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Supplementary Material: Confidence intervals for multiple change
points in linear models with heteroscedastic errors
Lajos Horvath*, Gregory Rice’, Yugian Zhao'

APPENDIX A. PROOF OF THE MAIN RESULTS

Lemma A.1. If Assumption 2.5 holds, then for all1 < { < M+1, x;€;, XiXiT, me_1 <1< my

are Bernoulli shifts and with some ¢ > 0
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where v and U are defined in Assumption 2.5 and X} ;, €} ; are the first d and the last coordi-

nates of z; ;.
Also, for all —oo < m < oo

3/v
T * * \T * v/3 -—1
<E i, €iem = x5 (65) " €5y | ) <cj

and

T *
itm T Xij

" )T © (e )T||V/4>4/V 0

-
(E HXiXi XitmX (%35) " Xitm,; (Kim,j <cj

Proof. The Bernoulli shift property is an immediate consequence of Assumption 2.5. It is
easy to see that

Xi€ — X; 6 = (X — X} ;)6 + X (6 — € ;)

and therefore by the Cauchy—Schwartz inequality we have

72 < 22 (B [l = iy ] + B e e — )7

* *
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where in the last step we used Assumption 2.5.

The proofs of the remaining parts are the same and hence they are omitted. 0

We start with the behavior of 3 » under the exactly one change in the regression parameter

hypothesis. We show in the next lemma that B N 1s close to

By =08, + (1 —10)B,.
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Lemma A.2. If Assumptions 2.1-2.7 hold and R = 1, then

-l o).
Proof. Using Theorem S2.1 in Aue et al. (2014) we obtain
1

—X Xy — A‘

N —0p (N712).

Under Assumption 2.6, A is a non-singular matrix and therefore

1 -1
H (NXIVXN) — AN =0p (NT?).
Since
k* N M+1 mj
XyYy = inxjﬁl + Z xiX; By + Z Z Xi€i,
i=1 i=k*+1 j=1 i=mj_1+1

applying again Theorem S2.1 of Aue et al. (2014) (cf. also Berkes et al., 2014) on the intervals

of stationarity, we conclude

Z X;€; IOP(Nl/Q), 1§j§M+1,
i=mj_1+1
which results in |
HNXIVYN —ABy|| = O0p (N71?).
The proof is now complete. O

Lemma A.3. If Assumptions 2.1-2.7 hold and R = 1, then

Ji
N9

N = OP(l).

Proof. First we consider the case when 0 < k < 1/2. Using the definition of €; we get

k k k N
inéi = sz@ - N Z X;€
=1 . =1 k . =1 . k N A )
= ZXM N ZXM - (ZXiXiT N inxj) (By — By) + Gn(k),
i=1 i=1 i=1 i=1
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where

+6— Z XX >AN, it 1<k<k*

i=k*+1

( r k k k*
<(1 —0) inxiT v inxiT
[ i=1 i=1
. k* k
Gn(k) = <(1 —0) _1 — %} izlxix; —0 [ Z XX, — Z XX ]) Ay,

i=k*+1 i=k*+1

it k*+1<k<N.
It is shown in Horvéth et al. (2023, 2025) that

Nzn 1/2 k N
(A.1) 1Igr}ca<}§v szel zxiei
and
N% 1/2 k N .
(A.2) 1lgr}iN le W ;Xixi (1).
Hence .
N2n 1/2
lgiN szez GN ( )
Let
N _ *
WAAN’ if 1<k<Ek”
Gy(k) =
k*(N — k) . .
It follows from (A.2)
N-1/2+26

12&%\/MHGN(I€) - GN(k>|| = OP(HANH)'

It is easy to see that
N2K-1/2
TShEN (RN — k)

so this is the dominating term. We observe that for every € > 0

- Gh ()| = 0))' " [[AAN] (1 + o(1)) = oo,

N26—1/2 12 .
ey IGNBI = N2@) 1= 0 AL - oo

Since

2k—1/2
lim ! max N—H H

N0 N12(0)(1 — 0) [ AA ]| erorone (B(N —
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the lemma is proven when 0 < k < 1/2. If K = 1/2 we just need to replace (A.1) and (A.2)

with
N k k (log log N')'/?
B RN R || 22 T Z Or ((1og10g V")
and
N1/2 1 | 12
S TRV = R || 27K ZX% = ((loglog})'").
OJ
Some technical results we use in the proofs are collected in the following lemma.
Lemma A.4. If Assumptions 2.1-2.7 hold and R = 1, then
X4 Xy — NA|| = Op (NV?),
k
el = 1/2
s | Lo =0 v
and
1 -
1/2 el =
SR — k ,_Zk;rl i Or(l)
if a =a(N),a(N) = oo and a(N)/N — 0.
Proof. The results in the lemma are taken from Lemma 5 of Horvath et al. (2023). O

The next result provides the rate of convergence in Lemma A.3.

Lemma A.5. If Assumptions 2.1-2.7 hold and R =1, then

/\

[AN]* = =8| = Or(1).

Proof. We use the decomposition

k
Z Xigi szez - . Q4( )
i=1

where

k i N
= ;Xzfi - N szfi;
k
- (Z Xi€; — sz€z> - IaN)a
i=1
k
Qs(k) = (1-0) ) xx{ (8, — Ba),
i=1
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Q(k)_——ll— sz ezxz ] —B,).

i=k*+1
Using the notation above we have

2 2
N 2K ) k N ) N 2K ) + N )

(o) o (o) s

i,0=1 i,J=1

Elementary arguments yield for all 0 < oo < 6

N 2K N 2K
(rv-n) ~ (eovm)
|Na]<k<k*—a N1726||An||2(k* — k)

(r=n) - (rvem)
1

m 1<k<N HN 1/2Q1( )H

-0 (w7aTe)
= op(1),

(A.3) max !

_ —1-2k
|Na|<k<k* k* — k =0 (N )

and therefore by Lemma A .4

1
max

1Qu (k)1

— 0(1)

where
a=C/|Ax|?*

Next we write

Qi) I* = 1Qu(E)II*] < HQuE) = 1QuEN) (1Qi ()| + Qi (k7)) -

Using again Lemma A.4 we conclude

N 2 1
- @ k 2 k'* 2
(k*(N - k*)) a2 N AN PO — oy QB = Q)T

< [0 Ol = 1QuCk1| |52 (a1 + Q)]

- 1<k<k*—a k*
N1/241/2

X —— = op(1).
Naye oW

Similar arguments give

N2n—1
max

|NaJ<k<k*—a (k* — k)||An|?

(kWN_ k))% Q/ (k)Q;(k) — (ﬁ)% Qj(k*)Qj(k*)|
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= OP(l),

for i,7 = 1,2. Lemma A.4 implies

(A.4) (1—0 le -0 Z X;X
i=k*+1
k* N
‘ |A| + Z[XiXiT —A]|| + Z [x;x; — A]H
i=1 i=k*+1

— Op (N'V2).

Elementary algebra yields

1 NV armeu) - (—— Y aromaue
s e () A0 - () Qi)
1 N 2K N 2K
S B N AN ( <N—k>> ‘(k*w—k*)) QI
1 N * *
A () 9 R - Qiaw
and by (A.3) and (A.4)
1 N 2K N 2K )
ol N (e — B[ AN ( <N—k=)) ‘(k*uv—k*)) 1Q:(0
B (k’* _ k)NflfQI{
= Or(l) LNajIgl?é(k*faNl_%(k*— E)||Ay||? 1<k<k* QiR
B (k*—k)N 1-2k
= 0P o 3, Noane — AN AN
:Op(l).
Also, by (A.4)
1 N * *
s e () 1R - @ (@)
1 * *
< x| o 1) — QuOl max (1948 + u(h) )
]. ES
= O0p(1) 1;{2&}3{ N2 (k — B)[[Ay] 1Qa(k) — Qa(k") |l

= Op(l).
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Repeating our previous arguments one can verify

ax 1 ( N )%QT(I{:)QTU{?)
[No|<k<k*—a N1~ 2ff( )||AN||2 (N—k:) 4 i
N 2K T k* T k* — 1 _1 2 3
_(m) Q4 (k)Q; (k7)|=o0p(1), i=12,
and
1 N . T T
LNaJrgl?é(k aN1=25(k* — k) || An||? < (N—k)) Qs (F)Q;, (k)

= Op(l).

() @ienQiE)

Using again (A.3) we obtain

1 N 2K N 2K
- k k
s s ) - () Il
= 0p (At ) = or(D)
—r\NEA) T
Next we note
1 T * *
|_NO¢J1£1k‘a<k _aN1- 25( ) |A H2 |Q1 Q3 ) Ql (k )Q3(k )
1
< _
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1
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P( ) LNajrgl?%(k*—a (k* — k)HANH ||Q1( ) Ql( )“
1 *
+0p(1 )waf?z?fk* NP kA ||2||Q3(k) = Qs(A7)ll-
By the definition of Q;(k) we have
1
k) — k™
LNaJrgl?%{k*—a (k‘* — k)HANH ||Q1( ) Ql( )H
N
1 k*—k
< max X € || + max X;€;
|[Na|<k<k*—a (k* — k)HANH N ; |[Na|<k<k*—a ( k* HANH Z;I

and

1
| = 1).
PONE < S ey o OP(NWHANH) or(1)




Using again Lemma A.4 and the definition of a we conclude

E Xi€;

i=k+1

CH0  No—soo | AN 1<k<k*—a k* —

lim limsup P {
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for all x > 0. It is easy to see that

>x}—0
1

. 1
LNaEll?%{k*—a Nl/?(k* _ k)HAN||2 ||Q3(k) - Q3(k )H =Op (N1/2||AN||) - OP(l)-
Applying Lemma A.4 and (A.3) yields

w25 A o) 190 (o) 1@
Putting together our estimates we conclude
o (Ov0)+ V) B -
with
(A.5) Un(k) = (ﬁ) > Qf( (ﬁ)% > QI (k)Qy(k)
(i.9)€T (6.)ET
and o o
Valk) = (ﬁ) Q0 - () QI
where

={(,7): 1<4,5 <43\{(1,3),(3,1),(3,3)} -

For the remaining term Q;(k)Qs(k) we have

N 2K
lim lim sup P 2\ (v ) Qf
e N LNaJSkSril*a—XC/ANHZ[ <<k(N - k)) @

- (ﬁ) Qf(k*)Qs(k*)>+%VN(k) >

for all z < 0. Thus we showed that

lim limsup P {I%N <k*— C’/||AN||2} =

C—=0o0 Nooo

and by symmetry
hm lim sup P {kN > k* 4+ C/||Ax|? }

C—0 Nooo
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We extend the definition of Qs(k) for k > k*

