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Throughout the proofs, we use C,C0, C1, . . . to represent some positive constants, which might be

different from line to line.

S.1. Some Useful Lemmas

Lemma S.1. Let (Ω,F ,P) be a probability space and C is a sub-σ-field of F . For any random

vector X and p ≥ 1,

EC

∥∥∥∥X − 1

2
ECX

∥∥∥∥p ≤ (3

2

)p

EC ∥X∥p .
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Proof. By the triangle inequality and conditional Lyapunov’s inequality,

∥∥∥∥X − 1

2
ECX

∥∥∥∥
Lp,C

≤ ∥X∥Lp,C +
1

2
∥ECX∥ ≤ ∥X∥Lp,C +

1

2
∥X∥Lp,C =

3

2
∥X∥Lp,C .

Taking both sides of the inequality to the pth power completes the proof. ■

Lemma S.2. Let (Ω,F ,P) be a probability space and C is a sub-σ-field of F . Suppose random

vectors X and Y are independent conditional on C and ECY = 0 a.s. Then for any convex function

f ,

ECf (X) ≤ ECf (X + Y ) a.s.

Proof. It follows from the facts that X and Y are independent conditional on C and ECY = 0 that

Eσ(X)∨CY = 0 a.s. Because Eσ(X)∨CX = X, by conditional Jensen’s inequality,

f (X) = f
(
Eσ(X)∨C [X + Y ]

)
≤ Eσ(X)∨Cf (X + Y ) a.s.

Thus,

ECf (X) ≤ ECEσ(X)∨Cf (X + Y ) = ECf (X + Y ) a.s.

■

Lemma S.3. Consider the system (2.1). Let I1 and I2 be any two disjoint subsets of Dn. Then

for any i ∈ Dn and p ≥ 1,

δp (i, I1, n) ≤ 3δp

(
i, I1

⋃
I2, n

)
.

Proof. It suffices to consider the non-trivial case that I1 ̸= ∅ and I2 ̸= ∅. Denote G ≡ σ (ϵj,n : j ∈ Dn\I2)∨

σ
(
ϵ∗j,n : j ∈ I1

)
. Let X = Yi,n − Yi,n,I1 , Y = Yi,n,I2 − Yi,n,I1

⋃
I2 − EG

[
Yi,n,I2 − Yi,n,I1

⋃
I2

]
, and

f(x) = ∥x∥p. Conditional on G, X is a function of ϵI2,n and Y is a function of ϵ∗I2,n. So, X and Y
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are independent conditional on G. Lemma S.2 implies

EG ∥Yi,n − Yi,n,I1∥
p ≤ EG

∥∥Yi,n − Yi,n,I1 + Yi,n,I2 − Yi,n,I1
⋃

I2 − EG
[
Yi,n,I2 − Yi,n,I1

⋃
I2

]∥∥p . (S.1)

Taking X = Yi,n − Yi,n,I1 + Yi,n,I2 − Yi,n,I1
⋃

I2 in Lemma S.1 gives

EG
∥∥Yi,n − Yi,n,I1 + Yi,n,I2 − Yi,n,I1

⋃
I2 − EG

[
Yi,n,I2 − Yi,n,I1

⋃
I2

]∥∥p
≤
(
3

2

)p

EG
∥∥Yi,n − Yi,n,I1 + Yi,n,I2 − Yi,n,I1

⋃
I2

∥∥p
≤
(
3

2

)p

2p−1
[
EG
∥∥Yi,n − Yi,n,I1

⋃
I2

∥∥p + EG ∥Yi,n,I2 − Yi,n,I1∥
p] ,

(S.2)

where the last inequality follows from the conditional Loève’s cr inequality. Combining (S.1) and

(S.2) and taking the expectation yields

E ∥Yi,n − Yi,n,I1∥
p ≤ 3p

2

[
E
∥∥Yi,n − Yi,n,I1

⋃
I2

∥∥p + E ∥Yi,n,I2 − Yi,n,I1∥
p] = 3pE

∥∥Yi,n − Yi,n,I1
⋃

I2

∥∥p ,
where the last equality is due to the fact that Yi,n − Yi,n,I1

⋃
I2 and Yi,n,I2 − Yi,n,I1 have the same

distribution. Thus,

δp (i, I1, n) ≤ 3δp

(
i, I1

⋃
I2, n

)
.

■

Remark S.1. This lemma implies that the Lp-FDM δp (i, I, n) admits a similar property like mono-

tonicity: δp (i, I, n) ≤ 3δp (i, J, n) for any I ⊂ J , which is useful in practice.

Lemma S.4. Let p ≥ 1 and k ≥ 1. Consider the system (2.1). For a finite or infinite subset

J = {j1, j2, . . .} ⊂ Dn, we have δp (i, J, n) ≤
∑|J |

k=1 δp (i, jk, n).
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Proof. Denote Jk = {j1, j2, . . . , jk} for k ≥ 1 and J0 = ∅. By the Minkowski inequality, we have

δp (i, J, n) =
∥∥Yi,n − Yi,n,{j1,j2,...}

∥∥
Lp =

∥∥∥∥∥∥
|J |∑
k=1

(
Yi,n,Jk−1

− Yi,n,Jk
)∥∥∥∥∥∥

Lp

≤
|J |∑
k=1

∥∥Yi,n,Jk−1
− Yi,n,Jk

∥∥
Lp =

|J |∑
k=1

δp (i, jk, n) .

■

Lemma S.5. (Burkholder’s inequality, Rio, 2009). Let X1, X2, . . . , Xn be a zero-mean martingale

difference sequence and p ≥ 2 is a constant. Then

∥∥∥∥∥
n∑

i=1

Xi

∥∥∥∥∥
Lp

≤
√
p− 1

(
n∑

i=1

∥Xi∥2Lp

)1/2

. (S.3)

Proof. When p > 2, the conclusion follows from Theorem 2.1 in Rio (2009). When p = 2, since

Cov (Xi, Xj) = 0 for all i ̸= j, ∥
∑n

i=1Xi∥L2 =
(∑n

i=1 ∥Xi∥2L2

)1/2
. ■

Lemma S.6. (Lemma A.1 in Jenish and Prucha, 2009). Suppose that Assumption 1 holds. Then,

there exists a constant C <∞ such that supi∈Rd

∣∣{j ∈ Rd : m ≤ dij < m+ 1
}∣∣ < Cmd−1.

Lemma S.7. (Generalization of Lemma 17.15 in Davidson, 1994). Let B and ρ be two nonnegative

random variables and assume ∥ρ∥Lq <∞, ∥B∥Lp <∞, and ∥ρB∥Lr <∞, for q−1+p−1 = 1, q ≥ 1

and r > t > 1. Then ∥Bρ∥Lt ≤ 2
(
∥B∥r−t

Lp ∥ρ∥r−t
Lq ∥Bρ∥(t−1)r

Lr

)1/(tr−t)
.

Proof. Let C =
(
∥B∥Lp ∥ρ∥Lq ∥Bρ∥−r

Lr

)1/(1−r) and B1 = B ·1 (Bρ ≤ C). By the Minkowski inequal-

ity,

∥Bρ∥Lt ≤ ∥B1ρ∥Lt + ∥(B −B1) ρ∥Lt . (S.4)

We bound the two terms on the right hand side (r.h.s.) separately. The first part can be bounded
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as

∥B1ρ∥Lt =

(ˆ
Bρ≤C

(Bρ)t dP
)1/t

≤ C(t−1)/t

(ˆ
BρdP

)1/t

≤ C(t−1)/t ∥ρ∥1/tLq ∥B∥1/tLp , (S.5)

where the first inequality is due to the fact that Bρ ≤ C and the second one follows from the

Hölder inequality. The second part can be bounded as

∥(B −B1) ρ∥Lt =

(ˆ
Bρ>C

(Bρ)t dP
)1/t

≤ C(t−r)/t

(ˆ
Bρ>C

(Bρ)r dP
)1/t

≤ C(t−r)/t ∥Bρ∥r/tLr ,

(S.6)

where the first inequality follows from the fact that Bρ ≤ C and r > t. Then the conclusion follows

from (S.4)-(S.6). ■

Lemma S.8. Dn is a countable lattice in a metric space. For any nonnegative matrix1 M =

(mij)|Dn|×|Dn|, where the indexes of M belong to Dn, i.e., i, j ∈ Dn, denote ϕM (s) = supi
∑

j:dij≥smij.

Let K ≥ 1 be an integer. Then for any nonnegative matrices M1, . . . ,MK ,

ϕM1···MK
(s) ≤

K∑
k=1

ϕMk

( s
K

) ∏
j∈{1,...,K}:j ̸=k

∥Mj∥∞ .

Proof. For all k = 1, . . . ,K, denote Mk ≡
(
m

(k)
ij

)
|Dn|×|Dn|

. Then

ϕM1···MK
(s) = sup

i0

∑
iK :di0iK≥s

(M1 · · ·MK)i0iK = sup
i0

∑
iK :di0iK≥s

∑
i1,...,iK−1∈Dn

m
(1)
i0i1

· · ·m(K)
iK−1iK

.

Denote Ik ≡
{
(i1, . . . , iK) ∈ DK

n : there exists some k ∈ {1, 2, . . . ,K} such that dik−1ik ≥ s
K

}
. By

the triangle inequality, {
(i1, . . . , iK) ∈ DK

n : di0iK ≥ s
}
⊂

K⋃
k=1

Ik.

1A matrix is nonnegative iff its elements are all nonnegative.
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Consequently,

ϕM1···MK
(s) ≤

K∑
k=1

sup
i0

∑
(i1,...,iK)∈Ik

m
(1)
i0i1

· · ·m(K)
iK−1iK

. (S.7)

For any k ∈ {2, . . . ,K − 1},

sup
i0

∑
(i1,...,iK)∈Ik

m
(1)
i0i1

· · ·m(K)
iK−1iK

= sup
i0

∑
i1,...,ik−1∈Dn

∑
ik:dik−1ik

≥s/K

∑
ik+1,...,iK∈Dn

m
(1)
i0i1

· · ·m(K)
iK−1iK

=sup
i0

∑
i1,...,ik−1∈Dn

m
(1)
i0i1

· · ·m(k−1)
ik−2ik−1

∑
ik:dik−1ik

≥s/K

m
(k)
ik−1ik

 ∑
ik+1,...,iK∈Dn

m
(k+1)
ikik+1

· · ·m(K)
iK−1iK


≤ sup

i0

∑
i1,...,ik−1∈Dn

m
(1)
i0i1

· · ·m(k−1)
ik−2ik−1

sup
ik−1

∑
ik:dik−1ik

≥s/K

m
(k)
ik−1ik

 K∏
j=k+1

∥Mj∥∞

≤ϕMk

( s
K

) ∏
j∈{1,...,K}:j ̸=k

∥Mj∥∞ ,

(S.8)

where the first inequality is from

sup
ik

∑
ik+1,...,iK∈Dn

m
(k+1)
ikik+1

· · ·m(K)
iK−1iK

= sup
ik

∑
iK∈Dn

(Mk+1 · · ·MK)ikiK = ∥Mk+1 · · ·MK∥∞ ≤
K∏

j=k+1

∥Mj∥∞

and the last one follows from the definition of ϕMk
(s). (S.8) also holds for k = 1 and k = K by

the same argument. Then the conclusion follows from (S.7)-(S.8). ■

Lemma S.9. (Similar to Lemma A.7 in Xu and Lee, 2015). Let 0 < η < 1 be a constant. Under

Assumption 1 and Dn = {1, . . . , n}, let An = (aij,n) be an n × n nonstochastic matrix satisfying

aij,n = 0 when dij ≥ d̄0, where dij is the distance between individuals i and j. Suppose sup ∥An∥∞ ≤

ηd̄0 < 1, and, the random field {vi,n} satisfies −1 ≤ vi,n ≤ 1 and the Lp-FD coefficient of {vi,n} on

an independent random field {ui,n} (denoted as ∆v,p(s)) satisfies ∆v,p(s) ≤ Cηs, for some positive

constants C > 0, for all s ≥ 0. Denote Gn = diag{v1,n, . . . , vn,n}. Then, for any positive integer l,

(i) The Lp-FD coefficient of
{
g
(l)
i,n ≡ (GnAnGn)

l
ii

}
(denoted as ∆(l)

p (s)) on {ui,n} satisfies ∆(l)
p (s) ≤
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C1η
s for some constant C1 > 0.

(ii) The Lp-FD coefficient of
{
hi,n ≡

[
(In −GnAnGn)

−1GnAnGn

]
ii

}
(denoted as ∆h,p(s)) on

{ui,n} satisfies ∆h,p(s) ≤ C3sη
s for some constant C3 > 0.

Proof. The proof is borrowed from Xu and Lee (2015).

(i) We note that (GnAnGn)
l
ii =

∑
j1
· · ·
∑

jl−1
aij1,naj1j2,n · · · ajl−1i,nv

2
i,nv

2
j1,n

· · · v2jl−1,n
. When

aij1,naj1j2,n · · · ajl−1i,n ̸= 0, we have dij1 < d̄0, dj1j2 < d̄0, . . . , djl−1i < d̄0. Define Ik,s ≡ {ϵj,n : dkj ≥ s}

for any k ∈ Dn, and for simplicity of the notation, let j0 = i. Then Ii,s ⊂ Ijh,s−hd̄0
for any s ≥ ld

and h ∈ {0, . . . , l − 1}. Note that the absolute values of vj,n’s are less than or equal to one and the

product of vj,n’s is a Lipschitz function. Then, when s ≥ ld,

∥∥∥v2i,nv2j1,n · · · v2jl−1,n
− v2i,n,Ii,sv

2
j1,n,Ii,s · · · v

2
jl−1,n,Ii,s

∥∥∥
Lp

≤
l−1∑
h=0

∥∥∥v2jh,n − v2jh,n,Ii,s

∥∥∥
Lp

≤2
l−1∑
h=0

∥∥vjh,n − vjh,n,Ii,s
∥∥
Lp ≤ 6

l−1∑
h=0

∥∥∥vjh,n − vjh,n,Ijh,s−hd̄0

∥∥∥
Lp

≤ 6
l−1∑
h=0

∆v,p(s− hd̄0) ≤ 6
l−1∑
h=0

Cηs−hd̄0 ,

where the second inequality follows from that v2 is a Lipschitz function on [−1, 1] and the third

one follows from Lemma S.3. When 0 ≤ s < ld̄0,
∥∥∥v2jh,n − v2jh,n,Ii,s

∥∥∥
Lp

≤ 2 ≤ max {2, 6C} ηs−hd̄0 ,

thus the above inequality still holds if we replace C by max {2, 6C}. Thus, for any s ≥ 0

∥∥∥g(l)i,n − g
(l)
i,n,Ii,s

∥∥∥
Lp

≤
∑
j1

· · ·
∑
jl−1

∣∣aij1,naj1j2,n · · · ajl−1i,n

∣∣ ∥∥∥v2i,nv2j1,n · · · v2jl−1,n
− v2i,n,Ii,sv

2
j1,n,Ii,s · · · v

2
jl−1,n,Ii,s

∥∥∥
Lp

≤∥An∥l∞max {2, 6C}
l−1∑
h=0

ηs−hd̄0 ≤ max {2, 6C} ηsηld̄0 η
−ld̄0 − 1

η−d̄0 − 1
≤ max {2, 6C}

η−d̄0 − 1
ηs.

Thus,

∆(l)
p (s) = sup

n,i

∥∥∥g(l)i,n − g
(l)
i,n,Ii,s

∥∥∥
Lp

≤ C1η
s,

where C1 ≡ max{2,6C}
η−d̄0−1

.
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(ii) Notice that

hi,n =
[
(In −GnAnGn)

−1GnAnGn

]
ii
=

∞∑
l=1

[
(GnAnGn)

l
]
ii
=

∞∑
l=1

g
(l)
i,n

and

∥∥∥g(l)i,n − g
(l)
i,n,Ii,s

∥∥∥
Lp

=
∑
j1

· · ·
∑
jl−1

∣∣aij1,naj1j2,n · · · ajl−1i,n

∣∣ ∥∥∥v2i,nv2j1,n · · · v2jl−1,n
− v2i,n,Ii,sv

2
j1,n,Ii,s · · · v

2
jl−1,n,Ii,s

∥∥∥
Lp

≤2
∑
j1

· · ·
∑
jl−1

∣∣aij1,naj1j2,n · · · ajl−1i,n

∣∣ ≤ 2 ∥An∥l∞

for any i ∈ Dn, l ∈ N and s ≥ 0. Then, when s ≤ d̄0,

∥∥hi,n − hi,n,Ii,s
∥∥
Lp ≤

∞∑
l=1

∥∥∥g(l)i,n − g
(l)
i,n,Ii,s

∥∥∥
Lp

≤ 2

∞∑
l=1

∥An∥l∞ ≤ 2

∞∑
l=1

ηld̄0 =
2ηd̄0

1− ηd̄0
.

When s > d̄0,

∥∥hi,n − hi,n,Ii,s
∥∥
Lp ≤

∞∑
l=1

∥∥∥g(l)i,n − g
(l)
i,n,Ii,s

∥∥∥
Lp

=
∑

l∈N:ld̄0<s

∥∥∥g(l)i,n − g
(l)
i,n,Ii,s

∥∥∥
Lp

+
∑

l∈N:ld̄0≥s

∥∥∥g(l)i,n − g
(l)
i,n,Ii,s

∥∥∥
Lp

≤
∑

l∈N:ld̄0<s

max {2, 6C}
η−d̄0 − 1

ηs + 2
∑

l∈N:ld̄0≥s

∥An∥l∞ ≤ max {2, 6C}
η−d̄0 − 1

ηs
⌊
s

d̄0

⌋
+ 2

∞∑
l=⌊s/d̄0⌋

ηld̄0

=
max {2, 6C}
η−d̄0 − 1

ηs
⌊
s

d̄0

⌋
+ 2

ηd̄0⌊s/d̄0⌋

1− ηd̄0
≤ C2sη

s,

where C2 > 0 is a constant. Taking C3 = max
{
C2,

2ηd̄0

1−ηd̄0

}
, we have

∥∥hi,n − hi,n,Ii,s
∥∥
Lp ≤ C3sη

s

for any s ≥ 0. Thus,

∆h,p(s) = sup
n,i

∥∥hi,n − hi,n,Ii,s
∥∥
Lp ≤ C3sη

s.

■

Lemma S.10. Let 2 < p0 ≤ q0 ∈ R and 2 ≤ w0 ∈ N satisfy 1
p0

+ w0−1
q0

= 1
2 , r = min{dikjl : 1 ≤
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k ≤ u, 1 ≤ l ≤ v}, and w = u+ v ≤ w0. Denote ∥Y ∥Lp ≡ supi,n ∥Yi,n∥Lp for p > 1. If (i) EYi,n = 0

for all i ∈ Dn, (ii) M ≡ max(1, ∥Y ∥Lq0 ) < ∞, (iii) {Yi,n} is L2-FD on an independent random

field {ϵi,n} with the L2-FD coefficient ∆2(s), then, for any 0 < s ≤ r/2,

|Cov (Yi1,n · · ·Yiu,n, Yj1,n · · ·Yjv ,n)| ≤ 4wMw−1∥Y ∥Lp0 [∆2(s)]
q0−2w+2
2q0−2w+2 .

