogT N VplogT N p3/2\/log T
N NT N N3/4\/T VNT

by T/N — 0.
U

Lemma 15. Suppose that Assumptions 1, 8 and 4 are satisfied. If N — oo, T — oo and
p — oo with p*T/N — 0 and p*log T/T — 0, then

VNTU Gy v, —q N(0,1).

Proof. We observe that

T-1 T-1

1 r—t / 1 T—1t ,
- T Wt _ I—M G
Gy NT T—t—f—lwt 1(p) 6t+NT Z T—t—l—lwt 1(p)( t)er + Gao,
t=p+1 t=pt1
where
T-1 T—1
1 T—t 1 T—1
= - M _ - _ /M
Gaa NT > T 1) Migerr — o > T Per-1(p) Meee
t=p+1 t=p+1
T—1
1 Tt
+NT Z T—t+ lwt,T—l(p)/MtgtH,T-
t=p+1

The proof of Lemma 14 shows that

_ VP vplogT VP P’
G2l = Oy (\/W tO0p | T NaTiA T NT

‘0, <W+W+ m)

N - N3AYT - W/NT
:O(ﬂ+mogT Vb VilogT m)

VNT3/A N N3/4T1/4 N3/4\/T VNT

so that VNT||Gaa|| = 0,(1) if p?/T — 0, pT'(logT)?/N — 0, p>T/N — 0, p?log T/N — 0
and p?log T/T — 0, which are satisfied by the conditions of the lemma. It therefore follows
that

VTG G| < 1l - 051, - [VET G| = 0p1)
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by the assumption that ||£,||, = O(1) and Assumption 1.
We consider the first term in the decomposition of Go. Lemma 11 gives

T-1

1 1 T—1
NTE;)FP lﬁ Z mﬂ]tfl(p)let/vp —d N(O, 1)
t

Next, we consider the second term in the decomposition of Ga. As wi—1(p)’ (I — My)et
is a martingale difference sequence, we have that

T-1

1 Tt
E () (=M
Nthp;LlT—t—i—lwt 1PV (I = Mo)e

1 [ T—t \* ,
Nchat;l (T_Hl ) o’ tr (B(w (p)' (I = Myywes (p))) -

Hence, as in the proof of Lemma 12, we have that

2
tr (Bl () (1 = M) = 0 ()

It therefore follows that

T-1 T-1 2 2
1 Tt 1 T-t \*Np
E () (I =M, SO Y [p——
NT 2 Ty - Mo N2T? <T—t+1> t
t=p+1 t=p+1

2
B p~logT
B O( NT? >

By the Chebyshev inequality, it holds that

T—1
1 T—t , p(log T)'/2
_— _— _ I — \/1 = B — .
NT th+1 Torr v )l tet)| = Op < N12T

This result implies that

T-1

1 T —t
! —1 /
VNTUT, NT > e () (= Me
t=p+1
1 Tt
< Nl N5 - (VT 57 D2 e @) (= Mo
t=p+1

p(log T)"/?
= Op <T1/2 = op(1),

by |4y, = O(1), Assumption 1 and p?log T/T — 0.
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6 Proofs of the lemmas for the DFIV estimator
Recall that the estimation error of the DFIV estimator can be decomposed as

&(p) — alp) = (LPF)™ Dy + (T2F) 71D,

where
= 1 b= 1 =
“DF ) x . 1% _ ! *
roF = 7 Z hi(p)'zi(p), Di= NT Z hi(p)'b; , and Dy = NT Z hi(p)'e; -
t=p+2 t=p+2 t=p+2

Note that we can write

T-1 T—1

zi(p) = T_t+1 (wi—1(p) — W, r—1(p)) and hi(p) = T+ (wi—1(p) — Wp,—2(p)) -

Lemma 16. Suppose that Assumption 1 is satisfied. If N — oo, T — oo and p — oo with
p?/T — 0, then

1~ p
107 =Tyl = Oy <\/T> -

Proof. We observe that

T—-1 T_1
3 1 T —t 1 T4
DF _ , 1
P NT t:Z T e ) - o 2 Toit Cwe1 () Wi (p)
T-1 T_1
1 T—t , 1 ot N
AU}%;QT_t+1wm_ﬁmUm4@)+AH¥%;2T_t+1ww_ﬂmuhp4@)

For the first term in the decomposition, Lemma 9 gives

T-1

1 T—t , P plogT
E _ _ ~T.|l=0
NT 2, T e p(m* T
The second term is
T-1 T—1
1 T—t , 1 Tt
R I — T Vs T < _ <oy
NT 2 T 10 ) S jp 3 m g @l a0l

_ o (LS Tt Ny Np— ) =0, (2
- \NT & T PP | =\ )

where the first equality follows from Lemma 8.
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For the third term, we observe that

1 = oy 1 =
Ly Lty / 1 Z e
T-1
1 T—t 1
- 0, | — =" /NpNp——
P Nthp;rzT—H—l PP, ) T ( >

where Lemma 8 provides the first equality.
Finally, again applying Lemma 8, we obtain

1 Tt , 1 Tt
- — W 3 _ < U 4+ -l _
NT 711 et2(0) B (p)|) < o > 7751 @@ - o )]
t=p+2 t=p+2
T—1
1 Tt 1 1 »
O [ o= 3 [N [Np—— | =0, (=)
’ NTtp+2T_t+l\/ pT—t\/ P p(ﬁ)

In sum, it holds that

Hfz?F_FpH:Op<\/J1zTT+p1(;§T+jT>:Op<\pﬁ>.