N
B)=0 ) xx[ (8, —B,), ifk>k"

i=k+1

We introduce further notations

( 2k k 2k k*
N-(1-2x) (( ) Zx € Qs(k <k‘* N > ZX Qs k*)

if1<k <k,
RNl(k) = N 2%k
’ N-(1-25) <—) x; € | Qs(k
k<N z%l ’
N 2K
S (P x 6 | Qs(k*) |, ifk*+1<k<N,
\ (k*(N_k* ) ( z;-l > ’ )

N7 <<k;(NL—k)) (1= 02K(8, — B,) T A%(B, — By)

_ (L}) r (1 — 0)2<k*)2(131 i ,62)TA2(ﬁ1 B /82)>’ i$ 1 < i < k*’

k*(N — k*
Ry (k) = )
N K
N2 ((m) 0*(N — k)’ (B, — By) T A*(B, — B,)
N 2K
- (m) 0°(N — k*)*(8, — By) " A*(B, — ,32)>7 if £*+1<k<N,
(N*“*Q“) N 2m(1—9) —ixe Zx —B,), if 1<k<k’
k(N — k*) e > ? -
Rys(k) = - .
N—(1-2%) (L) 9( X, el) xx; (B, —By), if K*+1<k<N.
and
(0(1 —0))'~ 2“( Z X, ez> —B,), if 1<k<k,
RNA(]{;) _ i=k+1

(0(1 12“(2){6@) —B,), if k*+1<k<N.

\ i=k*+1
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Lemma A.6. If Assumptions 2.1-2.7 hold and R = 1, then we have for all C' > 0

N2 [(ﬁ) Q7 (1) Qs(k) - (ﬁ) QI(k*>Q3<k*>]

—Rna (k)| = op(1),

max
[k*—k|<C/llAN|?

N—(1=2) max

lk*—k|<C/|| An]? N —k

N2 [(%) QJ (k) Qs(k)

_(ﬁ) QI (F)Qs (k") | — Rya(k)|= op(1),

sup |Rna1(k) — Rns(k)| = op(1),
|[k—k*|<C/|AN|?

sup ’R]\Qg(k) — RNA(k)’ = 0p<1),
[k—k*|<C/|AN]?

and

N—(1=28) max |Un (k)| = op(1),
lk—k*[<C/|lAN]?

where Uy (k) is defined in (A.5).
Proof. It goes along the lines of the proof of Lemma A.5 and therefore it is omitted.
Lemma A.7. If Assumptions 2.1-2.7 hold and R =1, then

sup, | Rva(k* + sv/IIANI2) +29(0(1 = 0)' = |s|m.(s)[|Ad]*| = o(1).

Proof. Elementary calculations yield the result.

Let
k* A

(A.6) Zvals)=lAnll | = Y X« Am, s >0,
i=k*—s/|| A2 N

and
K +s/| AN A

(A.7) Zna(s) = | A Yo oxla AT s>0.
el ANl

We recall the definition of o%(i) from equation (2.6).
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Lemma A.8. We assume that Assumptions 2.1-2.7 hold and R = 1.
(i) If i1 < 0 < 7;, then

(Zna(s), Zna(s),0 < s < OF 25 Lo (WO (s), o (YWD (5),0 < 5 < C} .
(ii) If 0 = 7;, then
22[0,0] . (1) . (2)
{Zn1(s), Zn2(s),0 < s < C} =" {o(i)WW(s), (i + 1)WP(s),0 < s < C},
where {WM(s),s > 0} and {W(s),s > 0} are independent Wiener processes.

Proof. Due to Assumption 2.5, x;¢; is stationary on the intervals (my_1,my],1 < k < M+1.
Hence, the asymptotic independence as well as the weak convergence follows from Theorem
S2.1 of Aue et al. (2014). O

Proof of Theorem 2.1.

Proof. According to Lemmas A.5 and A.6 it is enough to consider
Zy(s) = 2Ryna(k" + <s/|ANI*) + Rya (k" + cs/|An[[*), —C' <s < C,

for all C' > 0. Assume that 7,_; < 0 < 7;. It follows from Lemmas A.7 and A.8 that

(A.8) Zn(s) "5SS 2001 — 0))12 (V20 (i)W (s) — | s|mis(s) ]| AdJ2) .
Choosing
_ (a(@) —|—a(9+)>2 1
2 |Ad|*
we get
(A.9)

(20(0)W (5) — olslma(s) | Ad]?) = (“(0) *“(9”) o

2 |Ad||2(0(i)W(5) — [smi(s)).

We can choose C' as large as we wish, the proof is complete when 7,_; < 6 < 7.

If = 7;, then (A.8) and (A.9) change to

Zn(s) TG 2001 — )12 <<1/2 (i)W (s)1{s < 0} + o(i + D)W (s)1{s > 0}]

- <|8|mn(8)HAdl|2)-

and

(A.10) (g1/2g(z’)W(s) — §|3|mn(8)||Ad||2) _ (a(Q) + a(«9+)) | 1

5 Ad]? <o(i)W(s)]l{s <0}
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+o(i+1)W(s){s >0} — \s|m,{(s)>.

Proof of Theorem 2.3.

Lemma A.9. If Assumptions 2.1-2.6 hold, then

E X€yp

lim lim sup P{ N*~Y2  max max
e=0 Nooo lk—k;|<Ne k; N€<j<k

>:c} 0,

for all x > 0 and

max max 1 B
|k—k;|<Ne ki—Ne<j<k ( (k — )/2

Nl/l/)

g Xe€p — E Xe€r

Proof. Assume that 0 < xk < 1/2. We prove that for all z >0 and 1 < £ <d

ngﬁ€e Z[L’gé65>l‘} 0.

Consider first when 0 < k < 1/2. It follows from Theorem 1 of Berkes et al. (2011) that
forall 0 < e < minlSiSR (9, — 91‘4_1)

lim lim sup P{ N*~Y2  max max
e=0 N_oo |k—k;|<Ne ki—Ne<j<k ( k g

N2 max max
|k—ki| <Ne ki—Ne<j<k (

ZW £EC — Zme €L
S () = W(s)l.

9
— sup sup
‘t79i|ge 0;—e<s<t (t - S)

The random variable on the right hand side of the above is well defined by Garsia’s modulus
of continuity result (cf. Csérgé and Horvath, 1997 and Morters and Peres, 2010). When
k=1/2, for every e > 0,0 < § < 1/2,

max max 5
|k—k;|<Ne ki—Ne<j<k (k — j)1/2

k J
§ Te€p — E Ty r€e
(=1 =1

k J
< max max (k—j)0——"— E Tpp€p — g Ty £ €
T |k—k;|<Ne ki—Ne§j<k( J) (k — j)1/2=90 — ' — ’

k J
E Ty n€e — g Ty r€e
=1 /=1

< max max -——————
= |k—k;|<Ne ki—Nej<k (k — j)1/2-0

= Op (N1/2-(1/2-9)
—0p (V).

where we have applied the first part of the lemma. Taking 6 = 1/v finishes the proof. O
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We define the event in Assumption 2.3
Ay ={|6,—0,] <e foral 1<r<R}N{Ry =R}

Let

We introduce

a(0;) =d;/ AD;Ad;, if 7, <0, <71, €{l,...,M},ie{l,...,R}.

ApPPENDIX B. PROOF OF THEOREM 2.2 (R > 1)

We recall the notation describing the disjoint (topological) union space of R¥,
U= [JR* = {(k.x): ke NU{0}, x € R*},
k=0

equipped with the metric

[x1 — xa|

du((k1,x1), (k2,%2)) = 1{k1 # ko} + 1+ %1 — xo|

]l{k?l = k‘Q}

U is a Polish space; see Chapter 1 of Kechris (1995). The random element (%N,l, e %N,RN) =
(}?N, (%N,ly o 7%N,RN)T) takes value in U. We first begin by noting an elementary property

of weak convergence in U.

Lemma B.1. Consider an array of random variables X; n such that for a fized positive
R A~
integer R, (a) (Xin,..., XrN) QZ&) (X1,...,XRr), and (b) Ry it R, as N — oo. Then
~ P(U
(B, X3 oo X)) 23 (R, X1, ooes X))
Proof. Let
Zy = (Ry, (Xin,.., Xp n) €U
and Z = (R, (Xy,...,Xg)). For any bounded continuous f : U — R, by the triangle
inequality

Ef(ZN)—Ef(Z)‘ < )Ef(ZN)—Ef(R, (Xin, - XRrN)) ‘—i—)Ef(Z)—Ef(R, (Xin, - XrN)) ‘

For the first term, |Ef(Zy) — Ef(R,(Xiny -, Xan))| < 2|flleP(Ry # R) — 0. as
N — oo. The second term vanishes as N — oo by hypothesis (a). This completes the
proof. O
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Lemma B.1 in effect means that in order to prove Theorem 2.2 under Assumption 2.3, we

only need to consider the case when Ry = R, and establish the weak convergence of fixed

dimensional vector (%Nvl, . a%N,R)-
Henceforth we thus assume Ry = R. Let for i € {1, ..., R}
ki — ki R kig1 — ki .
G = %, li1 = #1{/%71 < ki_1}, li2 = Hﬂ{lﬁﬂrl < kip}
Kiv1 — ki i1 — ki i1 — ki
and

Bin =GB + (1= G)Biv1 — tig A1 + LipANiy1-
We recall that ﬁz N = B(l%il,l%i,l) denotes the least squares estimator computed from
yg,Xg,]%i_l </t < ]%i—i-l;l << M.

