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This appendix contains four sections. Section @ presents the details on the proof of Theorem 1-3
presented in the main paper. Section @ presents a detailed verification that the assumptions made in the
theorems of our paper hold for the homoskedasticity case of DGP1. Section @ and @ contain additional

results in simulation experiments and empirical analysis.

S.1 Detailed proofs

This section contains the proofs of Theorem @»@

S.1.1 Proof of Theorem El!

Let o, = \/km/n, by = (bY,,b%,) € R?*m such that ||b,,| = C for some large enough constant C, where
by, € RF» and b2, € R¥». Using the same arguments in Lu and Sy (2015), in order to prove this theorem,

we only need to demonstrate that for any given € > 0 there is a large enough constant C' such that, for large
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For Z; 1 ;, by the law of iterated expectations and Taylor expansion,
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Noting that E(Z7,2;) = 0 and by Assumption @(iv) and (vi),

Var(z Z1,2,i)
=1

n “i,mgerngivi,m(ejn(*’”")bm) ©r) (%)
ei,m (O ei,m (O Vi,n —Yi Vi,m — Yi
sy NEEIE R AP
; 0 eim (65,) eim (©7,)

”i,m(@:n) 1’i,m(®f71+o‘nbm) 2

cim(®Om)  cim(Om) {w m (©5,) — ¥i } {7)1' m (©,) — yi }
I{ —7 = <sp—I¢—"2 = <0rds| |x;
~/0 €i,m (@:n) €i,m (@:n)

{um (0%) Vi (0%, + ctnbm) }2]

\ A

\ A

2"
z:: eim (O5,) eim (O5,)

<na?KZ (%) E (i, mw m) b,

_ 2
fKQnoz CX (m) ||bm|| < K%nozicx(m) 16 -

Therefore, we have Y ' | Z12; = O, (anf_l/Z >||bm|| = 0, (a n/vk E;/(Qm ) |bm |- Similarly, let
Zg’l’i =K (TZQJ‘) 5 Z2’2,i = TZQi — Zg’l,i. Then, by ASSllHlptiOD @ iV and ( ),

I {yi < Vi,m (Gjn + anb7rz)}

E Xn: 61 m (@m + anbm) €im ( (O )) {Uz m (@:n + anbm> - y7}
eim (05, )

=1
€i,m G):;»L + anbm — €i,m 921 Vi,m G:n + Oénbm — Y *
(€im ( ) ( )){2 ( )~y }]I{y@ < vim (O7,)} [z
eim (OF,)
= E E Z — |ei,m (®m + anbm) B ei,m (@m)| {Ui”m (®m + anbm)Q_ yl}
pt sgn (eim (O, + anbi) — €im (©5,)) €im (O5,)




1 Pei,m (O3, ) = €im (O)| {01 (O3, + onbm) —wi} _ O]

€im (6%)2
‘ei,m (0, + anbn) — €i,m (07l {Ui,m (05, + anbm) —yi}
sgn (ei,m (05, + anbm) — €im (©5.)) €i,m (97*11)2

. [|ei,m (O3 + nbim) — cim (O5)| {vim (O5) ~ i} _ 0]

2
eim (67,)
n lei,m (©F +anbm)—ei,m (95 ) {vi,m (Op tanbm)—vi}  |eim (@5 +anbm)—ci,m (95 ){vi,m(95)—vi}
< ]E z ei,mr(e;kn)Q ei,mr(g;kn)Q
i=1 |70

eim (077
F 7,m . - . m 7F @x i,m . d
Ve (”’ (O |ez-7m(®:n+anbm>—ei,m(ea)|s> vie (O4m (9) S]

|‘3i,m(('):n,JrD‘"bm)*ei.m(C'):n)H”z,wL(@:n,Jra7lbm)7yi} _ ‘Ci,m((;):n*anbm)*ei,m(('):n)|{“i,m((_):n)*yi}

n

ei,m (97)2 o (®h)*
=E ) ' |
i=1 |70
€i,m (@* )2
i,m 6* 7 i d
fy\ac ('U,, ( m)) |€i,m (921 + anbm> — €im ((.—);kn)‘ o ‘|

Cim (075,)°

n 1 .
2 e i (1) e o b S e @)

=E

% |ei7m (0, + anbn) — €i,m (e;kn)|2 {Ui,m (05, + anby) — Vi,m (97*71)}2

€i,m (@%)4
"1 |€i m (@* + Olnbm) — €i,m (9* )| {'Uz}m (9* + anbm) — Vi,m (9* )}2
= ]E = xT Ui,m 9:77, : - 7 - : B | §
; 2fy\ ( ( )) €i,m (G:n)z
1
< §Can2204i ||bm||3 Ei(/(zm)'

Since E(Z2,2,;) = 0, similar to the calculation of Var(Y_;_, Z 2;), by Assumption @(iv) and (v),
Var(z Z2,2,i)
i=1

i=1

{ei,m (0, + anbn) — €i,m (©7,)} {Ui,m (0, + anbn) — Vi,m (6:71)}2
€i,m (@%)4

2

33
<nK3al by cX/(m).

Therefore, we have > 1" | Zs0; = O, (oz?,,ﬂ\/ﬁéi(/glm)) 1B |12

For Z3;, using the steps similar to Zs;, we have E(7Y1 Zs,;) < iepnKiad (b, X (my and
S {Zs —E(Zs,)} = Op (@2 /nEx (m)) b |®. Recall that anégfm) HbmHl/2 = 0p (1) which ensure that
E(OF, + anb,,)—E(0%,) =0, (1) and v (0F, + apby,) —v (0F,) = 0, (1). By Assumption @(v) and allowing
lby || to be sufficiently large, both Z; 2, Zs and Z3 are dominated by ngD(m)a% b ||?, which is positive

w.p.a.l.
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is dominated by ngD(m)a% |bm|®> w.p.a.l. As before, we can decompose (@) into several terms and
prove that each term is dominated by ncp,)a; |b||?.  This work is easy and the detailed proofs
are omitted for saving space, just giving an example. Let Zs; = vim (0F, + anbm) — vim (0F,) —
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1<s<N1geD,
—E{n2Y " g O +E{n 2" g (0))]

Since [, is fixed, without loss of generality we assume that [,,, = 1. Next, we will verify that the two terms

of the right side of inequality () are o,(1).

