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Abstract

This supplement contains all the remaining proofs, the detailed explanation of the
Double-POET (Choi and Kim, 2023) estimation procedure and its asymptotic theory,
data generating process for simulation study, and additional tables for empirical study.

S Appendix

Let Amin(A) and Apax(A) denote the minimum and maximum eigenvalues of matrix A,
respectively. In addition, we denote by [|Al|r, ||A|l2 (or ||A]l for short), ||A|l1, ||All, and
| A || max the Frobenius norm, operator norm, /;-norm, [.-norm and elementwise norm, which
are defined, respectively, as |A||r = tr'/2(A’A), [[Al|; = A}ﬁx(A'A), |A|l: = max; >, |a],
[Alloo = max; > |as], and [|Allmax = max;; [a;;|. When A is a vector, the maximum norm
is denoted as ||A||o = max; |a;|, and both |A|| and |A|/r are equal to the Euclidean norm.

We denote diag(Aq, ..., A,) with the diagonal block entries as Aq,..., A,,.
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S.1 Rank Choice

To implement S-POET, we need to determine the rank £}, and the number of factors, which
are unknown in practice. We note that each (s, ¢)th off-diagonal partitioned block Ry, s, in
(2.6) is a low-rank matrix, and each rank is less than or equal to the number of global factors
(ie., k7, < k). Thus, to determine the rank and number of global factors, we can use the
data-driven methods proposed by Ahn and Horenstein (2013); Bai and Ng (2002); Onatski
(2010). For example, the rank k7, can be determined by finding the largest singular value
gap such that max;; (g — éﬂ), where k,, = min{p,,p,}. In this paper, to consistently
estimate k, we employ the modified version of the eigenvalue ratio method, introduced by

Choi and Kim (2023), based on %,

S.2 Double-POET procedure

We decompose the covariance matrix of the sth continent as follows:
¥ =30+ 3+ 3

Then, each component as well as ¥° can be estimated by the Double-POET procedure (Choi
and Kim, 2023) as follows:

A~

. . . S . . i A~
1. Given a sample covariance matrix, 3 , using 7 observations, let {d7,05}7_, be the

. . &S . .
eigenvalues and eigenvectors of 3 in decreasing order. We compute
=s,D

£ VTV

g

where T = diag(%, . .. ,gz) and V' = (T, ... ,07).

~l,s X ~ ~8 ~3s,D
2. Define 35 as each p; x p; diagonal block of ¥ =¥ —3 . For the Ith block, let

~l,s A, . . abs . .
k", L, be the eigenvalues and eigenvectors of 35, in decreasing order. Then, we



compute

=8,D ~sa~sos/
ST =3'0'd
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where ¥ = diag(\ill, ey \/I\’Ls) for ' = diag(RY*, ..., ®L*), and the block diagonal

) T

~s ~ ~ L, N
matrix ® = diag(@l, o, ® ) for & = (ﬁl’s, o ,ﬁfjf) for i =1,2,..., L, where L is

the number of countries in continent s.

=8 =8 =s,D =s,D ..
3. Let ¥, =3 — 3, —3, be the principal orthogonal complement. We apply the

adaptive thresholding method on iz = (Ou,ij)pxp following Bickel and Levina (2008)
=~s,D

and Fan, Liao, and Mincheva (2013). Specifically, define ¥, as the thresholded error

covariance matrix estimator:

5D Ouyijs 1=

/\S,D AS,D

X, =(o

u,ij)Ps xpsy  Ouij N R o
8ij(Ouij) L (|Ouijl > Tij), ]

where an entry-dependent threshold 7,; = 7(Gy:i04.;;)">

and s;;(-) is a generalized
thresholding function (e.g., hard or soft thresholding; see Cai and Liu, 2011; Rothman,
Levina, and Zhu, 2009). The thresholding constant is determined by 7 < wy, where

wr is defined in Theorem 3.1.

4. The final estimator of X? is then defined as

By using the proof of Theorem 3.1 of Choi and Kim (2023) and Assumption 3.1, we can

obtain the following results: for each continent s € {1,...,S},
=~s,D s 5(1_q 5L_7_C
1) = 2 [lmax = Op(p31=%)\/log p/T +1/p 2 579), (S.1)
=8,D s
||El - El ||max = OP(WT)a (82)
=8,D s
||Eu - EuHmax = OP(CUT), (83)



where wy = pi-a+ieli=e) foen 7T | 1 phar-3+eGar-1) |y /. /peoad),

S.3 Double-POET Using Lower-Frequency Data

To capture the global factor, local factor, and idiosyncratic components, we can apply the
Double-POET method. However, when considering international stocks, practitioners com-
monly use lower-frequency data to minimize the impact of different observation time points.
Let &, = T~ Z,:T;(yt — 4)(ys — y)’ be the sample covariance matrix using d-day return
data. Then, d_lih is used for the initial pilot estimator for covariance matrix X, since ih is
the amplified estimator by d, which slowly grows (see Remark S.1). Let r= diag(gl, o ,ZS\,C)
and V = (01,...,0;) be the leading eigenvalues and their corresponding eigenvectors of

d-1'S,. Next, let EZE be the Ith p, x p; diagonal block of 5 = d-1%, — VIV Let

~1 N —~ ~1 . . .
U = diag(k},...,".) and ® = (7i,...,7') be the leading eigenvalues and their cor-

responding eigenvectors of i; Let U = diag(¥ ,..., ¥ ), ® = diag(P ,...,C/I;L), and
flu = d_lih _VIV - 303 Then, the Double-POET estimator is defined as follows:

~D
>

D . . . . S ~
where X, is the thresholded error covariance matrix estimator based on 3, = (Tuij)pxp

(Bickel and Levina, 2008; Fan, Liao, and Mincheva, 2013):

D Ou,ijs t=7

= b)
8ij(Ouig) (10wl > 7ij), 1 #J

~D =N
Y, = (Ugij)pwa Ou,ij

where an entry-dependent threshold 7;; = T(au,iiau,jj)l/ 2 and s;5(+) is a generalized threshold-
ing function such as hard thresholding (s;;(z) = x), soft thresholding (s;;(x) = sgn(z)(|z| —
7,7), where sgn(-) is the sign function) and the adaptive lasso (see Rothman, Levina, and
Zhu, 2009). The thresholding constant is determined by 7 < wya, where wra is defined in
Theorem S.1.



