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Abstract

As supplementary material for the paper ‘Bounded support in linear random coefficient
models: Identification and variable selection’ we provide the proofs of the results in Section
3.1, a primal-dual witness condition of the adaptive LASSO as well as an analysis for
estimating the mean vector with diverging number of parameters.

6 Proofs for Section 3.1

Proof of Proposition 3.1

Proof of Proposition 3.1. From Theorem 2.4, under the assumptions of the proposition the

matrix T
). (o)

is of full rank with positive probability. Therefore, the random positive semi-definite matrix

HESR A iiv((l’W?)T) “(awnT)’

for n > p(p 4+ 1)/2 is positive definite with positive probability. Hence its expected value,
which equals C?, is positive definite. O

Proof of Theorem 3.2

Turning to the proof of Theorem 3.2, recall the decomposition

EZ =0n +Cnt&n (6.1)
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of the error term (3.3).

Lemma 6.1. Under the conditions of Theorem 8.2, we have that

= (50) T (6o + ) =on 1),

The proofs of the previous as well as the following lemma are deferred to the end of this
section.

Lemma 6.2. Set 73! = ﬁ (Xg)Tén, then

1

E[Z7" |X7) = Oppiny2 and Cov(Z7'|X7) = — (X7) 07 X7,

where Q2 is a diagonal matriz with entries v(X1) T U* v(Xy1),...,v(Xn) " ¥* v(Xy). In par-
ticular, Cov(Z3") = B” and Z3" = Op (1).

Proof of Theorem 3.2. We shall use the primal-dual witness characterization of the adaptive
LASSO in Lemma 7.1 in this supplement, Section 7, to prove the sign-consistency (3.7),
and the Lindeberg-Feller central limit theorem for random vectors, see van der Vaart (1998,
Proposition 2.27), to prove the asymptotic normality (3.8). For more details see also the proof
of Theorem 3.5. By Lemmas 6.1 and 6.2, setting

-1
Pye =In =X0s, ((XZ,SU)T Z,s(,) (X75,)"

we have that
1 T
7n (X7.se) Pxzy en=0p(1).
In addition, the requirements v/n X7 — 0 and /n (67" — ¢*) = Op (1) in Theorem 3.2 lead
to

e s T 1. (63)
k] ™ |lor| - [am = o

for all k € S, since |o%| > 0 for these k. This implies

-1
( %,Sg)TXZ,S(,« 7 5) Z,sa> </\g<

= Op (1) op (1) + Op (1) = Op (1) (6.4)

1 o 1
‘ginét © &gn(asg))) + n ( ;‘1753)TPX5,S(, €n
n,00

vn




Moreover, y/n (5,0 — o*) = Op (1) implies also \/ﬁAm‘t Op (1) for all k € S since o} =0
for these k. Thus, by the second requirement n A7 — oo on the regularization parameter it
follows that

VAT g P
‘O.mlt’ f}01n1t‘

for all k € SS. Together with (6.4) this implies the first condition (7.1) of Lemma 7.1 with
high probability for a sufficient large number n of observations. Furthermore, let

N 1 1 1 _
O'msg = O'Z'U + (n ( Z7SU)TX2750> (n (ngsg)—l— g )\U <a.1nlt @&gn(aég))) .

n,Ss

Then we obtain
Vi Fus. = 3,) =

by (6.3). Moreover, with Lemmas 6.1 and 6.2 it follows that

1 -1
— Z,SU)TXZ,S[,> %( Z7SU)T€Z+O]P(1)

n

~ * 1 (e g - 1 g
Vn (Gn,s, = 05,) = (n (Xn,Sg)TXmSJ) Tn (X95,)  0n +o0p (1) (6.5)

= O]p (1) + op (1) = O[p (1),

which leads to ,, 5, — 05 = op (1). Therefore the second condition, sign (Gn’sa) = sign (J;go),
of Lemma 7.1 is also satisfied with high probability for large n. Sign-consistency of the
adaptive LASSO and ET/L%G = 0p,5, is the consequence.