Remark S.2. Lemma S.10 extends the covariance inequality of NED random fields (Lemma A.1,

Xu and Lee, 2018) to FD random fields. Note that by Lyapunov’s inequality (p0 ≤ q0) and condi-

tion (ii) in this lemma, ∥Y ∥Lp0 <∞.

Proof. Let Ik,n(s) = {j : d(ik, j) ≥ s} for k = 1, · · · , u, U ≡
∏u

k=1 Yik,n,Ik,n(s), ∆U =
∏u

k=1 Yik,n −

U . Similarly, we define Jl,n(s) = {i : d(i, jl) ≥ s} for l = 1, · · · , v, V ≡
∏v

l=1 Yjl,n,Jl,n(s), ∆V =∏v
l=1 Yjl,n − V . When we construct Yjl,n,Jl,n(s) for l = 1, · · · , v, we choose the i.i.d. copies ϵ∗j,n for

j ∈ Jl,n(s) to be independent of those ϵ∗i,n for i ∈ Ik,n(s), k = 1, · · · , u. In this way, when r ≥ 2s, U

is independent of V , thus, Cov(U, V ) = 0. Let t ≡ u−1
w0−1q0 ≤ q0. By generalized Hölder’s inequality

and Lyapunov’s inequality,

∥U +∆U∥L2 = ∥
u∏

k=1

Yik,n∥L2 ≤ ∥Yi1,n∥Lp0∥
u∏

k=2

Yik,n∥Lt ≤ ∥Y ∥Lp0Mu−1. (S.9)

Since Yik,n,Ik,n(s) and Yik,n are identically distributed for all k = 1, · · · , u,

∥U∥L2 ≤ ∥Y ∥Lp0Mu−1. (S.10)

Let A ≡ q0
w−1 ≥ q0

w0−1 > 2. In the following derivations, we use the convention that
∏0

m=1 =

9



∏u
m=u+1 = 1.

∥∆U∥L2 =

∥∥∥∥∥
u∏

k=1

Yik,n −
u∏

k=1

Yik,n,Ik,n(s)

∥∥∥∥∥
L2

≤

∥∥∥∥∥
u∑

m=1

(
m−1∏
k=1

Yik,n

)(
u∏

k=m+1

Yik,n,Ik,n(s)

)(
Yim,n − Yim,n,Im,n(s)

)∥∥∥∥∥
L2

≤
u∑

m=1

∥∥∥∥∥
(

m−1∏
k=1

Yik,n

)(
u∏

k=m+1

Yik,n,Ik,n(s)

)(
Yim,n − Yim,n,Im,n(s)

)∥∥∥∥∥
L2

≤2

u∑
m=1

∥∥∥∥∥
(

m−1∏
k=1

Yik,n

)(
u∏

k=m+1

Yik,n,Ik,n(s)

)∥∥∥∥∥
A−2
2A−2

L2

·
∥∥Yim,n − Yim,n,Im,n(s)

∥∥ A−2
2A−2

L2 ·

∥∥∥∥∥
(

m−1∏
k=1

Yik,n

)(
u∏

k=m+1

Yik,n,Ik,n(s)

)(
Yim,n − Yim,n,Im,n(s)

)∥∥∥∥∥
A

2A−2

LA

,

(S.11)

where the first inequality is by Lemma A.3 in Xu and Lee (2015), the second one is by Minkowski’s

inequality, and the last one is by ∥Bρ∥L2 ≤ 2
(
∥ρ∥A−2

L2 ∥B∥A−2
L2 ∥Bρ∥A

LA

)1/(2A−2)
when A > 2

(Lemma 17.15, Davidson, 1994). Similar to (S.9),

∥∥∥∥∥
(

m−1∏
k=1

Yik,n

)(
u∏

k=m+1

Yik,n,Ik,n(s)

)∥∥∥∥∥
L2

≤Mu−1. (S.12)

Moreover, by generalized Hölder’s inequality,

∥∥∥∥∥
(

m−1∏
k=1

Yik,n

)(
u∏

k=m+1

Yik,n,Ik,n(s)

)(
Yim,n − Yim,n,Im,n(s)

)∥∥∥∥∥
LA

≤
m−1∏
k=1

∥Yik,n∥LAu ·
u∏

k=m+1

∥∥∥Yik,n,Ik,n(s)∥∥∥LAu
·
∥∥Yim,n − Yim,n,Im,n(s)

∥∥
LAu

≤
m−1∏
k=1

∥Yik,n∥Lq0 ·
u∏

k=m+1

∥∥∥Yik,n,Ik,n(s)∥∥∥Lq0
·
(
∥Yim,n∥Lq0 +

∥∥Yim,n,Im,n(s)

∥∥
Lq0

)
≤2Mu,

(S.13)
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where the second inequality is by Lyapunov’s inequality (Au ≤ q0) and Minkowski’s inequality.

Plugging (S.12) and (S.13) into (S.11), we have

∥∆U∥L2 ≤ 2uM (u−1) A−2
2A−2∆2(s)

A−2
2A−2 2

A
2A−2M

Au
2A−2

=2
3A−2
2A−2uM

2uA−2u−A+2
2A−2 ∆2(s)

A−2
2A−2 ≤ 4uMu∆2(s)

A−2
2A−2 ,

(S.14)

where the last inequality follows from the fact that 3A−2
2A−2 < 2, M ≥ 1, and 2uA−2u−A+2

2A−2 <

u. Similarly, we have ∥V + ∆V ∥L2 ≤ ∥Y ∥Lp0Mv−1, ∥V ∥L2 ≤ ∥Y ∥Lp0Mv−1, and ∥∆V ∥L2 ≤

4vMv∆2(s)
A−2
2A−2 . Consequently, by Cov(U, V ) = 0, we have

|Cov (Yi1,n · · ·Yiu,n, Yj1,n · · ·Yjv ,n)| = |Cov (U +∆U, V +∆V )|

≤ |Cov (U, V )|+ |Cov (U,∆V )|+ |Cov (∆U, V +∆V )|

≤∥U∥L2∥∆V ∥L2 + ∥∆U∥L2∥V +∆V ∥L2

≤∥Y ∥Lp0Mu−1 · 4vMv∆2(s)
A−2
2A−2 + 4uMu∆2(s)

A−2
2A−2 · ∥Y ∥Lp0Mv−1

=4wMw−1∥Y ∥Lp0 [∆2(s)]
q0−2w+2
2q0−2w+2 ,

where the third inequality follows from the bounds for ∥V + ∆V ∥L2 and ∥∆V ∥L2 , (S.10), and

(S.14), and the last step follows from w = u+ v and A ≡ q0
w−1 . ■

Lemma S.11. (Corollary 1.8, Nagaev, 1979). When X1, X2, . . . , Xn are mean zero independent

random variables, for any p ≥ 2, x > 0,

P (|Sn| ≥ x) ≤
(
1 +

2

p

)p µn,p
xp

+ 2 exp

(
− 2x2

ep (p+ 2)2 µn,2

)
, (S.15)

where Sn =
∑n

i=1Xi, µn,p =
∑n

i=1 ∥Xi∥pLp .

Lemma S.12. {xn} is a nonnegative sequence. If xn = O (nα) for some α < −1, then
∑∞

n=1 xn <

∞ and
∑∞

m=n xm = O
(
nα+1

)
as n→ ∞.

11



Proof. Since xn = O (nα), there exists a constant C such that xn ≤ Cnα. Thus
∑∞

m=n xm ≤∑∞
m=nCn

α. Then the conclusion follows from
∑∞

m=nCm
α ≤ C

´∞
n−1 x

αdx and

lim
n→∞

´∞
n−1 x

αdx

nα+1
= lim

n→∞

− (n− 1)α

(α+ 1)nα
=

−1

α+ 1
> 0,

where the first equality follows from L’Hospital’s rule. ■

S.2. An SAR Tobit Model

Here, we employ our new tools to establish the CLT for the score function of the SAR Tobit model

studied in Xu and Lee (2015), which is a crucial step for establishing the asymptotic normality of

the MLE (maximum likelihood estimator). The form of the SAR Tobit model is the same as (4.3)

with F (·) ≡ max {0, ·}. We first state some assumptions.

Assumption S.1. (1) ζ = |λ| supn ∥Wn∥∞ < 1;

(2) wij,n can be nonzero only if dij < d̄0;

(3) for each n, ϵi,n’s are i.i.d. N(0, σ2) random variables; Xi,n’s and ϵi,n’s are independent;

(4) for some p ≥ 6, ∥X∥Lp = supn,i

∥∥∥X ′
i,nβ

∥∥∥
Lp

< ∞ and {Xi,n} is Lp-FD on an independent

random field {ui,n : i ∈ Dn, n ≥ 1} with the Lp-FD coefficient ∆X,p (s) = O
(
ζs/d̄0

)
satisfying

∆X,p (0) <∞;
(
u′i,n, ϵi,n

)
’s are independent over i;

(5) Σ = limn→∞Σn exists and is nonsingular, where Σn = 1
nVar(

∑n
i=1 qi,n) and the expression

of the score function qi,n can be found in Section 5 of Xu and Lee (2015, p.269).2

Assumptions S.1(1)-(5) are similar to Assumptions 2, 3(1), 5, 10-11 in Xu and Lee (2015). We

can also consider the case that wij,n decreases as a power function of dij like Assumption 3(2) in
2Note that our qi,n corresponds to qi,n(θ0), the score function evaluated at the true model parameters, in

Xu and Lee (2015).
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Xu and Lee (2015), but we only consider the short distance connections for simplicity. We have

the following CLT.

Proposition S.1. Under Assumptions 1 and S.1, 1√
n

∑n
i=1 qi,n

d→ N(0,Σ).

Proof. Let zi,n ≡ Yi,n−λWi·,nYn−X′
i,nβ

σ =
ϵi,n
σ , ri,n ≡

[(
In − λW̃n

)−1
W̃n

]
ii

, where W̃n = G(Yn)WG(Yn)

and G(Yn) = diag {1(Y1,n > 0), . . . , 1(Yn,n > 0)}, and ϕ(·), Φ(·) be the probability density function

and cumulative distribution function of the standard normal distribution, respectively. From Propo-

sition 1(1) and Lemma A.9 in Xu and Lee (2015), {Yi,n}, {Wi·,nYn}, {zi,n},
{
z2i,n

}
and

{
ϕ(zi,n)
Φ(zi,n)

}
are uniformly (in i and n) Lp, Lp, Lp, Lp/2 and Lp bounded, respectively. And from the proof of

Proposition 5 in Xu and Lee (2015), |ri,n| ≤ λ ζ2

1−ζ . Then, by Hölder’s and Minkowski’s inequality,

{qi,n} is uniformly Lp/2 bounded. To apply Theorem 3.5, we show that every term in qi,n is L2-FD

on
{(

u′i,n, ϵi,n

)′}
. By Proposition 4.3(5)(ii) and Assumptions S.1(1)-(4), the Lp-FD coefficient of

Yi,n is O
(
ζs/(2d̄0)

)
. For {Wi·,nYn}, denote Ii,s = {j : dij ≥ s}. When s ≥ d̄0,

∥∥Wi·,nYn −Wi·,nYn,Ii,s
∥∥
Lp ≤

n∑
k=1

|wik,n|
∥∥Yk,n − Yk,n,Ii,s

∥∥
Lp =

∑
k:dik<d̄0

|wik,n|
∥∥Yk,n − Yk,n,Ii,s

∥∥
Lp

≤3
∑

k:dik<d̄0

|wik,n|
∥∥∥Yk,n − Yk,n,Ik,s−d̄0

∥∥∥
Lp

≤
∑

k:dik<d̄0

|wik,n|O
(
ζ(s−d̄0)/(2d̄0)

)
= O

(
ζs/(2d̄0)

)

as s → ∞, where the second inequality follows from Lemma S.3 and Ii,s ⊂ Ik,s−d̄0
for any k

satisfying dik < d̄0 and the last step follows from supn ∥Wn∥∞ < ∞. When 0 ≤ s < d̄0,∥∥Wi·,nYn −Wi·,nYn,Ii,s
∥∥
Lp ≤ 2 supn,i ∥Wi·,nYn∥Lp < ∞. Thus, the Lp-FD coefficient of {Wi·,nYn}

is O
(
ζs/(2d̄0)

)
. Since zi,n =

ϵi,n
σ , all of {zi,n},

{
z2i,n

}
and

{
ϕ(zi,n)
Φ(zi,n)

}
are independent random fields.

By Proposition 5.4, the Lp-FD coefficients of {1(Yi,n) > 0} and {1(Yi,n = 0)} on
{(

u′i,n, ϵi,n

)′}
are both O

(
ζ

s
2(p+1)d̄0

)
. Since |λ| supn ∥Wn∥∞ = ζ <

(
ζ

1
6d̄0

)d̄0

, by Lemma S.9, the L2-FD coef-

ficient of {ri,n} is O
(
sζ

s
6d̄0

)
. So, by Proposition 5.6, all terms except ri,n in qi,n are Lp/3-FD on{(

u′i,n, ϵi,n

)′}
with the Lp/3-FD coefficientO

(
ζ

s
2(p+1)d̄0

)
. We illustrate this for

{
1(Yi,n = 0)

ϕ(zi,n)
Φ(zi,n)

Wi·,nYn

}
13



as an example. By Proposition 5.6, the Lp/2-FD coefficient of
{

ϕ(zi,n)
Φ(zi,n)

Wi·,nYn

}
is O

(
ζs/(2d̄0)

)
; by

Hölder’s inequality,
{

ϕ(zi,n)
Φ(zi,n)

Wi·,nYn

}
is uniformly (in i and n) Lp/2 bounded. Now, by Proposition

5.6 again, the Lp/3-FD coefficient of
{
1(Yi,n = 0)

ϕ(zi,n)
Φ(zi,n)

Wi·,nYn

}
is O

(
ζ

s
2(p+1)d̄0

)
. Other terms can

be calculated similarly. Since p
3 ≥ 2 by Assumption S.1(4), we conclude that the L2-FD coeffi-

cient of {qi,n} is max
{
O
(
sζ

s
6d̄0

)
, O
(
ζ

s
2(p+1)d̄0

)}
= O

(
ζ

s
2(p+1)d̄0

)
. Hence, by Assumption S.1(5),

Theorem 3.5 and Slutsky’s theorem, we have the conclusion. ■

S.3. Proofs for Appendix B

Proof of Lemma B.1. Recall Ii,m,ι = {j ∈ Dn : dij ∈ [ιm−1, ιm)}. The conclusion follows from

∥Vi,n,ι(m)∥Lp = ∥E (Yi,n|Fi,n (ιm))− E (Yi,n|Fi,n (ιm−1))∥Lp

=
∥∥E (Yi,n|Fi,n (ιm))− E

(
Yi,n,Ii,m,ι |Fi,n (ιm−1)

)∥∥
Lp

=
∥∥E (Yi,n|Fi,n (ιm))− E

(
Yi,n,Ii,m,ι |Fi,n (ιm)

)∥∥
Lp =

∥∥E (Yi,n − Yi,n,Ii,m,ι |Fi,n (ιm)
)∥∥

Lp

≤
∥∥Yi,n − Yi,n,Ii,m,ι

∥∥
Lp ≤ θm,p,ι,

where the second and third equalities follow from the independence of ϵj,n’s and ϵ∗j,n’s, and the first

inequality follows from the conditional Jensen’s inequality. ■

Proof of Theorem B.1. Assume EYj,n = 0 for all j and n w.l.o.g. to shorten formulas in

the proof. Recall that Vj,n,ι (m) ≡ E (Yj,n|Fj,n (ιm)) − E (Yj,n|Fj,n (ιm−1)) in Lemma B.1. Since

ϵi,n’s are independent, Vi,n,ι (m) and Vj,n,ι (m) are independent if dij ≥ 2ιm. The idea of the

proof is to divide {Vj,n,ι (m)}j∈Tn
into several subsequences such that the random variables in each

subsequence are independent with mean zero. Thus, every subsequence is a martingale difference

sequence and we can apply Burkholder’s inequality (Lemma S.5). Hence, it suffices to group the

spatial units such that the distance of any two spatial units in the same group is greater than or

equal to 2ιm.
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First, we partition Rd using big cubes (a cube is a left closed and right open interval in Rd in

this proof) with length of sides 2ιm: for any m ∈ N,

Rd =
⋃

(k1,··· ,kd)∈Zd

S (k1, . . . , kd) ,

where S (k1, · · · , kd) = [2k1ιm, 2 (k1 + 1) ιm) × [2k2ιm, 2 (k2 + 1) ιm) × · · · × [2kdιm, 2 (kd + 1) ιm).

To shorten the notation, denote k⃗ = (k1, . . . , kd). Then S(k⃗) ≡ S (k1, . . . , kd) ≡ [2ιmk⃗, 2ιm(k⃗+1)),

where (a1, . . . , ad) + b ≡ (a1 + b, . . . , ad + b) for any vector (a1, . . . , ad) and scalar b. So, the above

partition can be written as Rd =
⋃

k⃗∈Zd S(k⃗).

Second, we classify these big cubes S(k⃗)’s into 2d groups such that each cube will not be in

the same group as its adjacent cube. Two cubes S
(
k⃗1

)
and S

(
k⃗2

)
belong to the same group iff

k⃗1 ≡ k⃗2 (mod 2), which is defined as k1i ≡ k2i (mod 2) for all i ∈ {1, · · · , d}, i.e., k1i and k2i share

the same parity for all i. Let A = {(a1, . . . , ad) : ai = 0 or 1 for all i} and notice that |A| = 2d. So,

Rd =
⋃
a⃗∈A

 ⋃
k⃗∈Zd :⃗k≡a⃗ (mod 2)

S(k⃗)

 .
Consequently, each group corresponds to each a⃗ ∈ A, and within every group {S(k⃗) : k⃗ ∈

Zd, k⃗ ≡ a⃗ (mod 2)}, the distance of any two big cubes is greater than or equal to 2ιm.

Third, we partition each cube S(k⃗) into (2ιm)d disjoint unit cubes. Denote I(ιm) ≡ {(i1, . . . , id) :

ij ∈ {0, 1, . . . , 2ιm − 1} for all j}, and notice that |I(ιm)| = (2ιm)d. Then

S
(
k⃗
)
=

⋃
i⃗∈I(ιm)

[2ιmk⃗ + i⃗, 2ιmk⃗ + i⃗+ 1) ≡
⋃

i⃗∈I(ιm)

S
(
k⃗, i⃗
)
.

So,

Rd =
⋃
a⃗∈A

⋃
i⃗∈I(ιm)

 ⋃
k⃗∈Zd :⃗k≡a⃗ (mod 2)

S(k⃗, i⃗)

 .
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Under Assumption 1, there is at most one spatial unit in each unit cube S(k⃗, i⃗).