Cm

< max
1<s<N;

Cm

(S.10)

Cm



Let 0im,s = \/ﬁcm [gi,m (©s) — 9gim (©;,) —E {gi,m (65)} +E {gi,m (@;kn)H - Recall that

]I{yz < Vi,m, (6 )} . vT”i,m (@m) Vi,m (@m) vTez’,m (Gm)

im (Om :vTvi m (Om = + I{y; < vim (Om
9 ( ) ’ ( ) —TEi,m (Gm) €i,m (Gm) T€im (@m)2 {y ’ ( )}
yiVTei m (@m) (% (em) vTei m <®m) vTei m (Gm)

- ” I 7 S Vi,m @m - : - : .
Tei,m (Gm)Q {y ' ( )} 61‘7m (@m)2 ei,m (G)m)

Since
Var (ni,m) = nVar {Cmgi,m (@s) — CmGim (@:n)} <nkE {{Cmgi,m (83) — CmGim (6%)}2} y

in the following, we will show that E |{¢ngi.m (Os) — cmGim (@;)}2} < C’gz(lm)kf’f |©s — O%,|| by decom-

posing {¢mGim (©s) — ¢m@im (0F,)} into six terms and showing that the expectation of the square of each

term is bounded by ¢, 3/2 l©s — 6

mll-
To emphasize that the derivative of v;,, and e;,, are only related to ;,,, we denote Hi(x; ) =
VUi m (Om) and Ho(x; m) = Vei m (On), respectively. Note that ||Hq(xim)|| = ||Tim| and ||Ha(xim)| =

Hwi’mH'

First term:

|Cm,ul,m| =

o o~ ator | et o {os - |
] (i) { TR O < o BT (0, K2 (0 (07 - cs(0)

= |cmHir (:czm)| K2

Ve () (0. = 07| < [enH) (@sm)| K3 1Hy (@i.n) | 0.~ O3

where O lies between O, and O,.

On the other hand,

. {VTUZ‘ (@S) B VTUZ‘ (@:n)

< T . )
€; (@9) €; (@:‘n) }‘ <2 |CmH1 (xz,m)’ K2

|Cmp1,m| =
Therefore,
E{(cnprm)? | < E {200 H (@in) KaenH) (@3) K3 | Hy (@) 02 = O3]}
<E{2]lcnll® [ H (i) |* 263 } |0, — 07,
<ai3E (Jeul®) " B {1 @} 100 - 05l < Cezl KL 10, - 03

where C' is a strictly positive constant.

Second term: Using a mean-value expansion around O, Holder inequality and Assumption @ we obtain:

CmvTvi,m (68) I {yz < Vim (@9)} CmvTvi,m (@:n) I {yz < Vim (G:n)} ‘

|Cm#2,m| = —TE€im (68) - —TC€im (@;kn)
VTUi m (9* )
=7 CmgTeiym ©:) T {y: < Vi,m (©s)} {yi < Vi,m <@m)}|’

€im (68) €i,m (@:n)

N 1 ‘ . { V' 0im (©5)  VTvim (05) }‘

10



<= |CmH1 |K2 T{y: < vim (©s)} — I{y: < vi,m (O7,)}]

i 1 ‘Cm { val Vi,m (@3) VT’Ui)m (@:n) }‘ .
=

eim (Os) eim (05,
Therefore
E{Cnpzm)*} < S [l | o) I K30 < v1m (€00} = 1o < vim ()]
+ CCA(m k21105 — 65|
2B (llewl 1 (@3) [ K3 B[ < v (02} — s < v ()} 2]

+ Cc bkl 185 — 65|

Vi m(Os)
2 *
= SESlenl 18 @n)PK3 | [ e )| [+ Cel B2 10~ B3]
im (©7,)
2 " _
< S E{lemll® 1y @3 IP K3erlvim (05) = vim (O3,) |} + Cealy ki 10, — 6
2 *
= S E{llewl® I @) K3z [V0m (O1)] 105 = O3, 11} + Cezly kil [0 — 03]
9 1/4 41374
< SerK3E (lenl®)  E [IH: @) '] 105 = 05,1 + Ceal, k2 10, - 67,

< ClQ;\(lm)k?y{2 ||®s - @;H )

where O; lies between ©4 and ©},, C' and C is a strictly positive constant. The penultimate inequality
holds by the Hélder inequality.
Third term:

\Cmﬂs,m\ = |Cm

Vi,m (@5) VTei,m (@) _ Vim (@,*n) VTei,m (@:n)
€i,m (65)2 €i,m (921)2

Vi,m (©s) _ Uim (©;,)
eim(@sf eim (05,)°

e elmi@m}‘

— |2ep Hy (2im) Yo (@2 0, - 0")

IA
o
S
3
&
)
3

< 2emHy (fvi,m)\ K3 | H (i) 105 — 65|

where O lies between ©, and O,
On the other hand,
Vi,m (0s) VTeiym (©) ~ Viym (05) VTei,m (©r)
€i,m (69)2 €i,m (@%)2

Vim (®g) . Vi,m (G:n)
€im (63)2 €i,m (@jn)z

|cmﬂ3,m| = Cm

CHLH; (mz,m) {

11



1 1
2, Hy (a;i,m){ — H < |demHy (@im) K2 -

<
- €i,m (©s) €i,m (©1.)