Lemma B.2. If Assumptions 2.1-2.8 hold, then we have
HBzN - /B’LNH =0Op (N_l/Q) :
Proof. By definition
P -1
Bin = (X yXin)  XinYin,

where A
ki1 T
X WXiv = > xx{ and Y,y = (y,;i_lﬂ, o yk+) .
52/;71'—1+1
By Assumption 2.5 there is ¢g > 0 such that for all ¢ < ¢

kit n
lim P E (xix, —A)|| < max E (x/x,—A)|| p = 1.
N—o0 £ ki—1—Nc<m<n<k;11+Nc
l=ki—1+1 £=m+1

The sequence xy¢, is stationary on intervals, so by Theorem S2.1 of Aue et al. (2014) we get

n

! i _ —-1/2
N kiflfNCSI;Inlgﬁgki+1+NC Z:;l,_l<x£ X A)H o OP (N ) '
Assumption 2.1 implies
N
7 2 = OP(D’
Kip1 — ki
and therefore )
=< S XINXlVN_AH:O (N—1/2)7
Kiv1 — ki

hence
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We note that

ki ki—1
X/ \Yin = Z xx) B; — Z xpx) Aiy | T{kioy < kiq}
l=k;_1+1 b=k;_1+1
ifi+1 l;¢+1—1
+ Z XgXZ,BH_l + Z xpx, Agpy | 1{kipy < /Aciﬂ}
t=k;+1 t=ki41+1
ici«‘rl
+ Z Xyp€yp
O=Fk;_1+1

Using again Theorem S2.1 of Aue et al. (2014) for the piecewise stationary sequence {x€;, —00 <

l < oo}, we get

]%i+1 n
_ 1/2
Z X€0|| < ognr?gng Z xe€60|| = Op (N ) )
t=k;_1+1 t=m+1
Since
ki 1%24-1
Z (xpx, —A)|| =O0p (Nl/z) and Z (xix, —A)|| =O0p (Nl/Q) :
=k;_1+1 t=ki+1
the proof is complete. O

Remark B.1. If information is given about the rate of convergence of ki1 /N and ifz’+1 /N

to #;_1 and 60,1, Assumption 2.8 can be replaced with weaker conditions. If, for example,

ki ki
Nl — 01| = OP(UA) and NH —0ip1| = OP(TZ‘H),
e 1Al Al
Ti—1||Ai-1,N Tip1||Ai+1,N
———— =0 and ————>— —0
Al 1Al
are sufficient for Theorem 2.2 to hold. The typical rate of convergence is the fast rate
A NP A, 2
S S
Lemma B.3. If Assumptions 2.1-2.8 hold, then we have
B 0; — 0,1
= — — =op(1).
ki+1 — ]{1'71 6i+1 - 91'71 P( )

Proof. First we assume that x < 1/2. According to Assumption 2.1

lim P{fci_l <k < l%m} ~ 1.

N—oo
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By the definition of {é¢;, ki< t< l%i“} we have

( Xy (ﬁ —2
Xy (
(Bl) @@g = €y —|—
L Xl(ﬁm - Bz

ZN)

~

]%i—l <fl< max(k:i_l, ki—1)7
in), max(k_1, ki) <0<k,

ki < 0 < min(kis1, ki),

N)7 min(kiJrl; l%iJrl) S f < ffiJrl.

There are four possible cases, depending on if the first and the last lines in (B.1) are empty.

We consider only the most difficult case,

the proof of the other cases are the same but

somewhat simpler. If l;'i_l <ki1,ki1 < l%iﬂ we have

k k it
A 1
Z Xeffzz = Z Xp€p — Z X€yp
i—1+1 = k‘l 1+1 l=k;_1+1
k 2 1%1‘+1
k — ki,1 A —
- Z ngz— - Z Xexz (Bi,N - ﬁi,N)
i i1 — kio1 ¢
= 7,—1+1 g—szl'i‘l
, (1) (2)
+ GZ,N(]C) + Gi,N(k> + Gi,N(k)a
with
' i
- h—1
(1-¢) Z Xxg— ——+— | (1= ¢) Z XZXz
I—F: z—l—l - kz 1
7— 1+1 = kz—l“l‘l
1+1
—Gi Z XeXe Ay, it ki <k <k,
0=k;+1
G@N(k) =
z+1 o ]{j
—( Z XZXE + A - (1-¢) Z xzxg
l=k+1 ’L+1 - hg—1 (= kz 141
1+1
—Gi Z xix) | | Ang, if Eki+ 1<k <k,
L 0=k;+1
( k
Z XXy (=14 01) AN, ki <k < ki,
=k; 1
G (k) =
z,N( ) ks &
XX, (—Ani—1) + Z XX L1 ANi—1, ki <k < Kiga,
\ e:fcifl i=i€i,1
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and
( k
L (=) ANy, ki <k <Kk
X[X@( Lz,2> N,i+1, i—1 < > hg41,
l=k;_1+1
(2) _
Gi,N(k) - R
kit1
E XeXeLipANiv1, ki <k < ki
\ (=Fip1+l

Using Assumptions 2.1-2.5 we obtain

| 1
B.2 N"H2% max o (IGER w1+ 162 ®))
(B2 e (18R @I e )
kii1 ki k; k;
= Orl) ( Sait el Rl i a2 ) (ANl + [Anital)

= op(D) ([[AN-ll + [[ANl]) -

We note

k ~ Eip1+1

B 1 1 k—Fki_q
NV e — - - E Xy€p — # E Xy€p
i1 <k<k; — Ki—1)" (Rit1 — k)" ; +1 T Niel o, g
1 +1 ( (3 1) ( i+1 ) e:ki71+1 i+1 i—1 Z:ki,1+1

kit1

1 1 b k— ks
< N—L/2+2% ~ max = ~ Z Xy€p — — et Z Xy€p
ki—1<k<k; (l{ — ki—l)ﬁ (ki+1 — kﬁ)ﬁ i+1 — ki—l

fil;‘i_l-‘rl Ziki_1+1

k

1 1 k— ki,
+ NTY2425 ax . _ Xp€p — X €
k:i<k:<l;3i+1 (k — kl',l)'% (ki+1 - ]{})H Z YASY k’ Z YASYA

b=k;_1+1

By Assumptions 2.1-2.5 we get

1 1 k—k;_
N7V22%  max . - Xpp — ————L Xy€
o1 <k<k; (k _ kifl)'f” (ki+1 _ k)n Z A 3 Z 1€¢

! b,
= Op(1)N~V?** max —— Xp€p — X6l
p(1) oo > e 3 xe

and

k 2 kita

_ 1 k— ki

N 1/2+4k o max E Xp€p — % E Xyp€yp
ki—1<k<k; (k — k’ifl)‘% k’i+1 — kl

b=k;_1+1 -1 t=k;_1+1

k A _ ki1
1 ke — k'—l 1-k
< N7/2Hn ~max ————— E xpeq|| + N~V ~ max # E X(€p
ki—1<k<k; (IC — ki—l)’{ : ki—1<k<k; ki—i—l — ki1

0=k;_1+1 O=k;_1+1
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Assumption 2.1 yields that for all ¢ > 0

k k
1 1
P —_— < —
SO | e < mas e | D e
i (=hy 141 {=m+1
— 1,
and using Proposition 2 of Berkes et al. (2011) coordinatewise, we get
1 k
—1/24k _
N S e B T | 2 e = O (D)
Theorem S2.1 of Aue et al. (2014) implies
k
~1/2 _
N ogglglgigN Z xeee Or(1),
l=m+1
and thus we conclude
1 k [ ]% ’%i+1
B.3 N-V2+H5 max —_— Xp€p — # xe60|| = Op(1).
( ) ki1 <k<k; (k — kifl)n Z kivi— ki1 Z ( )
l=k; _1+1 l=k; _1+1
Similar arguments yield
| ¢ F—di, b
Ba) N omae | e AR S 0
ki<k<kii1 (k — ki—l) 41 ki—i—l ki—l P
and therefore
1 1 :
]\[71/2+2N max = = Z Xgéig - Gz N(k) = Op(l)
ki—1<k<k; (k‘ — ]{Zi_l)ﬁ (]{Zi+1 — k)n b i1l
Following the proof of (B.2) one can show that
1 1 . k—k
N-1/2+26  max _ _ (1-¢) Z [xex; — A] — A
ki—1<k<k; (k? - ki71)“ (kiJrl - k)"i - kz’+1 - kz‘fl
l=k;_1+1
k; /;714-1
x |(1=¢) xex; — Al+ G Y [xex) — A]| || = 0p(1)
l=k;_1+1 zik‘l-‘rl
and
1 1 b ki1 — k
N~Y2H2% max - - -G Z [x;x, — A] + AR

ki<k<kii (k — ki_1>n (ki+1 — ]C)'i (ki1 ki+1 — kz
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ki Eiﬂ
) Z (xex; — Al = ¢ Z (xex¢ — Al ||| = Op(1).
f:iciflJrl l=k;+1
We also define
( & k— ]%z‘fl -
(1 =Gk —ki1) = = [(ki — ki_1)
Kivh — ki [
1 _<i(]%i+1 — kz):| L ki <k <k,
Gl = N8 :
— RKi—1)" (Rip1 — k)7 . iy — k
Gk = k) + == | (1= ) (ks — ki)
i+l — ki—l
L _Cz( i+l ):| , ki <k< ]Aﬂi+1.
We note
(b = ki) (Rigs = ki), ko < k < ki,
G (k) = N-1+2 1A ] 1 " Kiv1 — ki
k?—l{?i_ ’il{?z‘ — k)~ ];; —k ]{Z—]Ai', “
( 1> ( - ) _( Z+1A >( : . 1> k’i<k’<k’i+1.

Kiv1 — ki
The rest of the proof is the same as the last arguments used in the proof of Lemma A.2.
If Kk = 1/2, then we can repeat the arguments above but the upper bounds Op(1) in (B.3)
and (B.4) are replaced with Op((log N)¥/2). Also, (B.1) is modified to
1
N7HE max (leBml+ 163 wI)
k_ 1<k<kz+1 (k kz 1) (k +1 — k) ’

= op(1)(log N)'2 (| Axica |l + | Anira]) -

Lemma B.4. If Assumptions 2.1-2.8 hold, then we have

A

1 €

I )
[AN|* [N

;| = Op(1).

