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Abstract

Sections S1-S3 of this supplementary material provide mathematical preliminaries and proofs
of the theoretical results given in the main article. In connection with the numerical examples
therein, Section S4 provides some additional simulation results and discussions. Section S5
discusses computation of the FIVE and F2SLSE. Section S6 provides an extension of the FIVE
with a general weighting operator, and Section S7 discusses a significance test in functional
endogenous linear models.
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S1 Preliminaries

Let (S, F,P) denote the underlying probability space and let H be a separable Hilbert space equipped
with the inner product (-,-) and the usual Borel o-field.

S1.1 Random elements of Hilbert spaces

A H-valued random variable X is defined by a measurable map from S to H. We say that such
a random variable X is integrable (resp. square-integrable) if E[||X||] < oo (resp. E[||X|?] < o0),
where || - || is the norm induced by the inner product. If X is integrable, there exists a unique
element E[X] € H satisfying E[(X, ()] = (E[X], () for every ¢ € H. The element E[X] is called the
expectation of X.

Let Y be another H-valued random variable. We let ® denote the tensor product defined as
follows: for all (1,2 € H,

G ® () =(C,)C- (S1.1)

Note that (3 ® (2 is a linear map from H to H. If E[||X]|||Y||] < oo, we may well define a linear
map Cxy from H to H as follows: Cxy = E[(X — E[X]) ® (Y — E[Y])]. Cxy is called the cross-
covariance operator of X and Y. If X =Y and X is square-integrable, we then may define Cxx
similarly, and this is called the covariance operator of X. If the cross-covariance operator of two

random variables X and Y is a nonzero operator, X is said to be correlated with Y.

S1.2 Bounded linear operators on H

Let L£4; denote the space of bounded linear operators acting on H, equipped with the operator
norm ||7lop = supy¢<1 |7¢|l. For any 7 € Ly, the adjoint of 7 (denoted 7*) is the unique
element of Ly satisfying that (7 (1, () = ({1, T*Ce) for all (1,3 € H. The range (denoted ranT)
and kernel (denoted ker7) of T € Ly are respectively given by ran7 = {7¢ : ( € H} and
ker T ={C €H:T¢=0}. T is said to be nonnegative if (7¢,{) > 0 for all ( € H, and positive if
the inequality is strict. An element T € Ly is called compact if there exist two orthonormal bases
{C1j}>1 and {(2j};>1 of H, and a sequence of real numbers {a;};>1 tending to zero, such that
T = Z;‘;l a;C1j ® C25. In this expression, it may be assumed that (;; = (25 and a1 > a2 > ... >0
if T is self-adjoint (i.e., 7 = T*) and nonnegative (Bosq, 2000, p.35). In this case, a; becomes
an eigenvalue of 7 and hence (3; is the corresponding eigenfunction, and moreover, we may define
T1/2 by replacing aj with ,/a;j. It is well known that the covariance of a H-valued random variable
is self-adjoint, nonnegative and compact if exists. A linear operator T is called a Hilbert-Schmidt
operator if its Hilbert-Schmidt norm || 71jus = (3252, 17¢|1>)/? is finite, where {(;};>1 is an
arbitrary orthonormal basis of . It is well known that |7 ||op < ||7|us holds and the collection
of Hilbert-Schmidt operators consists of a strict subclass of L£4; see Section 1.5 of Bosq (2000).
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S2 Appendix to Section 3 on “Functional IV estimator"

We will hereafter let a = a~! and use both interchangeably for convenience.

S2.1 Proofs of the results in Section 3.2

Proof of Theorem 1

Note that

A=C}LCon(CrCo)ict = Allg + Cr.Coz (Cr.Co )i (S2.1)
where Mg = Z‘;{:lfj ® fi. Since [|Coz(CE,Co) i lop < a2 and [|Cuzllus = Op(T~Y?2), we find
that ||A — Allk|las < 0,(a=Y/2T~1/2). Thus the proof becomes complete if | ATk — Allas 2 0 is

shown. From nearly identical arguments used to derive (8.63) of Bosq (2000), it can be shown that

o] 00 K
AT — Allgs < > AP < D AL + 20 A IC.Con — CroCosllop Y755 (S2:2)
j=K+1 j=K+1 j=

where f = sgn{(fj, fi)}f;. Since A is Hilbert-Schmidt, 377k 14 HAf;HQ converges in probability

to zero as T gets larger (note that K diverges almost surely as T — o0). In addition,
1C5.Coz — Ci.Cozllop < lICs-NloplICoz — Cazllop + [IC. = CozlloplICazllop = Op(T™H?),  (S2.3)

which in turn implies that the second term of the right hand side of (S2.2) is 0,(1). Combining all
these results, we find that || Al — Al|ug is 0p(1), which implies the desired result. O

Proof of Theorem 2

To show (i), we note that C,.C;, = 21 /\?éj ® ¢&; and there exists an orthonormal basis {%}21
such that CA:czCA;Z =372 X?EJ ® EJ Moreover, the following can be shown: CA;;ZE] = Xjfj, CAMJ?] =
ngjv C:& = Nifj, and Cuof; = Nj€j. We first note that Cp.(CE,Coz)i’ = Z;{zl()‘ﬁ)ilfjs ® &7,
where f7 = sen{(f}. )} fj, & = sen{(§;,€;)}; and A3 = sgn{([. f;)} sen{(§.€;)} ;. Let a; =
sgn{(fj, fj) } sgn{(&;,&;)} and assume A\; > 0 and \; > 0 without loss of generality (see Bosq 2000,
p. 34). From the foregoing properties of f;, fj, & and Ej, we have a; = sgn{(fj, i} sgn{(fj, fi)+
)\]'_2<C::z (Coz — sz)]?j, fi)}. Observe that

K
IC22(C3.Caz)ic" — Caz (CoCaz ) Hlop < |l Z (AN =275 @& llop + | Z NF08 = 15 @) llop-
(52.4)
The;ﬁrst term of (SQﬁl) 1As bounded abf)ve by sup; <<k |)\;1 - (A)\j-)_1|, WherAe \i;l - ()\;7)_1] = |(Af -
M)A = [(A2=A)ATIATT (N + Aj) Y. Since supy<joi [A2 = A2| < [|C.2Ch, — CazCiillop (Bosq,
2000, Lemma 4.2) and ])\jXﬂ < |X§ + )\jxj\ uniformly in 7 = 1,...,K for large enough T' (because
sup; <<k |a; — 1| = 0,(1), which can be deduced from that sup; <k |/\j_2<C* (sz — m)f], i<
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A20,(T71/2) 5 0), we find that
)\2 X2—)\2 o oF *
p PENL o B 0aGs - Ol
1250k INSIIAGAS + A2 T 1ix A3 Vadg
(S2.5)

K
I (ON ™ =X @& op <
j=1

As 1= £5) < 7511C.Coz—CCaz llop and [1€;—€3]| < 751|Ca2C, —CazCi llop (Bosq, 2000, Lemma 4.3),

K
g - 1ol <a 23 (G - S+ 11G - €D
j=1
K A A~ A
S 3_1/2 Z TJ(HC;zCa:z - C;ZC$ZHOP + HCMC;Z - CﬂﬁzczzHOP)' (82'6)
j=1

HMN

From (S2.3), we know that [|C5,Coz — C5.Cazllop = Op(T72) and [|CazC, — CozCi llop = Op(T712).
Moreover, it can be shown that Ai? < (A% —\% L) Pk < Zﬁ;l 7j, so the terms given in the right
hand sides of (52.5) and (S2.6) are 0,(1) under our assumptions. We thus deduce from (S2.4) that

n SN —1
Let ¢ = (0 () ™V%[2 ® wt]Caz(C2,Cx )i ¢ = (0x(C)) Y2 (24, Coa (C5,Crz )¢ ' C)ur. Then, we have

as in the proof of Theorem 3.10 of Park and Qian (2012) by Assumption M.(c). Thus, under
Assumption M, {((¢,¥) }+>1 is a martingale difference sequence for any i» € H. By the standard

central limit theorem for such a sequence, we have

T
T z:: €t7 ) <Cuu¢7 ¢>) (828)

Let (r = T~'/2 3], (;. Tf there exists an orthonormal basis {/;};>1 satisfying

lim sup lim sup P ( Z (Cr,€5)? > m) =0 (52.9)
T

n—00 j=nt1

for every m > 0, then (S2.8) implies that (7 4N (0,Cuy) (van der Vaart and Wellner, 1996,

Theorem 1.8.4). Let {/;};>1 be the eigenfunctions of Cy,, and let L, = 3772, . £;®¢;. Observe that
e . 1 T o]
>° )| < e 2B [ CosChLo ) O I Lne P = X0 (Cunts €)%, (S2.10)
j=n+1 K (C) t=1 j=n+1
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where the equality follows from that {u;}:>1 is a martingale difference sequence (with respect to
St—1). Since Cyy is Hilbert-Schmidt, the right hand side of (S2.10) converges to zero as n — oo.
Combining this result with the Markov’s inequality, we find that for any m > 0, P(3-52,, 1 (Cr, ;) >
m) <m~'Y2 1 (Cunly, (;)?, from which (S2.9) follows. Thus, the desired result is obtained.

(ii) follows from that HCAZZ — C.2|op and HCAQCZ(CA;ZCAQCZ);(1 — Cm(C;ZCm)IElHop are all o,(1). O

S2.2 Proofs of the results in Section 3.3

We first state a useful lemma and then provide our proofs of the main results given in Section 3.3.

Lemma S1. Suppose that Assumptions E2.(a) and E2.(b) hold and 6 > 1. Then the following
2=

L. A2¢—9 02§ .. 02§
hold: (i) 3Zp4; (/\?15_7)\?)2 < O(P7°) and (it) Yyu; (/\?]_7)\3)2 <0(5° )-
Proof of Lemma S1. We only show (i), because the remaining result can be obtained in a similar
manner. As in Imaizumi and Kato (2018), we can choose jo > 1 and C' > 1 large enough so that
)‘?/)‘fj/CJ < 1/2 and )\ijJJrl//\? < 1/2 for all j > jo, where |-| denotes the floor function. In
addition, because of Assumption E2.(b) we have ()\3 — A2 > O(1)j7%2%(j — 0)* for £ # j and
|7/C] <€ < |Cj] (Imaizumi and Kato 2018, p. 29). Using these, for § > 1, we find that

LJ'/ZCJ )\%7(5 li/C] /\%*5 Ué(fj 09
BVEBVIVE <4 ~= < 0("),
=1 ()‘? —AD)? =1 A1 = /\?//\%j/cj)2 =1 A?
and
= A0 2w -5 p
Z m < 4N Z 7% < 0(5").
t=[jC|+1 \J ¢ £=[jC]+1

Moreover, by using the inequality AZ < |A\Z — )\§| + /\? and the property stated at the beginning of

the proof, we have

. NV ESYIE A YT ‘ (A2 A2)2
0=j/C+1,25 \J (=j/C|+1,2] it e=1/C 1,25 N
S] te . +.7 tp 72
(=|j/CJ+1,2j =3l 0=|j/C|+1,2] 6=l
15C] /—5+1 15C] =
< j1+p Z W + 2j2+p Z W < O(jQerfé)7
—J —J

t=1j/Cl+1.#j =j/Cl+1L#j

where the last two inequalities are obtained by using the fact that [¢ — j| < ¢4 j and ¢70F! <