O]

Lemma 17. Suppose that Assumption 1 is satisfied. If N,T,p — oo with p*/? ZZO:]H-I lag| —
0, then

1Dill = 0p | VP > law| | = 0p(1).
k=p+1

Suppose that Assumption 1 is satisfied. If N,T,p — oo with p'/? Zzipﬂ lag| — 0 and
p?/T — 0, then

[e.o]

16,7 D1l = 0p | D au

k=p+1

Proof. Similarly to the proof of Lemma 13, we have
E |Iha(p)|I” = NE(tr(hia(p)hir NZE ((hi)?) = NpE((hit1)*) = Op(Np),
so that ||h(p)|| = Op(v/Np) and

il = Op [ VN >l

k=p+1
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by (2). Thus, it holds that

T—1 T—1
1 N "
IDal| = Z M| < om0 @)t < 5 3 I 07
t p+2 t=p+2 t=p+2
1 T—1 00
= > 0 (VND) Oy (VN X lenl | =0, | v Z |
t=p+2 k=p+1 k=p+1

The proof concerning the order of Hﬁ;(fzj,j )~1Dy]| is analogous to that of the correspond-
ing part of Lee, Okui and Shintani (2018, Lemma A.3) and is thus omitted.
O

Lemma 18. Suppose that Assumption 1 is satisfied. If N — oo, T — 0o and p — oo with

p/T — 0, then
p
10211 =0, (/557 ) =l
Proof. We observe that

T—1
1 T—t Tt
Dy = — L=t | T—t
2 NT 2 T @) e~ NT Z 711" p)érr

+2
T-1
1 T—-t _
TNT > Ty 1 Or2(p)e
t=p+2

As in the proof of Lemma 14, it holds that

1 = o7 )
/
> _ =0, (/<= ).
NTt:p+2T—t+1wt Hp)e: p( NT>

Let hi(p) = /(T —t +1)/(T — t)ht(p) = wi—1(p) — Wp—a. Then, the second term in
the decomposition is

1 T-1

T—-t .
h = —= ‘em.
NTZT—t—i—lt(p) €t+1,T NTZ Z _t+1t(p)€m
t=p+2 t=p+2m=t+1

Now, we have that
2

NTZ Z —t+1 he(p)'em

t=p+2 m=t+1
T-1 ‘
N N2T2 2 Z —t+1T—t’+1 Z Z tr (B (in(o) emcs ()
3 p+2t’ =t+1 m/=t'+1
T tt
- NZTZtZQ Z —t+§na;(—t/)+1) ( (ht( )ht’(p))>
p+2t'=
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given E (ht(p)’eme’m,ht/ (p)) —0ifm#m and E <ht(p)’eme;nht/ (p)) = o2E (ht( Vi (p ))
We observe that

9 T-1 T-1

ﬁ 2. 2 (T—j;jl—jr;?;(t—tt’)—l—l) ( (ht()ht'(p))>

t=p+2t'=p+2

T—1t

= N?TQt;Qt,Zt T+ DT -¢1D" <E <ht( Vhe(p )>)
202 it T —t

- NP T_t+1" (E (ht(p)%t’T‘l(p)» ’
p+2

where

T-1

b = 3 L )
tT-1P Tt Tt 1 vAP)-

It holds that

(B (o b +(9))) < NE e ) P) B hssir 2 P2 = 0 (H2).

where E||h;¢7—1(p)||*> = O (Np/(T —t)) by the short memory assumption in Assumption
1. Thus, it holds that

2

1 T—1t Np P
NT Z Z —t+1 ha(p) €n N2T2 2o T —t+ 1T —¢ NT3/2

t=p+2 m=t+1
The Chebyshev inequality gives that

T-1

1 T—t ., B VP

For the third term, given w,; 2(p)'e: is a martingale difference sequence, we observe
that

2
T-1

1 Tt ? i} _
NT Z T—t+71wp’t—2(p>/€t N2T2 Z ( —t+1> o?tr(B(wp,—2(p) ©p,i—2(p)))-
t=p+2

As tr(E(wp—2(p)Wpi—2(p))) = O(Np/(t — p)) by Lemma 8 and (T —)?/(T —t+1)?2 < 1
we have

2

T-1 2
1 T—t Np plogT
E —_— ! == :O .
NTtgﬂT—t—i-lwpt 2(p)'er N2T2 Z ( —t—|—1) t—p ( NT2
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Therefore, the Chebyshev inequality gives

p)es

vplogT
NT Z T—t+1 Dpa—2( :Op< ‘

VNT

To sum up, we have
_ 3 VP vplogT _ P
|\D2H—Op< NT>+OP<\/NT3/4>+O< s ) =Wt )

Lemma 19. Suppose that Assumption 1 is satisfied. If N — oo, T — 0o and p — oo with
p3/(NT) — 0 and p?/T — 0, then

O]

VNTOL Dy vy —a N(0,1).