Then, we have

E{(cmptsm)’ b < AE{|enHy (@im) Kacm2H (@im) K3 || Hz (@i, 105 — O3]}
< SKSE { |l [1Ha (i) } 1105 — O3,
< Ceuimbnl? 1185 = Ol

where C' is a strictly positive constant.

Fourth term:

Vi (05,) V" eim (©5,)

T€;m (@;“n)2

|Cm,u4,m| = H{yi < Vi,m (@s)} -

H{y: <wvim (07,)}

. [m (8:) V" eim (O:)
" T€im (@5)2
Vi,m (©7,) vTeiﬂn (©5)
TCi,m (6%)2
vTei,m (©5)
Teim (O5,)

| =

<

T{ys < vim (Os)} — I{yi < vim (O7,)}]

m

+ |Cm/~//37m|
T

3

< ‘Cm

0 < i (01} =1 < i (05, |+ 122221

e

* CmMU3,m
< et )| Kol {31 < v (020} — Ly < i (05,0} + b0l
Then, we have

E {(cmu47m)2}

2 2 2 2 * 2 2
< S E{llen I 15z (@sm)|I° K3es | Hy (@i 105 = 03,11} + 5 E |(cmptzm)?]

1 g\ 1/4 4\ 3/4 i B i}
< e K3E (llenl®) " E (lleimll') ™ 105 = O3]l + Cei k2 10, — O3
< ClQ;\(lm)kin/Q 1©s — ®:z|| )
where C' and C; are strictly positive constants.

Fifth term:

yivTeim (68) yivTeim(Gjn) *
Cms,m| = |Cm | ————="1{y; < v; @s — My < v @m
|Cm pts,ml e (0. {y (©s)} e (07 {y m (O7,)}
1 VTei m @;kn * Cm m *
Sclem——— % ( 2) lyi [[{yi < vim (0s)} = I{yi < vim (O] + [em#tsm] |yl {ys < vim (©7,)}]
T Teim (O},) T
1

IN

* Cm ;M *
Y e (o)) B3 I [ < 01 (O — 1o < v O] + 80 < (03011
Therefore,

E{(cmits.m)’}

< E{llew 21 (w1,0) |2 K3 E (47 [ {31 < vim (©,)} ~ Ty < w1, (03] 1)}

+ 2 JE [ < v @1 (s )]

12



where

E (47 W{yi < viom (05)} = I{ys < vim (0,)}]|2:)
<E{y] |Hy (@im)] 1|05 — O}, gl }

= H1 (@im)l| 105 = Ol e B (47 |2im) = Cr[|H ()] |05 — O3,

Then, using E {Iyill {yi <vim (@fn)}|4] <E(y}) <CandE |:(Cm/j/3’m) } < Cc;‘(zm k3 1|0, — O ||%, we have

E{(cmtts.n)” } < CLE {llew* | Ha (@i)|I* | H (@i} 1€ = O3]

T Gyl K210, — 05 = Cacl K210, — 5]

where Cs and Cj are strictly positive constants.

Sixth term:
Since
vTei,m (@) vTei,m (621)
|CmM6,m| = |Cm - *
€i,m (@) €i,m (@m)
1 1
_ T (. _
= |emHz (@im) ei,m (©) eim(@fn)}‘
< JemHy (®im) K3 | Hy (2im)[|1© — 67, |
and
1 1
m m| — mI_I—r i,m — < mHT im 2K5|.
lembtom| = |emHy (i ){ei,m(@) ei,m(e%)}’_’c 2 (@im) 2K
We have

E{ (emtiom)’ } < E{JenH] @im) 2KacnH (@im) K3 | Hz (@i)] 10 = 0}, ]}
< E{lleml* I1Ha (i) 23 } 10, — O3
< Ceulmbal? 1185 = Ol

where C' is a strictly positive constant.

Thus, we have

6
E {Cmgz’,m (63) — CmGim (6;)}2} < 6ZE {(Cm,ui,m) } < CCZ(l )k?,{Q H@s - @jn”

i=1

and

<clc,4<m> |2l 105 — O3 +02c;3m% 1 | T{ys < i (©5)} = T{yi < i (O,)}]

+ 032,4(,”) i,m [l ys [[{y: < vim (©s)} = T{ys < vim (67,)}]] (S.11)

for some constant C', C7, Cy and C3, which imply that

Var (0i,m,s) = n~ ' Var {¢m@im (05) — cmGim (05,)}

13



<n 'E [{cmgi,m (©5) — cmGim (9:,1)}2]

6
6n! ZE {(cmul-ym)Q} < Cnflcz(lm k20, -0k < Cichim
i=1

and
S e e |

<n V20 AR 100 — O, || = 720 Rk Ak At/ = n

for some constant C' and C;. Let e, = n'/8, then there are constants Cs and Cj such that

V7 [gim (©s) = Giam (O7,) = E{gim (05)} + E {gim (67,)}]

X I[(”wl,mH elnalyl‘ eln)H

Cfc_lm <€1nk1/2 1/2+61n+61n).