Proof. We modify the proof of Lemma A.4. We consider the case when l%i_l < ki1, ki1 <
]2;‘2'4_1. Let

z+1

Z X¢€ip — 7 Z x0€i0 = Qui(k) + ...+ Qs.i(k),

t=ki_1+1 kivi — ki1 fei1+1
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where
k [ /2} . ffz‘+1
Ql,i(k) = Z Xyp€p — % Z Xy€y,
> Kip1 —kio1 | %
l=k; _1+1 l=k;_1+1
k k L 1A€i+1
i—1 - =
Qz,z(k’) = - Z Xp€p — = i Z X€y </61N - ,317]\/) )
l=k;_1+1 i+l -1 b=k 1+1
i k
kz - kl*l
Qai(k) = 1 - —— Y xx[ (B - Ba),
Kiv1 — ki
K:k171+1
E— ]2? ) ki ifi+1
Quilk) = ——— | (1=G) > xx/ =G Y xx; | (B —Ba),
kivh — kia 41 O=k;+1
k
Q57i<k?) = Z XgXZ (1 + Li,l)]l{ki—l <k< ki—l}AN,i—l
O=k;_1+1
ki—1 k
+ Z XgXZ—(l + Li,l) + Z XgX;LZ'J ﬂ{ki_l <k< ki+1}AN7i—1>
O=Fk;_1+1 l=k;_1+1
L — ]% . kit1
Qﬁ’i(k) = —# 1+ Ly, 1 Z XZXZ + Li1 Z X[XeT AN,ifl,
k’H—l - ki—l I— kz—l“l'l l=k;_1+1
k
Q?z Z sze —li2 ]l{kz 1<k < kz+1}ANz+1
O=k;_1+1
H—l Z+1
+ Z Xszg —1i2) Z Xszg (1 —tio) | H{kiz1 <k < kix1} AN i1,
=k;_1+1 l=kit1+1

» 1 kit1
k—ki_y ot
- § : § : T
Q&i(kﬁ) = == 1 — L, 2 XgXZ — U2 XXy AN,i—i—l'

kiv1 — ki l=kit1+1 l=ki_1+1

Using the processes above we have the following decomposition:

2K > ki1
ki1 — kicq — ki—l ¢
= = X 61 Xyp€;
((k — ke (ki — k)) Z e h, 2 X

(=hi 1+1 Kit1 — Dby 11

2

2K kit
() | B e it B

— ki) (hgar — By — iy 4
i 1)( i1 N z—i—l i— lZ o141



MULTIPLE CHANGE POINTS IN HETEROSCEDASTIC LINEAR MODELS 21

_ kiv1 —ki—q
- <(k - ]%i—l)('l%i-l—l — k)) Z Q k)Qu.i(F)

m,n=1

Kiz1 — ki
) - ((k‘i — kica) (kipr — ki)) Z U5 Q)

m,n=1

Let 0 < a < 6;/0;_1 — 1. Elementary arguments yield

2K 2K
e 1 /fj+1 —]fi_l B kf“ —]fi—l —0Op (kazn) _
kioi(a)<k<ks ki — K |\ (k — ki_y) (kipq — k) (ki — kic1) (ki1 — ki)

It follows from Theorem S2.1 in Aue et al. (2014) that

max 1Qui(k)]| = Op(N'?)

ki1 (1—8)<k<k;11(1+5)

and for all 6 > 0

P max (K max 1
{kl 1<k<kit1 HQI( )H T kis1(1-6)<k<k;11(149) HQU( )”}
Let .
a=———, where C >0.
| Al
Thus we get

2K 2K
max N1t kivi — ki—a B Fiv1 — ki
kima(ta)<k<ki—a | Anil|2(ki — k) |\ (k = ki_1) (kisy — k) (ki — ki) (ki1 — ki)

x| Qui(k)|
1
— m
NI AN ks (140) Sh<hi—a

1
p—y O —_—
! <N||AN,2'||2)

= OP(l).

I

= Op(1) [N72Qu (k)

We use

Qe 1* = 1Quak) 1P < MQui(B)| = 1QuaKa)lI] (|Qua(r)l + [ Quaki)l)

and

§ Xy€p

{=k+1

kit1
k: —k
||Q1,Z(k) - le || < k; E Xy€rll -
i—1

+1 n O=k;_1+1
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Lemma A.3 yields that

1/2 1
1<k<k —ak; — k

E Xy€p

l=k+1

= Op(1)

a

and

~ max E Xe€s|| = Op (Nl/Q) )
ki1 <k<k; 4
1—1 P41 €=ki,1+1

Thus we conclude

2K
N N71+2K )
S S [ [ kz 2
((kz - ki—l)(ki—I—l - kl)) ki*l(lg)agigkifa ||AN,Z||2< “’Ql H HQL ( )H }

< |al/? _ (k.
<|o, me IR HQLAM
N'/2q
N2 i i(Ki EVvaTRra—Y
<| ( 10w+ 1Qu )|
= OP(]_).
We can modify the arguments of Lemma A .4, as in case the terms ||Qq;(k)|* — [|Qui (k)%
to get
2K
N 1+2k N
B.6 max — T (k)Qu(k
(B:6) ki1 (14a)<k<ki—a (k; — k) || An |2 ((k — kiz1) (ki1 — k)) +(F)QuslF)
N 2K
— = = ;u(kz)an(kz) =op(1),
((k‘z‘ — ki) (ki1 — ki)) 7
if (m,n) = (1,1),(1,2),(2,1),(2,2),(2,3),(3,2), (4, 1), (4,2), (4,3), (4,4), (3,2), (2, 3)
Now we consider terms containing Qs ;, ..., Qs;. By definition, if k;_1(1+a) <k <k —a
2
ki1 k
1Qs. (k)12 = o (L4 )+ D xex] | [ Ania?
O=k;_1+1 l=k;_1+1
[ ki—1 2 ki1 T k
= Z XgXZ(l + Li,l) + Z XgXX(l + 01'71) Z XgX;LiJ
0=k;_1+1 O=k;_1+1 l=ki_1+1
k T kz 1 k 2
+ Z X¢X, Ui Z xix) (1+21) | + Z X(X, Li AN

l=k;_1+1 O=k;_1+1 l=k;_1+1
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and therefore

ki—1 k;
Qs (R * = 11 Qs (k) IPl < 2| D xex) (L )| || D e/ vin || [Awia]l®
t=k;_1+1 {=k+1
2 2
k ks
+ Z XgXZLZ‘J — Z XgXZLZ'J ||AN71'_1||2.
l=ki_1+1 l=k;_1+1
It follows from Assumption 2.5
max 1Qs,i(B)[I* = Op(N[[ A1)

ki,1(1+a)§k§ki—a

and thus we get

2Kk 2K
N-1+2x N N
max - — — —— 1Qs.4(F)||”
ki1 (o) <k<ki—a (ki — K)[[AN? |\ (k= ki_y) (kips — k) (ki — ki—1)(Kip1 — ki)

1\ [[Axi1]?
— Op (_> NANi-l® _ op(1).

NJ) |lAn|?
Now
2K k;_
N N—1+2re i—1
B.7 max ~ - xx, — A
( ) ki—1(1+a)<k<k;—a ((kz — ki—l)(ki—l—l — kz)) (kz - k)||AN,ZH2 ¢ ];Z+1[ e >]
=ki—1
ki
< ALY xex) = Al || 1A N1
t=k+1
_ [Aniall®
oAy ot

since by Assumption 2.1

ki—1
> [xex{ — All| = 0p (N'?)

(=l 141
and
1 I
Bt T | 2, BT~ A = Op (18l
We note
N 2 N-1+2s
(B.8) i1(1-40)Sh<ki—a (u@ ) (s — k,.)) (ki — k) [ Aw]?

X ki — kot | (ki — K)eia | Al Anica|* = op(1).
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Utilizing
2 2
k ki
Z XEXZLM — Z XZX;Li,l
l=k;_1+1 l=k; _1+1
<1 Z XEXZ Z XgX;r + Z XZXZ
(=k+1 l=k;_1+1 l=k;_1+1
ki k k?i
<o {| 3ot - al] v mianf ] S 4] 57 wat] .
(=k+1 l=k;_1+1 l=k;_1+1
we get, as in the proof of (B.7) and (B.8), that
N 2n N71+2n
max - -
ki (a)<kski-a \ (k — ki_1) (kg1 — k) (ki — k)| Anl?
2 2
k ki
X Z XX, Lig|| — Z xexX, tia|| | |Ani1]|* = op(1).
l=k;_1+1 l=k;_1+1

The same arguments show that (B.6) holds, when m,n = 5,6,7,8. Next we show that (B.6)
holds when m =1 and n = 5, We observe

N-1+26 N-1+26 2w N-1+26 2w
max 5 S = - = =
ki—l(l"‘a)SkSki_a(ki - k)||AN,Z|| (k’ - ki—l)(ki—i-l - k’) (k‘l - ki—l)(ki—i-l - k’l)

X [1Qui (ko) [l Qs (i)

ANi—l
— 01 TAS T = or(),
since
1Qui(k)|| = Op (N'?)  and [ Qs.(ks)ll = Op (N[ Aniall) -
Also,

2K
N N-1+2r
TR ((k ki) (h kz)) T = AP Quitks) = Quak) Qs (k)]
= Ni—1)\Ni+1 — i i

ki—1(1+a)<k<k;—a )(k

Ani_
” N, 1” _Op(l)

- OP(l) N1/2HAN,Z'H -

and

2K
N N—1+2H
max ( A i k)) (ki — k)| A2 1Qs,: (ki) — Qs (k) I[|Qua (k)]
i+1 — v it

ki—1(1+a)<k<k,—a (k _ kifl)(
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[ AN
EN — op(1).
N2[[ Ay op(1)
The same argument shows that (B.6) holds when m = 1,2,4 and n = 5,6, 7, 8.
Next we consider Qs,(k)Qs.:(k). We proceed as before,

— 0p(1))

N*1+2’i N 2K N 2K
max 5 = = — S =
ki—1(14+a)<k<ki—a (kz - k)HAN,zH (k — ki—l)(ki+1 — k’) (lfz — ki—l)(ki-‘rl — k’z)

Ay
% | Qs (k) |1 Qs.4(F) || = Op (M) = op(1).
AN

Also,

N 2 N—1+2n
ma - B (k) — Qs.4(k; (k)| = op(1),
ki1 (1+o)Sh<ki—a (k — k1) (ki1 — k) (ki — k)||An|? 1Qs.:(k) — Qs,i (k) ]| Qs (k) || = 0p(1)

since

1
max
ki,l(l—i—a)gkgki—a kl — k

1Qs.i(k) = Qs.i(ki)l| = Op(inl|Aniall) = op([[Ani-ll)

and

kifl(lg}%cgki—aHQ?”( il P(N|AN)