Proof. We observe that

L T oy
Dy = = - D
2= NT Z T—t+1wt 1(p)'€r + Daa,
t=p+2
where
T—1
—t 1 T—t
Doy = — oo e,
2 NT Z \/TH LT~ N t:pZ;zT_tJr [ Opt-2(p) e
First, Lemma 11 gives
L T oy
VNTG, ———w—1(p)'er/vp —a N(0,1).

pp NT i T—t+4+1

The proof of Lemma 18 shows that

et -0, () 0 (25E7) -0 ()

so that VNT||Das|| = 0,(1) if p?/T — 0. It therefore follows that
H\/NTe;,PfDZQH < el - T3, - H\/NTDQQH — 0,(1)

by the assumption that ||¢,|, = O(1) and Assumption 1.
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7 The DFIV estimator with exogenous regressors
In this section, we redefine wi; as wir = Y po o Vu((Git—k — E(Git—k))' B + €it—k)-

Lemma 20. Suppose that Assumptions 1 and 5 are satisfied. Then,

-~ Np _ Np
2 _ 2 _
a0 =0y () and Bl )P =0 (7).
Similarly,
N N
_ 2 = 2
= _ dFE = — .
latrlF? =0y (37 ) and Bl =0 (=31 )
Proof. The proof is identical to that of Lemma 8 and is thus omitted. 0
Let

re_ g <wi,t_1(p)wi,t—1(p)' wz‘,t—l(p)gét)
P gitwi—1(p) itJis

Lemma 21. Suppose that Assumptions 1 and 5 are satisfied. If N — oo, T — 0o and
p — oo with p/T — 0, then

T ’ ,
b 3 (wt—l(p) wi—1(p)  wi-1(p) 9t> 1l — o ( p )
N(T - p) Nt grwi—1(p) 919t p P\ /NT
Proof. The proof is similar to that of Lemma 9 and is thus omitted. O

Lemma 22. Suppose that Assumptions 1 and 5 are satisfied. Let fg be an estimator of I}

such that ‘ fg -1y
Then, as N — oo, T — oo and p — oo, we have

‘ = Op(pN,1p) where py1p = 0(1) as N — oo, T — oo and p — oo.

I =Thlli = Op(pnrp), 3)

I =@ = Oponas) (4)

and ||(5) ' = 0, (1). ()

Proof. The proof is similar to that of Lemma 10 and is thus omitted. O

Lemma 23. Suppose that Assumptions 1 and 5 are satisfied. If N — oo, T — 0o and
p — oo with p?/(NT) — 0 and p/T — 0, then

T

1 - w—1(p)’

¢ (re-t ( -l er/vE —q N(0,1),
N(T —p) " F tzp;l gt ?

_ 2 -1
where vy = a4, (T5) ™).
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Proof. The proof is similar to that of Lemma 11 and is thus omitted. O

The estimation error of the DFIV estimator can be decomposed as

(é”éﬁff)) - (a(ﬁm) = (DPF")~'Dy + (T2~ D3

where

gi'wy (p) 9t 9%

T-1
poFe _ L he(p)'zi(p) he(p)'gf
p NT = ) */ % )

T-1

T-1
e _ L hi(p)" , « s 1 .
Dr=x7 tzp;g ( gp ) Ve 204 D2 = o z; gt '

Note that we can write

T—1 T—1

z; (p) = m(wt_l(p) — wy,r-1(p)) and hy(p) = i

Lemma 24. Suppose that Assumptions 1 and 5 are satisfied. If N — oo, T — oo and
p — oo with p?/T — 0, then

SDFz T p
62—zl =0, (1)

(wi—1(p) — Wpt—2(p)) -

Proof. We observe that

=
PP = — )" h(p)zi(p)

t=p+2

T-1 T—1
1 Tt ) 1 Tt

= N7 2 Ty e ) — g 3 g e @) e ()
t=p+2 =p+2
T-1 T-1

1 Tt ) 1 T—t _ ,

_J\thzp;r2T—t+ lwp,t_Q(p) wi—1(p) + NT tzp;ﬂ A 1wp7t_2(p) Wy 7—1(p)-

For the first term in the decomposition, Lemma 21 gives

1 T—1t , P plogT
_ _ -T,||=0 .
VT O Ty ) T (e + 28
The second term is
T-1 T—1
1 Tt . 1 T —t
el T D < _ My
NT T 1(p) Wer-1(p)|| < 37 T 141 |we—1 ()| - [[we, -1 (p)
t=p+2 t=p+2
T-1
1 T—1t 1 P
= 0 v/ Npi/ N = —_—
P NTtZ+2T—t+1 PP p(,ﬁgp)’



where the first equality follows from Lemma 20.
For the third term, we observe that

-1 T—1

—t+1 —t+1

1 T—-t _ 1 T-—1 _
NTtZ 2@ 0 )| < w7 D w1 @ (p)]

=p+2 t=p+2
T-1
1 Tt 1 P
= Op| == - /Npy/Np—— | =0, | =
P NTt§2T—t+1 PP, p(ﬁ)

where Lemma 20 provides the first equality.
Finally, again applying Lemma 20, we obtain