By Bernstein’s inequality (see, e.g., Serfling, 1980, page 95), we have

—1/2
( )kma

1 n « *
Pl |2 Vil (600 - 90 (67) < g0 (€) + E fgin (61))]
X (@i mll < erns il < ern)l,,, > e]
=P <1£r51§}](\71 an m, s |wz mH €1n, |y1‘ eln) > 5)
1 n
< N11£%)J{V1P < - ;m,m,sﬂ(”mi,mH < e, Y] < ewn)| > 6)
2.2
< 2Nyexp | — ?25 1/2
2n01CA( )k2 n=3/2 + 2C,n3/2¢ *n/1 <n1/4k/ -1/2 4 n1/8+n1/4> /3

n2e2

= 2exp (2k,, log2n)exp | —

Kyl 10g(n)1/2kf’n/2 1 C 143
T T P ORETE — 0. Combining k;,,n™> — 0, we have
A(m) A( 1)
2.2
ne
2exp (2k, log2n)exp | —

1201, k2, +2020A1/2) (n5/4k1/2 n13/8+n7/4> /3

n=5/2¢

7A(m) m

Assumption @ iii) log (n) k3, /n°/2¢ 4(,y — 0 implies log (n)"/? k32 Jn>/4 1/(2 — 0. Then ——

Caem)™

/2
<2Cj5 exp (2ky, log 2n) exp — T e |
Ca(m)Rim

Thus, combining log (n) k3, /n/?¢ () — 0, we have

1

P | max
1<s<N;

14

2012015t 12, + 2Cac, (0 (Rl + 3/ T/ /3

g Z:;l \/ﬁ [gi,m (®s> —Gim (G):n) —E {gi,m (95)} +E {gi,m (G):z)}]

k2 n -3/2,

-1 k?2

—3/4p1/2 T



L(l|lzimll < en, yil < eln)” >e|l = 0.
Furthermore, by the dominated convergence theorem,

P | max
1<s<Ny

S Vil (8:) ~ i (03) ~E{gin (0)) +E {gim (5}

% (1= T (2sml) < 1y sl < exa)ll,, > €]

<P <125<1X ”mz mll > 61n> +P (151237;1 ly:ll > eln)

<P ([|[ziml > e1n) +nP([Jyill > e1n)

8 8
_E [losml Toiml > )] B [l (il > exn)]
S +

F) 8
€1 €1

n n

— 0.

This means that the first term of () is 0p(1).
Next, we verify the second term of () According to the definition of Dy, ||© — O, < L ng/”z for all
© € D,. Therefore,

max  sup Hn_1/2 Zn | im (©) —n~1/2 Zn , Giom (©5)
1= 1=

1<S<N1®ED
Cm
< —1/2 n-1/2
oo, sup H Z Gim ( Z gim (05)]|
—1/2 _p1/2 }
+max sup HE{ > g (@) =Y g @a}

Then, using the arguments as (), we have

||Cmgz m (65) — CmGim (6* )”
< Crey b i ml* 1105 = O% 11 + Cacy (23 11 m | [T {yi < vim (02)} = T{ys < vim (O5,)}]

+ Cac i 12smll i [L{ys < 01 (©)} = Ty < v3.m (O3},
IE {gi.m ()} = E{gim (©7)},, < Ceriiiy/ kil [0s — O] = Cey 13k An =2/,

and

) } < Ce ;(1/2)]5,/4 -3/4

{ sup H -1/ Z gi, m —-n -1/ Zz gim (63)

SIS

Thus, using the same steps as Bernstein’s inequality on the previous page, we can prove that

~1/2 n—1/2
max E E
1<5<N1@€p H i= g”” glm )

_E{ _I/QZi gzm((a)}"’_E{n_l/QZj:lgi,m (95)}

= 0p(1).

Cm

15



Furthermore,

]P’{ max_ sup HE{ —1/2 ZZ Gim (©) —n~1/? Z;lgi’m (@s)}

1<s<N1@€D

5 }
Cm

Cm

<P (Cn1/2g;‘ ko 1© = O, > 5) 0.

—12\™" 12N\
PL&%\GE{G)S?B H Zz gim () —n Zi:lg“m(gs)

<P (Cn1/2g;‘(m)km 16 — 0, > s) 0.

This implies that the second term of () is 0p(1). Consequently (@) holds.
Next, we will show (@)

sup  ||[Vin (A) = Vi, (0)+DmAHcm =0, (1).
IAI<VERL '

Consider a mean-value expansion of E{g; . (A)} around Af,:
E{gin (0)} ~E{gim (0})} = An (6:) (6 -0},

where ©; lies between © and ©r,. Then, we will prove HcmAm ((:)Z) — Cm mH = cA(l/QO (

) vy

decomposing HcmAm ((:)1> —cmDay

into five terms and showing that each is bounded by a ¢, ( O ‘

)

term.

First term:

. [ { V2000 (0) V0 () Vern (6)  ein (8) i () } {Fw (v (8)) 1}]

" + ;
—eim (O},) Cim (O7,)° Cim (O)° T
0
T
Vesm (é)Twi,m (é) Ve (03) wm (ex) }
1
= (T) e E o (é)2 €im (@%)2

e (6) eim (@)2 €im ((:))2
+ ¢ E { o (é)2 €i,m @*
“(7)
T

2., * . PN . * . %\ T ) * F ) @*
CenE H V20in (O7) | Vi (O3) " Vi (Oh) | Veim (O5) " Toim <em>} fFus (Vi (03,)) 1” H
~\ 2 *
€im <®> €im @
{H;(a:i,m)Hl(mi,?n) _ H;(wz,m)Hl(mz,m) }

CmE{HlT(mzm)Hz(%m) _ H (i m)Ha (i 1) }

(@
<ﬁE&%$zTM%mw@@ww

H {%Hl P ) () (@_@;1)}”

€im ( @2

16



K3 E{len ] (@i m) Hy (@i m) | | Hai )]} ]| (6~ €0) |

KSE (e 11 aim) '} (6 - ©3,)
il (6 - o)

where ©! and ©? lie between © and O}, and |Fy|, () /7 — 1| < 1/7 holds for all x and .