Note that for the asymptotic normality (3.8) of the rescaled estimation error only the first
term in (6.5) is crucial. Hence we consider the random vectors

o1l __ 1 o _ 1 -
zg _\/ﬁ(xn)mn_ﬁ;(eﬁn) X;) WZ< Tvee(D; = %) ) v(Xi),

where D; = (Ai — ,u*)(Ai — M*)T and J,, is defined in (6.2). Now we want to apply the
Lindeberg-Feller central limit theorem for the array

L
Vn
of random vectors. These are independent and identically distributed in each row (for fixed n)

since (X{,A{)",..., (X2, A})T" are independent and identically distributed. Furthermore,
they are centered,

Qn,i = (V(Xi)TVGC(Di - E*)) v(Xj), i=1,...,n,

B[00 = = [B[v(X0) Tvee(D: = %) | %3] ¥(X0)| = Z=BD-¥(X0)] = ey

n

and for the sum of the covariance matrices

Z Cov(Qn,i) = Cov ( Z Qn,i) = Cov(ZJ")
i=1 i=1



we get by Lemma 6.2

zn: (COV(Qn’i) =B?.
i=1

Moreover, we obtain for arbitrary > 0 the equation

iE[HQn,z’Hg 1{|@Qn.ill, > 6}} =E [V(X)Tvec(D — 5%) v(X) "vee(D — %) v(X) " v(X)

: H{V(X)Tvec(D — 29 v(X) Tvee(D — 29 v(X) Tv(X) > 5°n}|.

The expected mean E[v(X)Tvec(D — £*) v(X) Tvec(D — £*) v(X) Tv(X)] exists because of
Assumption 1 and the Cauchy Schwarz inequality. Thus we get

Tim ;E[ucgn,iuz 1{luill > 8}] =0

by Lebesgue’s dominated convergence theorem, which coincides with Lindeberg’s condition,
see van der Vaart (1998, Proposition 2.27). Hence the mentioned proposition implies the
weak convergence

1

ol __
GRS
n

o T = d -
(Xn) On = ZQn,i — Q~ Np(p+1)/2 (0P(P+1)/2’B ) )

i=1

B

respectively
1
vn

So all in all a multivariate version of Slutsky’s theorem, see for example van der Vaart (1998,

(X75) 60 5 Qs, ~ N, (05,,BZ 5.) -

Theorem 2.7, Lemma 2.8), together with equation (6.5) leads to
~ X d o -1
\/ﬁ(o}fz%’o‘ - O-Srr) — ( S(TSO') QSG’ :
In addition, it follows that

(C,5,) " Qs ~ N, (0, (C55,) B, (CE5,) )

by the symmetry of C¢ ¢ and the properties of the multivariate normal distribution, and
hence the asymptotic normality (3.8). O

Proof of Lemma 6.1. We prove Lemma 6.1 in two steps. First we show that

7= () =0 (). (6.6)
We obtain



= (06 == z (e Gv(Xs) = o= z (v(X3) Tvee () ) v ()

=1 q=1
(p+1)/2 1 n
S \/ﬁvec(En)q<nZv(Xi)qv(Xi)), 6.7)
q=1 i=1

where
E, = (N* - ﬁn) (N* - ﬁn)—r

By the assumption on fi, we get e} Epe; = (g — p}) (Ting — p1f) = Op(1/n) for k,1 €
{1...,p}, and hence also

vVnvee(En), = Op <\}ﬁ> (6.8)

for all ¢ € {1,...,p(p + 1)/2}. Furthermore, the random vectors Q! = V(Xi)
independent and identically distributed with

X;) J :p(pi/QE“v(Xi)rv(Xi)qH < %0,

v (Xl) are

E[ltl,] < Efietl] - 2| |vx
so that by the law of large numbers

L z — 0p (1) (6.9)

for all g € {1,...,p(p+ 1)/2} follows. In summary, (6.7), (6.8) and (6.9) lead to (6.6).
In the second step, consider

1 p(p+1)/2
= Y 2 ( > v )vec(F), ) ¥(X).
where F,, ; = (Ai — u*) (u* - ﬁn)T + (,u* - ﬁn) (Ai - u*)T . Then we obtain analogously

(XU T, = Z V1 (Fin gk — 1k (— %ZXi,kXi,l (Aiy — uf) V(Xi))
=1

k=1

4-

= Op(1)op (1) =op (1),

since
]E|:X1,kX1,l (A1 — pf) V(X1)} =0
by the independence of X7 and Aj. O



Proof of Lemma 6.2. We obtain by simple calculation E[én }X;‘l] = 0, and Cov (5n ‘ X;‘L) =
27, hence

E[Z3!|X7] =

I o\ T o
= ﬁ (Xn) E[‘Sn } Xn} = Oppt1)/2

and

1

Cov(Z7"|X7) =~ (X7) ' Cov (6. | X7) X7 = ~ (X7) "7 X7.

1
n
For random variables (01, Q2 and ()3 the law of total covariance implies the decomposition

Cov(Q1,@2) = E[Cov(Q1, Q2| @s)| + Cov(E[Q1 | Q] E[Q2 | Qs])

This can be extended to random vectors and covariance matrices and hence we obtain

xz])

Cov(Z;') = E[Cov(Z7" | X7) | + Cov(E[ 25"

—E E (x9) g xg] =B7.