R G
NT 2 71 20 T e)
t=p+2
T—1
1 Tt i
< w7 2 7 2@ o )]
t=p+2

T—1
1 T —t 1 1 P
— ——— /N N = — .
O NTt:Zp;rQT—H—l\/ pT—t\/ Py Op<\/T>
In sum, it holds that

77 nl-0(ep "5+ ) -0 ()

Next, we consider

1 *
NT Z hi(p) g;
t=p+2
T-1 T—1
i 1 T—t ; 1 T — ¢t .
= N7 X e e 5 Y e ®) G
t=p+2 t=pt2
Tr-1 T—1
1 r—t _ / 1 T—t _ .
N 2 7 W et 7 Do P2 (0) g ().
t=p+2 t=p+2
For the first term in the decomposition, Lemma 21 gives
T-1
L T-t ! / D plogT
NG T 4 1 — — E P . e O .
NT t:};QT—H Twe-1(p)'gr — E(wie-1(p)git) b (m T
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The second term is

1 = T 1 = Tt
—_— /7 - —
— g —— Wi _ < — E _— _ . _

= O Nszp; t+1r\/ ( >

2

where the first equality follows from Lemma 20.
For the third term, we observe that

1 — T-t 1 — T-
_ e T ! < - O 1
o 3 @) < 5 3 e ol a0
t=p+2 t=p+2
T—1
1 T— VP
Oy | — —— VN, /Np—— | =0, | =
o | w7 2 T—t+1 g ”(,FT>’
t=p+2
where Lemma 20 provides the first equality.
Finally, again applying Lemma 20, we obtain
T-1 T—1
1 Tt 1 T—t
— = W < O 5 Mgy
NT 2 7@ ara0)| < 57 2 7 @@ 1 ()]
t=p+2 t=p+2
D — — — =0, .
NT p+2 t+1 VP VT

In sum, it holds that

_l’_

1N p , plogT , /P P
I*— . / = —_— = Ry
NT@%W) g — Blwis1(p)dly) op( Ve RER ) op< )

‘We now consider

T-1 T-1 T-1

1 S| T-t 1 T—t
NT 2 GE0) =5 X o) - 2 7o)
t=p+2 t=p+2 t=p+2
1 = Tt A G

- G, 7—1(p) wi—1(p) + Ge,7—2(p) Wy 7-1(p).

NT p+2T—t+1 NTt:p+2T_t+1

For the first term in the decomposition, Lemma 21 gives

T-1

1 t ' P plogT
T T_t+1 - E(gitw;— =0 + )
N t;z t 1gtwt 1(p) (giw it 1(p)") b <\/]\77
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The second term is
T-1

1 T—t 1 =
! — _
NTt:Zp;FQT—thlgtwt’Tl < 57 :Z e el ()]

T-1
1 T —t 1 VP
— —— VN\/Np——| = Y
O NTt:pZ;QT—H—l P74 O”(\/T>’

where the first equality follows from Lemma 20.
For the third term, we observe that

T-1 T-1

1 T—t , 1 T—t
— —— Ot T— _ < — _ _ g T—
W 2 Tt 00 < 57 ¥ p g el o)l

T—1
1 Tt 1 /P
- — N 2t /Np/N—— | =0, (Y2
O NTt_2p;r2T—t+1 PV T Op<\/T>’

where Lemma 20 provides the first equality.
Finally, again applying Lemma 20, we obtain

T—1 T—1
1 Tt , 1 Tt
- - 0 _ T B < a - R -
NT t:EerZT Gt,7—1(p) We,r—1(p) > T Gt r-1(P)[| - 10,01 (P

—t+1 _NTt:p+2 t+1

Op NTZT—tJrl\/ Tl—t\/NTl—t :O”<x\/fg>'

In sum, it holds that

T-1

1 */ |k _ oy Nl —= p plogT ﬁ _ i
NT t;g gt xf(p) — E(guwii—1(p)")|| = Op (\/W + T 4 —-0, .

Lastly, we consider
T-1

1 = 1 = 1 Tt
- Kok - B /=
NT 2 99 NT Z t+1gtgt NT 2 T—t4 179611

t=p+2 t=p t=p+2

T-1 T-1

1 T—t 1 T—-t ~
7NT Z T—t—|— 1gtT 19t + NT Z T—t—|— 1gt,T—lgt,T*1’
t=p+2 t=p+2

For the first term in the decomposition, the CLT implies
=

T—t / /
> — E(gig!
NT T—t+199 (9itg:1)
t=p+2

T-1

1
/ / /
NT Z 9:9¢ — E(gitgin) || + NT Z T _t+ 19:9t
t=p+2 t=p+2

IN
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The CLT implies

T—1
1 ) ) < 1 >
— — E(gitg; =0, — .
T Z 99t (gtgt) P \/W

t=p+2
We also have

T-1 T-1

1 1, 1 1 ) log T
_— E S — < E =0 .
NT T—t+ 179 =NT Tl ”( T

t=p+2 t=p+2

The second term is

1 = oy 1 =
NT 2o 7o ool < <¥F Z Hlugtu el
t=p+2
T-1
1 Tt
@)
P\ NT Z T—t+1 ) ’
t=p+2

where the first equality follows from Lemma 20.
For the third term, we observe that

T-1 T—1

1 T—-t 1 T -
7] < — -
7 3 g hraa| S vr 3 ey Il gl
t=p+2 t=p+2

T—1
1 T-—t 1 1
(@) VN /N—1 =0, —=
P NTZ T—-t+1 T—t p(\ﬁT>’
t=p+2
where Lemma 20 provides the first equality.