Using similar arguments we have

N 2 N-1+2%
SE <% Fie) (b m) A QP = QI Qs (M| = or (1),
= M1 i+1 i i

ki_l(l—i-a)gkgki—a )(k‘

1
max
ki1 (14+0)<k<ki—a k; — k

since

1Qs,i(k) — Qa,i (ko)[[[|Qs.,i (k)| = Op (|| Anill)

and

o amax [Quik)l = Or(Neaal| A ) = 0p (N[ Anical)

The same arguments imply that (B.6) holds when m =3 and n =5,6,7,8. If # = {(m,n) :
1 <n,m<8}\{(3,1),(1,3),(3,3)}, then

2K
N N-1+2x
oy 7 B Uni(k)| = op(1
k““MKKWﬂ<%—&4me—k) (i = DA Rl = or()

with

2K

Fiv1 — ki -

Uni(k)= > ( - ) i () Qui (k)
(m,n)EF (k - ki—l)(/fi.u — k)
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2K

ki1 — ki_

— R i (ki) Qi ().
(kz - ki—l)(ki—l—l - kz)

Next we consider Qg ;(k)Qs,;(k) and Q ;(k)Qs,;(k). We note

1
i(k) — i(ki
e N — B A k)~ Quilk)
1 i
< TITA N
< ki,l(lg)agcékra N12(k; — k)| Ana? Z;l xeXg || [[Anll

1
‘0P<NUWAMM)‘0“”

and thus we get

N71+2/@

max
ki1 (1+a)<k<ki—a (k; — k)| A

2K 2%

N N
k k (R — z 2 i(k:)|)?
x(w_hnw_&H>HQM)H Qm-mnw—@ﬂ>‘@&<”

VN,i(k) - ((k‘ _ ];71‘—1)(/{? — ]%i+1> ||Q3,z(k>|| - ((kz _ %i—l)(k/’i _ ]A’fi-f—l) HQ:&,z(kz)H :

Our estimates yield
1

max (UN,i(k) + + 5

ki,1(1+a)§k§ki—a

VN,i(k)> £ .
We showed that

(= 1/2 (= 4
o pinax o NQuaR) Op (N'?)  and o e o 1Qai(R) = Op (N[ A

and therefore

N*1+2’{ N 2K N 2K
max 5 < = - = =
ki—1(1+a)<k<k;—a (kz - k)HAN,ZH (k — ki—l)(ki—i—l — k’) (kz - ki—l)(ki—i—l - k’z)

1
< 1QuBIIQ ] = Or iz 7 ) = orD)
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Now

2K
N71+2n N
max = > i(k) — Qui(ki i(k
Z Xp€r

l=k+1

1

= 1
OP( )kl 1(1+a)<k<k —a (l{} _k)“ANz“

It is shown in Horvath et al. (2025) that

E X¢€¢

lim limsup P

max
C—00 Nooo {1<k;<k —C/I1 AN |2 (k' —k? ||ANz||

>x}:0, for all x> 0.

l=k+1
Also,
2K
N71+2n N
max = = i(k) — Qsi(k; i(k
kia (he)<kski—a (ki — k) [ A2 ((k_h_l)ugm —k:)) 1Qi() = Qas{ka)llI Qs
1
—O0p [} = 0p(1).
or (ymian) = o)
These yield that for all z > 0
2K
lim Timsup P . 2 al Q7 (k) Qs(h)
im limsu max — ; i
oo NP ki1 (1+a)<k<k;—a (k — k) (ki — k) 1, 3
N " 1
— = Tiki i (K + =Vni(k >z, =0.
<<ki i _m) QL) Qs.(k) | + 3 Via(h

We conclude

hm hmsupP{?N@ <k —C/||An,| }

C—o0 Nooo

By symmetry,
hm hmsupP{JENZ > ki + C/||Anil? }

C=0 Nooco
which concludes the proof when 0 < x < 1/2. The proof when x = 1/2 requires some minor

modifications only. Mainly,

=0 N1/2 K
1<n1?<a73(<N . ZH X¢€y P )
m
is replaced with
1/2
1<nr?<a§<zv m)1/2 ZZH Xe€ Op (log N) )
m
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O
We defined Qs;(k) when k;_; < k < k;, and we extend this definition
]Af¢+1 .
Qsi(k) =G Z XeXgTAN,i, ki <k < kit
(=k+1
We also introduce
E‘ o 91 - 91'—1
" O — 0
( s — o L
(Kigr — ki—q) 71120 ( = > Z Xy GZng( )
(k= ki)bin—F)) 2=
~ ~ 2K
- ki1 — ki ‘“Z TeQl L or<k
CErTEs) PR M,
Ryqi(k) =
) ) ]A{ B ]; 2K Z+1
(kig1 — kiog) 12" ( T > X € | Qaak
(k = ki—1)(kiy1 — k) gzk;l
~ ~ 2K
fis — b Z T B
- ~ A~ X 6 7, ) ’i f— i b
\ (ki — ki) (ks — o) e Ti I o
( k"+1 ks 2K N
kz _k 1+2k l v 1__i2k_ki— 2A ) )
( +1 ) ((k? _ ki—l)(’%—s—l _ k))) ( C) ( 1) N,zAAN,I
Kiv1 — ki o = \2 2AT L
- (b — Fo1) (Fors — k) (1—G)*(ki — kiz1) Ay AAN; |, kil <k <k,
Ry =

kivr — ki -
(h“_k)u%<(%—hilhu—m> Glhn — ) AniA

— kic1)(kiy1 — K

kiy1 — ki 2 .
- ((k? - k?)> G (i = kyAL,iAANﬂ?) v ki <k < ki,
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( ~ N 2K k.
~ kz+1 - k’L—l :
(szrl - kl 1) 42w < ~ ) (1 - Cl) ( Xy 65)
(kz - kz—1)<kz+1 kz) gzk_:i_l
k;
X Z XZX; ANw kz—l <k< kza
RN,3,i(k) = b=k 1+1
o A 2 k Fi
(Kip1 — kyq) 71 H2" ( AR ) G ( X26e> XX,
(ki — kim1) (ki1 — ki) é:%;rl E;l
\ ki <k < ki,
and

(
(R ( Z Xy 64) AAy,, ki <k <k,
=k+1

Ryai(k) =

(Cz(l - Cz) 1 2n ( Z Xy €€> AANw k < k < kz—i—l

L t=ki+1

Lemma B.5. If Assumptions 2.1-2.8 hold, then we have

(B.9) (kiv1 — ki)™ 1+25 max |Un.i(k)| = op(1),
|k—k; | <C/|| Ay ;)12

(B.10)

max (kiz1 — ki—l)_H% ( Kis1 = ki

2K
= - T (K)Qs.(k
=i <C/|| A i 12 (ki — kiz1) (kiga — k)) Qy,i(k)Qs,4(k)

k. B k._ 2K
— fH — ! 1TZ ki)Qs,i(ki) | — Rn1i(k)| = op(1),
<( k;-)) (k) Qu (k) (k)| = or(1)

ki — kic1)(kip1 — ks

(B.11)

A (kipy — hyp) 1420 ((k {fz'+1 —k;

2k
- Qs.i (k) Qs.i(k)
=i <C/I A w2 — ki—1) (ki1 — k)) >

2K
— ((k kj‘f‘l _Aki—l k)) Qll(lﬁ)QSﬂ(l{l) — RN,Q,i(k) — OP(1>,

— kic1)(kiv1 — K

(B12) max ’RN,l,i(k) - RN’g’i(k)‘ = Op(l)
|k—k; | <C/I| AN i12
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and
(B13) max |RN7277;(]€) - RN7477;(]€>| = Op(l).
k=l <C/| Aw,il]?
Proof. The proofs of (B.9)-(B.13) go along the lines of Lemma B.4 so the details are
omitted. U

Lemma B.5 means that in the decomposition of (B.5) the dominating terms contain
Q4 (k)Qu,i(k) and Qg ;(k)Qs,:(k). These terms are approximated with the sequences Ry 3 (k)
and Ry 4,(k). Next we define the continuous version of Q{ ;(k)Qs(k):

ki

Ang
(B.14) Zni(s) = |l Anall | — > X064 A”AN"H, s> 0,
t=ki—s/[ Ay ]2 .
and
ki—s /|| An.q? A
N,i
(B.15) Zn2i(s) = || Anil > xe A= 520,
P AN

We recall the definition of a(6;) and a(6;+) from (2.20).
Lemma B.6. We assume that Assumptions 2.1-2.8 hold. Let {Wi(l)(s), W-(g)(s), $>0,1<

(2

¢ < M + 1} be independent Wiener processes. The processes {Zn1:(s), Zn2i(s),s > 0,1 <
i < K} converge jointly in D°%(0,C] to independent scaled Wiener processes.
(’l) [f7'571 < Qz < 9@, then

(Zn14(8), Znas(),0 < s < O} 257 tag,yw(s), a0 w®(s),0 < s < CY.

K3 (2

(i) If 0; = 7, then

(Zn14(5), Znas(),0 < 5 < €} 250 ta0,ywD(s), a6 )W (s),0 < s < O

2

Proof. The process x¢, is stationary on the intervals (my_1, my| so the result, including the

independence of the limiting processes follows from Theorem S2.1 of Aue et al. (2014). O
We also use the following version of Lemma A.6.

Lemma B.7. If Assumptions 2.1-2.8 hold, then we have

sup | Rvi(ki + s/l AxalI1?) +27(G(1 = G)' ™ slmu(s, G) [Adi?| = o(1).

Proof of Theorem 2.2.

Proof. Based on Lemmas B.3-B.5, we need to consider the process

Zni(s) = 2Ry 4i(ki + s/ | Anil?) + Ryoi(ki +vs/[|Anil?), —C<s<C,
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for all C' > 0. If 7,1 < 6; < 6,, then by Lemmas B.6 and B.7 we have
Znals) "= 2AG( - 6 (52009 W (5) — Alslma(s, G| A1) |
where {WW(s), —00 < s < oo} is a two sided Wiener process. Choosing

al0;) +a0+)\* 1
2 [ Ad;[[*’

(B.16) v = <
we get

261~ G (M2a(0IW () - vl mels, Gl AL)
1 o (2 + 2 ! 20; s) — |s|mu(s, ¢
~2Ga - () i (G ) ~ (.6
If 6; = 7, then

Zi(s) "5 oG = G))
x (+12a(0,)W (s)1{s < 0} +7"2a(6;+)W (s)1{s > 0} — 7|s|m(s, G| Ad;]?) .