Assumption S.1. Let d = T for a € (0,1). The sample covariance matriz using d-day

return data, £y = T~ EtT:l(yt — )y — y)', satisfies

|d7E — Bhlmax = Op(v/1og p/T).

Remark S.1. Assumption S.1 is similar to Assumption 3.1(iii) in Choi and Kim (2023).
However, to match the scale of 3, the sample covariance matrix using d-day return data,
f]h, needs to be divided by d. To illustrate this point, consider the case when p = 1 and
a collection of T' i.i.d. random variables, {yi,...,yr}, where y; is a log-return defined as
y; = log x;—log x;_1 and z; is the asset price at time . Assume that y; has a mean of zero and
a variance of 2. We can obtain lower-frequency data by summing daily log-returns for each
d window size, and this is equivalent to sub-sampling based on the price data. The variance
of the resulting d-day return data is d x 0. Therefore, we can compare the estimator 7, /d
with the true variance o2, where 5j, = T~ ZtTl (y: — §)? using d-day log-returns. Using this
fact and Assumption 3.1(iii), we can impose the above element-wise convergence condition.
However, Structured-POET does not require this assumption because it can remove the scale

issue by using the correlation matrix and recovering with daily-based variance estimator D

in Section 2. In the simulation study, we used dili\]h for the initial sample covariance matrix.

Similar to the proofs of Choi and Kim (2023), we can show that Double-POET yields

the following convergence rates.

Theorem S.1. Suppose that m, = o(p°®2~3) /2) and Assumptions 3.1 and S.1 hold. Let

Wpa = pg(l a1)+3 Sc(1—a2) ,/logp/Ta + 1/T(1 ) + 1/p2a1—§+c a2 2) +m /1/ c(5a2-3) [f

mywpa’ = o(1), we have

~D
HE - EHmax = OP (WT(’) ) (84)

2N —1 . 1— £(1—a2) 3(1—a1) logp 1 1
IE) === 0y (mpwwup? Yo +00 (V T ) )

(S.5)



In addition, if a; > % and ay > %, we have
P . 1— U _56145¢(1—a logp 1
|7 = Sz =0p (mypwpa? 4+ p# ootz (2L 4 o)
1 m2
: ). (3.6)
p5a1—§—c(7—5a2) p50a2—3c—5

Remark S.2. For simplicity, consider m, = O(1), a; = 1, and ay = 1, and ignore the log

order terms. Define the optimal o™ = % (see Remark 3.2). With a = a*, we have

D 1 1 1\ 1 1
[p2 —EHZZOP<< — + +—> + VP +—=5—+ 1>,
2

T 1+28 pt—e  p° T% ])5_2C pT2
1

oS 1 I | VP 1 1
[p> _2"220P<<ﬁ+p1_c+1;> + t Tt §_2c+ 2¢—1 |7

Tww  TTm ps p* e

oD

where 3 is the Double-POET estimator defined in Section S.2 of the online supplement.
Specifically, when ¢ # 0, Structured-POET achieves a faster convergence rate under the
relative Frobenius norm. This is because utilizing all observations enhances the estimation
accuracy of each block diagonal matrix. However, when ¢ = 0, the convergence rates of both
estimators are the same. This is because the estimation error of the correlations between
continents dominates the benefit mentioned above. Importantly, we note that this does not
mean that their estimation errors are exactly the same. In fact, based on our simulation
study, we can conjecture that Structured-POET has smaller convergence rates than Double-
POET for ¢ = 0. That is, the relative ratio of the convergence rate of Structured-POET
with respect to that of Double-POET may be less than 1. Unfortunately, due to the complex
upper bound calculations used to handle high-dimensional matrices, we cannot theoretically
show this statement for ¢ = 0. We leave this for a future study. Similarly, under the spectral

norm for the inverse matrix, the convergence rate of Structure-POET can be faster than

that of Double-POET when ¢ # 0.



S.4 Proof of Theorem 3.1

We first provide useful lemmas below. Let {d;,v;}'_; be the eigenvalues and their corre-

sponding eigenvectors of & in decreasing order. Let {&;,5;}%_, and {&;,7;}£_, be the leading

AN AN AN

Define ¥ = AA' + X, and let T4, = AAY + ¥! be the Ith diagonal block of ¥ 5. For each
country I, let {x}, 7'}, be the eigenvalues and eigenvectors of 4, in decreasing order, and
("L, for A'AY.

By Weyl’s theorem, we have the following lemma under the pervasive conditions.

Lemma S.1. Under Assumption 3.1(i), we have
10: = 0 < Bl fori <k, |0 < |2l fori >k,

and, for i < k, 0;/p™ is strictly bigger than zero for all p. In addition, for each national

group l, we have
|6} — B <[] fori <m, |kl < IS fori >,

and, fori <, KL/pi? is strictly bigger than zero for all p;.

The following lemma presents the individual convergence rate of leading eigenvectors
using Lemma S.1 and the [, norm perturbation bound theorem of Fan, Wang, and Zhong

(2018).
Lemma S.2. Under Assumption 3.1(i), we have the following results.