Boundedness in probability follows since by the law of large numbers,

% (x9) "7 x7 = ii (v(Xi)T\p*v(xi)> v(Xi) v(X;) T = B

7 The adaptive LASSO

We look for a fixed number n € N of observations at the ordinary linear regression model
Yn = Xn B * +én,

where Y,, € R" is the vector of the response variables, X,, € R"*P the deterministic design
matrix, 8* € RP the unknown coefficient vector and e, € R" represents additive noise.
Moreover, we allow the coefficients 8* to be sparse, in other words it is s < p for

stupp(ﬁ*):{ke{l,...,p}‘BZ#O}, s=|9].

In addition, let S¢ = {1,...,p} \ S be the relative complement of S. Because of the sparsity
of the coefficients the linear regression model can also be expressed by

Y, = Xn,SBE’;‘ +éen.

Consider the adaptive LASSO estimator with regularization parameter A, > 0, given by

~ . 1 p
BrﬁL IS pé&n = arg min (n 1Y, — XTL/BH% 12\, | Bk ) 7

PeERP k=1 ‘Bﬁnét

where B,init € RP is an initial estimator of 5*. If Bﬁ“,;t = 0, we require B = 0 in the above
definition.



Lemma 7.1 (Primal-dual witness characterization of the adaptive LASSO). Assume s < n
and rank(X,, g) = s. If

- 1 A
X7 seXps (XZ,SX,Lﬁ) A ( @s1gn(5s)> X gPyy e < s (1)
‘ nS‘ ' ‘ n,S¢
with
—1
Pyl =1 =Xy s (Xl,sxn,S) X, s
holds, and

- . (1 ! 1 s
Bn,s = Bs + <n X;an,5> (n X560 = An <Wmlt Slgn(ﬂs)))

satisfies sign(ﬁmg) = sign(ﬁg), then the unique adaptive LASSO solution pﬁkn = {B\Tf}L}

satisfies
sign(ﬁnAL) = sign(ﬁ ) an = Bn,S and @{%c = O‘Sc‘ .

Proof. Cf. Lemma 12.1 in Zhou et al. (2009) with @ = (1/|Blnlt , - 1/|ﬁmlt|)—r eRr. O

8 Estimating the means with diverging number p of parame-
ters

The model is given in vector-matrix form by
Vh = Xt pt el
where
m T o T n T * T * T
V= (V.. V), XEa= Xy, Xa] |, et (Xl (Ar—p*),. . X (An — gt )) :

Then the adaptive LASSO estimator with regularization parameter A}, > 0 is given by

. 1 z
AL € pL o argmin (L (ve - e g2+ 200 S0 L) (5.1)
BERP n kzl Tb,k

where 71"t € R? is an initial estimator of u*. Note that if ﬁ;n}gt = 0, we require again S = 0.

Further, let
cr=E[XX], B = E[ (X2 X) XX,
and we denote by
Su=supp(u') = {k € {1,.p} i £ 0}, su=18,,

the support of the mean vector p*. S§ = {1,...,p} \ S, is again the corresponding relative

complement.



Assumption 3 (Growing p). We assume that (X;', A/ )T, i =1,...,n, are identically dis-
tributed, and that

(A9) the random coefficients A have finite second moments,
(A10) the covariate vector X is sub-Gaussian,

(A11) ccr) < Amin (C“) < Amax (C“) < ccu,y for some positive constants 0 < ccong < copy <
00, where Apin(A) and Apax(A) denote the minimal and maximal eigenvalues of a
symmetric matrix A,

(A12) Apax (B“) < ¢Buy for some positive constant cpuy > 0,
(A13) limy, o0 p/n = 0.

Theorem 8.1 (Variable selection for growing p). Let Assumption 3 be satisfied, and assume
that for the initial estimator G in the adaptive LASSO At in (8.1) we have

init

\/1% Hﬁn - ,u*Hz = Op (1). Moreover, if the reqularization parameter is chosen as N — 0,
VAL (min vP) = 0, P/ (Biain VR) = 0, AL /p — 00
with p},, = mingeg, |1y, then it follows that AL is sign-consistent,
P (sign (i) = sign (")) = 1. (8.2)
For the proof of Theorem 8.1 we need the following auxiliary lemma.