Using again «y in (B.16) we get
2G(1 = G))' 7 (v1%a(0:) W (s)1{s < 0} +~"2a (b, )W

(
_origr A2 (al0:) +a(bi+) P 2a(0:) s)1{s
=2(G(1-G)) ( 5 ) TAd|? (a(@)+a(9i+)w( )1{s < 0}

$)1{s > 0} — 7ls|mu(s, G;) | Adi])

2a(6;,+) _
Wi(s)1{s > 0} — |s|m.(s,¢; )
e W > 0} ~ s (5,G) )
Since we can choose (' is large as we wish, Theorem 2.2 is proven. O

Proof of Theorem 2.3.
Proof. Let oy = {|ér — 0, <e forall 1<r<R}N {ﬁN = R}. Then
P({ki,....kr} CSn) =P {{k1,....,kr} C SN} NIN)+ P ({{ki1,....kr} C Sy} NAY).

The second term on the right hand side above vanishes as N tends to infinity by Assumption
2.3. Further, under Assumption 2.3 |Ax; — An.|| £ 0, and max{|a(6;) — a(6;)|, |a(6:+) —
a(6;+)|} 5 0. Hence, by Theorem 2.2 and Slutsky’s Theorem

P ({{ki,....kg} CSx}Ndy) — (1 —a)~,
as needed. [l
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APPENDIX C. ESTIMATION OF THE LONG RUN VARIANCES WHEN R =1

Assumption C.1. #() is a symmetric, bounded function with a compact support, # (0) = 1
and F () is Lipschitz continuous at 0.

Assumption C.2. (i) 21y — 00, 22 n — 00, 221 v /N — 0, 222 n /N — 0,
(ii) h = h(N) — 00, h(N)/ 2\’ = 0,h(N)/ 2% — 0,

(iii)

(C.1) |AN|P2% =0 and | Ax|P2yn — 0.

We note that (C.1) in Assumption C.2 is equivalent with

ky — k*

1/2
| ANl — 0.

Theorem C.1. We assume that R =1 and Assumptions 2.1-2.7 are satisfied, Assumption
2.5 holds with v > 8. If in addition Assumptions C.1 and C.2 also hold, then we have
(’Z) Z.ng,1 <6< Te, then

I51,]\1 £> Dy;
(i) if 7i-1 < 0 < 74, then

f)Q,N 5 Dy
(iii) if 0 = 14, then

Doy 5 Dyys.

Proof. We recall that Bl is the least square estimator computed from y,, x,,1 < £ < k.

The corresponding residuals satisfy

~ €£_X;<Bl_ﬁl)a if 1§€<k*7
(C.2) €01 = Yo — X, B, = . ~
e —x, (B —By), if k* </l <ky.

(If ky < k*, then the last line in (C.2) is not needed.) Similarly, the estimator 8, might
contain observations which parameter 3,, but not more than (]ACN — k)1{k* < l;:N} Hence
By, if ky < k*,
181 = k* E* . + Ry
B + <1 - l;:_) By, it k< ky,

kN N

and
IRyl = Op (N7'/2).

We can assume that xy, ¢, ¢ < k* are from the same volatility regime. If ky < k*, we have

S _ T
Xj€j,1X 0y j€04j1 = X;€;X; €510 + Uy,
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where
T T T T T T T
Uje = =Xj€ RNXj X0 — XX BRNaX €0 + XX R Ry 1 X5400X 4

We consider U, coordinate wise. If x; = (¢1(4),...,ca(4))", Ry = (r1,...,74)" and

Xj 40X, g = {@mn(j +¢),1 <m,n < d}. The (m, n)th coordinate of XJEJRNX]_MX]_M is

d
er avn.]‘i‘gcm( )€ ]

v=1
It follows from Assumption 2.5 that
00 1 lAfol
Z Z Elay,(j + O)cm(f)ei]| < o0
— PLN T
l=kNn—p1,N
and therefore
0o 1 l%N—E
Z Z T Bty (j+ £)em(f)e]| < 0o =O0p (N_1/2) :
=0 PN 4
J=RN—RA1,N
Using again Assumption 2.5 we get
En—t
(€3)  E| > Aawal +0culi)e — Blava i+ Ocn (e}
j=kn—r1n

<E( max 1> {aal+ Oemi)e = Flavn(i+ Oen()e]}
J=Z—71,N

1/2
< 0721,/]\[7

where C' does not depend on ¢. Thus we get

[e's) I%fo
1 . . . .
Z Z Ty {av,n<j + g)cm(j)ej - E[av,n(j + £>Cm<.7>€j]}
=0 PLN
J=RKN—721,N

— Op ((”jlv’N)l/2) = op(1).

We now conclude
kn—2¢

1
(C.4) Z%( )/211\1—5 Z XjejRJTVXj+€X;‘r+€ = op(1).

Jj= I;N_ﬂl,N
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By symmetry,

00 IAcN—Z
l 1
(05) Zl% (E) m Z XjX;-rRN’lX;»r_i_ZEj_,_g = Op(l).
=0 ’ j=kn—r1,n
00 / 1 kN—Z
(C.6) o <ﬁ) P > xx{ Ry Ry XXy,
£=0 7 j=kn—r1.N

IA

= 14 1 kn—¢
F\0) aw =i 2| Rv 1 12 l1xs 0|2
; (h> 7218 — 4 Z %] 7| Rl 7|34l

Jj=kn—r1,N

_ 71,N
= Or ( N > = or(l).
Combining (C.4)—(C.6) we obtain

o] lAcN—E
(C.7) Z ( > P > [XEax] e — Xi6%] €] || = op(1).
= j= l;N_ﬂl,N

Next, we consider when k* < ky. Assume 7,7 + ¢ < k* we have
Xﬁj,lXLjEHj,l = XJGJX]T+e€j+z + U,
where
U= —x;6;(Ry + (1 — k" /kn)An) " xj00x), — x%) (R + (1= K /kn) An)X] g0
+xx) (Ry1 + (1= k" [kn) AN) (R + (1= k" Jkn) An) "Xj00x] .

Now this is essentially the same, except that we have an additional term to Ry, (/%N —
k*)An. Hence, by the arguments used to prove (C.4)—(C.6) we get under Assumption C.2
that (C.7) holds in the present case. The remaining cases can be handled similarly.

Next, we show that

kn—2 k*—¢
T T _
(C.8) E %< ) o — 1 E XX €t — E X;€X; €5+ | || = op(1).
4:];7N7721,N j:k*_ﬁl,N

Assumption 2.5 yields (cf. (C.3))
fen—¢
E| > {xex]eie— Exex] e} < Caly

j=kn—r1,Nn



MULTIPLE CHANGE POINTS IN HETEROSCEDASTIC LINEAR MODELS 35

and
k*—£
T T 1/2
E E XX e — Blxjexj e || < Cmyly,
Jj=k*—r1 N

where C' does not depend on ¢. Since h/ 7211/]\2, — 0, (C.7) is proven.

Now we consider long run covariance matrix estimators based on xje;. If 0,1 < 0 < 7,
then x;¢;, k* — 7221, v < j < K" + o v is a stationary sequence. Standard results on long run
covariance matrices can be used for the kernel estimator based on stationary observations

(see e.g. Andrews (1991)). Hence, we conclude
f)N,l 5) Dg and ]f)N’g 5) Dg.

If 0 = 7y, then xj¢;, k" — 718y < j < k™ and also xj¢;, k" < j < k* 4 220 v are stationary

variables with different long run covariance matrices. Hence

A P A P
DN,1 — Dg and DN’Q — Dg_H.

APPENDIX D. ESTIMATION OF THE LONG RUN VARIANCES WHEN R > 1

We need the following modification of Assumption C.2 for the R > 1 case.

Assumption D.1. For all 1 < i < R we assume

(i) 21N — 0, 2aNi — 00, 21 N,i/N = 0, 22 i/ N — 0,

(ii) h = h(N) = 00, h(N) [ zy/x; = 0, h(N)/ 2yl = 0,

(iii) | AnilP ;= 0 and || An]P )y 0.

Theorem D.1. We assume that R > 1 and Assumptions 2.1-2.7 are satisfied, Assumption
2.5 holds with v > 8. If in addition Assumptions C.1 and D.1 also hold, then we have for
all1<i<R

(i) if To—1 < 0; < 74, then

(i) if T7o_1 < 0; < 74, then

(i) if @ = 74, then
~ P
Do ni — Dygs.

Proof. There is little difference between the estimation of long run covariance matrices in
the R =1 and R > 1 cases. In the construction of the estimator of the long run covariance
matrices immediately before and after k;, we use the observations x;é; ; 1, k— 721N < J < l%z

and Xjefj,i,l,/%i <ji< k+ 722.n,i- We also note that 721,N7i/l%i_1 — 0 and 7227N7i/l%i+1 — 0 1in
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probability. Hence if 7,_1 < 0; < 74, then

2 P 2 P

DNJ'J — Dg and DN,i,Z — Dg.

If 6; = 7, then
~ P ~ P
Dy;i1 — Dy and Dy;o — Degs.

|
APPENDIX E. PROOF OF THEOREM 3.1
Lemma E.1. If Assumptions 2.1-2.7(i), 3.1 and 3.2 with kK = min(k, k2) hold, then
lANI* |57 — 0] = Op(1).
Proof. The proof goes along the lines of Lemma A.5. U

We modify the definitions of Zx1(s) and Zy2(s) of (A.6) and (A.7) as

k*

Ay

Za=lavl (= X s | Apgi sz
j=ke—s/I| A2 N
and
) ke ts/| Ay An
Zna(s) = [|[An] > glU/N)X/ ¢ Am, 5> 0.
e

Next we define
72(i) = g*(0—)d"AD;Ad and &%(i) = ¢*(0+)d"AD;Ad, if 7, <0< 7,1 <i<M+1,

where g(u) and g(u+) are the limits of g at u from the left and from the right, respectively
and d is from (2.6).

Lemma E.2. We assume that Assumptions 2.1-2.7(i), 3.1 and 3.2 with k = min(ky, k)
hold.
(i) If ;-1 < 0 < 7;, then

(B1)  {Znals), Znals),0 <5 < O 5 70gl

(ii) If 0 = 7;, then

G (D)WW (s),a(1)WP(s5),0 < s < C}.