(i) We have
(D275}

pS(alfé) ’

max ||7; — villee <
i<k



(i) For each national group l, we have

[p2[pe
)

max [[7; — nifle < C
i<r

Proof. (i) Let B = (by,...,b;). Then, for i < k, & = ||b;||> =< p™ from Lemma S.1 and
; = b;/||bs||. Hence, ||7i]loe < ||IBllmax/]|b:]| < C//p™. In addition, for V= (01,...,0), the
coherence 11(V) = pmax; Z?Zl ‘N/Z?/k < Cp'~*, where XN/ij is the (i, j) entry of V. Thus, by

Theorem 1 of Fan, Wang, and Zhong (2018), we have

mae 7 — vifloe < Cp2i—en 12l
1<k

TP
where the eigengap 7 = min{d; — d;41 : 1 <14 < k} and 6,1 = 0. By the similar argument,

we can show the result (ii). O

Lemma S.3. Let Ry = (R sq)sxs, where Ry, is the (s, q)th off-diagonal partitioned block

matriz for s,q € {1,...,S}. Under Assumption 3.1, for s # q, we have

||ésq - ROquHmaX = OP (pg(l_al)( logp/TOC + 1/T(1—a)6)> )

Proof. For s # q, let the singular value decomposition be Rgz, = UEW' = Zfiql Juw
where k7, is the rank of R, the singular values are & > & > -+ > & > 0, and the
matrices U = (ug, ..., ugs, ), W = (wi, ..., ws;, ) consist of the singular vectors. By Lipschitz

condition, ||Ry, — Ro||lmax = O(1/T1~%8) and Assumption 3.1 (iii), we have

~ [logp 1
||Rh - RO”max = OP ( Ta + T(la)ﬁ) . (S?)

Note that Rg, is k% -rank matrix for s # ¢ € {1,...,S}. By Weyl’s inequality, we have

> N log p 1
|£z - §z| S HRh,sq - Ro,quF - OP (p( + T(l—a)ﬁ>> . (88)

Ta

8



By Theorem 1 of Fan, Wang, and Zhong (2018), we have

||a . u” < Cp2(1—a1) HRh,SQ — RO,SQ”OO < Cp2(1—a1) HRh,sq — RO,qumax
i illoo > >

pal\/ﬁ pa171\/]_)

5 34,0 /108D 1
— Op <p2 3 ( Ta —+ T(l—a)ﬁ)) . (89)

Similarly, we can obtain the same rate for ||w; — w;||. Note that HUE% |lmax = Op(1). By
(S.8) and (S.9), we have

(11 ‘>

kS —_—l - !/—\ié —r 7 =3
[UE" — UE2 [[max < [U(E" = E2) [lmax + [[(U = U)E?[|max

— Op (P07 (\/log p/T™ + 1/TU %)) = 0(1)..

Then, we have ||I/j||]maX = Op(1/4/p®). Similarly, we can obtain ||W||max = Op(1//p™).

Therefore, we have

~ A~ A~ —/ A~ — -~
184 = Rosqllmax < [UE = E)W Jlimax + [|(U = U)E(W = W) [l + 2[[(U = U)EW[[imax

= Op(p™" |18 = Ellmax + VP U = Ullar) = Op (p3" =0 (\log p/Te 4 1/T7)).

Proof of Theorem 3.1.

a8
Consider (3.2). Similar to the proofs of (S.24), we can show ||(£5) "' =23 = Op(mpwy +
ol ~ 1 - 1l .1
pi-ayy). Let H = T2V, (5,)"'V,T? and H = T°V'S;'VT?. Using the Sherman-

Morrison-Woodbury formula, we have

S _ S _
IE) 7 =27 < I(Zp) " = Z5' (| + A,

~ ~ ~1 —~ ~1 <y ~~ 1 ~ ~1
where A = |[(S3) 71V, T2 (I, + H) T2V, (£)~! — £5'VD (I, + H)-'T*V'S;!|. Then,



the right hand side can be bounded by following terms:

~ NN, ~ ~1 O
L= [((Sp) ™" — S VI (L + H) ' T2 V'S,
1

~ ~1 ~
Ly = ||Z];31(V T2 - VI?)(I, + H)~ Vs 2,

mh—t

~ ~1
Ly = S5 VD (I, + H) ™' — (I, + H) Y2V =351,

By Weyl’s inequality, we have Apnin(Eg) > ¢ since Apin(X,) > ¢ and A\ (AA") = 0.

~1
2
g

1 .
Hence, |25 = Op(1). Note that [[VI'?|| = Op(p?). By Lemma 7.1, we have ||V,

VI ax = Op(p™' =) (\/log p/T + 1/T0=%) 4 1/p>=4=). Then, we have

~ ~ ~l~/ ~l~/ ’\S o ~ 1
I — H[| < [(T;V, =TV )(Xy) (VT —VI”)H

= Q =

FEV - V(SR 4 BV (S5) ! - s VE?|

_ ~q L_s,n( log p 1 ) 1
Op (p mwT +p2 Ta +T(1fa)ﬁ +pg(a1—1)—c '

[N}

Since Apin (I + ﬁ) > )xmin(ﬁ) > Amin(X g ))\?nm({/~%) > Cp*, we have ||(Ix + ﬁ)_IH =
Op(1/p™). Then, L = Op(mywy %). In addition, Ly = Op(p = 7 ||{7 f‘§ vf‘%H) =
Op(pz =) (/logp/T* + 1/T0=28) 4+ 1/p2®=27) and Ly = Op(p®||(L; + H)~* — (I +
)1 ) = Op [FL—F]) = Oplomyi ™+ 0= (logp]To1/T0-09) 41 ).