(j/C)0F < CO 170+ for all £ > |j/C| + 1. O
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Proof of Theorem 3

We first note that a < X%( = X%( — A2+ A% < |ICE,Crz — CECazllop + co K2 < Op(T72) 4 ¢, K™°
and a~1771/2 = o(1). These imply that

K < (1+0y(1))a" 7. (S2.11)
Using the fact that AJQ- > Z?ij()\? —AL) > ptegtiTP and a~'T~1/2 = o(1), we also find that
(cop) " (KHL) ™ < Ny = Ne g — Moy + Mgy S Op(T72) +2 < (0(1) + Da. (S2.12)

We will now obtain stochastic orders of ||.A — Allk s, ||ATlk — Allk||us, and || A(Z — k) ||s-
From (S6.6), we know that || A — Allk|las < [|Cuz|lus]|Cez(C2.Caz ) lop < Op(a='/2T~1/2). More-

over, we have

AT -Tls = 3 S <co 3 30552 < O((K+1)-2+) < 0, (- 1/7),

=K +1j=1 (=K+1j=1
(S2.13)

where the first inequality immediately follows from Assumption E2.(c), and the second and third
inequalities follow from (S2.12), Assumption E2, and the Euler-Maclaurin summation formula for
the Riemann zeta-function (see e.g., (5.6) of Ibukiyama and Kaneko, 2014). We then focus on the
remaining term || Allx — Allg||is and find that

| ATk — ATTk [|fis < QHng © A(f; HHS+2HZ 7) © Af3 s (52.14)

7j=1
We observe that

15 = £1I* = Op(5°T7H), (S2.15)
LA = )17 = Op(T ™) (5272 + j7127%). (52.16)

These will be proved below after discussing the main result of interest. Specifically, we can show
the second term in (S2.14) satisfies that

J

%) K [%S) K 2
(fi— 1) eAf s =l Z Aty oy (Fi = IDI? < Z (Z (Afs, folll i — ffll)

2 K 2
2 (Z]‘gllfg ffl\) = 0p(T71) (Zjl‘g)
1 j=1

71 if ¢ > 2,
P() (S2.17)
(T~ P max{logZa=t,a®=4/r}) if ¢ <2,

N\gle

IN
e I

~
Il

S

-

where the first equality follows from the properties of the Hilbert-Schmidt norm and the remaining
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relationships follow from (S2.15), Assumption E2, and the fact that Z j17 = 0,(1) if¢ > 2 and
Z? L' = Op(max{loga=!,als=2)/P1) otherwise. Similarly, the first term in (S2.14) satisfies that

X K
12275 @ AU = 1i)ls = ZHA ~ FIP = 0y oG )
= <
Op(T! if ¢ > p/2 +3/2,
o) ez el (52.18)
Op(T™ max{loga™",a*=r=9/7}) if ¢ < p/2 4 3/2,

where (S2.16) is used to establish the second equality. Since 2¢ — p — 3 < 2¢ — 4, aloga™! = o(1),

and alog?a~! = 0(1), (S6.7) is deduced from (S2.13), (S2.17) and (S2.18).

Proofs of (52.15) and (S2.16): We first show (S2.15). Note that for each j,

Fi= 1 =3 (N = N H(ChCaz — CoCad) i FVIE + (F5 — 15, FDE5 (52.19)
]

Then, using the arguments used to derive (4.48) of Bosq (2000) and the expansion of <J/cj7 — 17, f0)
that was used to derive (S2.19), it can be shown that

1= FIP<ad (32 2((Cs.Coz — C2.Ca2) fi, fo)*. (S2.20)
l£]

Since C¥,Cpz — C2,Coz = (C, — C2,)Caz + C%,(Cpz — Caz), the sum given in (S2.20) satisfies that

Z(X? B )\%)_Z«é\;zé\mz - C;zcxz).]/f;a f€>2
7

<23 (N (Ch. — CoINE fo) 2 +2 (A2 2(Coz — Cax) i ME)2. (S2.21)
L] C#£]

The second term of (S2.21) satisfies that

Z()‘ >‘€) <(sz - sz)fj?)\fgﬁy

12
2#1 e;ﬁj
<2001 F5 = FIP+ 228 = ) T2AH(Cee — Ca) £,60)°, (S2.22)

t#j

where Ay; = Z#]-(X? - A%)*A%HC;z — Cpz||2,- Similarly, for the first term of (52.21), we have

ST = N TH(CE — C)E fo)?
l#]

<3 (2 =AU, - €& S0 + (2 = DTG = CoE o))
L£j
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<23 (2 = ADTAAH(Cr, — CE(E — €, f)? +2) (A2 = AD)T2AH(Cr, — CLEL fi)?

] 045
+23 (2 = M) TH(Ch — CL)(E — &), f? + 2D (N = A H(Cr. — €€, fo)?
t#j 045
2(A1; + Ao))|IE; — €17 +2 (A2 = A 2NH(Ch, — CL)ES fo), (52.23)
L£j

where Agj = man;ﬁj,lSjSK(X? — A Y|Cpz — Cez||2, and the second inequality simply follows from
the decomposition Ej = (fA] —¢&;) + & and the fact that (a + b)? < 2a% + 2b? for a,b € R. Let

Aszj = Aszj1 + Asgjo, (52.24)

where
Asgjn =Y (A=) IN(Coz —Co) f5, €)%, Dsja =D (N2=X)2NH((C;. —C)E5, fo)*. (S2.25)
£ £

We then deduce from (52.20)-(52.25) that
1fj = FI1P < 1680501 f = F717 + 16(A5 + Ag)) 1§ = &7 + 1643 (52.26)

A similar bound for ng - 5;”2 can be obtained from nearly identical arguments to derive (S2.26),

from which the following can be deduced with a little algebra:

16(1 + 16A2j)
(1 — 16A1j)2 — 162(A1j + A2j)2

I1f; = £511% < As;

From (S2.12), the condition & = a~!' = o(T?/(r*2)) and similar arguments used in the proof of
Theorem 1 of Imaizumi and Kato (2018), we find that

P{|IN2 = X}| > [A\2 = M}|/v2,for j =1,...,K and £ # j} — L. (S2.27)

Because of (S2.11), (S2.27), and the condition o« = a~! = o(T?/(2*2) we find that A;; <
Op(T7 1) maxyzj1<j<k |X§ — X272 < 0,(T7FK?*72) < 0,(T1a=(2r+2)/P) = 0,(1). Similarly, from
(S2.11), (S2.27) and Assumption E2.(b), we also deduce that Ay; < O,(KP||Ck, — Cazll2y) <
O,(a= (Pt D/PT=1) = ¢,(1). Combining these results, the following is established:

1F5 = £5117 < 16(1+ 0,(1)) As;. (52.28)
We now focus on Agz;. First note that

‘A3j,1‘ < Op(l) Z()‘ )‘E) 2)‘£<( zz m)f] 7&> ( ‘QT_1)3
l#£]
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this may be deduced from (S2.27), Assumption E2, Lemma S1(i) and the fact that

TE((Coz — Ca) f7:€0)%] < ZE ve(d Ove-s(5,0)] < O(V)E[(zy, £;)* (21, &)

s=0

< E[llGel® I, £)201%] < O(1)AS,

where the second inequality follows from Assumption E2.(d). To obtain the third inequality, we
note that El(ar, £;)2(21,€0)2) = El{(@e, £3)71: €04zt )1, £3)] < Ell s £3)21] | (22, €] and then
apply the Cauchy-Schwarz inequality and Assumption E2.(d). In a similar manner, we also find
that |Asjo| < O,(52°T71), and thus |As;] < O,(5*T~1). Combining this result with (S2.28), we
find that the desired result (S2.15) holds.

We next show (S2.16). Note that

Ay = 13) = D8 = M) TH(CrCos — CooCas) [ JVASE + (J = F5, 1D AT, (52.29)
=
where H(f] — f5>.Af5||2 < O0,(T71)j272%. For each j = 1,...,K, the first term in (52.29) is

bounded above as follows:

~

Q8 = AN H(CraCaz — CoaCaa) f, ) ASE) < O INF = N7 H(CrCox — C1Caz) i fo))?

#j #]
DO A2 = N NN(Coz — Caz) o E0)) DO A2 = N7 M€ — €& fo))?
t#j l#j
O(1)1C — Caz 1%, (Z(Xi — M) LY (N - A%—Qﬁie—?g)
(#j (#j
< 0p(T7) (Z(X§ —AD)TENTE DT = AD T = AN 4 Y (A - A TN 2<)
4] #j 4]

o]
< (14 0,(T 22 )0, (T1j77242) < (14 0,(1)) 0, (T %+2), (82.30)

<O0,(T™h (jﬂ—2<+2 +(Op(T7V2N 2 +1) S (22— A%)—QW—%)

where the second inequality follows from Assumption E2, and the remaining inequalities follow
from the Holder’s inequality, Lemma S1(i)-(ii), and the fact that [|Cy. — Caz|lop = Op(T~/?). From
(S2.29) and (S2.30), we find that (S2.16) holds. O

Proof of Theorem 4

In this proof, we consider the scenario where p/2 4+ 2 > ¢ 4 d¢, thus incorporating the complemen-

tary result presented in Section S2.3.2. The whole proof is divided into two parts.

1. Proof of the convergence results: For the subsequent discussion, we first need to obtain an

S10



upper bound of <J?] — f7,¢). From the expansion given in (S2.19), we have

(i = 5.0 =S (N2 = 2D " M(ChCaz — CouCo) fj fO)fes ) + (= FEFD(F.C). (S2.31)
l#£]

Note that the second term in (S2.31) satisfies that ((E — fis IS5 ()2 < Op(T~1572%c+2) for all
j=1,...,K. Moreover, the first term in (52.31) satisfies the following:

-~

(D = A H(CoaCaz — CoaCas) f, o) (e O)F < O INT = AFITH (oo Conz — CiCoz) i fo) )

7 ]
D 3 = WA (Cor = Can) T €01 + O N = NI R G — G )
7 L£]
OM)[1Caz = Czll5, (Z(X? — AN TR 4 332 - A?)QX?£25<>
3 (£

< Op(T71) (Z(Xf. — AL TENFOB L SN = A TN = A 4 3 (A2 — A§)2A§£25<)

0#j t£j t#j

£
< Op(T )02 (1 + 0,(T %)), (82.32)

<017 (j”%“Q +(Op(T7V2N2 + 1) DN — A?)ZAﬁQé‘)

where the first inequality follows from the assumption on (fy,¢) and the remaining inequali-
ties are deduced from similar arguments that are used to obtain (S2.30). Because T—1/2j¢ <
Op(T’1/2a’1) = 0p(1) uniformly in j =1,...,K, we conclude that, for each j =1,...,K

Y

(Fj = £5.0)" = Op(T 12 4 Op(T71) 724 (1 4 0,(1)). (52.33)

We next show the following;:
||CAM(CA;,ZCAM);(1C - sz(Ciszz)f(lCHop = op(1). (52.34)