Finally, again applying Lemma 20, we obtain

T-1 T—1

1 T—t 1 T—t
N Y _ < — g S _
NT Z T —t+ 1gt,T—1gt,T 1 = NT T—t+1 Hgt7T 1”

t=p+2 t=p+2

T-1
1 T—t 1 1
= 0 N =0, (—=]).
b NTt:pZ;QT—Hl T—t p<\FT>

In sum, it holds that

*ox AN 1 log T’ i _ b
NT thgt gltgit) _OP<\/W+ T +\/T _OP \/T :

t=p+2
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Lemma 25. Suppose that Assumptions 1 and 5 are satisfied. If N — oo, T — oo and
p — 00, then

D511 =0p [ VP D lowl | = 0p(1).

k=p+1

Suppose that Assumptions 1 and 5 are satisfied. If N — oo, T — oo and p — oo with
p?/T — 0, then

oo
16,(C7F) DT = Op [ Y Jeul
k=p+1

Proof. Similarly to the proof of Lemma 13, we have
P
B |h(p)|* = NE(tr(hia@)hie(p)) = N Y_ E ((hius)?) = NpE((hit1)*) = Op(Np),
k=1
so that ||h(p)|| = Op(v/Np) and

167, = 0p [ VN D

k=p+1
by (2). Thus, it holds that

= = =

o 3 ) < s S I < o S I [t |
t=p+2 t=p+2 t=p+2

1 T-1 00 oo

= <= > 0o (VED) O, [VN X el | =0y [ VB Y e

t=p+2 k=p+1 k=p+1

Next, we consider ZtT:_le 9505,/ (NT). Because

kz
E(lg;1I?) = N> _ E(gix) = O(N),
k=1
it holds that
1 T—1 1 T—1 1 T—1
7 2 G| < g 2o el < o 2o el [
t=p+2 t=p+2 t=p+2
1 T—1 o] [ee]
- NT 2. OP(\/N>OP VN Y arl | =0, D leu
t=p+2 k=p+1 k=p+1
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Summing up, we have ||Df|| = O, (ﬁ)ZZ‘;pH ]ozk]> = 0p(1)
The proof concerning the order of ||€;)(f‘£) )~LD?|| is analogous to that of the correspond-
ing part of Lee, Okui and Shintani (2018, Lemma A.3) and is thus omitted.
O

Lemma 26. Suppose that Assumptions 1 and 5 are satisfied. If N — oo, T — oo and
p — oo with p/T — 0, then

10311 =0, ({501 ) = o0

Proof. We observe that

1« 1 — Tt T—t
- h ! _*x —
NT 2 M) NT T e NT Z NT 41 T 1) s

t=p+2 t=p+2

As in the proof of Lemma 14, it holds that

1 Tt D
B /
. =0, (/L.
NTt:PZ;QT—tJrlwt i(p)e p( NT)

Let hy(p) = V(T —t+1)/(T — t)h(p) = wi—1(p) — Wpr—2. Then, the second term in
the decomposition is

T-1

1 T—t .
E h = — E E "em.-
t=p+2 t=p+2 m= t+1

Now, we have that

2

NT Z Z —t—l—l t(p)lem

t=p+2 m=t+1

- N2T2 Z Z T—t+1T—t’+1 Z Z ”( ( )Emelm’ht’(p)))

t= P+2t’— +2 m=t+1m/=t'+1
T-1
T — max(t,t")
] i)
N2T2 _Zp;rztlz T —t+1)( T—t’+1) ( (t() v(p)

given E (ht(p)/eme;n,ht, (p)) = 0ifm#m and E (ht(p)'eme;nht/ (p)) = 2F <ht( Ve (p ))
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We observe that

— = T — max(t,t') 2 (i (o)
N2T2 _;zt,z T—i+1) T—t’+1)tr< ( t(p)'her(p )>>
T-1 T-1

= N2T2 Z Z T—t+1) t—t’—i—l)tr(E(ht( )ht/( )>)

t= p+2 t'=t

> et (B () b))
t=p+2

where
T-1
5 1 T—t .
hir-1(p) = T 1 > 7+ 1ht'(P)~
t'=t

It holds that

(B (o b+ 0))) < NE e )P) B hssir 2 P2 = 0 (22,

where E\|;li,t7T—1(p)H2 = O (Np/(T —t)) by the short memory assumption in Assumption
1. Thus, it holds that

2

1 T—1 Np P
NT —]';271121‘;1 —t+1 hu(pYem N2T? o~ T—t+1T—t NT3/?
The Chebyshev inequality gives that
T—1
1 T—t . _ VP
— ————hy(p) =0,| —=—).
NT t_%;? Try i e =0 <\/NT3/4>

For the third term, given w,; 2(p)’e: is a martingale difference sequence, we observe
that

2
T-1

1 T—t 2 _ _
EllNT 2 7o @@ = N2T2 Z ( _m) 0 tr(B(y1-2(p) Tp-2(p)))-
t=p+2

As tr(E(wpt—2(p)wpt—2(p))) = O(Np/(t —p)) by Lemma 20 and (T —t)2/(T —t +1)?
we have