Thus, we have
A = Op(mywy +p2 =) (flogp/Te + 1/TA=8) 4 1 /pza—3¢), (S.10)

Therefore, we have

a8, _ 1— ¢(1-a g log p 1 1
(=)= =0p (mpr T+ pEU T 4 p (T ”( T +T(1_a)5>+ Tagc )"

S
Consider (3.3). We derive the rate of convergence for ||¥ —X||5x. The SVD decomposition

10



of ¥ is

sz><k V/
Y= (Vpxk (I)pw QPX(P—k—T)) W, ol

Op krxph-r ) \ &

Note that €2 is used to denote the precision matrix in Section 2. Moreover, since all the
eigenvalues of ¥ are strictly bigger than 0, for any matrix A, we have ||A||Z = Op(p™!)||A .

Then, we have

~8 _ ~ ~ ~ _
17 = Sl < p 2 (I=72(V,E,V, — BB)S ™2 ¢
FI=TRE - ANE e+ B TAE, - 252 )

=: Aqg+ A1 + Ag.

By using the fact that S is fixed and proofs of (3.5) in Choi and Kim (2023), we can obtain

Ar = OPOUS(la1)+c(1aQ)\/@+ : 31 N m,
T p§a1_§—26+0a2 peaz

2

%—Sal +5¢(1—a2) logp 1 my, )
+p T + p5a17%70(775a2) + p5ca27307% <812)
and
~D ~D N
As=O0p(p ?|Z, = Zullr) = Op(|Z, = Zull2) = Op(mywy ?). (S.13)
We have
=V
Ac=p ||| wbe | (V,T,V, - BB) (VT4 @07} 0o })
@ 20V
F

11



< p V2(|IT7V2V/(V,T,V, — BB)VE V2| o + | @28/ (V,T,V, — BB)®W¥ /2|
+ @ 2Q/(V,I,V, - BB)QO V||, + 2|12V (V,T,V, - BB)&W¥ /2|,
+2|T7V2V/(V,T,V, — BB)QO 2|, + 2| ¥~ /29 (V,T,V, — BB)QO ' 1)

=: Ag1 + Ago + Ags + 2Aq4 + 2A65 + 2A66.

In order to find the convergence rate of relative Frobenius norm, we consider the above terms

separately. Note that T' = diag(dy,...,0;) and V = (vy,...,v;). For Ag, we have

Aen < p V2 (||r*1/2v’(i'fgfgi'f; — VIV)VI V2| + [T V2V/(VIV — BB’)VI"WHF)

a b
=: A(Gl) + Agi
We bound the two terms separately. We have

a — — <7 = < _ _ ~ ~
AG) < p (T VA(VIV, = DT,(V,V = DT 2| p + 2|07 2(V'V, - DT, T2 5

(YT, — D) Y2||p) = T+ IT + I11.
g

By Lemmas S.2 and 7.1, we obtain |[V'V, —I||z = [V/(V, = V)|lr < |V, = V|r =
Op(pz =) (\/log p/T* + 1/T0=8) 4 1/p2@~-2¢). Then, 11 = Op(p°~ 2% (y/logp/T* +
1/T(=)8) 41 /p=2@~4=¢) and [ is of smaller order. In addition, we have 111 < ||1_‘71/2(1N"g -

D)2 = Op(p2t=)(\/log p/T® + 1/TA=8) 4 1 /ps®=35-¢ 4 1 /pm—) by Lemma 7.1.
Thus, Agl) = Op(p%(lf‘”)( logp/Te + 1/T0~)8) 4 1/pe@—s—c 4 1/p™—c2). Similarly, we

have

AG < p (0 A(VV = DE(V'V = DI )|p 2|07 2(V'V = DIT 2|

F @ VAT -2 ) = I+ 1T + 1T

By sin# theorem, |[V'V —1I|| = |[V/(V = V)| < [V = V| = O(|Zz||/p™). Then, we have

12



IT" = O(1/pm~*2) and I’ is of smaller order. By Lemma S.1, we have ITI' = O(1/p®—¢2).

Thus, Ag’i = O(1/p* ). Then, we obtain

B T(1—ay) log p 1 ) 1 1
AGI — OP (p 1 ( Ta + T(l—Oé)B + Zalfgfc + pal_CGQ . (S.14)

For Ags, we have
Ags < p 2|72V, TV, QO V2| + p 2|©@ 2 VIV QO 2| p = AL + AL,
By Lemmas S.2 and 7.1, we have

1QVyl[r =[2(Vy = V)[lr = OBV = Vmax)

= Op(p= "= (\/logp/T* + 1/T1=) 4 1/pT@=57°),
Since Hng = Op(p™), we have
a — - \/ T 2L _10ay [e] —« a1 — L —2¢
AG) < p O IV |3 T, || = Op(p™ % (log p/T™ + 1/T21=2%) 4 1 /pt0e =5 -2),

Similarly, A} = Op(1/p™~57%) because [ V]r = O(/PIV = V]max) = Op(1/p*727)

by Lemma S.2. Then, we obtain

B 21104, (1OgD 1 1
Agz = Op (p2 1( T + T2(1_a)ﬁ> + p10a1—127—20> .

Similarly, we can show that the terms Ago, Ags, Ags and Age are dominated by Ag; and

Ags. Therefore, we have

_ F(1—a1) (, /lng 1 ! L
Ag=0p <p2 ' ( Ta + T(l—a)ﬁ) T pgar%fc + pr—caz

log p 1 1 >

To + T2(1704)B) + pIOal—%—Qc

+p7 10 (S.15)

13



Combining the terms Ag, Ay and Ag together, we complete the proof of (3.3). O

S.5 Proof of Theorem S.1

We provide useful technical lemmas below.