Given that [|Cp. — Cazllop = 0p(1), the asymptotic results given in Theorem 2.(i) and 2.(ii) are
deduced without difficulty from (S2.34) and similar arguments used in our proofs given in Section
S2. From the decomposition given in (S2.4), it can be deduced that the desired result (52.34) is
established if the following terms are all o,(1): | SR ()T - A;l)j 5,081, | SR -
AT = 5308 T2 () 1 O = )11 and [ 552, (X5 7HF = £5. Q&1

First, from similar arguments used in our proof of Theorem 2, we may deduce the following:

K N K L~ K X2)2 s

35097 =505 0617 = 09 =374, 07 < 3 v—cw :

7j=1
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K
ch—%g < Op(T—la—l Zj2p—26<) < Op(T_l max{a—(3p—25<+1)/p,a—(l—i—p)/p})’
Jj=1 77 j=1
(S2.35)

where the last inequality follows from (S2.11). In addition, using (S2.33) and the arguments used
to derive (52.35), we find that

K K
ID (O™ =AU = £5,0817 =Y ()™ = A2 = ££,0)°
j=1 j=1
K K
< Op(Tf2a71) Zj2p725<+2 + O 2 —1 Zj3p7254+2
j=1 j=1
< 0,(T72) max{a~Wr=2ct3)/p 5=(+r)/r}, (S2.36)

Note that T-'a=(+P)/P = o(1) and T—2a~(“4r=20c+3)/p = T=15=0Br=20c+1)/pp—15=(r+2)/r = (1) by
(3.8). These imply that the terms given in (S2.35) and (52.36) are all 0,(1). We also find that

K K
HZ:(A;‘?)”( 7€) Z =&l

< 0T 1/2) S j 4241 < O, (12 max(a™/0, a60/2D/0}) — 0,(1), (523)
j=1

where the first inequality follows from the triangular inequality and the second inequality is deduced
from Assumption E2.(b) and the fact that ||g]—§]5\|2 < Op(T7142) for j = 1,...,K (this can obtained
from nearly identical arguments used to derive (S2.15)). The remaining inequalities are deduced
since 26, > 1 and (S2.11) holds. It only remains to show that || Z?:l()‘;)_l<ﬁ —f3 g)EJH? = o0p(1).
This can be obtained from Assumption E2.(a) and (S2.33); specifically, we observe that

K
1SN = f5, Q8117 < Op(T ) max{a~@=20ct3/p 5710} = o (1). (S2.38)
=1

Hence, from the results given in (52.35)-(52.38), (S2.34) is established.

2. Analysis on the regularization bias: Next, we focus on the regularization bias term,

| A(IIg — IIg)C||. For convenience, we let
Ak —I)¢ = Fi + B> + F3 + Fy,

where Fy = A(llx — Z)¢,

K K K

Fo=Y i~ [0A — 1), B=>0AF ), F=>(fi-f.QAf.

j=1 j=1 j=1
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and thus Fy + Fy + Fy = A(Ilx — II)¢. Then, by using (S2.16) and (S2.33), we find that

K K X
1] Z \HA( — DI < Op( Z]P*“%H < Op(Tfl/Q) ij/2*§*5g+1’

J=1 J=1

where the last bound is obtained since o = o(T?/(?+2)). In a similar manner, it can be shown that

Py < Z! ONAG = fIl < Op(T~? ij/2 cbet1,

7=1

and .
1E3] < Z — [ ONALN < Op(T 712 Z]pﬂ c—dc+1.
o =

Therefore, || Fi||, ||F2| and ||F3|| are bounded by the following quantity:

K
Op(T_1/2) ij/2—g—§(+1 <

0,(T~1/?) if p/2+2 <<+ 6,
j=1

Op(T~Y2 max{loga=t,a=(P/2==0cH+2)/PY) if p/2 + 2 > ¢ + 4.

Lastly, the following can be shown:

IFal> < 3 I QALIP < Y 372 AL = 0p( Y §72%7%) < 0y(H2% 1),
j=K+1 j=K+1 j=K+1
This concludes the proof. ]

S2.3 Supplementary results
S2.3.1 Strong consistency of the FIVE

We first review essential mathematics to establish the strong consistency of our estimators. The
space of Hilbert-Schmidt operators, denoted Sy, is a separable Hilbert space with respect to the
inner product given by (71, 72)s,, = > k>1(T1C1j, Cak) (T2C1j, Cak) for two arbitrary orthonormal
bases {(1;};>1 and {(2;}j>1 of H; this inner product does not depend on the choice of orthonormal
bases (Bosq, 2000, Chapter 1). We then note that {z; ® z; — Cz, }+>1 is a zero-mean stationary and
geometrically strongly mixing sequence in Sy, and, in the sequel, employ the following assumption:

below, {A;};>1 is the sequence of eigenvalues of the covariance operator of dy = z; ® 2z — Cq..

Assumption S1. (a) sup;s |[|@¢]| < ma, supssy [|2¢]| < m2, and sup,sq [luel] < my ass., (b) A; < ab?
for some a > 0 and 0 < b < 1.

As shown by Corollaries 2.4 and 4.2 of Bosq (2000), Assumption S1 combined with Assumption

M.(b) helps us obtain a stochastic bound of ||(?m — Cyz|lop, Which is given as follows:

S13



Lemma S2. Under Assumptions M.(b) and S1, the following holds almost surely:
1Caz — Cazllop = O(T~/*10g* 2 T).

We omit the proof of Lemma S2 since it is a direct consequence of Theorem 2.12 and Corollary
2.4 of Bosq (2000) and the fact that sup;> ||d¢]| < mg holds for some m4 > 0 under the employed

assumptions. Based upon this result, we can establish the strong consistency of the FIVE as follows:

Theorem 1 (continued). If Assumption S1 is additionally satisfied, T(o) = o(T"/21og™>/?T) a.s.,
and «T ' logT — 0, then || A — Allop — 0 a.s.

Proof. Tt can be easily shown from our proof of Theorem 1 that ||./Zl\—./4ﬁKHOp <a 2Ty 4
ut||lop holds a.s. Under Assumptions M and S1, the sequence of 2z ® u; is a martingale difference,
and ||z: ® ut||lus and E||z; ® u4||%g are uniformly bounded, and we thus know from Theorem 2.14 of
Bosq (2000) that || T 7 2 @ ulop = O(T~'/?10g'/2 T), a.s. This implies that |A— .AﬁKHOp =
O(a=Y271/210g"/2 T) a.s. Moreover, we note that ||Allgx — Al|Z, is bounded above by the term
given in the right hand side of (S2.2), and deduce from Lemma S2 that ||C*,Cp. — Ci.Cozllop =
O(T~Y210g*? T) a.s. These results imply that || ALk — AllZ, = 0(1) as. O

S2.3.2 Refinements of the general asymptotic results for the FIVE

We now provide a complementary result to Theorem 4 for the case where p/2 +2 > ¢ + .

Specifically, the following can be shown:

Theorem 4 (Continued). Let everything be as in Theorem 4 but with p/2 +2 > ¢ + 6¢. Then,
Theorem 2 holds and

(I = TIk)¢[| = Op(T~? max{log o, /2770 F2)/py),
JA(Tk — Z)¢|| = O, (alL/2=s=0) Py,

Our proof of the above result is already contained in the proof of Theorem 4 given in Section
S2.2, and hence omitted.

S3 Appendix to Section 4 on “Functional two-stage least square

estimator"

As in Section S2, we will hereafter let a; = ocf1 and az = oy ! and use them interchangeably. We

first provide a useful lemma that is related to our discussion on the F2SLSE in Section 4.

Lemma S3. There exist unique bounded linear operators Ry, and Ry, satisfying the following:
CzléQszC;;/vQ =Cyz, Ry:[ran Ci:f“ = {0}, Rj.[ran C;éQ]L = {0},
CHPR:.CY2=Cr., Rp[ranCHAt ={0}, Ry.[ranCl/*" = {0},

Y222 Yz Y
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where V* denotes the orthogonal complement of V.C H.

Lemma S3 directly follows from Theorem 1 of Baker (1973). From the properties of R, (resp.
Ry-) given above, it can be understood as the cross-correlation operator of x; and z; (resp. y; and

zt). Let ngl/ ® be defined by >2724 u}l/ 2gj ®g;, which is not a bounded linear operator since p1; — 0

as j — oo. However, even with this property, we know as a direct consequence of Lemma S3 that

ngl/ 2sz and C;ZC;;/ % are well defined bounded linear operators and they are respectively given by

—1/2 _ 1/2 x 2—1/2 _ p1/255%
CH%Co. = Ru:Cl? and  CL.CM2 =CUPRS..
We thus find that
% A1 _ ok a—1/20-1/2 _ al/2% 1/2 _.
Cyzczz sz - Cyzczz / sz / CIZ - Cygé RyzRyzczé - 7)7
C*.Co1C,. = CCM2CM%C,, = CHPRE ReCL2 = Q.
As desired, P and Q are uniquely defined elements of £, and moreover, they are compact since
;42 and C;{f are compact.
S3.1 Proofs of the results in Section 4.2
Proof of Theorem 5

Since ||Cy.|lns = Op(T~1/2), we find that
~ ~ ~ 5 \—1/2 5 \—1/25 A-— —1/4_—1/4p—
A = ATk, 115 < [ICus sl Cox ey loll Coz ey *Cos Qi lop < Oplay oy T74/2). (s3.0)

Thus, || A — Allk, ||ns = 0,(1), and hence it suffices to show that ||.ATlk, — A|/%g = 0,(1). Note that
- o0
I, = Allgs < > [A4B5I1° + IR, (53.2)
Jj=Kz +1

where hi = sgn{(ﬁj, hj)thj and R = 3222, _,_1(”./4/}2]'“2 - H.AthQ) Since A is Hilbert-Schmidt, the
first term of (S3.2) is op(1). It thus only remains to verify that |[R| = o0,(1). To show this, we first
deduce the following inequality from similar arguments used to derive the equation between (8.62)
and (8.63) of Bosq (2000):

Ko
R < 2] AlI3, D 1y = K- (S3.3)
j=1
We find that Qﬁj - Z/jﬁj =(Q— @)ﬁj + (7 — Z/j)iAzj. Hence, by Lemma 4.2 of Bosq (2000),
|Qh; — wihj]| < 20| ~ Qop. (83.4)

Moreover, it can be shown from similar arguments used in the proof of Lemma 4.3 of Bosq (2000)
that [|7; — h3|| < 72,[|Qh; — v;h;|| /2, which, combined with (S3.4), implies that

7y = h3ll < 72,411Q = Qllop- (S3.5)
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We then deduce from (S3.3) and (S3.5) that

Kao
R| <242, (Z T2,j) 1Q = Qlfop- (S3.6)

J=1

Then the following can be shown:
1Q = Qllop < |IBIk, Co.Tlic, B* = BC:2B8"[lop + 1S lop, (83.7)
where 8 = €I, B* + Bllk,Cy. + C:fZ(CAzz)I_(}CAW Let Ik, = Zﬁl g; ® g; and let
T =B(Z — 1k, )C..(Z — Ik, ) B*.
We further find that

HBﬁK1CAzzﬁK18* - BCZZB*HOP < ||BﬁK1CAzzﬁK1B* - BHchzzHK1B*||Op + ||T||0p

K1
<1811z Z — 14)35 © Gillop + 20Bl2 D willG5 — g5l + 1T llop
7j=1
2 2 2 3 2 A~
< (B3, + 2018155 > 1715 | 1€ = Cazllop + 1T llop < Op { D 115715 | IC=2 = Cazllop + [ Tllops
j=1 j=1