;)

< (2) K2 Qlenl 1 ool L sl 1o} [ (6 - 03,
;)
C

9

Second term: Since

2, L 2eim®) Ve @ | f 1o 0 -
E {V ,m (@) ei,m (@)2 ei,m (@)3 } { T E [ylH {yz S ,m (@)} ‘ 1]}]
=K 21y (@i.m) M (xi’m)yiﬂ {yi <vim (O)}

T€im (@)3

i1(ys <vi,m xi Vi,m (©
and 2E@luSeen Ol _ 0. vy p () dy = vy (©) fyie (Vi (©)) Vo (O), we have

oo

e | 2T () Ho (00) E [yiﬂ {yi < Vim (?():))} |acz}
reun (6)
YE [yl {y: < vim (©},)} |:ci]] H
TCi,m (@%)3

Vi (O1) fyja: (Vim (1)) V0im (1)

—2H, () Ha (xim)

= Cm]E QHJ (:L‘i,m) H2 (mi,m) o (@1)3
_3V€i7m (@1> E [yzﬂ {yz < Vi,m (91)} |w2] (é _ o )
T€im (91)4 "
< Ceyhak3? Hé - GEH +Cey Lok Hé -6 \/E W7 T{y: < vim (O)}]
_ —1/2 3/2 1l _ o
= 0,12 H@ o,
where ' lies between © and 7.
Third term:
Since
E< < VZe;m (0) L~ =Veim (0) Veim (0)
€i,m (9) €i,m (9) ’ ’
F x i,m @
X ({y(v()) - 1} Vim (©) + €im (®)> }
T
2H, Tim) Ho (Tim Fye (Ul',m (@))
=K 2 ( 4’ )@23( 2 ) ({lyT}Ui,m(@)ei,m(@)> ;
€i,m (©)
we have

cm B | 2Hy (2 ) Ho (2 17,) {1 B Fyja (Uz’,m (é)) } Vi,m (é) -

17



+ |lem E _2H2T (Tim) Ha (x5 m) ({1 B Fyla (Uz‘,m (é)) } { Vi,m (~é) _ Uzm (9}) }

_ T i <®>3 eim (05)°
+ |lem E _2H2T( im) Ho (5.0m) (TZ:: (((;’”13 {Fy|m (vi,m (é)) = Fyjz (Vigm (@J)}ﬂ H

< Cec A(1/2)k;°’,{2 H@ _ @;H :

Fourth term:

fylz (vigm (© -\ fyle (im (07,) [2:) . .
cmE{ : —(Tez m(((g) ) VVim ( ) VUi,m (@) - 7:€i,m (ein)w VWi (Gm)T v (G)m)} ‘
Jylz (Vim (©) |24 Jylz (Viom 8) |
=|le, E { _(7-61 m((@)) ) 1 Tim) Hy (®im) — ! _(Tei,m<(@2n) )HlT (@i,m) H1 (%5,m)
4! '_(’”((@?n ") 7 o) 5 )~ e (e G200 T (o) <wz—,m>} |

o { fole ('U'L',m (é) |:1:Z> HT () i (5) — fyle (Vim (©7,) |2:) VH] (i) Hy ($i7m)}

+

—Tei’m (@Tn) —Tei,m (G;ﬁn)
K2
<2 e B{ LT (010) 1 (10) 12 (1,001 6 - 03}
{KQHF($i7m)H1(w7 cf’v,m (é) ’um(@;"n)’}H
+2|len E
-
K2
< |28 { L2 el 17 @) 12 (1) 182 >|}
+2E{Cff<wmn||H1 i) Hy (@10 |11 (z }H@-@* H
T m

< ceyini?||(6 - o)

18



Fourth term:

.

«(6)
_ { 1( 1) (@) Ho (x; )12H2T(:ci7m)H2(a:zym)}

@) eim (©7,)

—_
<I
o
3
—
@
~—
_'
<
2
3
—
@
~—
|
)
—_
<
£
@
<
4|
<
)
3
@
2
———

<E {lleml| |1 (1) Ha (@om)|| 23 1 (i)} [|© - 03,
st [CE @m)H.

Thus, we have

cmAm, (éz) - CmDmH < Zni each term < OCA(1/2)]€3/2 H (@ or )H < CCA(1/2)]€?”/2 ©—-0:).

Therefore, (@) hold by

2O B ) SN C AL SO R
0200 Y E{gin (©)} — E {gim (6 >}—Dm<9—®m>1i
=02 > {8 (64) (0 -65) - Du(©-6;)}]

=20 [entn (6:) — D} 0 - 03]

o (ot (6) e 18- i)

n2y " {ocik e - e}

— Ce A(1/2)k5/2 -1/2 _ (CA( )k5/2 1/2) 0,

for all ||© — O% || < VEmL/n.

Let {b; }?i’i‘ be the standard basis of R?*= and define

n
L, (@) =02 3L (s v (O + by ) seim (O + b)),
i=1
where a is a scalar. And let GJ, (a scalar) be the right partial derivative of L (a), that is
. n V-v.m (é\) + abj) 1 .
Gl (@) =72y [ |:]I{yt < Vstim (O + abs) } - 1]
i=1 \ —€im (@m + abj) T

+ Vjewz(:)(g:i—:bj;]) {71_]1 {yt < Vvim (@m + abj) }}

X {vi,m ((:)m + abj) - yt} — Uim ((:)m + abj) + €im ((:)m + abj)) .

IA
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For (@), following the proof of Lemma 2 in Patton et al. (2019), we have?

{CMZ RECOES
P{lleml |02 32" gim (6m)] 2}
ol |5 0 (6)] 2}

=P {Z |G (0)|* > 2L cam)

Jj=1

<> P{IGLO) 2 > 2L ek }

2 27 -2 —1
2n 112?2(””[{1 (@t )[I” > " Le CamFm }

km
2 21 —2 —1 2 —2 -2
<
< P{fggg [Hy (2em)I” > Lo camykp, nT Ky " Ky }

km
<SS P{IH @en)P > 2L e a ki K 2K

b £ {|1H (e} E{IH (o)} 12, i~

Si : 7= , =3 0

= (52L; QQA(m)k:fnlnT2K2_2Kf2) (a?LgQQA(m)TZK;2K;2) n Camn
Thus, (@)7 (@) and (@) are proved.