Lemma S.4. Under Assumptions 3.1 and S.1, for i < k, we have

0:/6, = 1| = Op (pl““( log p/T* + 1/T(1‘0‘)5)) ,

1 5

~ _ - 2 -3a1
15~ vl = O | ~mpyms +98

log p 1
To + T(lfa)ﬁ >

Proof. By Lipschitz condition and Assumption S.1, we have
ld" 4 — Elmax = Op(y/log p/T* + 1/TF), (S.16)
Then, we can obtain the first statement by Weyl’s theorem. We have
d'S, =BB + AN + 3, + (d'S, - %) =BB + Zp + (d'S, — 2).

We can treat BB’ as a low rank matrix and the remaining terms as a perturbation matrix.
Note that |Xgls = O(p°). By Theorem 1 of Fan, Wang, and Zhong (2018), Lemma S.2,

Assumption 3.1 and (S.16), we have

1
||i)\Z _ Uz”oo < C«p2(1—a1) ”EEHOO + C 2(1—ay) Hd Eh — EHmax

- pal\/ﬁ palfl\/ﬁ

5 34, ( [lOgp 1 )
tpe ( To T T-a)p

14



Lemma S.5. Under Assumptions 3.1 and S.1, for i < r;, we have

7/t = 1] = Op (p3O- 00 (flog p/Te 4 1/T-0%) 4 1/p 53 2ekene )

1 m
g(l—al)—i—c(g—Sag)( 10gp+ 1 + - P

+
T T(lfa)ﬁ) pT_%J’_C(gaQ_% P

17— nillo = Op | p

Proof. We have
1Zel < JAA| + (B < [[AA]| + O(my) = O(p*).

Let BB’ = {/'f‘{/'/, where I’ = diag(y, . .., 0x) and their corresponding leading k eigenvectors
V = (U1,...,0x). Also, we let I' = diag(dy,...,0,) and the corresponding eigenvectors
V = (vy,...,v) of covariance matrix ¥. Note that ||B|max = H\~7f‘1/2||maX = O(1). By

Lemmas S.1-S.2, we have

1

VI = VI? [ < BT *(02 = T7) s + [ (V = V)T2]

[D2721 /[N [p 2721 %
O —

SOt oW

Hence, we have HVI‘%HmBLX = 0(1) and [|V||max = O(1/4/p™). By this fact and the results

from Lemmas S.1-S.4, we have

IVEV = VIV [l < V(T = D)V [fanae + [[(V = VIT(V = V) [l + 2[VE(V = V||
= O™ T = Tllmax + VI [V = V) = O(1/p 5 ~379),
IVEV = VIV < IVE = DV s+ [(V = VITV = V) s + 2 VIV = VY
= Op(p " I = Tl + VIV = Vi)
Sa1_3_

= Op(p21=)(\/log p/T® + 1/T0=8) 4+ 1/p 2" ~27¢).

15



Thus, we have

IVIV' = BB |l = Op(p3 ) (\/log p/T + 1/T0-%) 1 1/p 3 ~37),

Then, we have

~ ~ ~ o~
||2E - EE“HI&X S ||2h - 2:||111a)( + ||VFV - BB/HmaX

= 0p(p3 =) (log p/T + 1/TO-8) 4 1/p 2 ~37¢),

Therefore, the first statement is followed by (S.18) and the Weyl’s theorem.

N
We decompose the sample covariance matrix 3, for each group [ as follows:

)

~1
Y. =AAN 13 (2, -5,

(S.17)

(S.18)

Then, by Theorem 1 of Fan, Wang, and Zhong (2018), Lemma S.2 and (S.18), we have

! = !
2(1—a2) | B + (Bg — 3E) |l
17— il < Cp20-e 1Zut (Bp — 2

b \/Di

~1
< Op2(1—a2) HELHOO + Op2(1—a2) HEE - EéEHmax

= l p;lz \/]Tl l pgz—l \/E

g(l—a1)+0(g—3a2)( 10gp_|_ 1 +

1 my

= OP p 5aq

(e — )
T TO-e)s) T %

Proof of Theorem S.1. We first consider (S.4). We have

~ o~ A~ Al ~l~yg
[BTP — AN = max [ @ ¥ B — AN

+
—%-{—0(3(12—% p3c(a27%)

~l~l~l ~1
For each group [, let AN =T P /, where ¥ = diag(i!, ..., Folrl) and the corresponding

l

cigenvectors ® = (7, .. . ,7r,)- In addition, let W' = diag(x!, ... , kL) and ®' = (n,..
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to be the leading eigenvalues and the corresponding eigenvectors of 4., respectively. Then,

we have

1 ~— 1 s ~ 1
BT — BT || < AT T(B2 = T ) [ + (B — B )T [
I, B

= /—pl&” -

1
. ~l~13 1 -
Since [Alnax = [ lmax = O(1), [T umax = O(1) and [[®'[lmax = O(1/1/p?).