(93.8)

where g7 = sgn{(g;, g;) }g;- From (83.6), (S3.7) and (S3.8), the following is established:

Kl K2
R| < {Op (Z NjTLj) ICz2 — Cazllop + [|Sllop + ‘T‘Op} Op (Z 7273') . (S3.9)
j=1 j=1

Since ||Cy. [|lus = Op(T~1/?), HHKlHOP <1 and ||(C zz)K1H0p < al_l/z, we have
ISllop < Op(T71/2) + Op(ay /*171). (53.10)

Note that ||C.. — Caozllop = Op(T™2) and ||Tlop 2 ] 2, To; = 0p(1) (which follows from the fact
that [|Tllop < B2, Y32k, +1 #;). Combining these results with (S3.9) and (S3.10), we find
that [R| < O,(T~ 1/2(2 a Wl,])(zﬁm,j)) + Op((TY? + ay PT1) Y K2 7 ). Given that

a;'T~! = 0 and ZJ 1725 <O ((ZF1 /L]TL])(Z;(il 794)) = 0p(T"/?) (the inequality follows from
that uy 7'171 (ijl piTi;) > 1), it may be easily deduced that |R| = o0p(1) as desired. O
Proof of Theorem 6

To show (i), we will first verify that

1(Caz) g Coz Okt — (Ca)g Caz Qiclllop < B + Ea + B3 = 0,(1), (S3.11)
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where F1, F5 and E3 are defined as follows:

E = H(( zz)Ki (sz)Kl)szQK HOp? Ey = H( zz)Ki(Csz - sz)éﬁiHopv
Es = H( zz)K}CxZ(QKQ - QK2 Hop-

Note first that HszQK lop = Op(ay 1/2 ), and thus

K1 Kl
—1/2 — ~— o~ ~ ~
By < Opa; ') (H Yt =g @ gllep + 1D 0 (G @7 — g5 ® gi)Hop) :
=1 j=1

where g7 = sgn{(g;, g;)}g;. We then find that

By —

~1/2 _1445
1 <a / NKH’sz —Cazllop

(S3.12)

~1 -1
- 029 su S — | = su
[ Z 15195 @ gillop < S it =yt S

and
1/2Kl /2~ S
HZ“* (9 © 35 = 95 © )llop <2317 318 = g5l < 230 |Coz = Cazllop Do m1e - (53.13)
j=1 j=1

Since ! < Z?:ll T1; = op(a 1/2T1/2) and ||C.. — Cazllop = Op(T~1/?), the right hand sides of

1
(83.12) and (S3.13) are 0,(1), and hence Ey = 0,(1). Since [|(C2)ic lop < 1y 195t lop < a5 72,

and ||C. — Cuzllop = Op(T™Y/2), we also find that
1/2 1/2 !
Ey < M;(}OP(aQ T_1/2) < Op(ay T_1/2) ZTLJ' = op(1).
j=1

Given that ||(sz)f<icxz”op < ||B*|lop = Op(1), it remains to show that HQR; - QR;HOP = 0p(1)
since this implies E3 = 0,(1) (and thus the desired result (S3.11) is obtained). To show this, we
first note that

Ko
19k — Qs llop < 1D (vt =27k @ hjllop + | ZA_I —hj @ hj)lop-
j=1

Let S = C, Ik, B* + Bllk,C,. + CA:Z((?ZZ)E@W We then deduce from our proof of Theorem 5 that

Ky
||Q - QHOp < Op (Z NjTl,j) chz - szHOp + HSHOP + ||T||op~ (S3~14)
j=1
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As in (S3.12), it can be shown that || Z?ﬁl(yfl - 1?; Vhi @ hjllop < ay 1/2 VIE;HQ — Ql|op, hence

Ky
| Z i @ hjllop < ag /2V1221 (Op (Z NjTl,j) 1C22 — Cazllop + |Sllop + ||T||0p) .

j=1
(S3.15)
We also deduce the following from (S3.5), (S3.13) and (S3.14):
Ks R K1 ~
15! (hy©hy = hy®hy)llop < 22" 2723 Op ( D 71 | Iz = Cazllop + 1S llop + I Tllop
j=1 j=1
(S3.16)

We find that I/IE; < 2?221 T2 < Op((Z?:ll ,ujﬁ,j)(Z?il Toj)) = op(a%/QTl/Q), which follows from

that /i1_17'1_,11(2§<:11 p571,;) > 1. Moreover, note that

K1
1 2
Z’uﬂ—lj < Vg, Z:“Jﬁy s (Zﬂjﬁj) (ZTQ,J) = / T'7?),

Jj=1 Jj=1 Jj=1

and
> S1/2
VKQHTHOP < 27—27]HTH0P < ”BHop ( Z Nj) (Z TQ:J) = op(a / )-
Jj=1 j=Ki +1

From these results, (53.10) and the fact that [|C.. — Cazllop = Op(T~1/?), we may deduce that the
right hand sides of (S3.15) and (S3.16) are all 0,(1), and thus E3 = 0p,(1) and (S3.11) holds.
We thus know that

f(.A ./41_11{2 = < Z zZt ® Ut) 2z K}szQK < + Op( )

Define ¢; = (¢k,(¢))™"/?[2t ® uel(Czz )i Caz Qia¢ and let (¢ = T~Y/23 [, ¢;. Then from nearly
identical arguments used to derive (S2.7), (S2.8) and (S2.9), we find that, for any ¢ € H and m > 0,

T-1/2 Zthl((t, ) 4 N(0, (Cuut0, 1)) and lim sup,,_, o, lim supy P(Z;’inH@T, @-)2 > m) = 0, where
{l;}j>1 denote the eigenfunctions of C,,,. Hence (i) is established.

Given that || QI_(; — QI_{;HOP = 0p(1), (ii) is immediately deduced. O
S3.2 Proofs of the results in Section 4.3

We hereafter define
QK1 = C;Z(sz)iicxzv

which is repeatedly used in the subsequent proofs.
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Proof of Theorem 7

We will show the following;:

Ky < (14 0p(1))ag /7, (S3.17)
(cop) (Ko +1) ™ < (1+ 0p(1))as, (83.18)
7y — h3)1* < Opan) o= 12, (83.19)
IR = B)? < Oplan) o2~ 42 4 O, (dr) 27, (53.20)
where h? is defined as in our proof of Theorem 5 and dy is defined by
dr = a§4§u+l’u_2)/0u + 71 max{al—l/ﬂu7 al—(Pu_qu""?’)/Pu}_ (S3.21)

Note that
| A — Allns < [|A — Allg, |lus + [|AIk, — Allk, |us + [|(Z — Ik, ) A s,

where || A — Allg, ||lus = Op(al_l/4a2_l/4T_1/2) as shown in (S3.1). Using (S3.18), we also find that

o

IC-T)Alis = Y IArP<00) 3 S22 <o,afm).  (s322)

(=Ko +1 (=Ko +1 j=1

We next focus on the remaining term || Allk, — Allg, ||us. Note that

~ Ko R R Ko R
27| A, — ATl s < IS By ® Al — B + 1 Do (hy — ) @ byl (53.23)
j=1 j=1

We know from (S3.19) and (S3.23) that

/=1 j=1

2
IIZ (hj = h3) ®Ahs||HS_ZHZ Ahj, he)(hy = h3) H2<Z(Z Ahbhémmj_hj’”)
1

2

j=1
_ {O p(a1) if 6 > 24 pu/2 = 2, (53.24)
0,(a; max{logZa; ! a (QC” pr = 4)/p”}) if o, <24 py/2 —2,.
Moreover, from (83.20) and the fact that dra; ' = o(1), the following may be deduced:
Ko Ko
I Zh © A(hy — h3)llfs < Z AR = B)? < Op(an) Y 720~ w2 £ O (dy) Y o200+
Jj=1 j=1 j=1 j=1
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- {O b(a1) if pu/24+3/2 <, (83.25)

O,(a; max{loga,*, a (29’ p”fg)/p”}) if pu/2+3/2>¢,.

Since 4, — 4 > —3, aslogay ' = o(1), and azlog?a; ! = o(1), (4.2) may be deduced from (S3.22),
(S3.24) and (S3.25).

Proofs of (53.17)-(S3.20): To obtain the desired results, we first need to consider [|[(Q — Q)hy|
and H@ — Q||lus. Note that, for any ¢,

271(Q — Q)hyl* < I(Q — Ok, )hell* + 11(Qk, — Q)hell*. (S3.26)

The second term in (S3.26) is bounded above as follows:

1(Qk, — Qhel* = Z 11;(Bg;, he)Bgj||* < O(1) Z 113 Bg;|I* Z G2
7=Ki1+1 =K1 +1 =K1 +1

< Ok, 11 (Ky +1)~dnt20=2m < 0, (1)l Pn 2P =27 (S3.27)

where the first inequality follows from the Hélder’s inequality and the second is obtained because
29 > 1, 372K, 417 2 < (Ky+1)"2st ] and M? < pg, 41 for j > Ki. The last inequality is
obtained using the arguments that are used to derive (S2.12). We now focus on the first term in
(S3.26). Note that

A7H(Q = Qr)hell? < IIC;(Cuz) g Cozhell* + (ICy T, B hyl|* + || BTIk, Coz e
+ H(B(ﬁKlé\ZZﬁKl - HchZZHKl)B*)hZ‘Pv

where ||C., Ik, B*he|2 < E_QWO ,(T~1). Moreover, we have || BIIk, Cyzh|? < 720,(T~1) and
1G5 (Coz)icy Cozhell* < Op(ar ' T71)|Coshal|* < Op(T~2ay )¢/ since

T
TE[||Cozh; ) Z v, hy)ze*] < O(VE[|[(vr, hy)z]*] < Oy < O(77/2),  (83.28)

where the inequalities are obtained from Assumption E2%*; specifically, under the assumption,
~1/2

we have that E[|(vr, h)zel2] < Elll{@e )zl < collCoshisl® < M, Coc lopll ool 2Cashy 2 <

O(1)v;. Lastly, using the arguments used to obtain (S2.16), we can show that [g; — g5||* <

Op(T~1)j2 and [|B(g; — g5)|I* < Op(T~1) (527 + jPut272%). Using this bound, we find that
471”( B(Iik, C.-Tlk, — HKIszHKl)B*)hellz

<HZ — 115)(gj, B*he) Bg; |)? +HZM 9; — 95 B*hy)By;]”

7j=1

+HZM] 95, B*he)B(g; — )17 +H2ug — g5, B*h)B(G; — 93117
j=1
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K1
< Ky |1BII2 Iz — Cozll2 1B hell* + [ICezlls D 1G5 — 95117118 he|* | By |I*

j=1
K K1
+1Calfis D 1B hel*IB(g5 — g)II* + ICz2 s 1B hell* Y 195 — 9511
=1 =1
Ki
< 5_27“8_1/'0“019(T_1) + e_ZWOp(T_l) Zj_%ﬁz
j=1
K K1
+ 2O (T™) 3 (57202 4 jen =20 2) 4 200y (172) Y
=1 7=l
< £72'yu0p(T71 1,naX{al*1/Pu7 a;(PM*2<ﬂ+3)/p#}), (8329)

where the second inequality is obtained by using Lemma 4.2 in Bosq (2000) and noting that
155 153 — 05 BB I < (550 12)(55, 1Bg,12(G5 — g5, B7ha)?) holds by the Holder's
inequality. The last two inequalities are deduced from Assumption M, Assumption E2*, and that
|1B*he||? < O(1)¢~* and a;' = o = o(TP#/(?pu+2)) Then, from the results given in (S3.26)-
(S3.29) and the definition of dr given in (S3.21), we conclude the following: for any ¢ < Ko,

1(Q = Q)hl® < €210, (dr), ($3.30)

from which we also find that
1 = Qllfis = Op(dr)- (83.31)
We now verify (S3.17) and (S3.18). It can be shown without difficulty that dr = O(a1). Given
that a;! = o(T"/?) and 32—131/2 = o(1), we find that a;lle/2 = 0(1), from which the following is
deduced:
a2 = DI2<2 - V12<2 + V12<2 <|Q- Qllop + co K3 < o(1)az + co K3 ™.