Finally, for each a⃗ ∈ A and i⃗ ∈ I(ιm), denote U (⃗a, i⃗) ≡ Tn ∩
[⋃

k⃗∈Zd :⃗k≡a⃗ (mod 2)
S(k⃗, i⃗)

]
and

U (⃗a) ≡
⋃

i⃗∈I(ιm) U (⃗a, i⃗). Then Tn =
⋃

a⃗∈A U (⃗a) =
⋃

a⃗∈A
⋃

i⃗∈I(ιm) U (⃗a, i⃗). Figure S.1 shows an

example of the above partition.

 

Figure S.1: An example of the partition (The squares with the same color belong to the same big
group (U (⃗a)), and every big group is divided into four smaller groups (U (⃗a, i⃗)).)

For each a⃗ ∈ A and i⃗ ∈ I(ιm), the random variables in
{
Vj,n,ι (m) : j ∈ U (⃗a, i⃗)

}
are indepen-

dent. From the definition of I , limm→∞ ιm = ∞. Since Yj,n =
∑∞

m=1 Vj,n,ι (m) for all j ∈ U ,

∥∥∥∥∥∥
∑
j∈Tn

Yj,n

∥∥∥∥∥∥
Lp

=

∥∥∥∥∥∥
∑
j∈Tn

∞∑
m=1

Vj,n,ι (m)

∥∥∥∥∥∥
Lp

=

∥∥∥∥∥∥
∑
a⃗∈A

∑
i⃗∈I(ιm)

∑
j∈U(a⃗,⃗i)

∞∑
m=1

Vj,n,ι (m)

∥∥∥∥∥∥
Lp

≤
∞∑

m=1

∑
a⃗∈A

∑
i⃗∈I(ιm)

∥∥∥∥∥∥
∑

j∈U(a⃗,⃗i)

Vj,n,ι (m)

∥∥∥∥∥∥
Lp

≤
∞∑

m=1

∑
a⃗∈A

∑
i⃗∈I(ιm)

√
p− 1

 ∑
j∈U(a⃗,⃗i)

∥Vj,n,ι (m)∥2Lp

1/2

≤
∞∑

m=1

∑
a⃗∈A

∑
i⃗∈I(ιm)

√
p− 1

∣∣∣U (⃗a, i⃗)
∣∣∣1/2 θm,p,ι ≤

√
p− 1

∞∑
m=1

2dιd/2m |Tn|1/2 θm,p,ι = 2d
√
p− 1Θp,ι |Tn|1/2 ,
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where the second inequality follows from (S.3) (Since Vj,n (m)’s are independent with mean zero

for all j ∈ U (⃗a, i⃗), we can regard {Vj,n (m)}j∈Us,t
as a martingale difference sequence), the third

inequality follows from (B.1) and the last inequality follows from the power-mean inequality


∑

a⃗∈A
∑

i⃗∈I(ιm)

∣∣∣U (⃗a, i⃗)
∣∣∣1/2

2d (2ιm)d


2

≤

∑
a⃗∈A

∑
i⃗∈I(ιm)

∣∣∣U (⃗a, i⃗)
∣∣∣

2d (2ιm)d
=

|Tn|
2d (2ιm)d

.

We obtain the desired result. ■

Proof of Theorem B.2. The idea of the proof is borrowed from that for Theorem 3 in Wu and Wu

(2016). From Theorem B.1, for any p ≥ 2, we have

∥Sn∥Lp =

∥∥∥∥∥∑
i∈Tn

Yi,n

∥∥∥∥∥
Lp

≤ 2d
√
p− 1Θp,ι(p) |Tn|

1/2 .

Consequently, ∥Zn∥Lp ≤ 2d
√
p− 1Θp,ι(p) for p ≥ 2. Recall a Taylor’s formula: (1− s)−1/2 =

1 +
∑∞

k=1 aks
k, where |s| < 1 and ak = (2k)!/

(
22k (k!)2

)
for k ≥ 0. By Stirling’s formula,

ak ∼ (kπ)−1/2. Hence, k! ∼
√
2 (k/e)k a−1

k and ak/ak−1 → 1. Thus, there exist constants c1, c2 > 0

such that c1 (k/e)k a−1
k ≤ k! and ak ≤ c2ak−1 hold for all k ≥ 1. By (B.3), when αk ≥ 2, we have

Θαk,ι(αk) ≤ γ0 (αk)
ν . As a result, when αk ≥ 2,

tk ∥Zn∥αkLαk

k!
≤
tk
[
2d
√
αk − 1Θαk,ι(αk)

]αk
c1 (k/e)

k a−1
k

≤ 2dαktk (αk − 1)αk/2 γαk0 (αk)αkν

c1 (k/e)
k a−1

k

=
akt

k

c1tk0

(αk − 1)αk/2

(αk)αk/2
≤ akt

k

c1tk0
√
e
,

where the equality is by t0 =
(
2αdeαγα0

)−1 and ν = 1
α−

1
2 , and the last step is due to (x− 1)x/2 /xx/2 ≤

e−1/2 for all x ≥ 2. When 0 < αk ≤ 2 and k ≥ 1, we have ∥Zn∥Lαk ≤ ∥Zn∥L2 ≤ 2dΘ2,ι(2) ≤ 2d2νγ0,
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and so

tk ∥Zn∥αkLαk

k!
≤
tk
(
2d2νγ0

)αk
k!

≤ tk2dαk2ναkγαk0

c1 (k/e)
k a−1

k

=
akt

k

c1tk0

2ναk

(αk)k
≤ akt

k

c1tk0

22/α−1

min
{
α, α2/α

} ,
where the equality is by t0 =

(
2αdeαγα0

)−1, and the last inequality follows from the following facts:

2ναk ≤ 22ν , ν = 1
α − 1

2 , and

(αk)k ≥


α if α ≥ 1,

α2/α if α < 1.

Because ex = 1 +
∑∞

k=1 x
k/k!,

m (t) = 1 +
∞∑
k=1

tkE |Zn|αk

k!
= 1 +

∑
1≤k<2/α

tk ∥Zn∥αkLαk

k!
+
∑

k≥2/α

tk ∥Zn∥αkLαk

k!

≤1 +
∑

1≤k<2/α

akt
k

c1tk0

22/α−1

min
{
α, α2/α

} +
∑

k≥2/α

akt
k

c1tk0
√
e
≤ 1 + c′α

∞∑
k=1

ak
tk

tk0

≤1 + c′α

∞∑
k=1

c2ak−1
tk

tk0
= 1 + cα

t

t0

∞∑
k=0

ak
tk

tk0
= 1 + cα

t/t0

(1− t/t0)
1/2

,

where c′α, cα ≥ 0 are constants depending only on α, and the last step follows from the formula

(1− s)−1/2 = 1 +
∑∞

k=1 aks
k. Using Markov’s inequality and letting t = t0

2 and x =
√
|Tn|ϵ, we

obtain

P (|Sn| ≥ |Tn| ϵ) = P (|Zn| ≥ x) = P [exp (t |Zn|α) ≥ exp (txα)] ≤ exp (−txα)m(t)

≤

(
1 +

√
2cα
2

)
exp

(
− xα

2αd+1eαγα0

)
=

(
1 +

√
2cα
2

)
exp

(
−|Tn|1/(1+2ν) ϵ2/(1+2ν)

2αd+1eαγα0

)
,

where the last step is due to α = 2/(1 + 2ν). ■
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Proof of Lemma B.2. Since Ii,m,ι ⊂ {j : dij ≥ ιm−1}, by Lemma S.3,

θm,p,ι = sup
n,i∈Dn

δp (i, Ii,m,ι, n) ≤ sup
n,i∈Dn

3δp (i, {j : dij ≥ ιm−1} , n) = 3∆p(ιm−1).

■

Proof of Lemma B.3. Since lims→∞∆1(s) = 0, for all m ≥ 1, there exists ιm such that

∆1(ιm) ≤ m−2. Let ι0 = 0 and w.l.o.g., we suppose that ιm > ιm−1 for all m ≥ 1. For this

sequence ι = (ι0, ι1, · · · ), by Lemma B.2,

∞∑
m=s

θm,1,ι ≤ 3

∞∑
m=s

∆1(ιm−1) = 3

∞∑
m=s−1

∆1(ιm) ≤ 3

∞∑
m=s−1

m−2 → 0 as s→ ∞.

The desired result follows. ■

Proof of Lemma B.4. We select ι satisfying ιm = m⌊3/(κ−d/2)⌋+1. Notice that ιm < ιm+1 for all

m ≥ 0. Then, for sufficiently large s, by Lemma B.2,

Θs,p,ι =
∞∑

m=s

ιd/2m θm,p,ι ≤ 3
∞∑

m=s

ιd/2m ∆p(ιm−1) = 3
∞∑

m=s

ιd/2m O
(
ι−κ
m−1

)
≤C1

∞∑
m=s

m−3 = o
(
s−1
)

as s→ ∞.

To show Θp,ι <∞, we only need to show that ιd/2m θm,p,ι <∞ for every m ∈ N. This directly follows

from ι
d/2
m <∞ and θm,p,ι ≤ 3∆p(0) <∞ by Lemma S.3. ■

Proof of Lemma B.5. Let ι be a sequence satisfying ιm = m⌊3/(κ−d/2)⌋+1. Then ι ∈ I . By the

conditions in this lemma, for all p ≥ 2,

Θp,ι =
∞∑

m=1

(ιm)d/2 θm,p,ι ≤ 3

∞∑
m=1

(ιm)d/2∆p(ιm−1) ≤ 3O(pν)

∞∑
m=1

(ιm)d/2O
(
(ιm−1)

−κ)
≤3O(pν)

∞∑
m=1

m−3 = O(pν) as p→ ∞,
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where the first inequality follows from Lemma B.2, the second inequality follows from ∆p(s) ≤

O(s−κ)O(pν), and the third equality follows from the fact that O
(
(ιm−1)

−κ) does not depend on

p. Thus, we have γ0 = supp≥2 p
−νΘp,ι <∞. ■

S.4. Some Proofs for Section 3

The proofs in this section rely heavily on the theory of the second-type Lp-FD coefficient in Ap-

pendix B. Recall I ≡ {ι = (ι0, ι1, . . .) : ι0 = 0, ιm > ιm−1, ιm ∈ N for all m ≥ 1}.

Proof of Theorem 3.1. By the condition in this theorem and Lemma B.4, there exists a sequence

ι ∈ I such that Θp,ι <∞. Applying Theorem B.1 and letting C ≡ 2d
√
p− 1Θp,ι yields the result.■

Proof of Theorem 3.2. By Condition (ii) in this theorem and Lemma B.5, there exists a sequence

ι ∈ I such that γ0 ≡ supp≥2 p
−νΘp,ι < ∞. Taking ι(p) = ι for all real numbers p ≥ 2 in Theorem

B.2 yields the result. ■

Proof of Theorem 3.3. This proof is inspired by Wu and Wu (2016). We only need to consider

the case that x
∥Y.∥2,ω |Tn|1/2

≥ 1, since otherwise we can select C2 and C3 satisfying C2 exp (−C3) ≥ 1

and then the result holds trivially. Recall that Vj,n,ι (m) ≡ E (Yj,n|Fj,n (ιm))− E (Yj,n|Fj,n (ιm−1))

in Lemma B.1. In the following proof, we take ι = (ι0, ι1, · · · ) as ι0 = 0 and ιm = ⌊mκ⌋ + 1 for

m ≥ 1, where κ can be any number such that κ ≥ 1 and κ > 3
2(ω−d) > 0. Thus, ιm > ιm−1 and

mκ ≤ ιm ≤ 2mκ for any m ≥ 1 and there exists a constant Cκ > 0 such that Cκιm ≤ ιm−1 + 1 for

any m ≥ 1. As in the proof of Theorem B.1, we decompose Sn =
∑

j∈Tn
Yj,n as

Sn =
∞∑

m=1

∑
a⃗∈A

∑
i⃗∈I(ιm)

∑
j∈U(a⃗,⃗i)

Vj,n,ι (m) ,

where A, I(ιm), U (⃗a, i⃗) are all defined in the proof of Theorem B.1. To make the presentation

clearer, we denote

W (⃗a, i⃗,m) ≡
∑

j∈U(a⃗,⃗i)

Vj,n,ι (m) . (S.16)
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Then

Sn =
∞∑

m=|Tn|+1

∑
a⃗∈A

∑
i⃗∈I(ιm)

W (⃗a, i⃗,m)

︸ ︷︷ ︸
Sn1

+

|Tn|∑
m=1

∑
a⃗∈A

∑
i⃗∈I(ιm)

W (⃗a, i⃗,m)

︸ ︷︷ ︸
Sn2

.

By our construction of U (⃗a, i⃗), the Vj,n,ι (m)’s in (S.16) are independent. Thus, by Burkholder’s

inequality (S.3) and Lemma B.1, for any a⃗, i⃗, m and p,

∥∥∥W (⃗a, i⃗,m)
∥∥∥
Lp

≤
√
p− 1

 ∑
j∈U(a⃗,⃗i)

∥Vj,n,ι (m)∥2Lp

1/2

≤
√
p− 1

∣∣∣U (⃗a, i⃗)
∣∣∣1/2 θm,p,ι. (S.17)

Now we will handle Sn1 and Sn2 respectively.

Sn1: Following the proof of Theorem B.1, we have

∥Sn1∥Lp =

∥∥∥∥∥∥
∞∑

m=|Tn|+1

∑
a⃗∈A

∑
i⃗∈I(ιm)

W (⃗a, i⃗,m)

∥∥∥∥∥∥
Lp

≤
∞∑

m=|Tn|+1

∑
a⃗∈A

∑
i⃗∈I(ιm)

∥∥∥W (⃗a, i⃗,m)
∥∥∥
Lp

≤
∞∑

m=|Tn|+1

∑
a⃗∈A

∑
i⃗∈I(ιm)

√
p− 1

∣∣∣U (⃗a, i⃗)
∣∣∣1/2 θm,p,ι ≤ 2d

√
p− 1Θ|Tn|+1,p,ι|Tn|1/2,

(S.18)

where the second inequality follows from (S.17) and the last one follows from the power-mean

inequality


∑

a⃗∈A
∑

i⃗∈I(ιm)

∣∣∣U (⃗a, i⃗)
∣∣∣1/2

2d (2ιm)d


2

≤

∑
a⃗∈A

∑
i⃗∈I(ιm)

∣∣∣U (⃗a, i⃗)
∣∣∣

2d (2ιm)d
=

|Tn|
2d (2ιm)d

.

By Markov’s inequality and (S.18), for any x > 0,

P (|Sn1| ≥ x) ≤
∥Sn1∥pLp

xp
≤

2pd (p− 1)p/2Θp
|Tn|+1,p,ι|Tn|

p/2

xp
.
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Note that, by Lemma B.2, the definition of ∥Y.∥p,ω and Cκιm ≤ ιm−1 + 1,

θm,p,ι ≤ 3∆p(ιm−1) ≤ 3 ∥Y.∥p,ω (ιm−1 + 1)−ω ≤ 3C−ω
κ ∥Y.∥p,ω ι

−ω
m . (S.19)

Hence,

Θ|Tn|+1,p,ι =
∞∑

m=|Tn|+1

ιd/2m θm,p,ι ≤ 3C−ω
κ ∥Y.∥p,ω

∞∑
m=|Tn|+1

ιd/2−ω
m

≤3C−ω
κ ∥Y.∥p,ω

∞∑
m=|Tn|+1

mκ(d/2−ω) ≤ C1 ∥Y.∥p,ω |Tn|κ(d/2−ω)+1 ≤ C1 ∥Y.∥p,ω |Tn|1/p−1/2,

where C1 is a constant not depending on n, the second inequality follows from ιm ≥ mκ, the third

one follows from Lemma S.12, and the last one follows from ω > d and

κ(d/2− ω) + 1 ≤ 3(d/2− ω)

2(ω − d)
+ 1 =

−(ω − d)− 3/2d

2(ω − d)
≤ −1

2
≤ 1

p
− 1

2
.

Thus

P (|Sn1| ≥ x) ≤
C ∥Y.∥pp,ω |Tn|

xp
, (S.20)

where the constant C does not depend on n nor x.

Sn2: Denote Rm ≡
∑

a⃗∈A
∑

i⃗∈I(ιm)W (⃗a, i⃗,m). Then Sn2 =
∑|Tn|

m=1Rm. Recall W (⃗a, i⃗,m) ≡∑
j∈U(a⃗,⃗i) Vj,n,ι (m) and the Vj,n,ι (m)’s in U (⃗a, i⃗) are independent. For any x > 0,

P
(∣∣∣W (⃗a, i⃗,m)

∣∣∣ ≥ x
)
≤ Cp1

∑
j∈U(a⃗,⃗i) ∥Vj,n,ι (m)∥pLp

xp
+ 2 exp

(
− x2

Cp2
∑

j∈U(a⃗,⃗i) ∥Vj,n,ι (m)∥2L2

)

≤Cp1

∣∣∣U (⃗a, i⃗)
∣∣∣ θpm,p,ι

xp
+ 2 exp

− x2

Cp2

∣∣∣U (⃗a, i⃗)
∣∣∣ θ2m,2,ι

 ,

where Cp1 =
(
1 + 2

p

)p
, Cp2 = 2

ep(p+2)2
, the first inequality follows from Lemma S.11 and the last
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one follows from (B.1) in Lemma B.1. Thus, we have

P
(
|Rm| ≥ 2d (2ιm)d x

)
≤
∑
a⃗∈A

∑
i⃗∈I(ιm)

P
(∣∣∣W (⃗a, i⃗,m)

∣∣∣ ≥ x
)

≤
∑
a⃗∈A

∑
i⃗∈I(ιm)

Cp1

∣∣∣U (⃗a, i⃗)
∣∣∣ θpm,p,ι

xp
+
∑
a⃗∈A

∑
i⃗∈I(ιm)

2 exp

− x2

Cp2

∣∣∣U (⃗a, i⃗)
∣∣∣ θ2m,2,ι


≤Cp1

|Tn|θpm,p,ι

xp
+ 22d+1ιdm exp

(
− x2

Cp2|Tn|θ2m,2,ι

)
,

where the last inequality follows from
∑

a⃗∈A
∑

i⃗∈I(ιm)

∣∣∣U (⃗a, i⃗)
∣∣∣ = |Tn|, |I(ιm)| = (2ιm)d and |A| =

2d. By letting y = 2d (2ιm)d x, we obtain

P (|Rm| ≥ y) ≤ Cp1
22pdιpdm |Tn|θpm,p,ι

yp
+ 22d+1ιdm exp

(
− y2

Cp224dι2dm |Tn|θ2m,2,ι

)

≤C2

∥Y.∥pp,ω ι
pd−pω
m |Tn|
yp

+ 22d+1ιdm exp

(
− y2

C3 ∥Y.∥22,ω |Tn|ι2d−2ω
m

)
,

where the last step follows from (S.19). Therefore, by letting λm = Cλm
1/2−κ(ω−d), where C−1

λ =∑∞
m=1m

1/2−κ(ω−d) <∞ by κ > 3
2(ω−d) , we have

∑|Tn|
m=1 λm ≤ 1 and for any x > 0,

P (|Sn2| ≥ x) ≤
|Tn|∑
m=1

P (|Rm| ≥ λmx)

≤
C2 ∥Y.∥pp,ω |Tn|

xp

|Tn|∑
m=1

ιpd−pω
m

λpm
+ 23d+1|Tn|κd

|Tn|∑
m=1

exp

(
− λ2mx

2

C3 ∥Y.∥22,ω |Tn|ι2d−2ω
m

)
,

(S.21)

where the last step follows from ιm ≤ 2mκ ≤ 2|Tn|κ. We analyze the two terms on the r.h.s. of

(S.21) respectively. Note that

ιpd−pω
m

λpm
= O

(
mκp(d−ω)mpκ(ω−d)−p/2

)
= O

(
m−p/2

)
as m→ ∞,
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thus
|Tn|∑
m=1

ιpd−pω
m

λpm
≤

∞∑
m=1

ιpd−pω
m

λpm
< C4 (S.22)

for some constant C4 > 0. For the second term, consider h(u) =
∑|Tn|

m=1 exp
(
− λ2

mu2

C3ι
2d−2ω
m

)
for u ≥ 1.