Using this fact and results from Lemmas S.1, S.2 and S.5, we can show

= o(1). (S.19)

~l~1l~l —ay ~1 = ~1 —
858" — ST D < O [T — W+ VHPIE = @) = O,/ /),

~l~lal il = al
(2T P — 2V < Op(p; 1€ — ¥l + VP{? [ — B'[|mas)

lo 1 1 m
:opG%ﬂm%wa E? b o) oy )'

To T1—a)B p%al—g-&-c(

By using these rates, we obtain

H@lil@l - AA,”max

lo 1 1 m
ZOPG%ﬂW%WMw EP 1 o) + o )'

T T(1-a)B pgalngrc(%agfi) pc(5a273)

By (S.16), (S.17) and (S.20), we then have

120 = Sullmax < 14750 = llmax + [VEV' = BB ||y + [[@TD — AN ||y

_ 5 (1—ar)+3c(1—az) (. [ 108D 1 1 m,
=0Or <p2 N 7 +T<1—a>ﬂ)+p%ar%+c<%ar%>+ peeaD) |
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~D ~
By definition, ||X, — 3, |lmax = max;; |5;;(0;;) — 04| < max;; 7,; = Op(7). Then, we have
~D
12, — Zullmax = Op(T + wra) = Op(wra), (S.22)

when 7 is chosen as the same order of wpa = p%(l_“l)Jrgc(l‘“?)( log p/Te + 1/T0~8) 1
1/psm—ite(3az—3) +my,/+/pe®22=3). Therefore, by the results of (S.17), (S.20) and (S.22), we

have
~D ey ’ ey / oD
HE - 2||max < ‘|VFV — BB ||max + H‘I)‘I’(I) —AA Hmax + ||2u - Eu”max - OP(WTO‘)-

Consider (S.5). Similar to the proofs of Theorem 2.1 in Fan, Liao, and Mincheva (2011),
)

we can show |2, — 2,2 = Op(mywra?). In addition, since Apin(Ey) > ¢1 and mywpa? =

0(1), the minimum eigenvalue of f]f is strictly bigger than 0 with probability approaching

1. Then, we have

D

u

D

. D S -
(3 )_1 - 2;1H2 < /\min(ZU)_IHZu - EUHZ)‘min(Eu)_l = OP(mpW;“aq)' (5.23)

~ A~ A~/ ~

S D SIS -1 £(1—az)
Define ¥, = ®¥® + 3 . We first show that ||(X5)~!' — X5 || = Op(pz"'"wre +
mywra?). Let J= ﬁliil(if)_liﬁiﬁ and J = {IVIEEIV)/E;I&){IVI? Using the Sherman-Morrison-

Woodbury formula, we have
~D. B ~D. _
1(Zp)™ = SE < I(Z) ™ =20 + Av,

~ ~~ L —~ ~L1 _; ~ ~ ~ 1 ~ ~ 1
where Ay = [|(S) 1 @TX(L, + 1) 182 (5.) " — S16U(L, + J) ' ® S, Then,

the right hand side can be bounded by the following terms:

~ ~ 1 ~ ~ 1
Ly = () = 5;H)@8° (1, + 3)7 9 &5,

o~~~ L
Ly = ||S;(®0° — ¥

N[

~ ~ 1 __
)L +3) R,
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~ ~ 1 —~ ~ ~ 1
Ly = |S'®®° (I + ) — (L + H HE’ 32 1.

k\‘)\»—t

1
N )

1 g~k 1 ~ 1
By Lemma S.5, |87 — &0 [lnax < AT 2 (07 — T ||mae + (B — B)C? [Jrur =

Op(wra), and by (S.19) and (S.23), we then have

[un

[E3 s maXHq’ ¥ || = Op(vVp*2),

mh—t

S ~l~l3
W2 — W2 < max«/_||<I> T~ B9 e = Op (ViFwre) |
and

~D ~~ L ~ 1
1331 < (878 - 923D (3% - 57
+ H(\fﬂ@’ C 3SR 4 18 (D) - =BT

u

(1 1—
= Op(p21 D wra + p™2mywiad).

Since Amin(L +J) > Amin(J) = Auin(S2 DAL (®®2) > Cp2, we have ||(I, + J

min

)M =
L
Op(1/p®2). Then, Ly, = Op(mpra ) by (S.23). In addition, Ly = Op(gfc‘l?/ZH‘I)\Il2
ST’ () = Op(ps'~wra) and Ly = Op(p|| (L +T) ' —(L+T)7Y|) = Op(p~2||T-J|)) =

Op(p3 1= wra + mywpat

). Thus, we have

Ay = Op(p%(l’”)w;pa + mpw;q), (S.24)

which yields H(AD)—1 ~ 22| = 0p(p5 R wpa + mywha?).
1 1
Let H = I'? V(E ) 1VI‘2 and H = I‘ZV/EEIVFQ. Using the Sherman-Morrison-

Woodbury formula again, we have

D _ D _
IE) 7 =27 < I(Zp) ™ =25 + Ay,

-

AN AN

~ ~ ~L  ~ ~~1 ~ ~1 L
where Ay = [[(8) 7 VE (I + H) W EV/(E)) 7 - VI I+ B)TVS.
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Weyl’s inequality, we have A\puin(Xg) > ¢ since A\pin(X,) > ¢ and Api(AA’) = 0. Hence,
|X5'| = Op(1). By Lemmas S.1-S.4, we have Hi\/'f‘% —{/'f‘%Hmax — Op(p20-9)(\/log p/T+
1/T(=8) 4 1/p3m=3-¢). Similar to the proof of (S.10), we can show Ay = Op(mywra’ +
pP-a)(\/logp/T> + 1/TU=8) + 1/p3©=2=¢). Therefore, we have H(ip)_l -3l =

Op(mywra” + p2 = wra + p1=) (\/log p/T + 1/TC8) 4 1/pP4=27¢).
Consider (S.6). We derive the rate of convergence for ||§]D — ¥||s. The SVD decompo-

sition of X is

Lrxk \'%
Y= (Vp><k: (prr pr(pfkfr)) \Ilrxr P’
Op-r-ryxph-n ) \¥

Note that €2 is used to denote the precision matrix in Section 2. Moreover, since all the

eigenvalues of X are strictly bigger than 0, for any matrix A, we have ||A||%Z = Op(p™!)||A]%.