Then (S3.17) follows from the above. Similarly as in (S2.12), it can be shown that

(cop) T (K2 +1) ™" < 1k, 11 = Vi, 41— iy 11+ Pia 1 < (14 0p(1))a2,

and thus we find that (S3.18) holds.

We then show (S3.19). To this end, it should first be noted that, under the employed assump-
tions, (52.27) holds if X]- (resp. A¢) is replaced by U; (resp. v4) . Moreover, note that the eigenfunc-
tions of Q2 and O2 are, respectively, equivalent to those of Q and 0. Therefore, by applying the

arguments that are used in our proof of Theorem 3, we can show that

8 My — h3l1* < N (07 = vF) 2R — Qhy, he)? + Y (07 — vF) 202(Q — Q)hy, he)?. (83.32)
L#£j #]
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From similar arguments used to derive (S2.22), the first term in (S3.32) is bounded above as follows:

S0 = v THE(Q — Qb he)? < 2845 |hy — RSP+ 2 (02 — 1) 2vE (hy, (O — Q)he)?, (S3.33)
] ]

where Alj = 1) (1/ —vH) 22 (Q — Q)hy||2. Moreover, by using similar arguments that are used
to obtain (S2.23), we can show that

S0 — ) 20D — Qb he)? < 23 (07 — V) TEDH(Q — Q)hy, he)? + 2(A1; + Agj) Ry — K312,
U#£j L#£5
(S3.34)

where Agj =Y (7 —vf)” (2 — Q)he|?. We then use the results given in (S3.30) and (S3.31)
to obtain the following bounds of Elj and Agjl forj=1,..., Ko,

Avj < Oy(dr) S (12 — v3) 203070 < jPr2 210, (dr) < Op(ay O 7P P4y = 0,(1),
t#j
(S3.35)

where the second inequality follows from Lemma S1(i) and the last equality follows from that

W <1+ 2,0V and ay 1d1/2 = 0p(1). Similarly, for j =1,... Koy,

Ay < max (v = vF) 7 DS I(Q ~ Qhell® < Oy (dr) < O(ay PP dr) = 0,(1). (53.36)
- £

From (S3.32)-(S3.36), we have

Iy — B3I < O()(1 + 0p(1))Ag, (83.37)
for j =1,...,Ks, where
Agj =307 = v}) *0F(Q — Qhy, he)® + D (77 — 1) 217 ((Q — Q) he)”. (S3.38)
t#j l#j

We will analyze the above term using the decomposition @ — Q= Q — Ok, + 9k, — 9. Note that
((Qk, — Q)hj, he)? < ( > M?(gz‘,B*hj)2> ( > g, B*he)2> < Op(ar)l 2 =20, (S3.39)
i=Kp +1 =K +1

where the first inequality follows from the Hdélder’s inequality, and the second is deduced from
Assumption E2* and similar arguments used to derive (S2.12). From (S3.39), Lemma S1(i) and a
result similar to (S2.27), we find that

Y@ =) T{(Qry — Qhyy he)? < Oplan) 12, (53.40)
£
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Similarly, for j = 1,...,Ks, we have

> (0F —vp) 20 ((Qk, — Q)hyj, he)®

]
<07 = v > (07 — v) P 2 ((Qk, — Qhy he)® + D (07 — v7) 23 {(Qk, — Q)hy, he)?
] t#i
< (O, (dX* 5P £1)0 v =472 $3.41
< (Op(dy )% +1)Op(a1)j , (S3.41)

where the second inequality follows from that \1/ — 1/2| < HQ2 Q%|op < Op(1)||@ — Qllop- Given
that a, 1d1/2 o(1), (S3.41) is bounded above by Op(ay)j?* =4 *+2. Next, we will obtain an upper
bound of ((Q — Ok, )hj, he)?. Observe that

“H(Q = Q) hy)? < (Cr(Caz)ic Cozh, ) + (Co Tl B hy, hy)* + (BT, Cozhe, hj)?
+ ((B(Ilk, C..1Ik, — Ik, C.. 11k, )B*)he, hj)?
< aflyjl/gOp(T_2) + 1/]-5_27“Op(T_1) + ng_QV“Op(T_l)
+ ((B(Ilk, Co-Tlk, — Ik, Csx1li, ) B*) e, hj) 2, (S3.42)

where the last inequality is obtained from (53.28). The last term in (S3.42) satisfies the following:
~H(B(IIk, C... Tk, — HchzzHKl)B*)h@, h;)?

< <Z('“ ,UJz)<gz;B h@> Bg,, Z,Ufz gi gz;B*h5><B§l7h]>)2

Zuz (9, B*he)(B(gi — i), hy))?

=1

Ki
< max | — pil*| Tk, B*hel|*| Tk, B*hsl1* + > i3 l1Gi — gill*[1B” hel1? || Tk, B b |

1<i<K; i1
1
+ > 1 lgi — gl 218" hel |||k, By |2
S e—2yuj—27uop<T—lafl/Pu)’ (8343)

where the last inequality follows from Assumptions M* and E2*. Combining the results given in
(S3.42) and (S3.43), we find that

47Y(Q — Qxk,)he, hy)?
< Op(T™ )( T —Pv/2g=pu/2 +j_p”/2£ Py TPy pv/2 —|—a_1/pug 20 5= 20m)
< 0] ( ) I/PME 2’7u c—27,, +O ( )(j—Pu/QE—Q'W,, _}_]'—2%‘(—;3”/2)‘
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Together with Lemma S1(i), this implies that

S92 — 1) 230 — Qi ey hy)? < O (T Vay /Pm)jor—4t2 O, (T 1) e /22w +2
L#£]

< Op(T 1oy /Pm)je—imt?, (S3.44)

where the inequalities follow from Lemma S1(i) and the fact that the first term is dominant under
the condition v, < p,/4+ 1/2. In addition, from the arguments that are used to derive (S3.41)
and the fact that a;ldl/2 o(1), the following is deduced: for j =1,..., K,

S92 = 1) 2020 — Qi e hy)? < (Op(ay ' dif®) + 1)O, (T 1ay H/Pr)jov—m+?
t#j

= 0,(T tay /Py jerr—mt2, (S3.45)

From (S3.37), (S3.38), (S3.40), (S3.41), (S3.44), (S3.45), and the decomposition @ — Q = Q —
Qk, + 9k, — Q, we conclude that

Iy = B2 < (1 + 0p(1)Ag; < Oplan) w42 4+ Op(THay 7)o =H0k2 < O (ay) o=+,

where the last inequality follows from aj* = o(T?+/(27u+2)). This completes our proof of (S3.19).
Lastly, to show (S3.20), we note that

Alhy = h3) =307 = 13) " H(Q? — Q*)hy, hy) Ahy + (hj — hS, hy) Ahy, (S3.46)
L#£7

where ”O\LJ — h$, hy) Ahj|* < Op(ay)jPr 2 =4m+2 The first term in (S3.46) is bounded above as

follows:

(-0 ) H(Q” — Qhy he) Ahe)* < (3197 — 1717 [{(Q7 — @)y, h)| | Al
L#£g b#£7
o)Q - Q|3 (Z(a’z—w TUpeR > (07 — ) a;e%)
L#£] 0]

o (dr) (Z v; — l/e E Zov —l—Z - 1’) — V —2w —l—Z V - 1/4 2VJ2€2<”)

t#g t#g t#j

dT ( Pv— 2<u+2 (d;/Q)VJ—Q + 1) Z(ij _ Vg) 2V.72€2§V)
L#£5
(1+0,(1))0O Gov 2wt (S3.47)

Combining (S3.46) and (S3.47), we obtain (S3.20) as desired. O
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Proof of Theorem 8

In this proof, we allow the case where p,/2+2 > ¢, + ¢, thereby encompassing the complementary
result provided in Section S3.3.2 as a special case. The whole proof is divided into two parts.
1. Proof of the convergence results: We need an upper bound of <h h3, ¢ ), which is

importantly used in the following discussion. Using the expansion in (S2.19), we find that

(hj = h5.Q) = 377 = 1)1 ((Q = Qhy he) (e, €) + {hy = b3, B5) (5, ).
t#j
Note that ((E hj,h;><h§,§))2 < Op(ay)jPr=4m=2c+2 for j = 1,...,Ky, because of (S3.19).
Moreover, using similar arguments that are used to derive (S2.32) and (S3.47), we find that

@2 = v)H(Q = Qhyy he) (e, O))* < (14 0p(1))Op(dr) P~ 22, (53.48)
t#j
Hence, we conclude that, for j =1,..., Ko,
hi — b5, 02 < O,(ay)jrv—4m—20c+2 4 GPv ¢ < v=20¢ 3.49
h] h] C 2 Op pv—4v,—260+2 Op dp)j” +2-26 O p 26 +2 S3.4

where the last inequality follows from that dra;' = o(1) and 5~ < 1.
Using the result given in (S3.49), we will show that

1(Ca) i Caz O € — (Caz )i Caz Q¢ = 0p(1), (S3.50)
1Qk1¢ — Qicadll = 0p(1). (S3.51)

To show (S3.50), we observe that

1(Cez) gt Coe Ot C—(Cox) g Car Q€ < [1(Cax)g Cons (Ot — QR ICIH N (Co) e Car—(Ca ) e Caz) Qi €I

(S3.52)
Because (Cs. )i Cos = i, B* + (Co2) G and ||(Czz )¢ Cozllop = Op(ay /*T71/2), the first term in
(S3.52) satisfies that

1(C-2) g Ca (Qk! — QDI < Op(DII(Qxt — Q1) (S3.53)

Moreover, under the employed assumptions, the following holds:

Ko
_ pv —(pr—26, 1 v
||QK2<H2—HZV (hy, Os|? <O(1) S 7% < O(max{a, /™, a, P20/ (s3.54)

Jj=1

Given that ai/%a;! = o(1), we have aja, /"

aia, 135264_1)/’)” = 0(1). This implies that ||QK;CH2 < op(a;!). Note also that

< alaz_lag"”_l)/"” = o(1) and ala;(p”fz&ﬂ)/”” -
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where the second term on the right hand side is o,(1) since ||(C ZZ)K}CUZHOP = Op(a 1/2T_1/2)
HQI_{;CH < op(al_l/z), and a;'T~1/2 = o(1). Furthermore, since HHK1 Ik, lop < O(1) X j:1 llg; —
gl < 0,(T712K?) = Op(Tfl/Qa;Wp“) and a; ! = o(TP+/(2ut2)) we find that