2

T-1 2
1 T—t _ Np plogT
Bl S, S ) L | -0 .
NTt:%;2T—t+1wp’t 2(p) e N2T2 Z < —t+1> t—p <NT2
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Therefore, the Chebyshev inequality gives

p)es

vplogT
NT Z T—t+1 Dpa—2( :Op< ‘

VNT

Next, we consider Z?:;{FQ g7'¢f/(NT). TIts expectation is zero because of the strict
exogeneity of g;;. Its variance is

!/

1 T-1 1 T-1
E NT Z 9i'er NT Z 9i'er
t=p+2 t=p+2
1
*/ * _ * */
N2T2 Z E .gt gt T2 Z E gztgzt <M—v> :
t=p+2 t=p+2

Thus, we have

1 1
x/ %k
T topt2 VNT

To sum up, we have

10, o () 0 () o0 ) - ()

O

Lemma 27. Suppose that Assumptions 1 and 5 are satisfied. If N — oo, T — oo and
p — 0o with p?/(NT) — 0 and p*/T — 0, then

VNTE, (T2 D /vl —q N(0,1).

Proof. We observe that

1 1 — T-—1
h, ! x _ D

NT Z +(p) € NT Z T 1™ 1(p) € + Dao,

t=p+2 t=p+2
where
T-1
T—1 1 T—1
Doy —
2= NT Z Vi@ e = g 2 gyt )e

t=p+2 t=p+2

The proof of Lemma 26 shows that

et -0, () 0 (D) -0, ()
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so that v/ NT||Das|| = 0,(1) if p?/T — 0.

Next, consider

1 T-1 1 T-1 T _¢
*/ % / T
T Z 9t 62e_]\f’_r Z T_t+1gt6t+D227
t=p+2 t=p+2

1 = 1 T—1t
T
227 NTt:Zp: T— t+1 NT Z \/ T 1% Errr

where

+2

We consider the first term of D3,. Its mean is zero. Also, we have

2

1 = 1
- /
NT :E T—t+17

T2 E / !/
Z Z T_t+ 1T_t/ + 1 ( (gtetetgt))
i= P-‘r? t'=p+2

/ 1
NTz Z -m <E<gﬁg¢t>)=o<w),

Thus, this term is of order O,(1/V NT?).
The second term of D3, is

—t N
NT Z \/7915 €41, = NT Z Z t+1)gt/€m'

t=p+2 m=t+1

Its mean is zero. We also have

1 *
NT Z Z t+1)gt/€m

t=p+2 m=t+1

T-1 — 1
N2 2 Z Z T —t)( —t—i—l)\/(T—t’) —t+1) Z Z tr(E(g; ememgt’))

t= p+2t’:p+2 m=t+1m/=t+1

o ! 1 1 *
“NT2 Z Z (T_max(t’t))\/(T—t)(T—t—i-1)\/(T—t’)(T—t’+1)tr(E(gitg“'))

t—p+2 ' =p+2

2

T-1

o? 1 Tt
“N72, Z am T 2 VTl B
t=p+2

1 1
M = :
T—t) (T —t +1) O<NT2>

t’— P2

42



The second inequality follows because of the short-memory property of g7;. Thus, the second
term is of order O,(1/V NT?).
To sum up, we have ||D3,|| = 0,(VNT). It therefore follows that

[V (52)] < vl e, VAT (52)] = s,

T
D22

by the assumption that ||,||; = O(1) and Assumption 1.
Lemma 23 gives

T-1

VNT,(T5)~! ! 3 TT*t (wt—l,(p)/> € /vE —q N(0,1).

NTt:p+2 —t+1 9t

8 Lag selection

8.1 Proof of Theorem 10

Proof. The proof is similar to that of Theorem 8 in Lee, Okui, and Shintani (2018). First,
we note that p < pmin if and only if [t,(&(p))| < 20.5q for any p € {Pmin, - - - ; Pmax }- We thus
need to prove that

P( max  [tp(&(p))| > z0,5a> — 1.

pminSpSpmax
Let
1 T-1
fp(&(P)) = e; (Fp)il W Z we—1(p)et/vp
VNT 4=,

We shall prove that

(O}
—
s
SN—
N—

Il
"@Q
—~

—
~—
—~

D
~—

max t (& i
pmingpgpmax ‘ P( (p)) p(

Note that

tp(a(p)) — tp(a(p))

1 = 1

=e, (Fp) \/ﬁ -, T iy 1vt 1(p)et/vp
+ VNTe,(TDF) Dy Jv, + VNTe,(LFF) ™ =T, 1Dy /vy + VNTE, T, Dos v,
1

T—
1
FVNTap v, + €y (T) e 3 wia(p)er (05"~ 051).
\/Wt:p+2
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We first consider

T-1
1 1
E max e (T -1_ - - ws e /v
pmingpgpmax p( p) \/ﬁ t:;»Q T — t _|_ 1 t 1(p) t/ p
2
Pmax 1 ’_'[i_ 1
< Z 6/ (F )_1 wt_l(p)et/fu
- P p — p
P=Pmin \/W t=p+2 T t + ].
= pzn:x Z -0 Pmax log T'
—t+1 NT '
p pmln