Lemma 8.2. Set Z} = 1 (Xﬁ)Tsﬁ, then || Zk |y = Op (1/p/n).

n

Proof of Lemma 8.2. 1t is
1 1
E(I1Z413] = =5 B[ () T4 (X3) Teh] = = B trace((x4) el (eh) TX%)]

1

- EE[‘crace((Xﬁ)TE[gg ()T | X~] xg)}
1 1 T

= —trace| E|— (XB) ' QeX01 |,
n n

where Qf = Cov (5% | Xﬁ) is a diagonal matrix with entries X{ ¥*X{,... X ¥* X . It is
obvious that

1
B[ o] =B
mn

and hence we obtain by Assumption (A12) the estimate

Iz H
E HZ“HQ _ trace(B ) < )\max(B )p < cBu’up'
n 12 n n

Markov’s inequality implies the assertion. ]



Proof of Theorem 8.1. We shall use the primal-dual witness characterization of the adap-
tive LASSO in Lemma 7.1 in Section 7 to prove the sign-consistency (8.2). We obtain by
Assumption (A10) and Wainwright (2019, Theorem 6.5) that

= Op (\/I%>7

1
~ (X)) 'xp — o
n

M,2

which implies together with the Assumptions (A11) and (A13) the invertibility of the Gram
matrix for large n, and hence by Loh and Wainwright (2017, Lemma 11) we get also

H (i(xxfxz)_l - (o

ZOIP(\/}?TR)-

M,2

Furthermore, basic properties of the £» operator norm lead to

xt ) Txe (xe ) Txe ) o (et )
( n,Sﬁ) n,Sy ( n,Su) n,Sy SﬁSu SuSu

= Op (\/I%)

M,2
In particular, this implies
1 - T T
T
(hommxs) | —oe). | g g () ) | = 0e)
M2 M,2
(8.3)
Moreover, let fi,"i ) = minges, [}, then
ﬁ;znrlrtnn Hmin 1 ~init * < \/ZB >
— " =, =0 =) =or(1)
Nmin Hmin H " H2 HFnin \/ﬁ
since \/n Hu‘mt ,u*HQ = Op (1) and /p/ (133 v'1) — 0. This implies
and hence we obtain
\/ﬁ Au( 1 o sign (1 )> _Vna |1 <,/78Mn)\5 1
p |\, S0 R I v
VR T Su T )\M ~init -1
\/23 ( n mln)
,/Su >\ ('u ) 1 <1 + M'rlznllfnn :u;knin>_1
\/]3 min lu’min
V/SuTt An )\“ Op (1)
R
=op(1) (8.4)



since /S, 1 A/ (Hin +/P) — 0 by assumption. It follows that

e ) T (e )T ) o (L ign (1% Lt )Py et

; ( n,S’ﬁ) n,SH<( n,S’H) n,SH> n ﬁinib:c QSIgH(MS;L) +ﬁ( n,Sﬁ) Xﬁ,su En

n7

T T -1 n

< e s (e Txes)
M,2

n |l
+
p
=Or (1)

= Op (1)

2

AM <’\1n1t ®Sign(u*5u)>

lunS

T -1 n
o) e (e )| e
2 M2 VP

op (1) + Op (1) + Op (1)

2

(Xﬁ sa)T55 )T5¢f

(X5

n,Sy

n 2

(8.5)
by Lemma 8.2 and (8.3), where

T T
Prr, =L —Xig ((Xhs,) o) ()T

Furthermore, it is

|/7¥znzit Hﬁ%né‘tc _H/A‘;Lngc NTS‘;; HAlmt ILL*H2:\/7HILL1H1t 'U’*HQ
A T M M = VA N3

for all k£ € S°. The condition /n Hu‘mt M*H2 = Op (1) together with n A\, /p — oo implies
the convergence

‘ ,LL 1n1t 1

Vn/pMi nAn/p
Hence it follows by (8.5) that the first condition (7.1) of Lemma 7.1 is satisfied with high
probability for a sufficient large sample size n. Furthermore, let
® sign(ugu))> :

-1
- . T 1 T 1
Hn,s, = pg, + ( (X5, Su) XZ,SN> ( (X5, SM) € — An ( ~Tnit
) et

n,Sy
< L X* ) XA - n
9 = ;( n,Su) n,Sy o p
2)

Op (1) = op (1).

Then we obtain

n ~ *
5 H:un,S# - MSM

- (xe

n,Sy

n 2

n 1 . .
+\/; AZ(minit QSIgn(/‘SH)>

n,Sy
= Op (1) (O]p (1) + op (1)) = Op (1)
by (8.3), (8.4) and Lemma 8.2. In particular, this implies

, = Or (\ﬁ%) =op (1)

by Assumption (A13), and hence the second condition, sign([in,g#) = sign(,uj‘gu), of Lemma,

Hﬁn,Su - /‘Z‘M

7.1 is also satisfied with high probability for large sample sizes n. Sign-consistency of the
adaptive LASSO and 7. un S = [in,s, 1s the consequence. O

10
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