H(ﬁK1 — HKJB*QE(H < HﬁK1 — HKlHOPHBHOPHQ}_{;CH _ OP(T—l/zal—Q/pu—l/z)
= Op(T /22 P P20 = o, 1), (3.56)

From (S3.53)-(S3.56), it is deduced that (S3.51) implies (S3.50) and thus we only need to show
(S3.51) for the desired results. From a similar decomposition to that given in (S2.4), it can be shown
that (S3. 51) holds if the following terms are all 0,(1): || ZKQ (v; i I?;l)(lsz7 Ohsll, |l Z?ﬁl(yj*l —
D7 )by — b3, Oyl (1S5 vy Ry, ) (hy — B3|, and | £, vyt (hy — 3, )yl

As in (82.35) and (S2.36), we obtain the following:

L_p 2 _ B -1 -1 S 25
1205 = 25 g, O 1P = 357 = 570y, ) i
Z ’ yzl ’ ’ Jz—‘i HC R
2 W=7 (Bov—204 0 /o0 _—(14p,)/
<> LT < Op(dpmax{ay T gy ey (S3.57)
=1 Y
Ko R Ko R Ko
Z — h%,Ohi|l* = Op(draz ') > 5% (hj — h3,()* < Op(draray Z 3oy =20+
j=1 j=1 j=1
< O, (dra1) max{a, P20t Pe g~ (ten)/ovy. (S3.58)
Under the conditions on a; and ag given in Theorem 8, we have dr = O(a;), and 31/23271 = o(1).

These imply that the right hand sides of (S3.57) and (S3.58) are o,(1). We then use the arguments
that are used to show (S2.37) and find that

Ko

|| Z T th hs)” <0 ( 1/2) Zj*5g+pu*2’7u+1 < Op(ai/2 max{agl/Pu’ a;(SC_pV‘FQ'YM_Q)/pV}).
j=1

(S3.59)

From (4.3) and the fact that a}/2a51 = 0(1), we can show that the above term is 0,(1). We then
note that

Ko Ko
1S v by = B3, O Ry 1% < Op(an) Z 200-20+2 < O (2 max{a; /a2 I/ (S3.60)
j=1

where the inequalities can be deduced from (S3.49). Because of (4.3), the right hand side of (S3.60)
is also 0p(1). Thus, by combining the results given in (S3.57)-(S3.60), we conclude that (S3.51)
holds. Then the results given in Theorem 6.(i) and 6.(ii) immediately follow from (S3.50) and
(S3.51), and hence the details are omitted.

2. Analysis on the regularization bias: We next focus on the regularization bias term,
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| A(Tg, — Ik, )¢||. Note that || A(Ilk, — Hx,)¢|| < G1 + G2 + G + || A(Ilk, — I)C||, where
Ko N

Ch—HEZ Alhs =B, Ga = (1> (B, OAlhy = k)], Gg—H§: VAR
7=1

Then, by using (S3.20), (S3.49) and the fact that dpa;* = o(1), we find that

Ko
@<waMHthw<mme%@“w Z””““l
j=1
@<Zr A — Bl < Oyfalf?) 3 jrrmsitcsn
7j=1
and
Gs <Z\ OllAR]| < Op(ay? ZW? oot
j=1
Hence, GG1, G2 and G35 are bounded by the following.
Ka 0,(a1"?) if p,/24+2<c+0
Op(ay/?) - jrv/2mswbett < ! P v
j=1 - Op(a%/z) max{logay ', a, e g”_5<+2)/p”} if pu/24+2 2> ¢ + 0.

Lastly, we have

3 — > - 2 1/+25 -1 v
ATk, — )¢ < Z [{hj, O)AR|1* < O Z G2y < Op(ag swt+26c—1)/p ),
j=Ka2+1 j=Ka2+1
from which the desired result follows. 0

S3.3 Supplementary results
S3.3.1 Strong consistency of the F2SLSE

As in the case of the FIVE, we need some additional assumptions: below, as we did for the sequence

of d; in Section S2.3.1, we let { M, };>1 be the sequence of eigenvalues of the covariance of z;®2z—C...

Assumption S2. (a) sup;s; ||| < ma, sup;sq ||2¢]| < mz, and supysy |ue| < my as., (b) M; < ab’
for some @ > 0 and 0 < b < 1, (c¢) the sequence of v; is a martingale difference with respect to

G = U({ZS}SSH—b {Us}SSt)-

We may establish the following preliminary results:

Lemma S4. Under Assumptions M.(b), M*(b) and S2, the following hold almost surely:
”5,273 —Cazllop = O(Tfl/2 log?’/2 T) and H(?WHOP = O(T*1/2 log1/2 T).

Proof. The first result follows from Theorem 2.12 and Corollary 2.4 of Bosq (2000). We then note
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that under Assumptions M.(b) and M*(b), sup,> [|[v¢|| < supsq [[2¢]] + || Bllop sups>1q [|2¢]| < 00, and
apply Theorem 2.14 of Bosq (2000) to find that ||(?Z1,||Op =O(T"Y210g' 2 T) as. O

In our proof of the strong consistency of the F2SLSE, what we want to have by employing
Assumption S2.(c) is the asymptotic order of HCszHop given in Lemma S4; in fact, our proof does

not require any change once the following weaker condition holds:
[1Cozllop = O(T™?10g T), a.s. (S3.61)

Hence, in the sequel, (S3.61) may replace Assumption S2.(c). We now establish the strong consis-

tency.

Theorem 5 (continued). If Assumption S2 is additionally satisfied, (E?:ll ujTl,j)(Z;{:zl Toj) =
o(TY210g™3/2T) a.s., (372K, +1 Nj)(Z;{:Zl m9) = o(1) a.s., oy tog — 0, and oyT  logT — 0,
then || A — Allop — 0 a.s.

Proof. From (83.1), we know that || A— Ak, |lop < a; 1/4;.@1271/4||T_1 ST 2@uylop. Moreover, {2:®
ut }¢>1 is a martingale difference sequence satisfying that sup; ||z: ® ut|lus < oo a.s and sup, E||z; ®
ug||?g < oo. We therefore deduce from Theorem 2.14 of Bosq (2000) that [|A — Allk,op =
O(a1_1/4:;\2_1/4T*1/2 log!/2T) a.s., and hence, ||A — Allk,op = 0(1) a.s. Note also that ||.Allk, —

Allzy < 352k, 41 MRS]? + [R|, where h$ and R are defined as in our proof of Theorem 5. Since

A is Hilbert-Schmidt, we have 3 72 . ||Ah§||2 = o(1) a.s. It thus only remains to show that
IR| = o(1) a.s. We know from Lemma S4 that ||C.. — Cazllop = O(T~Y?10g*2 T) a.s., and hence

K Ko
O Zﬂjﬁ,j Z TQJ'HCZ,Z — szHop = 0(1), a.s. (83.62)
j=1 j=1
As shown in Lemma S4, we have [|C.ollop = O(T~/210g!/2 T), a.s., and also find that

Ko Ko
1Sllop 3 725 < (O(TV210g"2T) + O(ay *T  10g T)) S 705
j=1 Jj=1

= o(log™' T) + 0(?.:1171/2T_1/2 log~2T) = o(1), a.s. (S3.63)

by the definition of S. Moreover,

Ko 9] Ko
1T llop 725 <O ( > ,uj) > 1y =o0(1), as. (S3.64)
j=1

J=1 7j=Ki+1

From (S3.9), (S3.62), (S3.63), and (S3.64), it immediately follows that |R| = o(1) a.s. O

S3.3.2 Refinements of the general asymptotic results for the F2SLSE

We in this section provide a complementary result to Theorem 8 for the case where p, /242 > Su+o¢.

Specifically, the following can be shown:
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Theorem 8 (Continued). Let everything as in Theorem 8 but with p,/2 +2 > ¢, + 6¢c. Then,
Theorem 6 holds and

ATk, — Tk, )C|| = Op(oq ? max{log o, a2~ ~0cH2) /Py
1/2—¢,—6 v
ATk, — )¢ = Op(as /2770y,

Our proof of the above result is contained in the proof of Theorem 8 given in Section S3.1, and

hence omitted.

S4 Appendix to Section 5 on “Numerical studies”

S4.1 Appendix to Section 5.1

We show that the simulation DGP considered in Section 5.1 satisfies the employed assumptions.
From our construction of the variables ({y, ¢, z¢, ut, v }+>1) and operators (A and B) in Section 5.1
and from Theorem 2.7 of Bosq (2000), it is not difficult to show that Assumptions M and M* are
satisfied. Moreover, this setup simplifies the representation of the eigenvalues and eigenfunctions
associated with the FIVE and F2SLSE. Specifically, we have )\2 = b?,u?, 1/]2 = b?u?, fi=&=h;=
97, (z1,95) ~ N(0,122) and {21, 95) = (9B, g7) + (vr, 97) ~ N (0, (9262 + 1)u2). Since E[J|z 1] < oo

and E[||z]|*] < oo, we find the following: for some ¢, > 0,

E([[(=¢, &)ael*] < B[zt €)1 2Elllze] 1 < o), (54.1)
El[(ze, &)2e1%] < Ell(ze, )1 ?Ell2e1]/? < coA. (54.2)

Moreover, we have

(Af;, &) = 257" 1{j = €} < 2§ "al2gmal?,

From these results and the fact that {zy, z:}+>1 is an iid sequence, Assumptions E1, E1* and E2
are also satisfied. It is obvious that Assumptions E2%.(a)-(d) are satisfied from our construction of
the variables and operators, and Assumption E2*.(e) can be shown to hold from the fact h; = g;.
We next note that

[(hy, Bge)| < bj1{j = ¢} < jr/2em?,

and, in the considered setup, p, = 4n, + 4 and thus ny/2 < p,/4 + 1/2. Therefore, Assumption
E2*.(f) is satisfied. Lastly, it can also be shown that Assumption E2*.(g) holds from similar
arguments used to show (S4.1) and (S4.2) and that {z;};>1 is an iid sequence and Cy.h; = Cy.g9; =
Aj.
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S4.2 Appendix to Section 5.3

In Section 5.3, we compute the local likelihood estimate of log py using random samples {s; .} ;

drawn from the distribution p;. Consider the following log-likelihood:

I({si}iz1) Zlogpt (si1t) < / pe(v)dv — 1) : (54.3)

Under some local smoothness assumptions (Loader, 1996), we can obtain a localized version of

(S4.3) by approximating log p;(s) using polynomial functions, as follows.

n

(s (s) = 3 w <‘“h_ 5) H(sis— s ) — n/w (”h_ 5) exp(H(v — s: B))dv,  (S4.4)

i=1

where w(+) is a suitable weight function, hs is a bandwidth, and H(v; ;) is polynomial in v with
coefficients [, i.e., H(v; 5) = ?:0 B;+v? for some nonnegative integer . For a fixed s € [0, 1], let
B: be the maximizer of (S4.4), then the local likelihood log-density estimate is given by logp;(s) =
Bo,t- By repeating this procedure for a fine grid of points and interpolating the results as described
by Loader (2006, Chapter 12), we can obtain lgg\ p;. In our simulation experiment in Section 5.3, w(-)
is set to the tricube kernel that is used in many examples given by Loader (2006), ¢ = 1, and hy is
set to the nearest neighbor bandwidth covering 33.3% of observations (Loader, 2006, Section 2.2.1).