Combining (@), (@) and Theorem @, we have HVm (ﬁm) — Vi (0) + Dmﬁch = 0p (1). Then, un-
der Assumption @(i), Am =0 (@m — @;) =D.'V,, (0)—D:'V,, (ﬁm) +D'R,, and c,sV2A
NG ((f)m - e;*n) = C = ? D21V, (0)— CrEn/?D 1V (3 )+c S 2D Ry = Ty + T+ Ts .
where |[R,,|. =o or any ¢, with |l¢,,|| < Le.c et i =n m 9im , we have

here | Ry, = o, (1) f h Loy 05 L 120, £, D; gi.m (07,), we b

o

I
-
~

2By Assumption @, P (|G’$L 02 > 62L;2gA(m)k;ll> P (
Eq.9 in the supplemental appendix of Patton et al| (2019).

7_221{1 wax | Hy (xe.m)])? > 52L;2§A(m)k:nl) is the same as
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Tim = Y iy Mni- Based on the fact that tr(AB) < Amax(A)tr(B),

r 2
Bl =8 [{tr (G2, 7D; g1 (0 g1 (030 D551 ]

=1 {tr (00 (07,) 91 (63,) T D, 8,12C,1C, 8, 7D, ) }1

<02 E | {ix (g (©5) im (0,)7) }2] <L (D7 8512€50 €, 35205 ) |
02 g @3] % e (D520, G 2D Y
<0 2E [ gim (05)* X {Amax (CilCon) } e (D751 D;Y) Y

=12 E | gim (05" % {Amax (Cr Cin) 1 {hinax (A1) }

2

. . n 2 2 4 1/2
Then, given Assumption B4(ii1), S E [[nil* 1 {llmnill = €}] = nE [Inil*L{llmnill = €}] < nE (lnasll’)

P (|l > 5)1/2 < ne2E (||77m||4> =0 (n’lk,znézl?mo = 0(1). Thus, n,; satisfies the conditions of the

Lindeberg-Feller central limit theorem and we have
d
Tim — N (0,Cy).
For T5 ,, and T3 ., we take ¢, = CmET_nl/QD;ll. By the fact that Apax (AT A) = Apax(AAT), we have
1/2
lemll = {tx (£,/2D,' D, 5,1 2C].C,0 ) |
1/2
< 1Coll { A (B5/#D; DL 2,12) |

= 1Col { Amax (D S50 D;) 2

= ICm ] {Amax (A1)} < ICmll ex(fd < Lecu( )
Then by (@),
T2l = HVm (ﬁm)‘ C.S5Y 2Dt =op (1)
and
1Tl = | Runll s 55-172pp = 00 (1).
This completes the proof. |

S.1.3 Proof of Theorem @

We follow the proof strategy in Lu and Su (2015) which uses the results of Ricq (1984). In other words, we
replace the loss function in the proof of Theorem 3.2 of Lu and Su (2015), and the entire proof step still
holds. Let Ly, (©,,) = E{Lu (¥i,vim (©),€im (0))}, we have

I_’m (GM) - Em (9;)
=E{Lm (¥i,vi;m (©),€im ()} = Lin (Y, vi,m (O1,) s €i,m (©7,)))

= (O~ 03) E{gim (030} + 5 (O — ©5)T Apy (65,) (O — 03,) + 0, (10 — O3]
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Note that E{g; . (0%,)} = 0, we have

Ly (Om) = L (©},) = 5 (O — ®:<n)T Dy, (0 — ©7,).

| =

Under Assumptions @—@, the rest of the proof of Theorem @ is identical to Theorem 3.2 of
(), and thus we omit it here. [ |
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S.2 Verification of assumptions

In this part, we will verify that some high-level assumptions in the theorems of this paper hold for the
homoskedasticity case of DGP1. Other data generation processes are not verified one by one.

DGP1 with heteroscedastic errors:

1000
yi=a Zj_lxi,j +&,
j=1
where ;1 = —1 and z;,j = 2,3,... are each i.i.d. N(0,1) and are mutually independent of each other.

& ~ N(0,1) and independent of ; ;.
First, taking a candidate model with regressor {1, x; 2} to serve as an illustrative example, we will verify

the existence and uniqueness of pseudo-true parameter O}, . In other words, we estimate the VaR and ES of

Y; using
VaR, (yi|zs,2) = V1 + 025 2,
(S.12)
ES; (yilxiz2) = 61 + 0224 2,
where 11,92, 62 and 05 are unknown parameters. Since x; o is independent of {x; 3, ..., %; 1000} and &, DGP1

can be considered as
o
—

yl-:—a—i—z

i,2 + i,

where n; ~ N(0,1+ 2}0:030 j~2) and independent of x; 2. Therefore, parameter estimation of the joint model
() can be considered as the model is correctly specified rather than misspecified. Thus, the pseudo-true
parameter

OF, = (93,95,05,05) " = (—a+ VaR, (m:), /2, —a + ES, (), 0/2) T .

Next, we will demonstrate the validity of Assumption 1, which asserts that the sample must satisfy the
conditions 0 < |1/e; m(0)| < K2 < 00 and e; ,(05,) < v; m(0F,) < 0 for any candidate model. To fulfill this
requirement, we propose a linear transformation of y. Specifically, within our simulation design for DGP1-3,
we first normalize {y;}}"_;, and then shift the normalized {y;}"; to guarantee that the maximum true VaR
of in-sample as well as out-of-sample is -2. As a rule of thumb, this treatment ensures that the in-sample
estimators and the out-of-sample predictors of VaR and ES are always smaller than zero. Consequently, this
ensures the validity of Assumption 4.