Denote C5 ≡ C−1
3 C2

λ. Then

λ2m
C3ι

2d−2ω
m

m−1 ≥ C−1
3 C2

λm
1−2κ(ω−d)m2κ(ω−d)m−1 = C5.

Thus,

h(u) ≤
|Tn|∑
m=1

exp
(
−C5mu

2
)
≤

∞∑
m=1

exp
(
−C5mu

2
)
=

exp
(
−C5u

2
)

1− exp (−C5u2)
≤

exp
(
−C5u

2
)

1− exp (−C5)
.

By letting u = x
∥Y.∥2,ω |Tn|1/2

≥ 1 (as mentioned at the beginning of the proof, we only consider

x
∥Y.∥2,ω |Tn|1/2

≥ 1), we obtain that

|Tn|∑
m=1

exp

(
− λ2mx

2

C3 ∥Y.∥22,ω |Tn|ι2d−2ω
m

)
≤ C6 exp

(
− C5x

2

∥Y.∥22,ω |Tn|

)
. (S.23)

Hence, the result follows from (S.20)-(S.23) and P (|Sn| ≥ 2x) ≤ P (|Sn1| ≥ x) + P (|Sn2| ≥ x).

Proof of Theorem 3.6. Denote Λ ≡ {λ ∈ RpY : ∥λ∥ = 1}. It suffices to show that λ′
(
V̂n − Vn

)
λ =

op(1) as n → ∞. Let yi,n = λ′Yi,n so that {yi,n} is L2-FD on {ϵi,n} with the L2-FD coefficient
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∆2(s). Then,

λ′
(
V̂n − Vn

)
λ

=
∑
s≥0

kn(s)|Tn|−1
∑
i∈Tn

∑
j∈Tn:dij∈[s,s+1)

yi,nyj,n −
∑
s≥0

|Tn|−1
∑
i∈Tn

∑
j∈Tn:dij∈[s,s+1)

E(yi,nyj,n)

=|Tn|−1
∑
i∈Tn

(y2i,n − Ey2i,n) +
∑
s≥1

kn(s)|Tn|−1
∑
i∈Tn

∑
j∈Tn:dij∈[s,s+1)

[yi,nyj,n − E(yi,nyj,n)] +

∑
s≥1

[kn(s)− 1] |Tn|−1
∑
i∈Tn

∑
j∈Tn:dij∈[s,s+1)

E(yi,nyj,n)

≡Pn,1 + Pn,2 + Pn,3.

(S.24)

In the following proof, we will show that as n → ∞, the three terms in the last line of (S.24) are

all op(1).

Pn,3:

|Pn,3| ≤
∑
s≥1

|kn(s)− 1| |Tn|−1
∑
i∈Tn

∑
j∈Tn:dij∈[s,s+1)

|E(yi,nyj,n)|

≤2∥Y ∥L2

∑
s≥1

|kn(s)− 1|∆2(
s

2
)|Tn|−1

∑
i∈Tn

|{j ∈ Tn : dij ∈ [s, s+ 1)}|

≤2C∥Y ∥L2

∑
s≥1

|kn(s)− 1|∆2(
s

2
)sd−1 = 2c∆+1CCkC∆∥Y ∥L2b−ck−1

n

∑
s≥1

sck−c∆+d

=o(1),

where the second inequality follows from Corollary 6.1, the third one is by Lemma S.6, the first

equality is from conditions (ii) and (iii) in this theorem, and the last step follows from conditions

(iii) and (iv) in this theorem (bn → ∞ and ck − c∆ + d < −1).

Pn,2: Recall Pn,2 =
∑

s≥1 kn(s)|Tn|−1
∑

i∈Tn

∑
j∈Tn:dij∈[s,s+1) [yi,nyj,n − E(yi,nyj,n)], |kn(·)| ≤ 1,
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and kn(u) = 0 when u > bn. Thus,

EP 2
n,2 ≤ |Tn|−2

∑
i,j∈Tn:dij∈[1,bn]

∑
k,l∈Tn:dkl∈[1,bn]

|Cov(yi,nyj,n, yk,nyl,n)|

≤|Tn|−2
∑
s≥0

∑
i,j,k,l∈Tn:dij∈[1,bn],dkl∈[1,bn],dij;kl∈[s,s+1)

|Cov(yi,nyj,n, yk,nyl,n)| ,
(S.25)

where dij;kl ≡ min{dik, dil, djk, djl}. When s = 0, we have i = k, i = l, j = k, or j = l. Thus,

|Tn|−2
∑

i,j,k,l∈Tn:dij∈[1,bn],dkl∈[1,bn],dij;kl=0

|Cov(yi,nyj,n, yk,nyl,n)|

≤4|Tn|−2
∑
i∈Tn

∑
j∈Tn:dij∈[1,bn]

∑
l∈Tn:dil∈[1,bn]

|Cov(yi,nyj,n, yi,nyl,n)|

≤4|Tn|−2
∑
i∈Tn

∑
j∈Tn:dij∈[1,bn]

∑
l∈Tn:dil∈[1,bn]

(∣∣Ey2i,nyj,nyl,n∣∣+ |Eyi,nyj,n| |Eyi,nyl,n|
)

≤4|Tn|−2
∑
i∈Tn

⌊bn⌋∑
r=1

∑
j∈Tn:dij∈[r,r+1)

∑
l∈Tn:dil∈[r,r+1)

2∥Y ∥4L4

≤8C2∥Y ∥4L4 |Tn|−1

⌊bn⌋∑
r=0

r2(d−1) ≤ 8C2∥Y ∥4L4 |Tn|−1

ˆ bn+1

0
x2(d−1)dx

=
8C2∥Y ∥4L4

2d− 1
|Tn|−1(bn + 1)2d−1 = o(1),

where the second inequality follows from Minkowski’s inequality, the third one is by generalized

Hölder’s inequality and Lyapunov’s inequality, the fourth one is by Lemma S.6, and the last equality

holds under condition (iv) in this theorem.

When s ≥ 1, we apply Lemma S.10 to bound the covariance of the product terms. Specifically,

we take w0 = w = 4 so that |Cov (yi,nyj,n, yk,nyl,n)| ≤ 16M3∥Y ∥Lp0 [∆2(x)]
q0−6
2q0−6 when 0 < x ≤
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dij;kl/2, where M = max{1, ∥Y ∥Lq0}. Then,

EP 2
n,2 ≤ 16M3∥Y ∥Lp0 |Tn|−2

∑
s≥1

∑
i,j,k,l∈Tn:dij∈[1,bn],dkl∈[1,bn],dij;kl∈[s,s+1)

[∆2(s/2)]
q0−6
2q0−6 + o(1)

≤16M3∥Y ∥Lp0 |Tn|−2
∑
s≥1

4
∑

i,k∈Tn:dik∈[s,s+1)

sup
n,i

|{j ∈ Tn : dij ≤ bn}|2 [∆2(s/2)]
q0−6
2q0−6 + o(1)

≤64C3d−2M3∥Y ∥Lp0 |Tn|−1
∑
s≥1

(
2dbdn

)2
[∆2(s/2)]

q0−6
2q0−6 sd−1 + o(1)

=2
(q0−6)c∆
2q0−6

+6+2d
C3d−2M3∥Y ∥Lp0C2d

b C
q0−6
2q0−6

∆ |Tn|−1+2dcb
∑
s≥1

s
− (q0−6)c∆

2q0−6
+d−1

+ o(1) = o(1),

where the third inequality is by Lemma S.6 and

sup
n,i

|{j ∈ Tn : dij ≤ bn}| ≤
⌊bn⌋∑
s=0

sup
n,i

|{j ∈ Tn : dij ∈ [s, s+ 1)}|

≤C
⌊bn⌋∑
s=0

sd−1 ≤ C

ˆ bn+1

0
xd−1dx ≤ Cd−1(bn + 1)d ≤ 2dCd−1bdn,

the first equality is from conditions (iii) and (iv) in this theorem, and the last equality holds under

conditions (iii) and (iv) in this theorem (−1 + 2dcb < 0 and − (q0−6)c∆
2q0−6 + d− 1 < −1).

Pn,1: Recall Pn,1 = |Tn|−1
∑

i∈Tn
(y2i,n − Ey2i,n). So

EP 2
n,1 ≤ |Tn|−2

∑
s≥0

∑
i∈Tn

∑
j∈Tn:dij∈[s,s+1)

∣∣Cov(y2i,n, y
2
j,n)
∣∣ .

When s = 0, because
∣∣∣Var(y2i,n)

∣∣∣ ≤ ∣∣∣Ey4i,n∣∣∣,
|Tn|−2

∑
i∈Tn

∣∣Var(y2i,n)
∣∣ ≤ |Tn|−2

∑
i∈Tn

∣∣Ey4i,n∣∣ = O(|Tn|−1).
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Thus,

EP 2
n,1 ≤ |Tn|−2

∑
s≥1

∑
i∈Tn

∑
j∈Tn:dij∈[s,s+1)

∣∣Cov(y2i,n, y
2
j,n)
∣∣+ o(1)

≤16M3∥Y ∥Lp0 |Tn|−2
∑
s≥1

∑
i∈Tn

∑
j∈Tn:dij∈[s,s+1)

[∆2(s/2)]
q0−6
2q0−6 + o(1)

≤16M3∥Y ∥Lp0 |Tn|−1
∑
s≥1

Csd−1 [∆2(s/2)]
q0−6
2q0−6 + o(1)

=2
(q0−6)c∆
2q0−6

+4
CM3∥Y ∥Lp0 |Tn|−1

∑
s≥1

s
− (q0−6)c∆

2q0−6
+d−1

+ o(1) = o(1),

where the second inequality follows from Lemma S.10, the third one is by Lemma S.6, the first

equality is from condition (iii) in this theorem, and the last equality holds under condition (iii) in

this theorem that − (q0−6)c∆
2q0−6 + d− 1 < −1. ■

S.5. Proofs for Section 4

Proof of Proposition 4.1. For any I ⊂ Dn, denote Xn,I =

((
X ′

i,n,I

)
i∈Dn

)′
. Then

δp (i, j, n) =
∥∥hi,n (Xn)− hi,n

(
Xn,{j}

)∥∥
Lp ≤ mij,n

∥∥Xj,n −X∗
j,n

∥∥
Lp ≤ 2 ∥X∥Lp mij,n,

where the first inequality is from (4.2) and the second one follows from the Minkowski inequality.

Therefore, for any s ∈ [0,∞), by Lemma S.4,

∆p(s) ≤ sup
n≥1

sup
i∈Dn

∑
j∈Dn:dij≥s

δp (i, j, n) ≤ 2 ∥X∥Lp sup
n≥1

sup
i∈Dn

∑
j∈Dn:dij≥s

mij,n = 2 ∥X∥Lp ϕ(s) → 0 as s→ ∞.

So, the conclusion holds. ■

Proof of Proposition 4.2. (i) For all i, k ∈ Dn, by (4.2),

δp (i, k, n) =
∥∥Yi,n − Yi,n,{k}

∥∥
Lp ≤

∑
j∈Dn

mij,n

∥∥Xj,n −Xj,n,{k}
∥∥
Lp =

∑
j∈Dn

mij,nδX,p(j, k, n).
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(ii) For any i ∈ Dn, s ∈ [0,∞) and s̃ ∈ [0, s], by (4.2),

∥∥Yi,n − Yi,n,{k:dik≥s}
∥∥
Lp ≤

∑
j∈Dn

mij,n

∥∥Xj,n −Xj,n,{k:dik≥s}
∥∥
Lp =

∑
j∈Dn

mij,nδX,p (j, {k : dik ≥ s} , n)

=
∑

j:dij≥s̃

mij,nδX,p (j, {k : dik ≥ s} , n) +
∑

j:dij<s̃

mij,nδX,p (j, {k : dik ≥ s} , n)

≤3
∑

j:dij≥s̃

mij,nδX,p (j,Dn, n) + 3
∑

j:dij<s̃

mij,nδX,p (j, {k : djk ≥ s− s̃} , n)

≤3∆X,p(0)
∑

j:dij≥s̃

mij,n + 3

 sup
n,i∈Dn

∑
j:dij≥0

mij,n

( sup
n,j∈Dn

δX,p (j, {k : djk ≥ s− s̃} , n)

)

≤3∆X,p(0)ϕ (s̃) + 3ϕ (0)∆X,p(s− s̃),

where the second inequality follows from Lemma S.3 and the fact that for all i, j ∈ Dn satisfying

dij < s̃, {k : dik ≥ s} ⊂ {k : djk ≥ s− s̃}. Thus, taking the supremum on both sides of the above

inequality yields

∆p (s) = sup
n,i∈Dn

∥∥Yi,n − Yi,n,{k:dik≥s}
∥∥
Lp ≤ 3∆X,p(0)ϕ (s̃) + 3ϕ (0)∆X,p(s− s̃).

So, the conclusion holds. ■

Proof of Proposition 4.3. (1) In this proof, for any vector or matrix A = (aij)n×m, we denote

|A| ≡ (|aij |)n×m. Direct calculations show that |A+B| ≤∗ |A|+|B| and |AB| ≤∗ |A||B|, where A =

(aij)m×n ≤∗ B = (bij)m×n means ∀i, j : aij ≤ bij . To shorten formulas, denote vi,n ≡ X ′
i,nβ + ϵi,n,

Vn ≡ Xnβ + ϵn, and the solution of (4.3) as Yn (Vn). Then Yn (Vn) = F (λWnYn (Vn) + Vn).

Consider Y (1)
n = Yn

(
V

(1)
n

)
and Y (2)

n = Yn

(
V

(2)
n

)
. So, for any 1 ≤ i ≤ n,

∣∣∣Y (1)
i,n − Y

(2)
i,n

∣∣∣ = ∣∣∣F (λwi.,nY
(1)
n + v

(1)
i,n

)
− F

(
λwi.,nY

(2)
n + v

(2)
i,n

)∣∣∣
≤L |λ|

n∑
j=1

|wij,n|
∣∣∣Y (1)

j,n − Y
(2)
j,n

∣∣∣+ L
∣∣∣v(1)i,n − v

(2)
i,n

∣∣∣ .
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The above inequality can be written in a matrix form:

(In − L |λ| |Wn|)
∣∣∣Y (1)

n − Y (2)
n

∣∣∣ ≤∗ L
∣∣∣V (1)

n − V (2)
n

∣∣∣ . (S.26)

Since Mn ≡ L (In − L |λWn|)−1 = L
∑∞

l=0 (L |λWn|)l, all entries of Mn are nonnegative. As a

result, we can multiply Mn/L on both sides of (S.26):
∣∣∣Y (1)

n − Y
(2)
n

∣∣∣ ≤∗ Mn

∣∣∣V (1)
n − V

(2)
n

∣∣∣. So, for

any 1 ≤ i ≤ n, ∣∣∣Y (1)
i,n − Y

(2)
i,n

∣∣∣ ≤ n∑
j=1

mij,n

∣∣∣v(1)i,n − v
(2)
i,n

∣∣∣ . (S.27)

We take v(1)i,n = vi,n and v(2)i,n ≡ 0. Next, we will show that Y (2)
i,n ’s are uniformly bounded.

∣∣∣Y (2)
i,n

∣∣∣ = ∣∣∣F (λwi.,nY
(2)
n

)∣∣∣ ≤ ∣∣∣F (λwi.,nY
(2)
n

)
− F (0)

∣∣∣+ |F (0)| ≤
∣∣∣Lλwi.,nY

(2)
n

∣∣∣+ |F (0)| .

Denote the n-dimensional vector ln ≡ (1, . . . , 1)′. Then the above inequality can be written as∣∣∣Y (2)
n

∣∣∣ ≤∗
∣∣∣LλWnY

(2)
n

∣∣∣+ F (0)ln. Consequently,
∣∣∣Y (2)

n

∣∣∣ ≤∗ F (0)Mnln/L. So, it follows from

∥Mn∥∞ ≤ L
∞∑
l=0

∥∥∥(L |λWn|)l
∥∥∥
∞

≤ L
∞∑
l=0

ζ l =
L

1− ζ
(S.28)

that supi,n

∣∣∣Y (2)
i,n

∣∣∣ ≤ F (0)
1−ζ , i.e., Y (2)

i,n ’s are uniformly bounded. Hence, by the Minkowski inequality,

supi,n

∣∣∣Y (2)
i,n

∣∣∣ ≤ F (0)
1−ζ , and (S.27)-(S.28), we have

∥Yi,n∥Lp ≤
∥∥∥Yi,n − Y

(2)
i,n

∥∥∥
Lp

+
∥∥∥Y (2)

i,n

∥∥∥
Lp

≤
n∑

j=1

mij,n ∥vi,n∥Lp +
F (0)

1− ζ
≤ LCxϵ,p + F (0)

1− ζ
.

So, Yi,n’s are uniformly Lp-bounded. ■

(2) With (S.27), conclusion (i) follows from Propositions 4.1, and conclusion (ii) follows from

4.2 and that the FDM δXβ+ϵ(i, j, n) of {X ′
i,nβ + ϵi,n : i ∈ Dn, n ≥ 1} on {ui,n : i ∈ Dn, n ≥ 1} is

bounded by (∥β∥+ 1)δXϵ(i, j, n). ■
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(3) We prove the conclusion using Proposition 4.1. First, condition (4.2) follows from (S.27) and

Cxϵ,p ≡ supn,i∈Dn
∥vi,n∥Lp < ∞. Under Assumption 3(1),

(
|Wn|l

)
ij
= 0 if dij > 0 and l ≤ dij/d̄0.