S4.3 Appendix to Section 5.4

We here define a measure of worker’s skill similar to Peri and Sparber’s (2009) measure of occupation-
specific relative provision of communication versus manual skills. Specifically, we use the O*Net
ability survey data,! in which the importance of each of 52 distinct abilities required by each oc-
cupation is quantified. Using the data, we construct the communication skill measure (cj) and the
manual skill measure (m;’) for each occupation j, where the definitions of communication and man-
ual skills are equivalent to the extended definitions in Table A.1 of Peri and Sparber (2009). We
merge the values of ¢ and mj to individuals in the 2000 census using the monthly US Current
Population Survey (CPS) data. Then, as done similarly by Peri and Sparber (2009), the measure
of occupation-specific skill intensity (s;) is obtained by converting the value of c; /m;> to its per-
centile score ( °,) for each month in 2000 and averaging the monthly scores for each occupation j,
ie., s; = 1271 Zt 1 85~ The number of distinct skill levels, s;, is 223, and, by construction, each
occupation is uniquely identified by the skill score s; € [0, 1].2 In Table S3, we report occupations
with the lowest and highest scores of relative communication skill provision.

In addition to estimation results reported in Section 5.4, we examine the null hypothesis Hy :

Version 24, provided by the US Department of Labor.

2 A similar rescaling procedure is taken by Peri and Sparber (2009). Specifically, they first converted the values of
c¢; and mj into their percentile scores in 2000 for each j, and then their measure of relative provision of communication
versus manual skills is given by the ratio of the percentile scores for each j. In contrast, we first take the ratio of cj
and mj and then convert the ratio into the percentile score for each j. This is to ensure that our measure of relative
communication skill provision takes values in [0,1].
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A*1p = 0 using the significance test given in Section S7. Note that i can be any arbitrary element
of H, but here we consider only a few cases, where 1) € {Cj(g)}?zl, for the purpose of illustration.
Then, by testing Hy, we can examine whether the average of changes in the wages of native workers
in the occupations of which s € [(j — 1)/3,7/3] is affected by an inflow of immigrants. Similarly
to the simulation experiments in Section S7, we set D to [T 1/ 3] and compute the critical values
based on 10,000 Monte Carlo simulations. The testing results are reported in Table S1. In the
table, we found that an inflow of immigrants significantly affects the wages of native workers who

are in occupations intensive in either manual or communication skills.

Table S1: Significance testing results

( C1(3) C2(3) G3(3)
Test statistic 0.00050* 0.00038 0.00084**

Notes: We use * and ** to denote rejection at 10% and 5% significance levels, respectively.

S4.4 Additional tables

Figure S1: Simulation results for Experiment 1: boxplots of the empirical MSEs (T = 250)

(@) (na,m) = (3,3/4) (b) (na,mp) = (3,1.5)
0.2 0.2
0.15 0.15
0.1 _ 0.1
0.05 J ;% I T 0.05 ; ;é -
: 1 dap e il B ddl &dd sal
0 0.1 0.2 0.3 - 0.4 0.5 - 0 0.1 0.2 0.3 0.4 0.5 -
@ F2SLSE ® FIVE = RIVE @ F2SLSE = FIVE = RIVE
(c) (na,me) = (5,3/4) (d) (na,ms) = (5,1.5)
0.2 0.2
0.15 0.15 -
0.1 0.1

0.0;

S

=)
=)

ﬂ J-é ME it b 014 1 LIS TERe

8 F2SLSE ® FIVE = RIVE 8 F2SLSE = FIVE = RIVE

Notes: Boxplots of the empirical MSEs of the FIVE (red), the F2SLSE (blue) and the RIVE (green) are reported
for each value of the first-stage functional coefficient of determinations r? € {0.1,0.2,0.3,0.4,0.5}.
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Table S2: Simulation results for Experiment 3: empirical MSEs (a1, a2 > 0.6)

Sparse Design Exponential Design

n 100 150 100 150

T 200 500 200 500 200 500 200 500

FIVE 0.185 0.152 0.174 0.149 0.314 0.194 0.255 0.173
Loader F2SLSE  0.188  0.151 0.174 0.148 0.313 0.188  0.256  0.170

oader’s

RIVE 0.194 0.154 0.179 0.150 0.342  0.205 0.276 0.174

FLSE 0.248  0.221 0.206 0.183 0419 0.347 0.322  0.260

FIVE 0.273 0.231 0.222 0.194 0.339 0.242 0.271 0.207

F2SLSE 0.275 0.228 0.225 0.193 0.352 0.234 0.277 0.201
Silverman’s

RIVE 0.271 0.226 0.224 0.192 0.342 0.237  0.278  0.199

FLSE 0.351 0.318  0.267 0.240 0.422 0.350 0.319  0.257

Notes: Based on 1,000 replications. Each cell reports the empirical mean squared error (MSE) of the four considered

estimators: FIVE, F2SLSE, Benatia et al.’s (2017) RIVE and Park and Qian’s (2012) FLSE.

Table S3: Occupations with the lowest and highest communication skill intensity in 2000 (denoted s)

Four occupations with the lowest s s

Pressing machine operators (clothing) 0.0010
Construction Trades 0.0035
Machine operators 0.0235
Garbage and recyclable material collectors 0.0242
Four occupations with the highest s S

Chief executives and public administrators 0.9926
Operations and systems researchers and analysts 0.9954
Management Analysts 0.9985
Economists, market researchers, and survey researchers 1.0000

S5 Computation

We here only describe how to compute the FIVE A from observations {yt, v¢, Zt}tT:1§ in fact, com-
putation of the F2SLSE A can be done with only slight modifications and is thus omitted. Specif-
ically, for each T, A is a finite rank operator acting on the Hilbert space of square-integrable func-
tions defined on [0, 1], so it allows the following representation (Gohberg, Goldberg, and Kaashoek,
2013, Chapter 8):

o~

1
Auv(sy) :/0 R(s1,s2)v(s2)dse, s1,s2 € [0,1], (S5.1)
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where v is any arbitrary random or nonrandom element taking values in H (for example, v can
be x; or any fixed element in ). Therefore, computation of A reduces to obtaining an explicit
formula for the integral kernel K(s1, s2) for s1,s2 € [0,1]. We here present a way to compute this

integral kernel from the eigenelements of CA;ZCAIZ and CAZZ(? ¥, which can be obtained by the standard

Tz
functional principal component method; see e.g., Ramsay and Silverman (2005, Chapter 8) and
Horvath and Kokoszka (2012, Chapter 3).

Let {Ej}jzl be the collection of the eigenfunctions of C,.C*,, and then note that CAWJ?] = X]EJ

and (?;;ZEJ = Xjfj, where Xj = ((?mﬁ,gj) (Bosq, 2000, Section 4.3). Then, A is given by

K
L 1 o~ .
A= C;zcﬂﬁz(czzcl‘z)l{l = T Z Z )‘j 1<§j7 Zt>fj D Yt- (852)
t=1j=1
It is quite obvious from (S5.2) that the integral kernel K(s1,s2) for si,s2 € [0,1] is given by
7', Z?:l X;l@ﬁ zt>]?j(51)yt(52), and this can be equivalently expressed as follows:

R(s1,82) = T~ Fi(s1) diag({A; '}, G Yr (s2), (55.3)

where Y7 (s) = (y1(s),...,yr(s)), Fk(s) = (fi(s), ..., fx(s)) for s € [0,1], and Gk is the K xT
matrix whose (i,t)-th element is given by (&, 2). Thus, for each choice of s; and s, R(s1,2)
can be obtained by simple matrix multiplications. In view of (S5.2) and (S5.3), Av, for any
arbitrary random or nonrandom element v taking values in H, is computed as follows: .%TU(S) =
T~ Fg (v)/diag({A; ' H )Gk Yr(s), where s € [0,1] and Fic(v)' = ({f1,v), ..., (k. v))"
Computing the FIVE requires choosing o« = a~! defined in (3.2). The eigenvalue X? of CA;ZCAM
depends on the scales of x; and z;, and this needs to be considered in choosing «. In practice, it
thus may be of interest to have a scale-invariant choice of . This can be done by computing the
contribution of each of the eigenvalues to a magnitude of the operator Cy- and then viewing o1 as
the threshold parameter for such computed contributions. We illustrate an easy-to-implement way
here. Define 7}, = X% / > X? Since H(?MH%{S = Z;‘-le X?, the ratio 7, computes the contribution of
the k-th eigenvalue to the squared Hilbert-Schmidt norm of Cys. Of course, the above quantity does

not depend on the scales of z; and z;, and hence, a scale-invariant version of (3.2) may be written as

K=#{j:m>1/ar}, (S5.4)

where op (> 1) depends only on T and diverges to infinity as T increases. An alternative way is
to directly choose K, instead of «, as the minimal number of the eigenvalues whose sum exceeds a
pre-specified proportion of HCA:CZH%{S (Of course, even in this case, it is more natural to understand

K as a random variable.) To be more specific, let

k 00
ﬁk = ZX?/ZX? and K= mkin{k: : ﬁk > (1—1/ar)}, (S5.5)
j=1 j=1

where op is similarly defined as in (S5.4). This choice is obviously scale-invariant as well.
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It is also possible to pursue a data-driven selection of oty in (S5.4) and (S5.5), such as a cross-
validation approach, proposed by Benatia et al. (2017) developed in an iid setting. Such a procedure
may be adapted for dependent non-iid data, but this will not be further studied in this paper.

S6 FIVE with a general weighting operator

The theoretical results given for the FIVE in Section 3 can be extended to the case involving a
general weighting operator as in Euclidean space setting. Let VW be a self-adjoint positive definite
operator, and define

zZ = W2z,

If ker C,, = {0}, due to the positive definiteness of W, A is uniquely identified from the equation:
Cy:Czz = AC;:Cyz. A natural extension of the FIVE can be defined as follows:

o~

AW) = €z (CioCoz) | = G WCs- (C2NVE) (S6.1)

.
In this case, the theoretical results given in Section 3 can easily be extended by an obvious conversion
of the assumptions given for z; into those for Z;. This can further be extended to the case with a
possibly random weighting operator w satisfying some conditions, which will be discussed in this

section.

It will be useful to define additional notation. We let
ét = 17\/\1/22,5, (862)

and let A(W) (resp. K) be defined by replacing W (resp. Aj) with W in (S6.1) (the j-th ordered
eigenvalue 5\]- of CA;ZCA'M = C*,WC,. in (3.2)). Let £, be the collection of self-adjoint positive

definite operators in L4, and write the spectral representations of C}:C,z and C,:C}; as

CiCoz=> Nfi®f; and Cp:Ch=> N&®E, (S6.3)

j=1 j=1

respectively. We also let IIg denote the projection onto the span of the first K eigenfunctions of
CriCus.

Assumption S3. W e £ a.s. and |[W — W)|lop = O,(T1/2) for some fixed W € £,.