Assumptions @ and @ impose several constraints on CA(m)> CA(m)s ED(m)» CD(m)» X (m) and Cx(m)- In
order to visualize the eigenvalues, i.e., Amin(Am); Amax(Am); Amin(Dm)s Amax(Dm), A,nin{E(xi7mmZm)} and
)\max{E(wi,me m)}, we will perform numerical simulations to calculate them. For simplicity, o in DGP1 is
taken to be 1. Furthermore, in consideration of the requirement for Assumption 1 to hold, we consider the

following data generation process:
1000

yi=—3+Y i 'wi;+&

Jj=2
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Since the regressor dimension k,, of the mth candidate model is allowed to diverge with increasing sam-
ple size, we assume that the regressors used for the mth candidate model gradually change from {1,x;2}
to {1,z;2,%;3,...}. Based on 100000 samples, the numerical estimates of the maximum and mini-
mum eigenvalues of A,,, D,, and E(mlma}jm) are presented in Figure @ Notice that the DGP1 im-
plies that )\min{E(mi,mw;':m)} = )\max{E(:ci,mw;':m)} = 1. This indicates that the numerical estimates of
)\min{E(xi7mach)} and )\max{E(wiym:cIm)} in Figure @ are close to their actual values. The results in

Figure EI show that Amin(Am), Amax(Am); Amin(Dm) and Apax(Dyy,) hardly vary with k,,. Therefore,

Figure @ ensures that the assumptions concerning ¢4 (,,y; €A(m)s €p(m)» €D(m)s Cx(m) a0d Cx(m) hold.

o ]
N —— )\min(Am) —— Amax(Am)
)\min(Dm) AmaX(Dm)
o — )\min{E(Xi,mxiTm)} —— Amax{E(Xi,mXi,Tm}
—i
N e A N N e I N R R E R R R R H
~_0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0
0 | o,o—O-O‘O"O—O"O"O'O 0-0-0-0-0-0-0-0-0-0 0-0-0
o o~
g — 0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0
I I I I I I
0 5 10 15 20 25 30
Km

Figure S.1: Maximum and minimum eigenvalues.

S.3 Additional simulation results

As the title of this paper suggests, the main focus of our paper is the JMA method for the joint estimation
of VaR and ES. Since our results involve both VaR and ES, it is important to discuss the performance of
each individually. Hence, in this section and next section, we will investigate the performance of our JMA
estimators separately for VaR and ES.

To evaluate the performance of the VaR estimators, we will report the results of FPEy,gr, after conducting
simulation experiments based on DGP1-6, as presented in our main text, where

100
* 1 7D
FPEy.r = 100 Z pr (ys — VaR, (ys|ﬂ33)) )
s=1

with check function p,(u) = u{r — I(u < 0)}. In other words, when performing simulation studies for
DGP1-6, we focus on the results of FPEy,r rather than FPE in (@) The other settings remain unchanged.
In addition, we also consider the JMA estimator of VaR (abbreviated as JMAv,g) proposed by Lu and Su
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(2015) to examine the performance of joint and separate estimation methods. We only add the JMA method
of Lu and Su (2015) as a comparison because the dominance of JMA over other estimation methods has
been confirmed in Lu’s paper.

As mentioned in the introduction of our article, ES is not elicitability and there is no consensus criterion
to evaluate the estimated performance. Here, we utilize the FPEgg based on mean square error (MSE) as
the evaluation criterion, i.e.,

100
1 = 2
FPEgs = m Z (EST (ys|ws) - ES; (ys|ws)> )

where ES, (ys|xs) is the true ES obtained from the data generation process.

Figures @» report the FPEy,r of DGP1-6. Overall, for small R?, JMAvy,r performs significantly
worse than the four methods based on the joint estimation of VaR and ES. However, this gap diminishes
significantly as n increases. At n = 400, JMAv,r exhibits a clear dominance on larger R?. We interpret
this phenomenon to suggest that methods based on the joint estimation of VaR and ES comprehensively
incorporate tail information when the information validity is insufficient (small R?). However, the VaR-
focused method (JMAy,r) offers a more accurate estimate of VaR when ample information is available
(large R?). For the four methods that jointly model VaR and ES, the performance of VaR for JMA is almost
always optimal and SWMA approaches the performance level of JMA.

Figures @— present the results of FPEgs. For DGP1 and 2, the FPEgg obtained from JMA
outperforms the other methods for all n and R2. In the case of DGP3, SWMA performs slightly better
than JMA when R? is small, while the opposite holds true for large R?. The results of DGP4, DGP5 and
DGP6 presented in Figures — show that the JMA method is optimal in most cases, although it is
occasionally slightly weaker than SWMA. Additionally, both CVMS and Largest exhibit significantly inferior
performance compared to the two model averaging methods.

Overall, regardless of whether the performance of VaR and ES is discussed individually or jointly, the
JMA method proposed in this paper consistently demonstrates significant advantages. Of course, if one’s
primary focus is on modeling VaR, the quantile JMA method proposed by [Lu and Su (201§) is also a
good choice. Additionally, the unsatisfactory outcomes of the model selection method and Largest model

underscore the necessity for a model averaging approach.
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Figure S.2: Out-of-sample performance of VaR: DGP1, Homoskedasticity.
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Figure S.9: Out-of-sample performance of VaR: DGP4, Heteroskedasticity.
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Figure S.10: Out-of-sample performance of VaR: DGP5, Homoskedasticity.
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Figure S.11: Out-of-sample performance of VaR: DGP5, Heteroskedasticity.
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Figure S.12: Out-of-sample performance of VaR: DGP6.
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Figure S.13: Out-of-sample performance

37

n=100,1=0.1

*
] 0?0\0 «—* o —
_f\‘/. S
- R i
NG N
____:___.___.___!\_T_?..__-l—-_.
T T T
0.1 0.3 0.5 0.7 0.9
R2
n=200,1=0.1
— «—"* ’\0———0\’
S e —O—_ :‘
‘\./o—o /:_A\
1 —0 I
_\A\A\A/
N ] ] a— " —n ]
A T ______
T T T
0.1 0.3 0.5 0.7 0.9
R2
n=400,1=0.1
_ —
:\.\’/.__.*iji\
_'\. e A \‘
3 —e A S
—k / 4
- m . " |
:____}_-___'_ ________________
T T T
0.1 0.3 0.5 0.7 0.9
R2

of ES: DGP1, Homoskedasticity.