Thus, when s > 0, by the Neumann’s expansion mij,n =
∑∞

l=0 L
l+1 |λ|l

(
|Wn|l

)
ij

,

ϕ (s) = sup
n,i

∑
j∈Dn:dij≥s

mij,n = sup
n,i

∑
j∈Dn:dij≥s

∞∑
l=0

Ll+1
(
|λWn|l

)
ij

≤ sup
n,i

∑
j∈Dn:dij≥s

∞∑
l=⌊s/d̄0⌋+1

Ll+1
(
|λWn|l

)
ij
=

∞∑
l=⌊s/d̄0⌋+1

∑
j∈Dn:dij≥s

Ll+1
(
|λWn|l

)
ij

≤
∞∑

l=⌊s/d̄0⌋+1

Ll+1 ∥λWn∥l∞ ≤
∞∑

l=⌊s/d̄0⌋+1

Lζ l ≤ L

1− ζ
ζs/d̄0 → 0 as s→ ∞.

(S.29)

From (S.28), ϕ (0) = supn ∥Mn∥∞ ≤ L
1−ζ < ∞. In sum, (S.29) holds for all s ∈ [0,∞). Therefore,

by Proposition 4.1, {Yi,n} is Lp-FD on the random field
{(

X ′
i,n, ϵi,n

)′}
with the Lp-FD coefficient

∆p (s) ≤ 2Cxϵ,pϕ(s) ≤ 2LCxϵ,p

1−ζ ζs/d̄0 . ■

(4) To apply Proposition 4.1, we only need to calculate ϕ (s) ≡ supn,i
∑

j∈Dn:dij≥smij,n for

s > 0 and s = 0. From (S.28), ϕ (0) = supn ∥Mn∥∞ ≤ L
1−ζ < ∞. Next, consider s > 0. We fix a

constant s̃ > 0, whose value depends on s and will be determined later. Define W̃n = (w̃ij,n)n×n,

where 
w̃ij,n = wij,n, dij < s̃,

w̃ij,n = 0, dij ≥ s̃.

Define M̃n ≡ (m̃ij,n)n×n ≡ L
(
In − L

∣∣∣λW̃n

∣∣∣)−1
and ϕ̃ (s) ≡ supn,i

∑
j∈Dn:dij≥s m̃ij,n. Then

ϕ (s) = sup
n,i

∑
j∈Dn:dij≥s

mij,n ≤ sup
n,i

∑
j∈Dn:dij≥s

{m̃ij,n + |mij,n − m̃ij,n|}

≤ sup
n,i

∑
j∈Dn:dij≥s

m̃ij,n + sup
n,i

∑
j∈Dn:dij≥s

|mij,n − m̃ij,n| ≤
L

1− ζ
ζs/s̃ + sup

n

∥∥∥Mn − M̃n

∥∥∥
∞
,

(S.30)

where the last step follows from (S.29). In order to bound supn

∥∥∥Mn − M̃n

∥∥∥
∞

, we denote ψ (s) ≡
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supn,i
∑

j∈Dn:dij≥s |wij,n|. Then, when s is large enough,

ψ (s) = sup
n,i

∑
j∈Dn:dij≥s

|wij,n| ≤ sup
n,i

∞∑
m=⌊s⌋

∑
j∈Dn:dij∈[m,m+1)

cd−α
ij ≤ Cc

∞∑
m=⌊s⌋

md−1m−α ≤ C1s
d−α,

(S.31)

for some constants C,C1 > 0, where the second inequality follows from Lemma S.6 and the last

one follows from Lemma S.12. Therefore,

sup
n

∥∥∥Mn − M̃n

∥∥∥
∞

= sup
n

∥∥∥∥∥
∞∑
l=0

Ll+1 |λ|l
(
W l

n − W̃ l
n

)∥∥∥∥∥
∞

=sup
n

∥∥∥∥∥
∞∑
l=1

Ll+1 |λ|l
l−1∑
h=0

W̃ h
n

(
Wn − W̃N

)
W l−1−h

n

∥∥∥∥∥
∞

≤ sup
n

∞∑
l=1

Ll+1 |λ|l
l−1∑
h=0

∥∥∥W̃ h
n

∥∥∥
∞

∥∥∥Wn − W̃n

∥∥∥
∞

∥∥∥W l−1−h
n

∥∥∥
∞

≤
∞∑
l=1

Ll+1 |λ|l l
(
sup
n

∥Wn∥∞
)l−1

ψ (s̃) ≤ ψ (s̃)L2 |λ|
∞∑
l=1

lζ l−1 =
ψ (s̃)L2 |λ|
(1− ζ)2

,

(S.32)

where the first equality follows from Neumann’s expansion, the second equality follows from the

fact that Al − Bl =
∑l−1

h=0B
h (A−B)Al−1−h for all square matrices A and B, and the second

inequality follows from
∥∥∥Wn − W̃n

∥∥∥
∞

≤ ψ (s̃) and supn

∥∥∥W̃n

∥∥∥
∞

≤ supn ∥Wn∥∞.

Combining (S.30)-(S.32), when s ≥ s̃,

ϕ (s) ≤ L (1− ζ)−1 ζs/s̃ +
C1L

2 |λ|
(1− ζ)2

s̃d−α.

When s is large enough, taking s̃ = s
(d−α) log s/ log ζ < s yields

ϕ (s) ≤ L

1− ζ
sd−α +

C1L
2 |λ|

(1− ζ)2

(
log ζ

d− α

)d−α

sd−α (log s)α−d = O
(
s−(α−d) (log s)α−d

)
. (S.33)

Then the conclusion follows from Proposition 4.1. ■

(5) We apply Proposition 4.2 to prove the conclusion. First, condition (4.2) follows from (S.27)
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and ϕ (s) ≤ L
1−ζ ζ

s/d̄0 . By Assumption 4(2) and the definition of FD coefficient,
{
X ′

i,nβ + ϵi,n

}
is Lp-FD on {ui,n} with the Lp-FD coefficient less than (∥β∥+ 1)∆Xϵ,p (s). Then the conclusion

follows from Proposition 4.2. ■

(6) We still apply Proposition 4.2. Condition (4.2) follows from (S.27) and ϕ (s) = O
(
s−(α−d) (log s)α−d

)
.

From the proof of conclusion (5),
{
X ′

i,nβ + ϵi,n

}
is Lp-FD on {ui,n} with the Lp-FD coefficient less

than (∥β∥+ 1)∆Xϵ,p (s). Then the conclusion follows from Proposition 4.2. ■

Proof of Proposition 4.4. By Assumptions 5(2) and (4)-(5), it follows from Proposition 4.3(1)

and (4) that {ϵi,n} is uniformly Lp-bounded and Lp-FD on {vi,n} with Lp-FD coefficient ∆ϵ,p(s) =

O
(
s−(α−d) (log s)α−d

)
, which satisfies ∆ϵ,p(0) <∞. Together with Assumption 5(3),

{(
X ′

i,n, ϵi,n

)′}
is Lp-FD on

{(
u′i,n, vi,n

)′}
with the Lp-FD coefficient ∆Xϵ,p(s) ≤ ∆ϵ,p(s)+∆X,p(s) = O

(
s−(α−d) (log s)α−d

)
.

Thus, Assumption 4(2) is satisfied. Therefore, by Assumption 5(1)-(2), the desired result follows

from Proposition 4.3(6). ■

Proof of Proposition 4.5. Since ϵn = vn − ρMnvn, the FDM δϵ,p(i, j, n) of {ϵi.n} on {vi,n}

satisfies δϵ,p(i, j, n) ≤ 2 [ρ |mij,n|+ 1(i = j)] ∥v∥Lp for any i, j ∈ Dn. Thus, ∆ϵ,p(0) <∞ and

∆ϵ,p(s) ≤ sup
i,n

∑
j:dij≥s

δϵ,p(i, j, n) ≤ 2ρ ∥v∥Lp

∑
j:dij≥s

|mij,n| = O
(
s−(α−d)

)

as s→ ∞, where the first step follows from Lemma S.4 and the last step follows from Assumption

6(2) and (S.31). Together with Assumption 6(3),
{(

X ′
i,n, ϵi,n

)′}
is Lp-FD on

{(
u′i,n, vi,n

)′}
with

the Lp-FD coefficient ∆Xϵ,p(s) ≤ ∆ϵ,p(s) + ∆X,p(s) = O
(
s−(α−d) (log s)α−d

)
. Thus, Assumption

4(2) is satisfied. Therefore, with Assumption 6(1)-(2), the desired result follows from Proposition

4.3(6). ■

Proof of Proposition 4.6. In this proof, for any vector or matrix A = (aij)n×m, we denote

|A| ≡ (|aij |)n×m. Direct calculations show that |A+B| ≤∗ |A|+|B| and |AB| ≤∗ |A||B|, where A =

(aij)m×n ≤∗ B = (bij)m×n means ∀i, j : aij ≤ bij . We regard the underlying independent random

field as
{(

u′i,n, qi,n

)′}
and denote the FDM of {Xi,n} and {ϵi,n} with respect to

{(
u′i,n, qi,n

)′}
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as δX,p and δϵ,p respectively. Then δX,p ≤ δXϵ,p and δϵ,p ≤ δXϵ,p. For any i ∈ Dn, denote λ(qi,n) ≡

λ11(qi,n ≤ γ) + λ21(qi,n > γ) and β(qi,n) ≡ β11(qi,n ≤ γ) + β21(qi,n > γ). Then |λ(qi,n)| ≤ λ and

∥β(qi,n)∥ ≤ ∥β∥ ≡ max {∥β1∥ , ∥β2∥}. We first establish the uniform Lp-boundedness of {Yi,n}. It

follows from |Yi,n| ≤ λ
∑n

j=1 |wij,n| |Yj,n|+ ∥Xi,n∥ ∥β∥+ |ϵi,n| that

sup
i∈Dn

∥Yi,n∥Lp ≤ λ sup
n

∥Wn∥∞ sup
i∈Dn

∥Yi,n∥Lp + ∥β∥ ∥X∥Lp + ∥ϵ∥Lp .

Consequently,

∥Y ∥Lp ≡ sup
n,i

∥Yi,n∥Lp ≤
∥β∥ ∥X∥Lp + ∥ϵ∥Lp

1− λ supn ∥Wn∥∞
<∞.

Now, for any fixed unit i ∈ Dn and any s > 0, denote Is ≡ {j ∈ Dn : dij ≥ s}. Notice that Is ̸= ∅,

as Is ∋ i. For any k ∈ Dn\Is, define

Yk,n,Is = λ(qk,n)Wk·,nYn,Is +X ′
k,n,Isβ(qk,n) + ϵk,n,Is .

Thus,

|Yk,n − Yk,n,Is | =
∣∣λ(qk,n)Wk·,n (Yn − Yn,Is) +

(
X ′

k,n −X ′
k,n,Is

)
β(qk,n) + ϵk,n − ϵk,n,Is

∣∣
≤λ |Wk·,n| |Yn − Yn,Is |+ ∥β∥ ∥Xk,n −Xk,n,Is∥+ |ϵk,n − ϵk,n,Is | .

For any matrix A ∈ Rm×n, A·I ∈ Rm×(n−|I|) denotes the sub-matrix of A after deleting the

columns whose indexes belong to I, AI· ∈ R(m−|I|)×n denotes the sub-matrix of A after deleting

the rows whose indexes belong to I, and AII ∈ R(m−|I|)×(n−|I|) denotes the sub-matrix A after

deleting both the rows and the columns whose indexes belong to I. Denote ∥Xn −Xn,Is∥ ≡

(∥X1,n −X1,n,Is∥ , . . . , ∥Xn,n −Xn,n,Is∥)
′ in this proof (and only in this proof). Writing the last

equation in a vector form, we have

∣∣∣Y Is·
n − Y Is·

n,Is

∣∣∣ ≤∗ λ
∣∣W Is·

n

∣∣ |Yn − Yn,Is |+ ∥β∥ ∥Xn −Xn,Is∥
Is· +

∣∣∣ϵIs·n − ϵIs·n,Is

∣∣∣
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=λ
∣∣W IsIs

n

∣∣ ∣∣∣Y Is·
n − Y Is·

n,Is

∣∣∣+ λ
∑
r∈Is

|Yr,n − Yr,n,Is |
∣∣W Is·

·r,n
∣∣+ ∥β∥ ∥Xn −Xn,Is∥

Is· +
∣∣∣ϵIs·n − ϵIs·n,Is

∣∣∣ ,
whereW·r,n is the rth column ofWn and ϵn,Is = (ϵ1,n,Is , . . . , ϵn,n,Is)

′. DenoteM Is
n ≡

(
mIs

ab,n

)
a,b∈Dn\Is

≡(
I − λ

∣∣W IsIs
n

∣∣)−1, where the indexes of M Is
n and W IsIs

n are the same, i.e., a, b ∈ Dn\Is. By Neu-

mann’s expansion, all entries of M Is
n are nonnegative. Thus, by the above inequality,

∣∣∣Y Is·
n − Y Is·

n,Is

∣∣∣ ≤∗ M Is
n

{
λ
∑
r∈Is

|Yr,n − Yr,n,Is |
∣∣W Is·

·r,n
∣∣+ ∥β∥ ∥Xn −Xn,Is∥

Is· +
∣∣∣ϵIs·n − ϵIs·n,Is

∣∣∣} .
(S.34)

Note that W IsIs
n is the spatial weights matrix of units Dn\Is. By the same argument as in the

proof of Proposition 4.3(4) and (S.28), we have

sup
s,n,a∈Dn\Is

∑
b∈Dn\Is:dab≥m

mIs
ab,n = O

(
m−(α−d) (logm)α−d

)
(S.35)

as m→ ∞ and supn,s
∥∥M Is

n

∥∥
∞ <∞. We extend M Is

n to an n× n matrix M̃ Is
n ≡

(
m̃Is

ab,n

)
a,b∈Dn

by

filling 0’s, i.e., 
m̃Is

ab,n ≡ mIs
ab,n, a ∈ Dn\Is and b ∈ Dn\Is,

m̃Is
ab,n ≡ 0, otherwise.

Then (S.35) becomes

ϕM̃ (m) ≡ sup
s,n,a∈Dn

∑
b∈:dab≥m

m̃Is
ab,n = O

(
m−(α−d) (logm)α−d

)

as m→ ∞ and supn,s

∥∥∥M̃ Is
n

∥∥∥
∞

≤ ϕM̃ (0) <∞. As i ∈ Dn\Is, by taking the Lp-norm on both sides
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of the ith row of inequality (S.34), we have

δY,p(i, Is, n) ≤ 2λ ∥Y ∥Lp

∑
r∈Is

n∑
k=1

m̃Is
ik,nwkr,n + ∥β∥

n∑
k=1

m̃Is
ik,nδX,p(k, Is, n) +

n∑
k=1

m̃Is
ik,nδϵ,p(k, Is, n)

≤2λ ∥Y ∥Lp

∑
r∈Is

n∑
k=1

m̃Is
ik,nwkr,n + (∥β∥+ 1)

n∑
k=1

m̃Is
ik,nδXϵ,p(k, Is, n),

(S.36)

where the first inequality follows from ∥Yr,n − Yr,n,Is∥Lp ≤ 2 ∥Y ∥Lp and the last one follows from

δX,p ≤ δXϵ,p and δϵ,p ≤ δXϵ,p. We analyze the last two terms in (S.36) respectively. For the first

term, ∑
r∈Is

n∑
k=1

m̃Is
ik,nwkr,n ≤ sup

n,i∈Dn

∑
r∈Dn:dir≥s

n∑
k=1

m̃Is
ik,nwkr,n.

Denote ϕM̃IsW (s) ≡ supn,i∈Dn

∑
r∈Dn:dir≥s

∑n
k=1 m̃

Is
ik,nwkr,n. By (S.31) and Lemma S.8, as s→ ∞,

ϕM̃IsW (s)

≤ sup
n

∥Wn∥∞O

((s
2

)−(α−d) (
log

s

2

)α−d
)
+ sup

n,s̃

∥∥∥M̃ Is̃
n

∥∥∥
∞
O

((s
2

)−(α−d)
)

= O
(
s−(α−d) (log s)α−d

)
.

For the second term, we use the same argument as that in the proof of Proposition 4.2. We have

n∑
k=1

m̃Is
ik,nδXϵ,p(k, Is, n) =

n∑
k=1

m̃Is
ik,nδXϵ,p (k, {j : dij ≥ s} , n)

=
∑

k:dik≥s/2

m̃Is
ik,nδXϵ,p (k, {j : dij ≥ s} , n) +

∑
k:dik<s/2

m̃Is
ik,nδXϵ,p (k, {j : dij ≥ s} , n)

≤3
∑

k:dik≥s/2

m̃Is
ik,nδXϵ,p (k,Dn, n) + 3

∑
k:dik<s/2

m̃Is
ik,nδXϵ,p

(
k,
{
j : dkj ≥

s

2

}
, n
)

≤3∆Xϵ,p(0)
∑

k:dik≥s/2

m̃Is
ik,n + 3

(
sup

n,i∈Dn

n∑
k=1

m̃Is
ik,n

)(
sup

n,k∈Dn

δXϵ,p

(
k,
{
j : dkj ≥

s

2

}
, n
))

≤3∆Xϵ,p(0)ϕM̃Is
n

(s
2

)
+ 3ϕ

M̃Is
n

(0)∆Xϵ,p

(s
2

)
= O

(
s−(α−d) (log s)α−d

)
,

where the first inequality follows from Lemma S.3 and the fact that {j : dij ≥ s} ⊂
{
j : dkj ≥ s

2

}
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holds for any k ∈ Dn satisfying dik <
s
2 , and the last inequality follows from Assumption 7(3).

Thus, the two terms on the r.h.s. of (S.36) are both O
(
s−(α−d) (log s)α−d

)
as s → ∞. Hence, as

s→ ∞,

∆Y,p(s) = sup
n,i

δY,p(i, Is, n) = O
(
s−(α−d) (log s)α−d

)
.

Finally, as ∆Y,p(0) = supn,i δY,p(i,Dn, n) ≤ 2 ∥Y ∥Lp , the conclusion follows. ■

Proof of Proposition 4.7. (1) To simplify the notation, we assume λ, γ, ρ ≥ 0 and all entries of

Wn are nonnegative in the proof.3 Note that all expectations and Lp-norms are taken conditional

on C, but we omit the subscript C to simplify the notation. It follows from supN
∥∥S−1

N

∥∥
∞ =

supN

∥∥∥∑∞
l=0 (λWN )l

∥∥∥
∞

≤
∑∞

l=0 λ
l = 1

1−λ that supN ∥AN∥∞ = supN
∥∥S−1

N (γIN + ρWN )
∥∥
∞ ≤

γ+ρ
1−λ = ζ < 1. Besides, S−1

N , AN and their products are all nonnegative, so Lemma S.8 is applicable.