Thus, the Chebyshev inequality implies that

max e, (I'p

1 - 1 Pmax log T
/ —1 max

) i(p =0, [/ ) = (1).
Pmin <P<Pmax p ( ) \/NZ t=pt-2 T —t + ].wt 1( )Et/vp p < NT > Op( )

Next, considering the argument in the proof of Lemma 16, it holds that

nDF
|5 -
-1 T-1
1 T—1t 1 T—t
< || —— - _ / B -T B — -
=\INT Z T—t—|—1wt 1(p) Wt l(p) p + NT Z T_t+1wt 1(])) Wy, T l(p)
t=p+2 (=12
T—1 T—1
1 r—t _ / 1 T—t _ .
T~ T 2 T—t+1wp’t72(p) wea (p)|| + || 7 ) T_t+1wp,t—2(p) Wt r-1(p)
t=p+2 t=p+2
1 T-1 T_¢ T_
<||—= = Lo - T
=INT t;Q T—t+ 1wt 1(]3) Wt l(p) Z i 1 Hwt 1(p)” Hwt,T 1(p)”
T-1 T—1
1 T—t B 1 T — ¢ - -
+ 7 t_zp;ﬂ 711 1@ D20 + 57 t_zp;rz 77 B2 - o1 )]

We consider the following term:

1

m(wp(p) + -+ wia(p))-

wp,t—? (p) =

Lemma A.15 of Dzemski and Okui (2024) implies that

P ( max  max |Wp_p i+t wig | >Cy/t—p—1 log(Npmax)> — 0.

1<i<N 0<p’ <pmax
Thus,

Pmin Spgpmax t - pmax - 1

max |[wp—2(p)| = Op ( log(NpmaX)) -
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Therefore, we have

T-1

T—t
DF
pmin:glpaé}{pmax F -T H = NT _; mwt—l(pmax)/wt—l(pmax) _F;Dmax
pmax
Hlyr X g G ()
t p1n1n+2
T—-1
1 T — )
TNT Z m” t—1(Pmax) || * |0t 7—1 (Pmax) ||
t pmm+2
T-1
1 T—t )
TNT 2. T4 1 w1 Pmadll - [Dpe—2(P)l]
t:pmin+2
T-1
1 T—t . _ B
T X Ty e 2 )|

_ pmax pmax 10g T p?nax
_Op<\/ﬁ+ T )*OP( T >

1 T-1 T_¢ .
Op | 7 T /Npmaxt Npmax
t=pmin+2
1 T-1 p
max
+0, NT Z it 1% ﬁlog(NpmaX)
t:pm1n+2
1 T-1 p
O p— N < max 1 N .
+ P NT Z T_t—i-l\/T — og( pma)
t plnln+2
:OP <pmax IOg(Npmax)> = Op(l).
VT

Similarly, it holds that

vy % Z he(p) hu(p) = Tp|| = 0p(1).

Pmin <P<Pmax

t=p+2
It thus holds that
max O — Up| = 0,(1
Pmin <P<Pmax p p| p( )
and
max [ — v, | = op(1).

Pmin Spgpmax
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Next, we consider D;. Following the argument made in the proof of Lemma 17, it holds
that

max
Pmin Spgpmax

o
\/NTDleOp ViNTpmae Y. laxl | = 0,(1).

k=pmin+1

We now examine Das. The order is examined by using the fact that

pmax pmax
p(, mox 1Dxl?) <E< > HD22|!2> =o( > E(I!D2zll2)>

P=Pmin P=Pmin

so that
Pmax
= 2
p 2 (1Dl = 0p | ] > E(ID2])
p_pmln
Note that
T-1
—t 1 Tt
Doy = — L st ’
2 NT Z \/T—i—l T NT t:% T 1et 2(p)et

Let hy(p) = V(T —t+1)/(T — t)h(p) = wi—1(p) — Wps—2. Then, the second term in the
decomposition is
T-1

1 T—t .

h e .

NTZT—HN()”” NTZ Z —t+1 ha(p) €m
t=p+2 t=p+2 m=t+1

Now, we have that
2

NT Z Z —t—l—l t(p)/fm

t=p+2m=t+1

- N2T2 Z Z —t—i—lT—t’—i—l Z Z ”( ( )emegn’ht'(p)»

t=p+2 t'=p+2 S—
= T — max(t,t')
= E (hu(p) ho(p)) )
N2T2t;2tlz T —t+1)( T—t’—l—l) ( +(p) s (p)

given F (ht(p)'eme;n,ht/ (p)) =0ifm#m'and E <].’Lt(p),€m6;niltl (p)) =o’F (ht(p)’ht/ (p))
We observe that

— = T — max(t,t) N
N2T2 _Z: Z T DT -0+ (E(ht(p) ht’(p)>>

v s (

T-1 T-1

< N2T2 Z Z —t+1 ! T (E <ht(p)/ht’(p)>)

t= p+2t’ t

N2T2 Z —t+1 ( (ht(p)lilt,Tfl(p))>v
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where

T-1

) = 3 ()
S o A E i

It holds that

(B (in(p) 1)) < N P)MA (Bl ir )22 = 0 (22 ).