Then, we have

~D A A~/
I£7 = Sl <p™2(IIB7A(VIV - BB)S ™2
FIETA@ER — AN)E e+ S - B8

= A(;/ + AL/ + AS’
and
12 aP oP 1-q
Ag = 0p(p~7IE, = Zullr) = Op(|Z, — Zull2) = Op(mpwz.”).
We have

r =V
Ao =p || wie | (VIV - BB) (VI ow ! go?)

e :

F

<p V2(ITVAVI(VEV = BB)VT Vo 4 | & 1/28/(VIV — BB)@W /2|,
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+ @ 2 (VIV' — BB)QO 2| + 2T />V/(VIV — BB)&¥ '/,
+2|T V2V (VIV — BB)QO /| p 4 2| ¥ /&' (VIV — BB)QO /|| 5)

= AGII + AGQ’ + AGS’ + 2Ag4/ + 2AG5’ + 2AG6"

In order to find the convergence rate of relative Frobenius norm, we consider the above terms

separately. For Agy/, we have

Ay < p 12 (||r-1/2v’(\7f\7” — VIV)VI 2| p 4 T V2V/(VIV — BB’)VF—1/2||F)

a b
= AGY + AG).
We bound the two terms separately. We have

A(C?i/ < p*1/2(|’[‘—1/2(V/{/' — I)f‘({}/v B I>1—1—1/2HF + QHI\—I/Q(V/{/ B I>fr_1/2||F

+|(C7VAC = D)0 Y2)|p) = [+ 11 + I11.

By Lemma S.4, |[V'V —I||lp = [|[VI(V = V)|r < [V = V|lr = Op(p’*=)(\/log p/T* +
1/T0=8) 4 1/p3a=2=¢). Then, II is of order Op(p3(1’“1)*%(\/w + 1/T(=8) 1
1/p3@-2)=¢) and I is of smaller order. In addition, we have IT1 < |[T-Y*[T — I)I~'/?| =
Op(p= (\/log p/T® + 1/T1=8)) by Lemma S.4. Thus, A%, = Op(p'~ (\/log p/T +

1/T0-)F) 4 1/p3(a1*%)*c). Similarly, we have

Ag’i, < p—1/2(”r—1/2(vfx~f _ I)f‘(\~7’V B I)F_1/2HF 4 2HI‘_1/2(V’\~7 _ I)fT_I/QHF

+ @@ -2 ) = I - IT 4 11T,

By sin# theorem, |[V'V —1I|| = |[V/(V = V)| < [V = V| = O(|Zg||/p™). Then, we have
IT" = O(1/pm~*2) and I’ is of smaller order. By Lemma S.1, we have I[TI' = O(1/p®—¢®2).
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Thus, Ag’i, = O(1/p*~*). Then, we obtain

_ log p 1 1 1
_ 1—a
Agr = Op (p ( To + T(l—a)ﬁ) T 3(a1—1)—c - pal—caz> ’ (825)

For Ags, we have
Agy < p 2@ 2QVIV' QO 2||p + p /2|©@ 2 VIV QO /2| p = ALY, + AL),.
By Lemma S.4, we have
IV r = [Q(V-V)|r = O(V/BIV=V |max) = Op(p*" = (\/log p/To+1/T"~F)41/pn~27¢),
Since ||| = Op(p™), we have
AL < p PO VZIT] = Op(p" /7 (log p/T* + 1/T21-9%) 41 /pPor7/22¢),

Similarly, A%, = Op(1/p*1~727%) because [ Q2'V]|p = O(/P| V= Vllmax) = Op(1/p* =2
G3

by Lemma S.2. Then, we obtain

1 g, logp 1 1
Acy = Op (p 2o Ta Tt T?(l—a)ﬁ) + p5a1—§—20) '

Similarly, we can show that the terms Ago, Agy, Agsy and Age are dominated by Agy

and Ags. Therefore, we have

_ log p 1 1 11 log p 1 1
_ 1—a 5a
R = (p (e + Faas) T por e TP (Fa * eaan) T

5(11—%—26

(S.26)

p
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Similarly, we consider

Ap=p 2| | g-te | (BTD — AA) (Vr*% U3 Q@’%>

F

~ A~/

<p 2(ITTVAV/( @S — AN )V + |20 (20D — AN )BT 2|,
+]|0 V2 (dFD — AN)QO 2|5 + 2|72V (2D — AN )BT ||
+ 2TV @TB — AN)QO T + 2 2P (BT — AN)QO2 )

=: A+ Apy + Ay + 2804 + 2015 + 2016
For Ao, similar to the proof of (S.26), we have

Ay < p /2 (||x1r1/2<1>’(<i>\iui>’ — VP )OU 2|+ T2 (dTD AA’)<I>\IF1/2HF>

—. AW A®)
T . L2/ —"_ L2/-
We have

A <p 2 (|e V2 (@'d - DS — 1)U 2|, + 2T 2(D'd — )T 2|,

| (OV2(® — @)UV ) = T+ IT+ 111,

~1 ~1
By Lemma S.5, we have ||® —®'|| < \/p7||® —®'||yax = Op (p2 -0 ¥3¢0-02)( /log p /T +

5aq

1/TO=8) 41 /p st —5teBaz—d) Ly /pe(3e2-2)) - Because ® and ® are block diagonal matrices,

we have

L
~ ~1
e —@|z=> & — &%

=1

_ _ __ dogp 1 1 m?
_ 1—c(, 5(1—a1)+6¢(l—a2) p
= Op <p (p ' ( Ta + T2(1foz)ﬁ) + pPa1—3+2c(3a2—4) + p20(3a272)) :
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Then, IT is of order Op<pg(1—a1)+c(g—3a2)( /1ng/Ta + 1/T(170¢)5) + 1/p%a1—%+c(3az—%) +
m,/pP@=2)) and I is of smaller order. Also, I1] = Op(p2d-a)+el=a)(, /logp/Te +
1/T(=)8) 41 /psa—5-2¢teaz) by Lemma S.5. Thus, A%, = Op(p3(t-atel=a)(, /logp/Te +