A

(E.2) {ZN,I(S),ZN,Q(S),O <s< o} PO L (YW O(s), aa(i + YWD (5),0 < 5 < O},

where {WM (u),u > 0} and {WP(u),u > 0} are independent Wiener processes.
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Proof. Due to Assumption 2.5, the sequence x¢, is stationary on (m;_1,m;], and [k* —
C/l|AN|% k* + C/||AN|*] C (mi_1,m;]. Hence Aue et al. (2014) yields that

k* ke+s/| A2
(E:3) Al >0 xe ANl YD xe.0<s<C
j=k*fs/||A||2 i=k

72l {VV(1 ), WP(5),0<s < C},

where W (s) and W®(s) are independent, identically distributed Gaussian processes with
EWW(s) = EW®(s) = 0 and

T

EWN(s) (WO(1)) = EW®(s) (W (1)) = min(t, s)D.

We write

k* 0 k*

NI g(j/N)XjGJZ/_g(xHAN|!2/N+k*/N)d lavl > xe

=k —s/| A2 ° j=k e/ A2
and
k*+s/|| A2 s k™ tz/| Ay |?
lavll D g(i/N)xje; = /0 g (@|ANIP/N+E/N)d | AN D xje
Since
Sl<1p . ’g (xHANHZ/N + k*/N) — 9(9)’ —0
— <<
and
sup |g (z]|An|?/N + k*/N) — g(0+)] — 0,
O<z<C
it follows from (E.3) and Theorem 2.7 Kurtz and Protter (1991) that
k* ke +s/| A2
lAavll > gG/N)xe, llAn] Y. gli/N)xe;,0<s<C
j—k*—s/||A||2 j=kt
0 1 g0 g0 W(s),0< s < C}.

Thus we conclude

{ZN,1(5)7 AN,?(S)ao S S S C}
061 L5(0) (W) Ad,g(04) (W) Ad.0< s < )
We observe that

Eg(6) (WD(s))" Ad = Eg(6+) (W®(s)) Ad =0
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E |9(0) (WO(s5) " Adg(6) (W (1) Ad| = o3 (i) min(t, s)
and
E [g(9+) (WO(s)) " Adg(6+) (WD(1)) Ad} 0%, (i) min(t, s),
hence, the lemma is proven. 0

Proof of Theorem 3.1
We follow the proof of Theorem 2.1. We recall the definition of Zy(s) in (A.8). Putting
together Lemmas A.6 and (E.2) we get

Zn(s) 7257 20(1 — )72 (W (s) — o slmia(s)| Ad]?) |

where
. 9(0)a(0)Wr(=s), if s <0,
W(s) =
g(0+)a(6+)Ws(s), if s >0,
{Wi(s),s > 0} and {Ws(s),s > 0} are independent Wiener processes. Choosing ¢ =
1/]|Ad|*, we get the result. O

APPENDIX F. ALGORITHM: CONFIDENCE INTERVALS WITH MULTIPLE CHANGE POINTS

This section details the procedure for constructing confidence intervals for multiple change
points. Algorithm 1 consists of five steps, with Steps 1-3 describing the estimation of up to
R refined change points. Step 1 implements the binary segmentation method, as illustrated
in Example 1 of Figure F.1. Once the first break ky is identified, the sample is segmented to
estimate l%g and ks in the subsamples before and after 1%1, respectively. We then compute the
residual sum of squares (RSS) of model (1.1) for two candidate sets of break points: {ky, k}}
and {1%1, 1%2} If the RSS of the model with {l;;l, 1%2} is smaller, ko is retained as the second
break, while ]Af/ remains a candidate for the next iteration.

-----

--------------

timated. We agaln compare the RSS from models (1.1) with candidate break sets {kl, ko, KLY,
{/2;1, ko, /%g}, and {12:1, ko, 1%3} If the model with {12:1, ko, 1%3} yields the smallest RSS, ks is se-
lected as the third break, while l;‘é and l;‘é are retained as candidate break points for the next
iteration. The estimation procedure terminates once the number of identified breaks reaches
the maximum value R, or when a subsample contains fewer than 20 observations, in which
case the long-run variance cannot be reliably estimated.

Once all candidate change points are identified, Step 2 permutes these points to select the

model with the appropriate number of breaks using the BIC criterion. The selected change
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points are then refined by re-estimating a single break within each corresponding segment, as
illustrated in the lower panel of Figure F.1. Steps 4-5 outline the construction of confidence
intervals for these refined change points. We implement the estimator l%ﬁET(l /2) for each
refined change point. Given the several parameters involved, we concisely summarize them
below.

Summary of parameter estimation:

Recall Equation (2.11):

- fl—a/Q(/’v,é)?T* - fa/g(m,é)&*
k B T k i D — .
[ N (k) < N ) N (k) < N )]

The change point estimate I%N(li) and break fraction estimate 6 depend on the tuning
weight parameter s, which is set to x = 0.5 by default. The change magnitude Ay is
computed by comparing the model coefficients before and after ];‘N(/i).

The term ¢* is then estimated using Equation (2.7), as recalled below

. (a®) +a+)\® 1
() |Ad]*

In particular, the sandwich variance object a(f) (or a(f+)) is estimated as a*(f) =
cAlTA]A)LNAEl (replacing ]A)LN with ]527N for a(6+)). The vector d represents the direc-
tion of change and is defined as d = Ay/||Ay||. The matrix Ay denotes the covariance
of the covariates, estimated using the sample covariance. The long-run variance parame-
ters Dy v (Do n) are estimated with tuning parameter z; x (722,5). By default, we employ
the Bartlett kernel with the Andrews (1991) optimal bandwidth selection, using observa-
tions from {I%N — 1IN I%N} for f)l,N (from {IACN +1: ky + 72o.n } for IA)27N). We set
1N = 22N = L\/NJ

The sample-specific limit distribution £(x, ) is generated by (2.8)-(2.10) with & = 0.5,
using the estimated values of a(f) and a(0+).
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Algorithm 1

Input: Dependent variable y; with covariates x;, 1 <7 < N, and a maximum number of
structural breaks R.

Step 1: Given data yq . ny and xq . N}, estimate a single change point 12:1 using ZN
n (2.1), with the weight parameter k = 1/2. Split the sample at k1 and estimate ko in
the subsample {y{l,...,icl}»X{1,.,.,1%1}} and k3 in {y{,;ﬁl’”"N},x{,;1+17_”7N}}. Repeat this binary
segmentation procedure until R change points are identified.

Step 2: Select the number of change points using the BIC criterion in (4.2), as discussed in
Section 4. For each selected change point /%T, refine its estimated location by re-estimating
a single change point within the corresponding segment, denoted as k.

Step 3: For the first refined change point &, estimate a(f) and a(6+) according to (2.14)
and (2.15), with 21y = 722y = |V/N|. Simulate the limit distribution of £(x) from (2.8),
using a Wiener process generated with the estimated a(f) and a(6+).

Step 4: Estimate the magmtude of each change A, N, by fitting least squares regres-
sions before and after & up to £,. Obtain Ay from the full sample and compute o*
using (2.7). Construct the confidence interval for & following (2.11), denoted as the esti-
mator kXET(1/2).

Step 5: Repeat Steps 3—4 to construct confidence intervals for the remaining refined
change points.

Output: Confidence intervals for selected and refined R change points.

FiGUure F.1. Illustrative examples of estimating multiple and refined change points. The
upper panel of Example 1 demonstrates the procedure for estimating multiple change points
up to R changes, while the lower panel of Example 2 illustrates the estimation of refined
change points.

Example 1
K ky 2
| I I |
______ . I
1 —_— . ~, N
3 k3
Example 2 %2
o — gl
ky | & ke,
| | I

B
5 -
z —
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APPENDIX G. FURTHER SIMULATION RESULTS

Figure G.1 illustrates the approximation of the limiting distribution in Theorem 2.1 when
a single change occurs at k; = |0.5N| with Ay = 3N~Y®. The change point estimator
kin (k) is computed via (2.4), using & = 1/2. The results show good approximation, with the
limiting density displaying asymmetry due to heteroscedasticity before and after the change
point.

We then assess the empirical coverage rates for NV = 300 under a single change point at
the midpoint of the sample, k; = [0.5N |, with either a variance change at m; = |0.2N ] or
at the identical location my = [0.5N |. In addition to k¥*7 (k) (with 2y x = zon = [N'/2]),
we also consider k&% (k) (with 21y + 22y = N), which represents the case of choosing larger
values for 7, x and s y. The data generating processes remain the same as in Section 5.
Figures G.2 and G.3 present the empirical coverage rates and confidence interval lengths for
models with homoscedastic and heteroscedastic errors, respectively. Compared with Figures
5.1 and 5.2 in Section 5, the empirical coverage is closer to the nominal level when the change
is smaller and the confidence intervals are also narrower in general. The simulation indicates
that the estimators’ performances improve when the change point occurs near the center of
the sample. In particular, to compare k257 (1/2) and k7(1/2), the two estimators perform
similarly when m; = k. However, k¥¥7(1/2) outperforms kX%(1/2) when m; # ki, as the
latter may be affected by estimating the long-run variance from a subsample that includes
a variance change.

When the sample size is N = 100 and k; = [0.2N | with my = [0.2N] or |0.5N ]| when
N = 100. Figures G.4 and G.5 show that compared to Figures 5.1 and 5.2, the empirical
coverage rates decrease and the lengths of the confidence intervals increase. The simulation
indicates that estimator performance deteriorates in smaller samples. In both simulations,
the relative performance of the methods remains consistent with the main results in Section
5: the confidence intervals k27(1/2) and kEFT(1/2) generally outperform the alternatives,
with k5T (1/2) performing best when coefficient shifts k; are not aligned with changes in
error variance ms.

Following the simulation results, we now focus on the estimator kZE7(1/2). The asymp-
totic behavior of k¥ET(1/2) depends on the tuning parameters sy and sy, for which
we previously set 21y = a8 = |N /2| We next evaluate alternative choices of: Size 1 —
SN = 72N = LN2/5J, Size 2 — g N = 2.8 = LNI/?’J, Size 3 — z21,n = 7228 = |log(NV)], and
Size 4 — N = on = |N 1/ ). Figure G.6 reports the results under homoscedastic errors
(IID, AR) and heteroscedastic errors (HetelID, HeteAR, HeteSmooth). Across all sce-
narios, selecting larger values of z2; x and 2, y yields slightly higher empirical coverage rates
and wider confidence intervals. Note that increasing 2, y and 2, y enhances the estimator

by incorporating more data in the long-run variance estimation, and this is the case when
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FiGURE G.1. Approximation of Limiting Distributions in Theorems 2.1. The left subplot
corresponds to the model with HetelID heteroscedastic errors and illustrates the approxi-

mation of H(ﬁ](g)'z (kn(1/2) = k*) £ £(1/2), where o* and £(1/2) are defined in (2.7) and (2.8),
respectively. The right subplot corresponds to the density of £(1/2). The statistics are cal-

culated with sample sizes N = 300, 1000, and 3000.
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there is no error variance change occuring over these observations. Otherwise, changes in er-
ror variance can distort the performance of k#¥7(1/2), analogous to the distortion observed
when applying k¥ET(1/2) under ky # m.