where E\|;Li,t7T_1(p)H2 = O (Np/(T —t)) by the short memory assumption in Assumption
1. Thus, it holds that

2

_ 1 _ p
NTZ Z T—t+1 hi(p)em|| =0 N2T? T—t+1T—¢ _O(NT3/2)'

t=p+2 m=t+1 t=p+2

For the third term, given w,+—2(p)'e; is a martingale difference sequence, we observe that

2
T-1

1 Tt 2 _ )
EN~T > mwpvt—m)’@ Nsz Z < T_1 +1> o?tr(E(wp,t—2(p) @pi—2(p)))-
t=p+2

As tr(E(1-2(p) Tp1-2(p))) = O(Np/(t — p)) by Lemma 8 and (T'— )*/(T — t + 1)?

we have
2

T-1 2
1 T—t _ Np plogT
Ell— Y ——a,, (e =0 o) .
Nthp;2T—t+1wp’t 2(p) e N2T2t§;2< —t+1> t—p < NT? )

Therefore, it holds that

pmax
B P plogT
Prnin Sp <P /NTDx|[ =0, || 3 (NT3/2 TN >

—Pmin

max maxv/10og T’
=0, | max 4 PV IORL ) — 0,(1).
N1/273/4 N1/2T

Lastly,
Pmax
max  [VNTe,a(p)|= max |VNTay <VNT Z lag| — 0
Pmin <P<Pmax Pmin <P<Pmax k=pumin+1

by the assumption. Therefore, we have (6).

We now show that the distribution of max;, . <p<pma. tp(@(p)) can be approximated
by the maximum of Gaussian random variables. Let y,, P = Dmin, - - -Pmax be a random
sequence whose joint distribution is multivariate Gaussian and whose covariance structure
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is the same as that of £,(d(p)). Noting that e, I, 'w;_1(p)e;/v, is a martingale difference
sequence and the long-run variance is 1, Theorem 1 of Chang, Chen, and Wu (2024) gives
that

= o(1). (7)

sup
a€R

P ( max  t,(a(p)) < a> - P ( max Y, < a)

Pmin Spgpmax pminSpSpmax

We provide several observations about a(p) = e, (I‘p)_1 wi—1(p)et/vp. It is a martingale
difference sequence. The covariance structure of a(p) is as follows. By the definition of v,
Var(a(p)) = 1. We then examine the covariances. For p; < pa, we have

E(a(pl)a(pg)) :026;1 (Fp1)_1 [Ip170p1><(p27p1)] sz (sz)_l €py
:0-26;71 [(Fpl)il ’Oplx(P2*pl)] €py = 0,

where I, is the p; dimensional identity matrix and 0y, x (p,—p,) is the p1 X (p2 — p1) matrix
of zeros. We thus have

Bl (601 (6(92))) = T 2D 20 (0,710, s =01

Because a(p), p = Pmin; - - - » Pmax 1S an uncorrelated sequence as shown above, we have

P < max Yp > ZO.5a> =1 — (1 _ 0'5a)pmax*pmin N 1’
Pmin <P<Pmax

and

P < max  |yp| > Zo.5a> — 1. (8)

Pmin <P<Pmax

We obtain the desired result by combining (6), (7) and (8).

9 The order of FZI

As an example, we consider the case in which wj; is i.i.d. across individuals and over time
so that v = o2, v = 0 for 7 > 0. The i.i.d. assumption is satisfied when all AR coefficients
(ag’s) are zero.

For simplicity, we assume that 79 = 02 = 1. In this case, we have

-1 1 0 ... 0 O

o -1 1 ... 0 O
T'a =

0 0 0 . -1 1

0 0 O 0 -1
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We first derive A\,. The inverse of I'a is

1 1 1 ... 1 1
0 1 1 ... 1 1

-1
ril=—|... ... ..
0 o 0 ... 1 1
0 0O 0 ... O 1

It therefore follows that Tx"T'x' is a matrix whose (a,b)-th element is min(a,b). This
implies that the maximum eigenvalue is p because for [ € RP, we have

p p p p
PTRMTRN =)0 min(a,b)lals <p > > [lal - 1] < pl|I]]?,

a=1b=1 a=1b=1

where [, and [, be the a-th and b-th elements of [, and the upper bound under the condition
that ||I|| = 1 is achieved by I = (0,...,0,1). This means that A\, = \/p.
Next, we derive the bounds of v124 Hp We have

2 1 1 ... 1 1
1 2 1 1
ottt =—
11 1 ... 2 1
1 1 1 ... 1 2

The eigenvalues of this matrix are —(p + 1) (single eigenvalue) and —1 (the degree of
multiplicity is p — 1). These eigenvalues can be verified directly. Define Ap = Fgl +
Iy'. For v = (1,...,1), we find that Arv = —(p + 1)v, establishing —(p + 1) as an
eigenvalue. Consider the vectors v; = (1,—1,0,...,0)",ve = (1,1,-2,0,...,0),...,0p_1 =
(1,1,...,1,-2)'. For each j = 1,...,p — 1, Arv; = —vj;, demonstrating that —1 is an
eigenvalue with multiplicity p — 1. Hence, the definition of ¢, implies that

M102 < U124H7p < pM202

asymptotically when (7" — p) — oo.
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