1/T0=8) 4 1/p%a1—%_25+0“2 + mp/p?’c(a?_%)). Similarly, we have

AL <p (e @S - DE (@D — DO p 42w 2@ - T2

F (V2 - OOV ) = I T T

By sin 6 theorem, ||®'® —I|| < ||® — ®|| < max;<y, ||<i>l — ®!|| < O(m,/p°). Then, we have
IT" = O(m,/p®?) and I’ is of smaller order. By Lemma S.1, we have I1I' = O(m,/p®?).

Thus, AP = O(m p°®?). Then, we obtain
L2 P

S(-an)beli-a) (/108D 1 L m
Apy =Op <p2(1 el 2)< Ta + T(lfoz)ﬁ) t pga1—g—2c+ca2 + pC:; ) (827)

For Ars, we have
Ay <p 207238 D QO 2|y + p 2OV 2UBTB QO 2| = ALY, + AP,
Since H\TIH = Op(p“?), we have

Ay <p PlO7IR(@ - @)[7¥

2
— 150, 450(1—az) (108 P 1 1 m,
=0Op (p 2 —9a1 2 ( Ta + T2(1_a)5) + p5a1_%_c(7_5a2) + p5ca2_3c_% .

~1 ~1
Similarly, by Lemma S.2, Agg/ = Op(mZ/p>*>~31/2) because ||® — ®p < /|| ® —
~ ~ ~1
@[l = O(my /p®2 ) and | Q@[3 < (|2~} = 317, |© —@'|[3 = O(my/p*eCe=~D71),

Similarly, we can show A1/, Ary, Ars and Apg are dominated by Ao and Aps. Therefore,
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we have

log p 1 1 mp

Ta T(lfa),B) + p§a1—§—2c+caz + pcag

AL’ = OP <pg(1_a1)+c(1_a2) (

2
L 501 45¢(1—asz) Ing 1 1 my, )
tpe 1 ’ ( To * T2(1_0‘)5) T p5a1—%—c(7—5a2) T p5ca2—30—% ) (828>

Combining the terms A/, A and Ag together, we complete the proof of (S.6). O

S.6 Data Generating Process for Simulation Study

We considered the true covariance as ¥ = BB’ + AA’ + X, where each row of B was
drawn from AN (up,I), where each element of up is i.i.d. Uniform(—0.5,0.5); for A =
diag(A', ..., A"), each row of A’ for each [ was drawn from N(qu, I,,), where each element
of pupr is i.i.d. Uniform(—0.3,0.3). We generated X, as follows. Let D, = diag(dy,...,d,),

where each {d;} was generated independently from Uniform(0.5,1.5). Let 7 = (my,...,7,)’

0.

5 -
Tologp? and m; =0

be a sparse vector, where each 7; was drawn from A(0, 1) with probability

otherwise. Then, we set 3, = D, + 77’ — diag{~r?, ... ,775}. In the simulation, we generated
3, until it was positive definite.
Let D be the diagonal matrix consisting of the diagonal elements of 3. We then obtained

the true correlation matrix R = D 2 XDz = (po.ij)pxp- Next, we set Ry, = (pn.ij)pxp, Where

prij = sen(po.i;)(|poij| + 0.5h%) if i and j belong to different continent groups, for h = %
and 3 = 0.75, and py;; = po.; if i and j are in the same continent group. Let {v;,v;}F_; be
the leading eigenvalues and eigenvectors of f]g = D%RhD% — AN’ —X,. Then, we obtained
B, = VI‘%, where T' = diag(y1,...,7%) and V = (vq,...,vx). We note that By, represents

the non-synchronized structure. Thus, we generated non-synchronized observations by
Y = BrGy + AF} + uy,
where Gt = TGt,1 + Uy, Ft = TFt,1 + "l_}t, and Uy = 2%/2’(7“ where ﬁt = T”L\L/tfl + €, with
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kxk, rxr, pxp diagonal matrices X, Y, and T, respectively. Fach diagonal element of T,

Y, and Y was generated from Uniform(0,0.7), and v, ©y, and ¢, were drawn from N(0, 1),

N(0,1,), and N(0,1I,), respectively.

S.7 Additional Tables for Empirical Study

Table S.1: Distributions of the number of firms

America Asia Europe
United States (US) 221 | China (CN) 100 | United Kingdom (GB) 100
Canada (CA) 100 | Japan (JP) 100 | France (FR) 100
Brazil (BR) 100 | Hong Kong (HK) 100 | Germany (DE) 100
Mexico (MX) 48 | India (IN) 100 | Switzerland (CH) 100
Chile (CL) 31 | Korea (KR) 100 | Sweden (SE) 100
Total 1500

Table S.2: Out-of-sample Sharpe ratios and returns (multiplied by 10%) for the full period

from 2018 to 2022

SamCOVW P OETW

D-POETw SamCovep POET,p D-POETqp

Sharpe ratio 0.0477 0.0521 0.0580 0.0637 0.0579 0.0658

Return 6.255 6.129 6.771 7.795 6.716 7.410
SamCOVD POETD D—POETD S—POETW S—POETQD

Sharpe ratio 0.0712 0.0656 0.0663 0.0841 0.0696

Return 7.978 7.315 7.373 8.965 7.417
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