Since yit =
∑∞

h=0

∑N
j=1

(
Ah

NS
−1
N

)
ij
ϵj(t−h) and ϵjt’s are independent conditional on C by Assumption

11, for any pair ((i1, t1) , (i2, t2)) ∈ D2
NT ,

δCp (i1t1, i2t2) =
∥∥∥(At1−t2

N S−1
N

)
i1i2

(
ϵi2t2 − ϵ∗i2t2

)∥∥∥
Lp

≤ 2 ∥ϵ∥Lp

(
At1−t2

N S−1
N

)
i1i2

if t1 ≥ t2; δCp (i1t1, i2t2) = 0 otherwise. Thus, by Lemma S.4,

∆C
p (s) ≤ sup

(N,T )
sup

(i1,t1)∈DNT

∑
(i2,t2)∈DNT :di1t1;i2t2≥s

δCp (i1t1, i2t2)

≤2 ∥ϵ∥Lp sup
(N,T )

sup
(i1,t1)∈DNT

∑
(i2,t2)∈DNT :di1t1;i2t2≥s,t2≤t1

(
At1−t2

N S−1
N

)
i1i2

≤2 ∥ϵ∥Lp sup
(N,T )

sup
(i1,t1)∈DNT

 ∑
(i2,t2):t1−t2≥s

(
At1−t2

N S−1
N

)
i1i2

+
∑

(i2,t2):di1i2≥s,0≤t1−t2<s

(
At1−t2

N S−1
N

)
i1i2


(S.37)

a.s. We now bound the above two terms separately.

Term 1 For any (i1, t1) ∈ DNT and s ∈ [0,∞), because supN
∥∥S−1

N

∥∥
∞ ≤ 1

1−λ that supN ∥AN∥∞ ≤
3This simplicity of notation does not change the essence of the proof; without it, we need to add many absolute

value signs in the proof.
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ζ,

∑
(i2,t2):t1−t2≥s

(
At1−t2

N S−1
N

)
i1i2

≤
∞∑

h=⌊s⌋

N∑
i2=1

(
Ah

NS
−1
N

)
i1i2

≤
∞∑

h=⌊s⌋

sup
N

∥∥∥Ah
NS

−1
N

∥∥∥
∞

≤
∞∑

h=⌊s⌋

∥AN∥h∞
∥∥S−1

N

∥∥
∞ ≤

∞∑
h=⌊s⌋

ζh

1− λ
=

ζ⌊s⌋

(1− λ) (1− ζ)
=

ζ⌊s⌋

1− λ− γ − ρ
.

(S.38)

Term 2 For any (i1, t1) ∈ DNT ,

∑
(i2,t2):di1i2≥s,0≤t1−t2<s

(
At1−t2

N S−1
N

)
i1i2

≤
⌊s⌋∑
h=0

∑
i2:di1i2≥s

(
Ah

NS
−1
N

)
i1i2

. (S.39)

Recall the definition of ϕM (s) in Lemma S.8. For any s ∈ [0,∞),

ϕγIN+ρWN
(s) = γ1(s = 0) + sup

i

∑
j:dij≥s

ρwij,N ≤ C1ρ (s+ 1)−(α−d) ,

for some constant C1 that does not depend on s, where the inequality follows from (S.31). From

(S.33), there exists a constant C2 > 0, such that for any s ∈ [0,∞),

ϕS−1
N
(s) ≤ C2 (s+ 1)−(α−d) (log (s+ 2))α−d .

BecauseAh
NS

−1
N = S−h

N (γIN + ρWN )h S−1
N for any h ∈ {0, 1, 2, . . .},

∥∥S−1
N

∥∥
∞ ≤ 1

1−λ , and ∥γIN + ρWN∥∞ ≤

γ + ρ, by Lemma S.8, for any s ∈ [0,∞), we have

ϕAh
NS−1

N
(s) ≤ (h+ 1)

(
γ + ρ

1− λ

)h

ϕS−1
N

(
s

2h+ 1

)
+

h

(1− λ)2

(
γ + ρ

1− λ

)h−1

ϕγIN+ρWN

(
s

2h+ 1

)
≤C3ζ

h (h+ 1)

(
s

2h+ 1
+ 1

)−(α−d) [
log

(
s

2h+ 1
+ 2

)]α−d

=C3ζ
h (h+ 1) (2h+ 1)α−d (s+ 2h+ 1)−(α−d)

[
log

(
s

2h+ 1
+ 2

)]α−d

≤C4ζ
h (h+ 1)α−d+1 (s+ 1)−(α−d) (log (s+ 2))α−d ,
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where C3, C4 > 0 are constants depending neither on s nor h, and the last inequality follows from

the fact that (s+ 2h+ 1)−(α−d) and
[
log
(

s
2h+1 + 2

)]α−d
both are decreasing in h and h ≥ 0.

Thus, by (S.39),

sup
(i1,t1)∈DNT

∑
(i2,t2):di1i2≥s,0≤t1−t2<s

(
At1−t2

N S−1
N

)
i1i2

≤ sup
(i1,t1)∈DNT

⌊s⌋∑
h=0

ϕAh
NS−1

N
(s)

≤
⌊s⌋∑
h=0

C4ζ
h (h+ 1)α−d+1 (s+ 1)−(α−d) (log (s+ 2))α−d ≤ C5 (s+ 1)−(α−d) (log (s+ 2))α−d ,

(S.40)

where C5 > 0 is a constant not depending on s, and the last step follows from
∑∞

h=0 ζ
h (h+ 1)α−d+1 <

∞. Combining (S.37), (S.38) and (S.40), as s→ ∞, we have

∆C
p (s) ≤ 2 ∥ϵ∥Lp

[
ζ⌊s⌋

1− λ− γ − ρ
+ C5 (s+ 1)−(α−d) (log (s+ 2))α−d

]
= ∥ϵ∥Lp O

(
s−(α−d) (log s)α−d

)
.

■

(2) Multiplying both sides of (4.8) by WN , we obtain WNYN,t =
∑∞

h=0WNA
h
NS

−1
N εN,t−h. Then

the proof for the Lp-FD property of {Wi·,NYNt} is similar to that for {yit}, and thus we omit it

here. ■

Proof of Proposition 4.8. In this proof, all the statements are conditional on C. We first show

the uniform Lp-boundedness of {yit}. For any (i, t) ∈ DNT , denote ξit = e′i(γ0τ lN + ZNtατ +

lNB
′
τFt + VNt). By Assumption 12(2), we have ∥ξ∥Lp,C ≡ supN,T,i,t ∥ξit∥Lp,C < ∞. Recall (4.8):

yit =
∑∞

h=0

∑N
j=1

(
Ah

NS
−1
N

)
ij
ξj,t−h. By supN

∥∥S−1
N

∥∥
∞ ≤ 1

1−|γτ1| and supN ∥AN∥∞ ≤ ζ, we have

∥Y ∥Lp,C = sup
N,T,i,t

∥yit∥Lp,C ≤
∞∑
h=0

sup
N

∥∥∥Ah
NS

−1
N

∥∥∥
∞
∥ξ∥Lp,C

≤
∞∑
h=0

ζh ∥ξ∥Lp,C
1− |γτ1|

=
∥ξ∥Lp,C

1− |γτ1| − |γτ2| − |γτ3|
<∞.

Since supN ∥WN∥ = 1, supN,T,i,t

∥∥Y i,t−1

∥∥
Lp,C ≤

∑N
j=1 |wij,N | ∥yj,t−1∥Lp,C ≤ ∥Y ∥Lp,C < ∞. Simi-
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larly, supN,T,i,t

∥∥e′iW 2
NYN,t−1

∥∥
Lp,C < ∞ and supN,T,i,t

∥∥e′iW 3
NYN,t−1

∥∥
Lp,C < ∞. Thus, ∥Ψ∥Lp,C ≡

supN,T,i,t ∥Ψit∥Lp,C < ∞ as each component of Ψit has been shown to be uniformly Lp-bounded.

By Proposition 4.7, {yit} and
{
Y it

}
are both Lp-FD on {vit} with the Lp-FD coefficient ∆(1)

p (s) =

O
(
s−(α−d) (log s)α−d

)
as s → ∞. Next, we will show that {Ψit} is also Lp-FD on {vit}, and

it suffices to show each component of Ψit is Lp-FD. Denote the Lp-FD coefficient of {yi,t−1} as

∆
(2)
p (s). Note that ∆

(1)
p (0) ≤ 2 ∥Y ∥Lp,C and when s ≥ 1

{(i1, t1) ∈ DNT : dit;i1t1 ≥ s} ⊂ {(i1, t1) ∈ DNT : di,t−1;i1t1 ≥ s− 1} .

Thus, by Lemma S.3, ∆(2)
p (s) ≤ 3∆

(1)
p (s− 1) = O

(
s−(α−d) (log s)α−d

)
. Denote the Lp-FD coeffi-

cient of
{
Y i,t−1

}
as ∆

(3)
p (s). Define WNT = (wi1t1;i2t2)DNT×DNT

as

wi1t1;i2t2 =


wi1i2,N , t1 = t2,

0, otherwise,

i.e.,

WNT =


WN

WN

. . .

 .

Denote QNT =
(
Y ′
N,T−1, Y

′
N,T−2, . . .

)′
and PNT =

(
Y 1,T−1, . . . , Y N,T−1, Y 1,T−2, . . . , Y N,T−2, . . .

)′.
Then

PNT =WNTQNT .

Because

ϕW (s) ≡ sup
(N,T )

sup
(i1,t1)∈DNT

∑
(i2,t2)∈DNT :di1t1;i2t2≥s

wi1t1;i2t2 = sup
N,i∈DN

∑
j∈DN :dij≥s

wij,N = O(sd−α)
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by (S.31), we have ∆
(3)
p (s) = O

(
s−(α−d) (log s)α−d

)
by Proposition 4.2. By similar arguments,

we conclude that
{
e′iW

2
NYN,t−1

}
and

{
e′iW

3
NYN,t−1

}
are both Lp-FD on {vit} with the Lp-FD

coefficient O
(
s−(α−d) (log s)α−d

)
. Conditioning on C, {1}, {zi,t} , {Ft} are all nonstochastic. So

far, we have shown that the Lp-FD coefficient of each component of Ψit = (x′it, r
′
it)

′ is either

O
(
s−(α−d) (log s)α−d

)
or 0. Therefore, the Lp-FD coefficient of {Ψit} is O

(
s−(α−d) (log s)α−d

)
.

Since γ1τ and ϕτ are true parameters, uit ≡ yit − γ1τY it − x′itϕτ = vit. Thus, ψτ (uit)’s are

independent over i and t, i.e., Lq-FD coefficient of {ψτ (uit)} on {vit} is zero for any q ≥ 1. By

Proposition 5.6, the L2-FD coefficient of {sit ≡ ψτ (uit) ·Ψit} on {vit} (denoted as ∆2(s)) satisfies

∆2(s) ≤ ∥Ψ∥Lp,C × 0 + sup
N,T,i,t

∥ψτ (uit)∥
L

2p
p−2 ,C

O
(
s−(α−d) (log s)α−d

)
= O

(
s−(α−d) (log s)α−d

)
.

Finally, since α − d > 1
2 (d+ 1) (as α > 3d

2 + 1
2 from Assumption 12(3)) and supN,T,i,t ∥sit∥Lp,C ≤

∥Ψ∥Lp,C <∞ (as |ψτ (·)| < 1), by Corollary 3.1, Σ−1/2
NT (GNT − EGNT )

d→ N(0, I), where

ΣNT = Var

(
T∑
t=1

N∑
i=1

sit | C

)
= τ(1− τ)

N∑
i=1

T∑
t=1

E
(
ΨitΨ

′
it | C

)

by Assumption 12(6)4. As Ω = limN,T→∞ (NT )−1ΣNT (Assumption 12(5)), by Slutsky’s theorem,

Ω−1/2GNT − EGNT√
NT

d→ N (0, I) .

■

Proof of Proposition 4.9. In this proof, all the statements are conditional on C. From the

proof of Proposition 4.8, the Lp-FD coefficient of {Ψit} is O
(
s−(α−d) (log s)α−d

)
and ∥Ψ∥Lp,C ≡

supN,T,i,t ∥Ψit∥Lp,C <∞. By Proposition 5.2, the Lp/2-FD coefficient (denoted as ∆p/2(s)) of each

4Refer to page 6 in Xu, Wang, Shin and Zheng (2022).
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entry of {ΨitΨ
′
it} on {vit} satisfies5

∆p/2(s) ≤ C1

(
2 ∥Ψ∥Lp,C + 1

)
O
(
s−(α−d) (log s)α−d

)
= O

(
s−(α−d) (log s)α−d

)
→ 0

as s → ∞. By Hölder’s inequality and ∥Ψ∥Lp,C < ∞, each entry of {ΨitΨ
′
it} is uniformly Lp/2-

bounded. Then the result follows from Theorem D.1 and

(NT )−1
N∑
i=1

T∑
t=1

E
(
ΨitΨ

′
it | C

) p→ lim
N,T→∞

(NT )−1
N∑
i=1

T∑
t=1

E
(
ΨitΨ

′
it | C

)
.

■.

S.6. Proofs for Section 5

Proof of Proposition 5.1. Since ∥Hi,n (y)−Hi,n (y
•)∥ ≤ C ∥y − y•∥,

δZ,p (i, I, n) = ∥Hi,n (Yi,n)−Hi,n (Yi,n,I)∥Lp ≤ C ∥Yi,n − Yi,n,I∥Lp = CδY,p (i, I, n) . (S.41)

We obtain the desired result. ■

Proof of Proposition 5.2. By (5.1) and Bi,n (y, y
•) ≤ C1 (∥y∥a + ∥y•∥a + 1),

δZ,p (i, I, n) = ∥Hi,n (Yi,n)−Hi,n (Yi,n,I)∥Lp

≤C1 ∥(∥Yi,n∥a + ∥Yi,n,I∥a + 1) · ∥Yi,n − Yi,n,I∥∥Lp

≤C1 ∥∥Yi,n∥a + ∥Yi,n,I∥a + 1∥Lr · ∥Yi,n − Yi,n,I∥Lq ≤ C1 (2 ∥Y ∥aLar + 1) δY,q (i, I, n) ,

(S.42)

where the second inequality follows from the generalized Hölder inequality, and the last one follows

from the Minkowski inequality. ■

Proof of Proposition 5.3. Denote B ≡ ∥Yi,n∥a + ∥Yi,n,I∥a + 1, ρ ≡ ∥Yi,n − Yi,n,I∥, and r ≡
5Note that ΨitΨ

′
it is a matrix.
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q
a+1 > p. Because q ≥ ap

p−1 , by the Lyapunov inequality and the Minkowski inequality, we have

∥ρ∥Lp ≤ 2 ∥Yi,n∥Lp ≤ 2 ∥Y ∥Lq <∞ and

∥B∥Lp/(p−1) ≤ ∥B∥Lq/a ≤ ∥∥Yi,n∥a∥Lq/a + ∥∥Yi,n,I∥a∥Lq/a + 1 ≤ 2 ∥Y ∥aLq + 1 <∞.

Because 1
r = a

q + 1
q (as r ≡ q

a+1), by the generalized Hölder inequality,

∥Bρ∥Lr ≤ ∥ρ∥Lq ∥B∥Lq/a ≤ 2 ∥Y ∥Lq (2 ∥Y ∥aLq + 1) <∞.

Then, by Lemma S.7, for all n ≥ 1, i ∈ Dn, and j ∈ Dn, there exists a constant C2 > 0 such that

δZ,p (i, I, n) = ∥Zi,n − Zi,n,I∥Lp ≤ C1 ∥(∥Yi,n∥a + ∥Yi,n,I∥a + 1) · ∥Yi,n − Yi,n,I∥∥Lp = C1 ∥Bρ∥Lp

≤2C1

(
∥ρ∥r−p

Lp ∥B∥r−p

Lp/(p−1) ∥Bρ∥
r
Lr

)1/(pr−p)
≤ C2

(
∥Yi,n − Yi,n,I∥Lp

)(q−ap−p)/(pq−ap−p)

=C2 {δY,p (i, I, n)}(q−ap−p)/(pq−ap−p) .

Thus the desired result follows. ■

Proof of Proposition 5.4. For any ϵ > 0, let B ≡ {|Yi,n| < ϵ, |Yi,n,I | < ϵ}. It follows from the

inequality |1 (x1 > 0)− 1 (x2 > 0)| ≤ |x1−x2|
ϵ 1(|x1| ≥ ϵ or |x2| ≥ ϵ) + 1(|x1| < ϵ, |x2| < ϵ) that

∥Zi,n − Zi,n,I∥Lp = ∥1 (Yi,n > 0)− 1 (Yi,n,I > 0)∥Lp ≤
{

1

ϵp

ˆ
Bc

|Yi,n − Yi,n,I |p dP+ P (B)

}1/p

≤
∥Yi,n − Yi,n,I∥Lp

ϵ
+ P (|Yi,n| < ϵ)1/p ≤

δY,p (i, I, n)

ϵ
+ (C1ϵ)

1/p ,

for some constant C1 > 0, where the second inequality follows from the fact that (ap + bp)1/p ≤ a+b

for any a, b ≥ 0 and p ≥ 1, and the last one comes from the uniform boundedness of the density

function of Yi,n. By letting ϵ = {δY,p (i, I, n)}p/(p+1), we have

δZ,p (i, I, n) = ∥Zi,n − Zi,n,I∥Lp ≤
(
1 + C

1/p
1

)
{δY,p (i, I, n)}1/(p+1) ≤ C2 {δY,p (i, I, n)}1/(p+1) ,
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for some constant C2 > 0, which gives the conclusion. ■

Proof of Proposition 5.6. The result follows from

δX,p (i, I, n) = ∥Yi,nZi,n − Yi,n,IZi,n,I∥Lp = ∥(Yi,n − Yi,n,I)Zi,n + Yi,n,I (Zi,n − Zi,n,I)∥Lp

≤∥(Yi,n − Yi,n,I)Zi,n∥Lp + ∥Yi,n,I (Zi,n − Zi,n,I)∥Lp

≤∥Yi,n − Yi,n,I∥Lq1 ∥Z∥Lr1 + ∥Zi,n − Zi,n,I∥Lq2 ∥Y ∥Lr2

= ∥Z∥Lr1 δY,q1 (i, I, n) + ∥Y ∥Lr2 δZ,q2 (i, I, n) ,

(S.43)

where the second inequality follows from the generalized Hölder inequality (as p−1 = q−1
1 + r−1

1 =

q−1
2 + r−1

2 ). ■

Proof of Proposition 5.7. The proof is similar to that of Proposition 5.3. It follows from

Xi,n = Yi,nZi,n that Xi,n,I = Yi,n,IZi,n,I . Denote ρ ≡ |Yi,n − Yi,n,I | and r = q
2 > p. By the

Lyapunov inequality and the Minkowski inequality, ∥ρ∥Lp = ∥Yi,n − Yi,n,I∥Lp ≤ 2 ∥Y ∥Lq < ∞.

And by the generalized Hölder inequality (q = 2r),

∥Zi,nρ∥Lr ≤ ∥ρ∥Lq ∥Zi,n∥Lq ≤ 2 ∥Y ∥Lq ∥Z∥Lq <∞.

By the fact that p
p−1 ≤ q,

∥Zi,n∥Lp/(p−1) ≤ ∥Zi,n∥Lq ≤ ∥Z∥Lq <∞.