Note that the F2SLSE discussed in Section 4 does not satisfy Assumption S3 as (CAZZ);{} diverges

in operator norm.
Theorem S1. Suppose that Assumption S3 holds.

(1) If the assumptions in Theorem 1 when \; is replaced with S\j are also satisfied,
IAOWV) = ATIk |13, = Op(T o) and AT —TIx) |3, = 0,(1).
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(it) If the assumptions in Theorem 2 when \; is replaced with 5\]- are also satisfied,
T/0x (Q)(AOW) = ATI)¢ 5 N (0.Cu)  and 16 (€) = Bk(O)] 5 0, (S6.4)
where
Ok () = (G, (CisCoz)i C2Ce2Caz (CozCaz)c '€ (86.5)
and éK(C) is defined by replacing z; with % in the above.

Proof. We note that
AOW) = C,Cos(CEsCos )it = ATl + Cr5Cos(ChsCos)ic (S6.6)

From Assumption S3 and our construction of K, the following can be shown: (a) ||Cus|lns =
OP(T_l/Q)a (b) ||Cm5(ciscx5)lzl‘|0p = a2 = o2 and (c) 1C3:Caz — C2xCazllop = ICEWVCaz —
CiWCs:|lop = Op(T_l/ 2). Combining these with similar arguments used in our proofs of Theorems
1 and 2, the desired results are obtained. O

Theorem S2. Suppose that Assumption S3 holds.

(1) If the assumptions in Theorem 3 when X;, f; and &; are, respectively, replaced with j\j, fj
and & are also satisfied, then || AW) — Allk||Z, = Op(T ') as in Theorem S1 and

|A(Z - TIx)[|2, = Op(T amax{1, al372)/P} 4 o(1729)/7), (S6.7)

Thus, || A(W) — Allop = 0p(1) for any p > 2 and ¢ > 1/2.

(it) If the assumptions in Theorem 4 when X;, f; and &; are, respectively, replaced with S\j, fj
and &; are also satisfied, then Theorem S1.(ii) holds and

Op(T—1/2) ifp/2+2 < +0,
Op(T*1/2 max{log «, “(p/27<764+2)/p}) i p/2 42>+ 5.
|A(II — Z)¢|| = Op(ol1/ 2570/ P),

ATk — Tk )¢ = {

Proof. Let f] be the eigenfunction corresponding to the j-th largest eigenvalue of CA;ZCAM and let
ff = sgn{(]?,ﬂ)}f] Using the fact that ||C}:Cpz — Ci:Cazllop = ICo.WCsz — CEWCaz|lop =
O,(T~%/2) and nearly identical arguments used in our proof of (S2.15) and (S2.16), the following

can be shown under the assumptions employed for (i):

I1f; = F312 = 0 (5T, (96.8)
IA(f; — FOI? = Op(T7H) (5272 + j°H27%). (S6.9)

Then, the desired result given in (i) can easily be obtained from (S6.8), (S6.9) and similar arguments
that we used to establish (S2.17) and (S2.18).
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Moreover, under the assumptions employed for (ii), the following can be shown by nearly iden-
tical arguments that are used to obtain (S2.33):

(fi = £3,0% = Op(T71)j 7242 4 0, (T1)j 2210 (1 + 0,(1)). (S6.10)

The remaining proof is almost identical to that of Theorem 4; by using (56.8)-(S6.10), it can be

shown that H(?xg((?;5(?1,5)EIC—CIE(C;ECM){(ICH = 0,(1). We can also analyze the term ||.A(TIx —Z)(]|,

as || A(Ilx — Z)¢|| in our proof of Theorem 4. The details are omitted. O

S7 Significance testing in functional endogenous linear model

Practitioners may often be interested in examining if various characteristics of y; depend on x;.
For example, in our empirical application where y;(s) represents the wage of workers of skill level
s € [0, 1], practitioners might be interested in examining if the average wage ( fol yi(s)ds) is affected
by the considered explanatory variable x;. Likewise, because various characteristics of y; can be
written as (y;, ¢) for ) € H, we in this section develop a significance test for examining if (y;, 1) is

affected by x;. Specifically, for any ¥ € H, observe that

Wi, V) = (x4, A") + (ug, ¥).

We then want to test the following null and alternative hypotheses:
Hy: A =0 v.s. Hy: A" #0. (S7.1)

The null hypothesis means that the characteristic (y;, 1) of y; does not linearly depend on z;. Note
that CAyzz/J = CAxZA*q/; + CAuzl/J, and hence é\yz’(/J reduces to (?uzzp if the null is true; moreover, in this
case, VT CAuzw turns out to weakly converge to a ‘H-valued Gaussian random element under relevant

assumptions. Using this property, we develop a significance test, which is described by Theorem S3.

Theorem S3. Suppose that (i) Cy,, is positive definite, (ii) either Assumption M or Assumption
M* holds, (iii) A is the FIVE (if Assumption M holds) or the F2SLSE (if Assumption M* holds)
and the other assumptions for || A — Alop = 0 are satisfied (see Theorems 1, 3, 5 and 7). Let
uy = yy — Axy and let J denote T]\%léyzw||2, where ’c\i = (T'SL 4y @ w4 (¥), ). Then, the
following hold (below s¢j ~zq N'(0,1)).

(i) J A P uj%]? under Hy of (S7.1) while J 2 oo under Hy of (S7.1).

(7i) Let Gi1—q, be the 100(1—ap)% quantile onjD:l ﬂj%? forag € (0,1), D — oo and D = o(T"/?).
Then P{J > Qi—ay} — ao under Hy of (S7.1) while P{J > qi—q,} — 1 under Hy of (S7.1).

Proof. For notational convenience, let ¢y, = (Cyu?), ¥)1/2. To show (i), first note that

VTCpoth = NTCro A + VTCoptp. (S7.2)
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Under Hy, the first term in (S7.2) is equal to zero, and thus \/TCAyz@b = T-1/2 Zthl cytt, where
P = cll(ut, ¥)z;. Then, note that E[¢y] = 0, E[¢py ® ¢¢] = C,, and {(¢r,()}+>1 is a real-
valued martingale difference sequence for any ¢ € H. Thus, by applying nearly identical argu-
ments that are used to show (S2.8) and (S2.9), it can be shown that, for any ( € ‘H and m >
0, T-1/2 Zlewt, ¢) 4, N(0,(C..¢,¢)) and limsup,,_, ., lim supp ]P’(Z;’inH(T_l/Q Z,f:l Vr, g;)? >
m) = 0 since C,, is Hilbert-Schmidt. Therefore, T-1/2 Z?zl Wy LY N(0,C..), and we note that
N(0,C.») 4 P V%95, where 3 ~viig N(0,1) across j. The rest of the proof follows from the
consistency of ¢, (Corollaries 1 and 2), continuous mapping theorem, and orthonormality of {g;};>1.
Under Hi, the first term in (S7.2) is not equal to zero, and, by combining the results given
above, we find that ||v/TC,y.1||? = T|CszA*1]|2+Op(1) holds in this case. Since ker C,, = {0} under
either of Assumptions M or M*, we find that ||C...A*¥||? > 0 under Hj, and therefore J % oo.
To show (ii), note that [ 32724 uj%?- - jD:1 ﬁj%ﬂ < Z]D:1 |1 —ﬁj]|%j2~| +2 272 p41 uj%?. The first
term in the right hand side is bounded above by sup;~q [1; — fij| Zle %]2, where D! E?zl %]2 =
Op(1) by the Markov’s inequality, and sup;q |p; — ;] < 1C.z = Cezllop < Op(T~/2) under Assump-
tion M. (f) and Lemma 4.2 in Bosq (2000). Since C. . is nonnegative, we also have E[| 352 p 1 pj55|] <
> 52p+1 i — 0as D — oo, which implies that 3322 1, .4 uj%jZ is 0,(1). Since D — oo and D/VT —
0 as T' — oo, we find that | 3772, Mj%]? — Ele ﬁj%ﬂ = 0p(1). From this result, we find that 7;_,
converges to 11_q, (see e.g., Lemma 21.2 of van der Vaart, 1998), where 7;_g, is the 100(1 — ap)%
quantile of the distribution function G of 352, yujs¢. It is then obvious that 1 —P{J > 714y}
converges to G(11—_q,). By combining this with the previous result Theorem S3.(i), the desired lim-
iting behavior of P{J > q1_q,} is established. O

Theorem S3.(i) shows that the asymptotic null distribution of the proposed statistic does not
depend on ¥ € H, but does depend on all the eigenvalues of C,.; this means that there are
infinitely many nuisance parameters. However, we can approximate the limiting distribution using
the estimated eigenvalues of C,, and thus implement a valid asymptotic test without any significant
difficulty, as detailed in Theorem S3.(ii); once the estimated eigenvalues fi; are obtained, then the
approximate quantile qj_q, for any significance level ap € (0,1) can easily be computed by Monte
Carlo simulations. Thus, implementation of the proposed test in practice is straightforward, which

will be further illustrated in Section 5.

Remark S1. The test proposed in Theorem S3 can obviously be extended to examine the following
hypotheses:
HO : A*T,Z) = 1,[10 V.S. H1 . .A*’QZJ 75 ¢0, (873)

for any 19 € H. The extension only requires redefining 7 as T||E1;1(CAyZ¢ — Csz¢0)||27 and this does
not make any change in the convergence results given in Theorem S3.
Finite sample performance

We hereby explore the finite sample performance of the test for examining the null and alternative
hypotheses (S7.3), which is proposed in Remark S1 of Section S7. To this end, we consider the DGP
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employed in Section 5.2. The test statistic J is computed with ¢, obtained from the FIVE (see
Theorem S3 and Corollary 1). For each realization of the DGP, the critical value at 5% significance
level is obtained from 500 Monte Carlo simulations of the distribution given in Theorem S3.(ii) with
D =T 1/ 3]. The finite sample properties of the test are investigated by computing its rejection
probabilities when A*( = g + cczﬁ holds, where ( is defined in Section 5.2, ¢, € {0,0.01,...,0.5},
and ¢ is a perturbation element with unit norm and is randomly generated for each realization of
the DGP. Specifically, ¢ = /|4 and ¢ = 311:1 G3.&;, where ¢3 ; ~iia N(0,0.52071) across j and
E[G1,iG3,;] = 0 for all ¢ and j. This section only considers the case where o, = 0.5; in unreported
simulations, we also investigated the performance of the test (i) when ¢, is computed from the

F2SLSE and (ii) when o, is given by 0.9, but found no significant difference.

Figure S2: Simulation results for Experiment 2: rejection probability of J when A*Y = 1y + CCIZJ
(a) Sparse Design (b) Exponential Design (¢) Noisy Design

Notes: Based on 1,000 Monte Carlo replications. The rejection probability of J when ¢, is computed from the FIVE
is reported according to the value of ¢¢ € {0,0.01,...,0.5}.

Figure S2 shows the rejection probability of the test depending on c¢. The dashed and solid lines
indicate the rejection probabilities when T' = 200 and 500, respectively, and the dotted horizontal
lines indicate the nominal size of the test. As expected, the proposed test exhibits a higher power
as c¢ gets deviated from zero, and it seems that the power of the test more rapidly increases in the
sparse design compared to those in the other designs. Moreover, in all the considered cases, the

test has excellent size control, as can be seen from the case where ¢, = 0.
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