FPEgs

FPEgs
09 11 13 15

FPEgs
1.4

1.2 1.6

0.8

18

1.0

n=100,1=0.05

|+ JMA —e— CVMS —4—- SWMA —— Largest

— [ J—
/ *e—oe

J— o T

—r—gx——é‘g. ——'l'——_.___r ______

0.1 0.3 0.5 0.7 0.9
R2
n=200,1=0.05
: /0 *—
] 0/;/.\./'
N /. A\AiA/‘
— _—
— __,/‘4‘§A -
e e, —m—— " —m
7] T T T
0.1 0.3 0.5 0.7 0.9
R2
n=400,1=0.05
- *
. ./04:\
. ‘4. A/ \i
‘/ /A/
_L/. .‘;‘/:_’l/l\l
—a—e_  _ ________________]
T T T
0.1 0.3 0.5 0.7 0.9
R2

FPEgs FPEgs

10 1.2 14 16

FPEgs
1.4

14 18

1.0

18

1.0

n=100,1=0.1
i 0464:
_ >
. /oﬁzé‘\A/
=
Léz;,.z::_zgz_: e ]
T T T
0.1 0.3 0.5 0.7 0.9
R2
n=200,1=0.1
] é
n 0/;\07A§'
- / / \./ \‘
= [ )

7] /‘/A/A/A M
I=g—=t= e
T T T
0.1 0.3 0.5 0.7 0.9
RZ
n=400,1=0.1

— /0
. ‘/’

-1 .%O;A/ x
- 9 A L q

/ /l/./ \
] ;‘/:/
P==A=R" =" ___________|

T T T
0.1 0.3 0.5 0.7 0.9
RZ

Figure S.14: Out-of-sample performance of ES: DGP1, Heteroskedasticity.
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Figure S.17: Out-of-sample performance of ES: DGP3, Homoskedasticity.
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Figure S.19: Out-of-sample performance of ES: DGP4, Homoskedasticity.
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Figure S.20: Out-of-sample performance of ES: DGP4, Heteroskedasticity.
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Figure S.21: Out-of-sample performance of ES: DGP5, Homoskedasticity.
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Figure S.22: Out-of-sample performance of ES: DGP5, Heteroskedasticity.
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Figure S.23: Out-of-sample performance of ES: DGP6.
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S.4 Additional empirical results

Our empirical analysis yields not only the EFPE results presented in the main text, but also the FPEy,r
results, as shown in Tables @—@ Here, similar to the EFPE in the main text, we define FPEv,r =
[EtT:TlJrl {pr (ye,0r) — Pr,min (yt, )}/ (T —T1) or FPEvar = [Ztetesting set {pr (ye,01) — Pr,min (Y, o)}/ (n = ma).
The results in Tables El]—@ indicate that there is little difference between the different methods when we
focus on VaR only, and no method exhibits dominance. These findings are in line with the simulation results
of Section @

Due to not knowing the true value of ES and the absence of a corresponding loss function for ES, reporting
the results of FPEgg in this section, as in Section @, is not feasible. Therefore, this section does not discuss

the empirical results for ES.

Table S.1: Out-of-sample FPEy,r for the stock returns data.
T T JMA SWMA CVMS Largset JMAvar

0.1 100 | 0.0356 0.0364  0.0382 0.0355  0.0483
0.1 200 | 0.0315 0.0332 0.0329 0.0325  0.0377
0.1 400 | 0.0294 0.0294 0.0294 0.0321  0.0289
0.05 100 | 0.0211 0.0221  0.0226  0.0230  0.0332
0.05 200 | 0.0212 0.0217  0.0222 0.0222  0.0304
0.05 400 | 0.0220 0.0226  0.0231 0.0220  0.0208

Table S.2: Out-of-sample FPEy,r for the wage data.
T ny JMA SWMA CVMS Largset JMAvy.gr

0.1 100 | 0.0015  0.0017 0.0022  0.0015 0.0050
0.1 200 | 0.0015 0.0026 0.0018  0.0017 0.0015
0.1 400 | 0.0025 0.0042 0.0026  0.0024 0.0011
0.05 100 | 0.0012  0.0012 0.0019  0.0011 0.0064
0.05 200 | 0.0007  0.0019 0.0011  0.0008 0.0023
0.05 400 | 0.0011  0.0026 0.0012  0.0011 0.0016
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Table S.3: Out-of-sample FPEy,r for the WTI returns data.

T T JMA SWMA CVMS Largest JMAvar
0.1 100 | 0.0192 0.0189 0.0190 0.0197 0.0195
0.1 200 | 0.0134 0.0129 0.0130 0.0127 0.0134
0.1 400 | 0.0073  0.0072 0.0072  0.0067 0.0075
0.05 100 | 0.0134 0.0133 0.0136  0.0129 0.0135
0.05 200 | 0.0086  0.0092 0.0087  0.0093 0.0106
0.05 400 | 0.0053 0.0053 0.0052  0.0051 0.0058
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