Then, by Lemma S.7,

∥(Yi,n − Yi,n,I)Zi,n∥Lp = ∥Zi,nρ∥Lp ≤ 2
(
∥ρ∥r−p

Lp ∥Zi,n∥r−p

Lp/(p−1) ∥Zi,nρ∥rLr

)1/(pr−p)

≤ C1 (∥ρ∥Lp)
(q−2p)/(pq−2p) = C1 ∥Yi,n − Yi,n,I∥(q−2p)/(pq−2p)

Lp = C1 {δY,p(i, I, n)}(q−2p)/(pq−2p)

44



for some constant C1 > 0 that does not depend on i, I, n. Similarly,

∥Yi,n,I (Zi,n − Zi,n,I)∥Lp ≤ C2 ∥Zi,n − Zi,n,I∥(q−2p)/(pq−2p)
Lp = C2 {δZ,p(i, I, n)}(q−2p)/(pq−2p) .

By the above two results,

δX,p(i, I, n) = ∥Yi,nZi,n − Yi,n,IZi,n,I∥Lp = ∥(Yi,n − Yi,n,I)Zi,n + Yi,n,I (Zi,n − Zi,n,I)∥Lp

≤∥(Yi,n − Yi,n,I)Zi,n∥Lp + ∥Yi,n,I (Zi,n − Zi,n,I)∥Lp

≤C1 {δY,p(i, I, n)}(q−2p)/(pq−2p) + C2 {δZ,p(i, I, n)}(q−2p)/(pq−2p) .

We obtain the desired result. ■

S.7. Proofs for Section 6

Proof of Theorem 6.1. (1) By the independence of ϵi,n and ϵ∗i,n,

Yi,n − E (Yi,n|Fi,n (s)) = Yi,n − E
[
Yi,n,{j∈Dn:dij≥s}

∣∣∣Fi,n (s)
]

=E
[
Yi,n − Yi,n,{j∈Dn:dij≥s}

∣∣∣ ϵk,n, k ∈ Dn

]
.

Thus, the desired conclusion follows from

sup
n,i∈Dn

∥Yi,n − E (Yi,n|Fi,n (s))∥Lp = sup
n,i∈Dn

∥∥∥E [Yi,n − Yi,n,{j∈Dn:dij≥s}

∣∣∣ ϵk,n, k ∈ Dn

]∥∥∥
Lp

≤ sup
n,i∈Dn

∥∥∥Yi,n − Yi,n,{j∈Dn:dij≥s}

∥∥∥
Lp

= sup
n,i∈Dn

δp (i, {j ∈ Dn : dij ≥ s} , n) = ∆p(s) → 0 as s→ ∞,

where the inequality follows from the conditional Jensen inequality. ■
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(2) From Yi,n =
∑

j∈Dn
wij,nϵj,n and the independence of ϵj,n’s,

∆p(s) = sup
n,i∈Dn

∥∥∥Yi,n − Yi,n,{j∈Dn:dij≥s}

∥∥∥
Lp

= sup
n,i∈Dn

∥∥∥∥∥∥
∑

j∈Dn:dij≥s

wij,n

(
ϵj,n − ϵ∗j,n

)∥∥∥∥∥∥
Lp

≤2 sup
n,i∈Dn

∥∥∥∥∥∥
∑

j∈Dn:dij≥s

wij,nϵj,n

∥∥∥∥∥∥
Lp

= 2 sup
n,i∈Dn

∥Yi,n − E [Yi,n | Fi,n (s)]∥Lp ≤ 2ψ (s) .

Thus the result follows. ■

Proof of Corollary 6.1. For any i ∈ Dn, m > 0, denote ξmi,n = E (Yi,n|Fi,n (m))−EYi,n and ηmi,n =

Yi,n−E(Yi,n|Fi,n (m)). From Theorem 6.1,
∥∥∥ηmi,n∥∥∥

L2
≤ ∆2 (m). Because the conditional expectation

minimizes the L2-distance, we have
∥∥∥ξmi,n∥∥∥

L2
≤ ∥E (Yi,n|Fi,n (m))∥L2 ≤ ∥Yi,n∥L2 ≤ ∥Y ∥L2 and∥∥∥ηmi,n∥∥∥

L2
≤ ∥Yi,n∥L2 ≤ ∥Y ∥L2 . For any i ̸= j and 0 < s ≤ dij

2 , since Yi,n − EYi,n = ξsi,n + ηsi,n and

Yj,n − EYj,n = ξsj,n + ηsj,n, we have

|Cov (Yi,n, Yj,n)| ≤
∣∣E (ξsi,nξsj,n)∣∣+ ∣∣E (ξsi,nηsj,n)∣∣+ ∣∣E (ηsi,nYj,n)∣∣ .

We bound each term on the r.h.s. of the above inequality respectively. First, because Fi,n (s) and

Fj,n (s) are independent,
∣∣∣E(ξsi,nξsj,n)∣∣∣ = 0. Second, by the Cauchy-Schwartz inequality,

∣∣E (ξsi,nηsj,n)∣∣ ≤ ∥∥ξsi,n∥∥L2

∥∥ηsj,n∥∥L2 ≤ ∥Y ∥L2 ∆2 (s) ,

∣∣E (ηsi,nYj,n)∣∣ ≤ ∥∥ηsi,n∥∥L2 ∥Yj,n∥L2 ≤ ∥Y ∥L2 ∆2 (s) .

In sum, we have |Cov (Yi,n, Yj,n)| ≤ 2 ∥Y ∥L2 ∆2 (s) for any 0 < s ≤ dij
2 . ■

46



S.8. More Examples of Spatial Functional Dependence

S.8.1. The Semiparametric SAR model in Su and Jin (2010) and Su (2012)

In this section, we discuss the application of our FD theory to the semiparametric SAR models

considered in Su and Jin (2010) and Su (2012). Since the model in Su (2012) is a special case of

the one in Su and Jin (2010), we focus on the model considered in Su and Jin (2010):

Yn = F (λWnYn +Xnβ +m(Zn) + ϵn) (S.44)

whereWn = (wij,n)n×n is a nonstochastic and nonzero spatial weights matrix, F : R → R is a Borel-

measurable function, F (a) ≡ (F (a1), . . . , F (an))
′ for any column vector a = (a1, . . . , an)

′ ∈ Rn,

λ ∈ R and β ∈ RK are true model parameters, Xn = (X1,n, X2,n, . . . , Xn,n)
′ ∈ Rn×K1 and Zn =

(Z1,n, Z2,n, . . . , Zn,n)
′ ∈ Rn×K2 are the exogenous variable matrices, ϵn = (ϵ1,n, ϵ2,n, . . . , ϵn,n)

′ ∈ Rn

is the disturbance term, m(Zn) = (m(Z1,n), . . . ,m(Zn,n))
′, and m(·) : RK2 → R is an unknown

function.

To establish the FD properties of Yn generated by model (S.44), we state some assumptions.

Assumption S.2. (1) The Lipschitz constant of F : R → R is L, and ζ ≡ L |λ| supn ∥Wn∥∞ <

1;

(2) |wij,n| ≤ cd−α
ij for some constants c > 0 and α > d;

(3) for some p ≥ 1,
{(

X ′
i,n, ϵi,n

)′
: i ∈ Dn, n ≥ 1

}
is Lp-FD on an independent random field

u ≡ {ui,n : i ∈ Dn, n ≥ 1} with the spatial FDM δXϵ,p(i, I, n) and the Lp-FD coefficient

∆Xϵ,p (s) satisfying ∆Xϵ,p (s) = O
(
s−(α−d) (log s)α−d

)
as s → ∞ and ∆Xϵ,p (0) < ∞; Zi,n’s

are independent over i;

(4) ∥ϵ∥Lp = supn,i ∥ϵi,n∥Lp <∞, ∥X∥Lp = supn,i

∥∥∥X ′
i,nβ

∥∥∥
Lp
<∞ and ∥Z∥Lp = supn,i ∥m(Zi,n)∥Lp <

∞.

47



In Su and Jin (2010, Assumption 1), they assume thatXi,n’s and Zi,n’s are nonstochastic, which

is a special case of our Assumption S.2. Thus, our conclusion directly applies to their settings.

Proposition S.1. Under Assumptions 1 and S.2, the {Yi,n} generated by the model (S.44) is Lp-FD

on
{(

u′i,n, Z
′
i,n

)′}
with the Lp-FD coefficient ∆p (s) = O

(
s−(α−d) (log s)α−d

)
as s→ ∞.

Proof. By Assumption S.2(3),
{(

X ′
i,n,m(Zi,n) + ϵi,n

)′
: i ∈ Dn, n ≥ 1

}
is Lp-FD on

{(
u′i,n, Z

′
i,n

)′}
with the Lp-FD coefficient ∆XϵZ,p (s) satisfying ∆XϵZ,p (s) = ∆Xϵ,p (s) for s > 0 and ∆XϵZ,p (0) ≤

∆Xϵ,p (0)+2 ∥Z∥Lp <∞. We regard m(Zi,n)+ ϵi,n as a whole. Then, the conditions of Proposition

4.3(6) are satisfied. Then, the result follows from Proposition 4.3(6). ■

S.8.2. The Functional-coefficient SAR model in Sun (2016)

In this section, we consider the functional-coefficient SAR model with nonparametric spatial weights

in Sun (2016). The model can be written as

Yn =WnYn + mtx {Xn, θ(Dn)}+ ϵn, (S.45)

where Xn = (X1,n, X2,n, . . . , Xn,n)
′ ∈ Rn×K1 , Zn = (Z1,n, Z2,n, . . . , Zn,n)

′ ∈ Rn×K2 and Dn =

(D1,n, D2,n, . . . , Dn,n)
′ ∈ Rn×1 are covariates, mtx{Xn, θ(Dn)} ≡ (X ′

1,nθ(D1,n), · · · , X ′
n,nθ(Dn,n))

′,

Wn = (wij,n)n×n, wij,n = g(Zi,n, Zj,n), ϵn = (ϵ1,n, ϵ2,n, . . . , ϵn,n)
′ ∈ Rn is the disturbance term,

and both θ(·) : R → RK1 and g(·, ·) : RK2 × RK2 → R are unknown functions. It is interesting to

notice that this setup allows the spatial weights matrix Wn to be endogenous under the following

conditions.

Assumption S.3. (1) (X ′
i,n, Z

′
i,n, Di,n, ϵi,n)’s are independent over i;

(2) ∥Wn∥∞ ≤ ζ < 1 a.s. for some constant ζ;

(3) |g(Zi,n, Zj,n)| ≤ cd−α
ij a.s. for some constants c > 0 and α > d;
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(4) ∥ϵ∥Lp = supn,i ∥ϵi,n∥Lp <∞ and ∥Xθ∥Lp = supn,i

∥∥∥X ′
i,nθ(Di,n)

∥∥∥
Lp
<∞.

Proposition S.2. Under Assumptions 1 and S.3, the {Yi,n} generated by (S.45) is Lp-FD on{
(X ′

i,n, Z
′
i,n, Di,n, ϵi,n)

}
with the Lp-FD coefficient ∆p (s) = O

(
s−(α−d) (log s)α−d

)
as s→ ∞.

Proof. In this proof, we regard
{
(X ′

i,n, Z
′
i,n, Di,n, ϵi,n)

}
as the underlying random field and assume

the weights wij,n’s are always nonnegative w.l.o.g. Denote ei,n ≡ X ′
i,nθ(Di,n) + ϵi,n and en ≡

(e1,n, . . . , en,n)
′.

For any fixed unit k ∈ Dn and any s ≥ 0, denote Is ≡ {j ∈ Dn : dkj ≥ s}. Let wij,Is ≡

g(Zi,n,Is , Zj,n,Is), Wn,Is ≡ (wij,Is)n×n, Mn ≡ (I −Wn)
−1 ≡ (mij)n×n and Mn,Is ≡ (I −Wn,Is)

−1 ≡

(mij,Is)n×n. By (S.45)

Yn =Mnen.

Similarly, Yn,Is =Mn,Isen,Is . Let Mk·,n and Mk·,n,Is be the kth row of Mn and Mn,Is , respectively.

Then,

Yk,n,Is − Yk,n =Mk·,n,Isen,Is −Mk·,nen =Mk·,n,Is (en,Is − en)︸ ︷︷ ︸
Q1

+(Mk·,n,Is −Mk·,n) en︸ ︷︷ ︸
Q2

.

We handle Q1 and Q2 respectively. For Q1, note that ei,n,Is = ei,n if dki < s, and ei,n,Is = e∗i,n

otherwise. Thus,

∥Q1∥Lp ≤

∥∥∥∥∥∥
∑

j:dkj≥s

mkj,Is

(
e∗j,n − ej,n

)∥∥∥∥∥∥
Lp

≤ 2 (∥ϵ∥Lp + ∥Xθ∥Lp)
∑

j:dkj≥s

mkj,Is .

By Assumption S.3(2)-(3) and (S.33), ∥Q1∥Lp = O
(
s−(α−d) (log s)α−d

)
. For Q2, by Mn =∑∞

l=0W
l
n and the formula

Al −Bl =

l−1∑
h=0

Bh (A−B)Al−1−h (S.46)
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for all square matrices A and B, we have

Mn,Is −Mn =
∞∑
l=0

W l
n,Is −

∞∑
l=0

W l
n =

∞∑
l=1

l−1∑
h=0

W h
n (Wn,Is −Wn)W

l−1−h
n,Is

,

and

n∑
k3=1

|mkk3,Is −mkk3,n| =
∞∑
l=1

l−1∑
h=0

n∑
k1,k2,k3=1

(
W h

n

)
kk1

|wk1k2,Is − wk1k2,n|
(
W l−1−h

n,Is

)
k2k3

. (S.47)

When 0 < h ≤ l−1, by Lemma S.8, (S.31) and Assumption S.3(2)-(3), ϕWh
n
(s) ≤ O

(
hζh−1

(
s
h

)d−α
)
,

where ϕ(s) is defined in Lemma S.8. Besides, ϕ|Wn,Is−Wn|(s) = O
(
sd−α

)
. Because Zi,n,Is = Zi,n if

dki < s and Zi,n,Is = Z∗
i,n otherwise, when dki < s and dkj < s, we have wij,Is − wij,n = 0. Thus,(

W h
n

)
kk1

|wk1k2,Is − wk1k2,n|
(
W l−1−h

n,Is

)
k2k3

= 0 if dkk1 <
s
2 and dk1k2 <

s
2 . As a result,

n∑
k1=1

n∑
k2=1

n∑
k3=1

(
W h

n

)
kk1

|wk1k2,Is − wk1k2,n|
(
W l−1−h

n,Is

)
k2k3

≤
n∑

k1:dkk1≥s/2

(
W h

n

)
kk1

n∑
k2=1

n∑
k3=1

|wk1k2,Is − wk1k2,n|
(
W l−1−h

n,Is

)
k2k3

+

n∑
k1=1

(
W h

n

)
kk1

n∑
k2:dk1k2≥s/2

|wk1k2,Is − wk1k2,n|
n∑

k3=1

(
W l−1−h

n,Is

)
k2k3

≤ϕWh
n

(s
2

)∥∥∥(Wn,Is −Wn)W
l−1−h
n,Is

∥∥∥
∞

+
∥∥∥W h

n

∥∥∥
∞
ϕ|Wn,Is−Wn|

(s
2

)∥∥∥W l−1−h
n,Is

∥∥∥
∞

≤O
(
hζh−1

( s
h

)d−α
)
· 2ζ · ζ l−1−h + ζ l−1O

(
sd−α

)
= ζ l−1O

(
h
( s
h

)d−α
)
.

When h = 0,

n∑
k1=1

n∑
k2=1

n∑
k3=1

(
W h

n

)
kk1

|wk1k2,Is − wk1k2,n|
(
W l−1−h

n,Is

)
k2k3

=

n∑
k2=1

n∑
k3=1

|wkk2,Is − wkk2,n|
(
W l−1

n,Is

)
k2k3

=

n∑
k2:dkk2≥s

|wkk2,Is − wkk2,n|
n∑

k3=1

(
W l−1

n,Is

)
k2k3
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≤ϕ|Wn,Is−Wn|(s)
∥∥∥W l−1

n,Is

∥∥∥
∞

≤ ζ l−1O
(
sd−α

)
.

The implicit constants in the O(·) in the above two inequalities depend neither on l nor n. Thus,

by (S.47),

n∑
k3=1

|mkk3,Is −mkk3,n| ≤
∞∑
l=1

{
ζ l−1O

(
sd−α

)
+

l−1∑
h=1

ζ l−1O

(
h
( s
h

)d−α
)}

≤
∞∑
l=1

{
1 + (l − 1)α−d+2

}
ζ l−1O(sd−α) = O(sd−α).

The implicit constants in the O(·) in the above inequalities do not depend on k or n. Hence,

∥Q2∥Lp =

∥∥∥∥∥∥
n∑

k3=1

(mkk3,Is −mkk3,n) ek3,n

∥∥∥∥∥∥
Lp

≤ (∥ϵ∥Lp + ∥Xθ∥Lp)

n∑
k3=1

|mkk3,Is −mkk3,n| = O(sd−α).

Therefore, ∥Yk,n,Is − Yk,n∥ ≤ ∥Q1∥Lp + ∥Q2∥Lp ≤ O
(
s−(α−d) (log s)α−d

)
uniformly in k and n as

s→ ∞, and the conclusion follows. ■

S.8.3. The Smooth-coefficient SAR model in Malikov and Sun (2017)

In this section, we consider the smooth-coefficient SAR model in Malikov and Sun (2017). The

model can be written as

Yn = ρ(Zn)WnYn + mtx {Xn, β(Zn)}+ ϵn, (S.48)

where Wn = (wij,n)n×n is the nonstochastic spatial weights matrix, Xn = (X1,n, X2,n, . . . , Xn,n)
′ ∈

Rn×K1 and Zn = (Z1,n, Z2,n, . . . , Zn,n)
′ ∈ Rn×K2 are the covariates, ϵn = (ϵ1,n, ϵ2,n, . . . , ϵn,n)

′ ∈ Rn

is the disturbance term, ρ(·) : RK2 → R and β(·) : RK2 → RK1 are the unknown functions, and

ρ(Zn) ≡ diag {ρ(Z1,n), . . . , ρ(Zn,n)} ∈ Rn×n and β(Zn) ≡ (β(Z1,n), . . . , β(Zn,n))
′ ∈ Rn×K1 , and

mtx{Xn, β(Zn)} ≡ (X ′
1,nβ(Z1,n), . . . , X

′
n,nβ(Zn,n))

′.
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Assumption S.4. (1) (X ′
i,n, Z

′
i,n, ϵi,n)’s are independent over i;

(2) supu |ρ(u)| supn ∥Wn∥∞ ≤ ζ < 1 for some constant ζ;

(3) |wij,n| ≤ cd−α
ij for some constants c > 0 and α > d;

(4) ∥ϵ∥Lp ≡ supn,i ∥ϵi,n∥Lp <∞ and ∥Xβ∥Lp ≡ supn,i

∥∥∥X ′
i,nβ(Zi,n)

∥∥∥
Lp
<∞.