Next, we evaluate the effect of the choice of the weight parameter k. Figure G.7 shows the
empirical coverage and the lengths of confidence intervals of the estimator l%ﬁET(/{) when
there is an early or a middle change.

By setting the sample size N = 300, we find that increasing s from 0 to 0.45 leads to
higher empirical coverage rates and narrower confidence intervals when the change occurs
early, i.e., k* = |0.2N|. In contrast, the opposite pattern emerges when the change occurs in
the middle of the sample. This effect is slightly weaker in heteroscedastic models when the
structural change occurs near the center of the sample. Considering the overall performance
in contrast with the results in the main text, we suggest choosing x = 1/2 for general
superiority regardless of the location of the change points.

We also examine the impact of signal-to-noise ratios on the performance of the estima-
tor kYT (1/2) in homoscedastic and heteroscedastic models. Here we consider a parameter
r adjusting the signal-to-noise ratios. By fixing the noise at the same level in all het-
eroscedastic DGPs, we adjust the signal-to-noise ratio by increasing the size of the change,
Ay =r3N~Y2(1,1)"¢syr, where r = 0.5, 1.5, and 2. Recall that in the simulations displayed

above, the parameter r = 1. By setting » = 0.5, 1.5 and 2, we examine the performances of
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FIGURE G.2. Empirical coverage rates of BP, EM, ILR, k¥©(1/2), kZ7(1/2) and kZET (1/2).
The DGPs include models with homoscedastic IID, AR, AR-HP and GARCH errors. For
each estimator, the left-side blue bars and right-side red bars present the results when the
size of change Ay, = N=Y5(1,1)T¢snr and Ang = 3N~Y5(1,1)"¢snp, respectively. The
values displayed on the top of the bar charts document the lengths of confidence intervals,

in proportion to the sample size.
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FIGURE G.3. Empirical coverage rates of BP, EM, ILR, k¥©(1/2), kZ7(1/2) and kZET(1/2).
The DGPs include models with homoscedastic IID, AR, AR-HP, GARCH, and het-
eroscedastic HetelID, Hete AR(-HP), HeteGARCH and HeteSmooth errors. For each
estimator, the left-side blue bars and right-side red bars present the results when the size of
change Ay, = N7V%(1,1)"¢syp and Ayy = 3N"Y/2(1,1)"Csnr, respectively. The values
displayed on the top of the bar charts document the average length of confidence intervals,
in proportion to the sample size. The change point is set at the beginning of the sample,
ki = |0.5N], with the error variance change either coinciding at m; = [0.5N | or differing
at my = [0.2N |, under a sample size of N = 300.
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FIGURE G.4. Empirical coverage rates of BP, EM, ILR, k¥©(1/2), kZ7(1/2) and kZET(1/2).
The DGPs include models with homoscedastic IID, AR, AR-HP and GARCH errors. For
each estimator, the left-side blue bars and right-side red bars present the results when the
size of change Ay, = N=Y5(1,1)T¢snr and Ang = 3N~Y5(1,1)"¢snp, respectively. The
values displayed on the top of the bar charts document the lengths of confidence intervals,
The change point occurs at the middle of the sample

in proportion to the sample size.

ki = |0.2N |, with the sample size N = 100.
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FIGURE G.5. Empirical coverage rates of BP, EM, ILR, k¥©(1/2), kZ7(1/2) and kZET(1/2).
The DGPs include models with homoscedastic IID, AR, AR-HP, GARCH, and het-
eroscedastic HeteIID, Hete AR(-HP), Hete GARCH and and HeteSmooth errors. For
each estimator, the left-side blue bars and right-side red bars present the results when the
size of change Ay, = N=5(1,1)T¢gnr and Ang = 3N~Y5(1,1)"Csnr, respectively. The
values displayed on the top of the bar charts document the average length of confidence
intervals, in proportion to the sample size. The change point is set at the beginning of the
sample, k; = |0.5N |, with the error variance change either coinciding at m; = [0.2N] or

LAJOS HORVATH*, GREGORY RICE', AND YUQIAN ZHAO?!

differing at m; = [0.5N |, under a sample size of N = 100.
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FIGURE G.6. Empirical coverage rates of kX7 (1/2). The DGPs include models with ho-
moscedastic IID, AR, and heteroscedastic HetelID, Hete AR, and HeteSmooth errors.
The bandwidth parameter z; x and 2, n are chosen in four different scenarios: Size 1 —
2N = pan = |N?/?], Size 2 — iy = pon = |[NV3], Size 3 — sy v = pon = |log(N)],
and Size 4 — 21 v = 2.8 = | NY/4]. The size of change Ay = 3N~/>(1,1)gnr, with the
sample size N = 300. An early structural change occurs at ky = [0.2N], with m; # ki,
under heteroscedastic HetelID and HeteAR error specifications.
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FIGURE G.7. Empirical coverage rates of k¥F7 (k). The DGPs include models with ho-
moscedastic IID, AR, and heteroscedastic HetelID and HeteAR errors. For each DGP,
the bars are arranged from left to right to display the results for the weight parameter x = 0,
0.15, 0.3, and 0.45. The left sub-figures show the outcomes when an early change point oc-
curs at k* = |0.2N |, while the right sub-figures illustrate the scenarios with a middle change
at ki = |0.5N], with m; coinciding with k;. The size of change Ay = 3N~Y5(1,1) (5w,
with the sample size N = 300. The values displayed on the top of the bar charts document
the lengths of confidence intervals, in proportion to the sample size.
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FIGURE G.8. Empirical coverage rates of kZ¥7(x). The DGPs include models with ho-
moscedastic errors IID and AR (left sub-plot), and heteroscedastic HetelID and Het-
eAR errors (right sub-plot). For each estimator, the bars from the left to the right
present the ratio » = 0.5, 1.5 and 2. The sample size N = 300 and the size of change
Ay =13N~12(1,1)T¢snr. The change point occurs at the middle of the sample k; = [0.2N |
with my identical with k. The values displayed on the top of the bar charts document the
lengths of confidence intervals, in proportion to the sample size.
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APPENDIX H. DATA APPLICATION: CHANGES IN COMMON RISK FACTORS IN BITCOIN

In the second data application, we apply the estimator and confidence interval l%ﬁET(l /2)
to estimate changes in the relationship between Bitcoin returns and common risk factors in
the cryptocurrency market. Cryptocurrency, as a decentralized digital currency, has expe-
rienced rapid growth in the recent decade. Analyzing the cryptocurrency market provides
important implications for empirical asset pricing, as it helps to understand the asset pricing
common risk factors in traditional financial assets and these innovative virtual assets. The
recent literature of Sockin and Xiong (2020) identifies a cryptocurrency momentum premium
led by the investor overreaction effect. Borri and Shakhnov (2022) find that the Bitcoin prices
can be dispersed on different trading exchanges and propose a risk—based explanation for the
pricing differences. Similarly to the equity market, the cross—sections of cryptocurrency show
price co-movements. In order to capture the systematic risk in the cryptocurrency market,
Liu et al. (2022) consider all the digital currencies with market capitalizations above one mil-
lion dollars and their weekly returns from January 2014 to July 2020, and they explore three
common risk factors — the cryptocurrency market factor (Cmkt), cryptocurrency size factor
(Csmb), and a cryptocurrency momentum factor (Cmom) to account for the cross—sectional
cryptocurrency excess returns. In the present paper, we check if these three common risk
factors consistently account for the Bitcoin excess returns.

The weekly common risk factors data is collected from Yukun Liu’s personal website?.
We also collect the weekly data on Bitcoin price and three-month Treasury bill rate from
Investing.com and Yahoo Finance, respectively. The data ranges from 20 January 2014 (week
4) to 20 July 2020 (week 30). We then use the following three—factor model for Bitcoin excess

returns:
(H.1) RE — le = o+ 1Cmkt; + BCsize; + f3Cmom; +¢;, 1 <i <N,

where RP is the log return of Bitcoin price, and for risk free rate le we use the three-month
Treasury bill rate.

Figure H.1 illustrates the evolution of Bitcoin excess returns and the series of three cryp-
tocurrency common risk factors during the sample period. We observe a glide of Bitcoin
returns during 2017-2020, which may be attributed to the burst of the cryptocurrency bub-
ble, and then the whole market rallies in 2020. By using the estimator k57(1/2), we identify
two change points in week 43, 2017 and week 7, 2020.° In unreported results, the estimators
BP and ILR only detect the first change in 2017. In Table H.1, we document the estimates
in model (H.1) in three sub—samples that are split by the two estimated change points. The
https://www.yukunliu.com /research/

5The confidence intervals are, respectively, from week 42, 2017 to week 44, 2017, and from week 7, 2020 to
week 16, 2020.
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last column SD(e) presents the estimated standard deviation of the residuals, indicating
some heteroscedasticity in the model. The results show that three cryptocurrency risk fac-
tors significantly account for the Bitcoin excess return during the sample period from week 4,
2014 to week 43, 2017. However, these common risk factors become ineffective in explaining
the Bitcoin excess return during the burst of cryptocurrency bubbles between week 44, 2017
and week 7, 2020. This finding is similar to the performances of Fama-French three factors in
the equity market during the market crashes (Linnainmaa and Roberts, 2018). The second
change point is detected at the end of the burst of the cryptocurrency bubble. In the sample
from week 8, 2020 to week 30, 2020, the risk factors still cannot explain the Bitcoin excess

returns though this may be improved when more observations are available.

FiGUure H.1. Plots of Bitcoin return and the series of three factors Cmkt, Csize, and Cmom,
with the estimated change point and corresponding confidence intervals via l%]{,IET(l /2) in
the shaded areas. The left-sided y-axis is for Bitcoin return and the right-sided y-axis is for
three cryptocurrency factors.
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