Proposition S.3. Under Assumptions 1 and S.4, the {Yi,n} generated by (S.48) is Lp-FD on{
(X ′

i,n, Z
′
i,n, ϵi,n)

}
with the Lp-FD coefficient ∆p (s) = O

(
s−(α−d) (log s)α−d

)
as s→ ∞.

Proof. The proof is similar to that of Proposition S.2. We take
{
(X ′

i,n, Z
′
i,n, ϵi,n)

}
as the underlying

random field. Denote ei,n ≡ X ′
i,nβ(Zi,n)+ ϵi,n and en ≡ (e1,n, . . . , en,n)

′. For any fixed unit k ∈ Dn

and any s ≥ 0, denote Is ≡ {j ∈ Dn : dkj ≥ s}. Let Mn ≡ (I − ρ(Zn)Wn)
−1 ≡ (mij,n)n×n and

Mn,Is ≡ (I − ρ(Zn,Is)Wn)
−1 ≡ (mij,n,Is)n×n. Denote |A| ≡ (|aij |) for any matrix A ≡ (aij). By

(S.48),

Yn =Mnen and Yn,Is =Mn,Isen,Is .

Let Mk·,n and Mk·,n,Is be the kth row of Mn and Mn,Is , respectively. Then,

Yk,n,Is − Yk,n =Mk·,n,Isen,Is −Mk·,nen =Mk·,n,Is (en,Is − en) + (Mk·,n,Is −Mk·,n) en ≡ Q1 +Q2.

For Q1, since ei,n,Is = ei,n if dki < s and ei,n,Is = e∗i,n otherwise, we have

∥Q1∥Lp ≤

∥∥∥∥∥∥
∑

j:dkj≥s

mkj,Is

(
e∗j,n − ej,n

)∥∥∥∥∥∥
Lp

≤ 2 (∥ϵ∥Lp + ∥Xβ∥Lp)
∑

j:dkj≥s

mkj,Is . (S.49)

By Assumption S.4(2)-(3) and (S.33), ∥Q1∥Lp = O
(
s−(α−d) (log s)α−d

)
as s→ ∞.

For Q2, by Neumann’s expansion and (S.46),

Mn,Is −Mn =

∞∑
l=0

[ρ(Zn,Is)Wn]
l −

∞∑
l=0

[ρ(Zn)Wn]
l
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=
∞∑
l=1

l−1∑
h=0

[ρ(Zn)Wn]
h {[ρ(Zn,Is)− ρ(Zn)]Wn} [ρ(Zn,Is)Wn]

l−1−h ,

and

n∑
k3=1

|mkk3,n,Is −mkk3,n|

=

∞∑
l=1

l−1∑
h=0

n∑
k1,k2,k3=1

(
|ρ(Zn)Wn|h

)
kk1

|[ρ(Zk1,n,Is)− ρ(Zk1,n)]wk1k2,n|
(
|ρ(Zn,Is)Wn|l−1−h

)
k2k3︸ ︷︷ ︸

≡Alh,n

.

(S.50)

When h = 0, Al0,n = 0 because Zk,n,Is = Zk,n. When 0 < h ≤ l − 1, by Lemma S.8, (S.31) and

Assumption S.4(2), supn,i supZn

∑
j:dij≥s

(
|ρ(Zn)Wn|h

)
ij

≤ O
(
hζh−1

(
s
h

)d−α
)

as s → ∞. Since

Zk1,n,Is = Zk1,n when dkk1 < s,

Alh,n =
∑

k1:dkk1≥s

(
|ρ(Zn)Wn|h

)
kk1

n∑
k2=1

n∑
k3=1

|[ρ(Zk1,n,Is)− ρ(Zk1,n)]wk1k2,n|
(
|ρ(Zn,Is)Wn|l−1−h

)
k2k3

≤
∑

k1:dkk1≥s

(
|ρ(Zn)Wn|h

)
kk1

·
∥∥∥[ρ(Zn,Is)− ρ(Zn)]Wn [ρ(Zn,Is)Wn]

l−1−h
∥∥∥
∞

≤ζh−1hα−d+1 ·O
(
sd−α

)
· 2ζ l−h = ζ l−1hα−d+1 ·O

(
sd−α

)
,

where the implicit constant in the O
(
sd−α

)
depends neither on l nor n. Combining the results for

h = 0 and 0 < h ≤ l − 1, by (S.50), we have

n∑
k3=1

|mkk3,Is −mkk3,n| ≤ O(sd−α)·
∞∑
l=2

l−1∑
h=1

(
ζ l−1hα−d+1

)
≤ O(sd−α)·

∞∑
l=2

[
(l − 1)α−d+2 ζ l−1

]
= O(sd−α).

53



By the above inequality,

∥Q2∥Lp ≤ sup
n,k

∥∥∥∥∥∥
n∑

k3=1

(mkk3,Is −mkk3,n) ek3,n

∥∥∥∥∥∥
Lp

≤ (∥ϵ∥Lp + ∥Xβ∥Lp)
n∑

k3=1

|mkk3,Is −mkk3,n| = O(sd−α).

(S.51)

Therefore, by (S.49) and (S.51), ∥Yk,n,Is − Yk,n∥Lp ≤ ∥Q1∥Lp + ∥Q2∥Lp ≤ O
(
s−(α−d) (log s)α−d

)
uniformly in k and n as s→ ∞. And the conclusion follows. ■

S.8.4. The SDPD model in Shi and Lee (2017)

The SDPD model in Shi and Lee (2017) can be specified as

YNt = λWNYNt + γYN,t−1 + ρWNYN,t−1 +XNtβ + ΓNft + UNt, (S.52)

where t = T, T−1, . . . , i = 1, . . . , N , YNt = (y1t, y2t, . . . , yNt)
′, WN = (wij,N )N×N is a nonstochastic

spatial weights matrix and invariant as t changes, XNt = (x1t, . . . , xNt)
′ ∈ RN×p is the regressor

matrix, ΓN is the N × r factor loading parameter matrix, ft’s are the time varying unknown

common factors, UNt = (u1t, . . . , uNt)
′ is the disturbance term satisfying UNt = αW̃NUNt + VNt,

W̃N ≡ (w̃ij,N )N×N is a nonstochastic spatial weights matrix, VNt = (v1t, . . . , vNt)
′, and vit’s are

i.i.d. random variables. Denote SN ≡ IN − λWN , S̃N ≡ IN − αW̃N , AN ≡ S−1
N (γIN + ρWN ),

BN ≡ S−1
N S̃−1

N , εNt ≡ (ϵ1t, . . . , ϵNt)
′ ≡ XNtβ + ΓNft. Then (S.52) can be written as YNt =

ANYN,t−1 + S−1
N εNt + BNVNt . Under some suitable conditions, by iterating the above equation,

we have

YNt =

∞∑
h=0

Ah
NS

−1
N εN,t−h +

∞∑
h=0

Ah
NBNVN,t−h. (S.53)

To establish the FD properties for {yit}, we need the following assumptions.

Assumption S.5. Let C ≡
[
∨∞
t=−∞σ(ft)

]
∨ [∨∞

N=1σ(ΓN )] be the σ-field generated by all factors and

factor loadings.
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(1) Conditional on C, (x′it, vit)’s are independent over i and t;

(2) supN ∥WN∥∞ ≤ 1 and |λ|+ |γ|+ |ρ| < 1;

(3) ξ ≡ supN

∥∥∥αW̃N

∥∥∥
∞
< 1;

(4) ∥ϵ∥Lp,C ≡ supN,T supi,t ∥ϵit∥Lp,C < ∞ and ∥v∥Lp,C ≡ supN,T supi,t ∥vit∥Lp,C < ∞ for some

p ≥ 1;

(5) |wij,N | ≤ cd−α
ij and |w̃ij,N | ≤ cd−α

ij for some constants c > 0 and α > d.

Remark. Under Assumption S.5, ζ ≡ |γ|+|ρ|
1−|λ| < 1.

Proposition S.4. For model (S.52), under Assumptions 1 and S.5, {yit : (i, t) ∈ DNT } is C-

conditionally Lp-FD on {(xit, vit)} with the C-conditional Lp-FD coefficient ∆C
p (s) = O

(
s−(α−d) (log s)α−d

)
almost surely as s→ ∞.

Proof. To simplify the notation, we assume λ, γ, ρ, α ≥ 0 and all entries of Wn are nonnegative in

the proof.6 Note that all expectations and Lp-norms are taken conditional on C, but we omit the

subscript C to simplify the notation. It follows from supN
∥∥S−1

N

∥∥
∞ = supN

∥∥∥∑∞
l=0 (λWN )l

∥∥∥
∞

≤∑∞
l=0 λ

l = 1
1−λ that supN ∥AN∥∞ = supN

∥∥S−1
N (γIN + ρWN )

∥∥
∞ ≤ γ+ρ

1−λ = ζ < 1. Similarly,

supN

∥∥∥S̃−1
N

∥∥∥
∞

≤ 1
1−ξ and supN ∥BN∥∞ ≤ 1

(1−ξ)(1−λ) . Besides, S−1
N , AN , BN and their products

are all nonnegative7. Thus, Lemma S.8 is applicable. Since yit =
∑∞

h=0

∑N
j=1

(
Ah

NS
−1
N

)
ij
ϵj,t−h +∑∞

h=0

∑N
j=1

(
Ah

NBN

)
ij
vj,t−h and (ϵjt, vjt)’s are independent conditional on C by Assumption S.5(1),

for any pair ((i1, t1) , (i2, t2)) ∈ D2
NT ,

δCp (i1t1, i2t2) =
∥∥∥(At1−t2

N S−1
N

)
i1i2

(
ϵi2t2 − ϵ∗i2t2

)
+
(
At1−t2

N BN

)
i1i2

(
vi2t2 − v∗i2t2

)∥∥∥
Lp

≤2 ∥ϵ∥Lp

(
At1−t2

N S−1
N

)
i1i2

+ 2 ∥v∥Lp

(
At1−t2

N BN

)
i1i2

.

6This simplicity of the notation does not change the essence of the proof; without it, we would need to add many
absolute value signs in the proof.

7A matrix is nonnegative if and only if all of its elements are nonnegative.
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When t1 < t2, δCp (i1t1, i2t2) = 0. So, in the following, it suffices to consider the case that t1 ≥ t2.

By Lemma S.4,

∆C
p (s) ≤ sup

(N,T )
sup

(i1,t1)∈DNT

∑
(i2,t2)∈DNT :di1t1;i2t2≥s

δCp (i1t1, i2t2)

≤2 sup
(N,T )

sup
(i1,t1)∈DNT

∑
(i2,t2)∈DNT :di1t1;i2t2≥s,t2≤t1

[
∥ϵ∥Lp

(
At1−t2

N S−1
N

)
i1i2

+ ∥v∥Lp

(
At1−t2

N BN

)
i1i2

]

≤2 ∥ϵ∥Lp sup
(N,T )

sup
(i1,t1)∈DNT


∑

(i2,t2):t1−t2≥s

(
At1−t2

N S−1
N

)
i1i2︸ ︷︷ ︸

Term 1

+
∑

(i2,t2):di1i2≥s,0≤t1−t2<s

(
At1−t2

N S−1
N

)
i1i2︸ ︷︷ ︸

Term 3



+ 2 ∥v∥Lp sup
(N,T )

sup
(i1,t1)∈DNT


∑

(i2,t2):t1−t2≥s

(
At1−t2

N BN

)
i1i2︸ ︷︷ ︸

Term 2

+
∑

(i2,t2):di1i2≥s,0≤t1−t2<s

(
At1−t2

N BN

)
i1i2︸ ︷︷ ︸

Term 4


(S.54)

a.s. We bound the above four terms separately.

Term 1 For any (i1, t1) ∈ DNT and s ∈ [0,∞), because supN
∥∥S−1

N

∥∥
∞ ≤ 1

1−λ and supN ∥AN∥∞ ≤

ζ < 1, we have

∑
(i2,t2):t1−t2≥s

(
At1−t2

N S−1
N

)
i1i2

≤
∞∑

h=⌊s⌋

N∑
i2=1

(
Ah

NS
−1
N

)
i1i2

≤
∞∑

h=⌊s⌋

sup
N

∥∥∥Ah
NS

−1
N

∥∥∥
∞

≤
∞∑

h=⌊s⌋

∥AN∥h∞
∥∥S−1

N

∥∥
∞ ≤

∞∑
h=⌊s⌋

ζh

1− λ
=

ζ⌊s⌋

(1− λ) (1− ζ)
=

ζ⌊s⌋

1− λ− γ − ρ
.

(S.55)

Term 2 Replacing S−1
N in (S.55) by BN , since supN ∥BN∥∞ ≤ 1

(1−ξ)(1−λ) , we have

∑
(i2,t2):t1−t2≥s

(
At1−t2

N BN

)
i1i2

≤ ζ⌊s⌋

(1− λ) (1− ζ) (1− ξ)
. (S.56)
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Term 3 For any (i1, t1) ∈ DNT ,

∑
(i2,t2):di1i2≥s,0≤t1−t2<s

(
At1−t2

N S−1
N

)
i1i2

≤
⌊s⌋∑
h=0

∑
i2:di1i2≥s

(
Ah

NS
−1
N

)
i1i2

. (S.57)

Recall the definition of ϕM (s) = supi
∑

j:dij≥smij for any square matrix M = (mij) in Lemma S.8.

For any s ∈ [0,∞),

ϕγIN+ρWN
(s) = (γIN + ρWN )h γ1(s = 0) + sup

i

∑
j:dij≥s

ρwij,N ≤ C1ρ (s+ 1)−(α−d) , (S.58)

for some constant C1 that does not depend on s, where the inequality follows from (S.31). From

(S.33), there exists a constant C2 > 0 such that for any s ∈ [0,∞),

ϕS−1
N
(s) ≤ C2 (s+ 1)−(α−d) (log (s+ 2))α−d . (S.59)

Because Ah
NS

−1
N = S−h

N (γIN + ρWN )h S−1
N for any h ∈ {0, 1, 2, . . .}, ζ = γ+ρ

1−λ ,
∥∥S−1

N

∥∥
∞ ≤ 1

1−λ , and

∥γIN + ρWN∥∞ ≤ γ + ρ, by (S.58), (S.59) and Lemma S.8, for any s ∈ [0,∞), we have

ϕAh
NS−1

N
(s) ≤ (h+ 1)

(
γ + ρ

1− λ

)h

ϕS−1
N

(
s

2h+ 1

)
+

h

(1− λ)2

(
γ + ρ

1− λ

)h−1

ϕγIN+ρWN

(
s

2h+ 1

)
≤C3ζ

h (h+ 1)

(
s

2h+ 1
+ 1

)−(α−d) [
log

(
s

2h+ 1
+ 2

)]α−d

=C3ζ
h (h+ 1) (2h+ 1)α−d (s+ 2h+ 1)−(α−d)

[
log

(
s

2h+ 1
+ 2

)]α−d

≤C4ζ
h (h+ 1)α−d+1 (s+ 1)−(α−d) (log (s+ 2))α−d ,

where C3, C4 > 0 are constants depending neither on s nor h, and the last inequality is because
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both (s+ 2h+ 1)−(α−d) and
[
log
(

s
2h+1 + 2

)]α−d
are decreasing in h ≥ 0. Thus, by (S.57),

sup
(i1,t1)∈DNT

∑
(i2,t2):di1i2≥s,0≤t1−t2<s

(
At1−t2

N S−1
N

)
i1i2

≤ sup
(i1,t1)∈DNT

⌊s⌋∑
h=0

ϕAh
NS−1

N
(s)

≤
⌊s⌋∑
h=0

C4ζ
h (h+ 1)α−d+1 (s+ 1)−(α−d) (log (s+ 2))α−d ≤ C5 (s+ 1)−(α−d) (log (s+ 2))α−d ,

(S.60)

where C5 > 0 is a constant not depending on s, and the last step follows from
∑∞

h=0 ζ
h (h+ 1)α−d+1 <

∞.

Term 4 For any (i1, t1) ∈ DNT ,

∑
(i2,t2):di1i2≥s,0≤t1−t2<s

(
At1−t2

N BN

)
i1i2

≤
⌊s⌋∑
h=0

∑
i2:di1i2≥s

(
Ah

NBN

)
i1i2

. (S.61)

Under Assumption S.5(5), by the same argument as that for (S.59), for any s ∈ [0,∞), we have

ϕS̃−1
N
(s) ≤ C2 (s+ 1)−(α−d) (log (s+ 2))α−d . (S.62)

BecauseAh
NBN = S−h

N (γIN + ρWN )h S−1
N S̃−1

N for any h ∈ {0, 1, 2, . . .},
∥∥S−1

N

∥∥
∞ ≤ 1

1−λ , ∥γIN + ρWN∥∞ ≤

γ + ρ, and
∥∥∥S̃−1

N

∥∥∥
∞

≤ 1
1−ξ , by (S.62) and Lemma S.8, for any s ∈ [0,∞),

ϕAh
NBN

(s) ≤ h+ 1

1− ξ

(
γ + ρ

1− λ

)h

ϕS−1
N

(
s

2h+ 2

)
+

h

(1− λ)2 (1− ξ)

(
γ + ρ

1− λ

)h−1

ϕγIN+ρWN

(
s

2h+ 2

)
+

1

1− λ

(
γ + ρ

1− λ

)h

ϕS̃−1
N

(
s

2h+ 2

)
≤C6ζ

h (h+ 1)

(
s

2h+ 2
+ 1

)−(α−d) [
log

(
s

2h+ 2
+ 2

)]α−d

=C6ζ
h (h+ 1) (2h+ 2)α−d (s+ 2h+ 2)−(α−d)

[
log

(
s

2h+ 2
+ 2

)]α−d

≤C7ζ
h (h+ 1)α−d+1 (s+ 2)−(α−d)

(
log
(s
2
+ 2
))α−d

,
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where C6, C7 > 0 are constants depending neither on s nor h, and the last inequality is because

both (s+ 2h+ 2)−(α−d) and
[
log
(

s
2h+2 + 2

)]α−d
are decreasing in h ≥ 0. Thus, by (S.61),

sup
(i1,t1)∈DNT

∑
(i2,t2):di1i2≥s,0≤t1−t2<s

(
At1−t2

N BN

)
i1i2

≤ sup
(i1,t1)∈DNT

⌊s⌋∑
h=0

ϕAh
NBN

(s)

≤
⌊s⌋∑
h=0

C7ζ
h (h+ 1)α−d+1 (s+ 2)−(α−d)

(
log
(s
2
+ 2
))α−d

≤ C8 (s+ 2)−(α−d)
(
log
(s
2
+ 2
))α−d

,

(S.63)

where C8 > 0 is a constant not depending on s, and the last step follows from
∑∞

h=0 ζ
h (h+ 1)α−d+1 <

∞.

Combining (S.55), (S.56), (S.60), (S.63), as s→ ∞, we have

∆C
p (s) ≤ O

(
s−(α−d) (log s)α−d

)
.
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