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In this appendix, we first discuss some impulse response analyses in Appendix B.1, and then
present several preliminary lemmas in Appendix B.2, which are helpful to the development of the
main results. The omitted proofs of the main results and the proofs of the preliminary lemmas are

given in Appendices B.3 and B.4, respectively.

B.1 Impulse Responses for Time—Varying VARX Models

In this subsection, we focus on the marginal impact of changes in the exogenous variables, which is
measured by the impulse response functions, and is of great interest in VAR analysis. We first note

that after some trivial but tedious development, successive substitution for lagged y;’s of (4.1) gives

oS Jj—1 0o Jj—1
yi = Bo(r)a, + > T [[ T Xz +me+ Y T [[T(rn)T "y,
=1 k=0 =1 k=0

where j = [Id7 de(d(p71)+mq)]a T(T) = (BO(T)T7 ngyna R 0:1r><ma Ima Om7 R Om)T
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Ai(r) o Apa(r) Ap(r) Bi(r) -+ Bgoa(r) By(r)
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Then it is easy to see that
j—1
D?, = J[[T(r-)X(r—y) with j=1,2,... (B.1)
k=0

are the impulse response functions associated with the exogenous shocks. We can prove that th can



be approximated by D¥(r) with negligible errors, where
D7 (1) = JT?(7)X (7). (B.2)

In addition, we define the nonparametric estimator of (B.2) as

~

D?(r) = JT ()X (7), (B.3)

in which we replace A;(7) and B;(7) of I'(1) and Y (7) of (B.2) with the corresponding nonparametric
estimators obtained from (4.5).

The next theorem summarizes the asymptotic properties associated with (B.2) and (B.3).

Theorem B.1. Suppose that Assumptions 4 and 5 hold. As T — oo, sup;>y HD;‘jt — Dj”(Tt)H =
O(T~Y). Moreover, for ¥ € (0,1),

~

VTh <vec[D7(7) ~ D%(7)] - %hQ’c“ng’(Q) (T)> —p N(0, Aps (7)),

where D;cv(Q)(T) = G;(1)B¥ (1), ADJ@(T) = Gj(T)V(T)GjT(T), Go(7) = (Ogmx (d2p+dmg)> Lam), and
Jorj=>1

j—1
G;(T) = (Z Y(r) ()Yt eJJrkn)J’, I, @ JIY (T)J_T> .
k=0

We now comment on how to construct the confidence interval. By Theorem 4.1, it is straightfor-

ward to have
Aps:(7) —p Aps(7), (B.4)

where BD]_E (1) has a form identical to Aps (1) but replacing I'(7), Y(7) and V(1) with their esti-

mators, respectively.

B.2 Preliminary Lemmas

Lemma B.1. Suppose {Z;, Fi} is a martingale difference sequence, Sp = Zthl Zy, Up = Zle 7z}
and s2. = E(U2) = B(S2). If s;°U2 —p 1 and ZZ;I E[Z%’tl(|ZT7t| > v)] = 0 for any v > 0 with

Zri = s;th, then as T — oo, s;lsT —p N(0,1).
Lemma B.1 is Corollary 3.1 of Hall and Heyde (1980).

Lemma B.2. Let {Z;, F;} be a martingale difference sequence. Suppose that |Zi| < M for a constant



M,t=1,...,T. Let Vp = Zthl Var (Zy|Fi—1) <V for some V > 0. Then for any given v > 0,

(S5 ) <o)

T
Sz
t=1
Lemma B.2 is Proposition 2.1 of Freedman (1975).

Lemma B.3. The following algebraic decompositions hold true.

1. By(L) = X272, B;j L’ can be decomposed as Bi(L) = By(1) — (1 — L)B,(L), where By(L) =
Z?i() .§J7tLj and -éj,t = ZzO:jJrl Bk,t~

2. B{(L) = > 2520(Bjtrt ® Bj)L7 can be decomposed as B} (L) = Bj(1) — (1 — L)BI (L), where
B} (L) = > %0 é;,tLj and E;t = heji1(Brirt @ Bry).

)

In addition, let Assumption 1 hold, then

9. szt 3052, || Bjl] < oo;

4. limp_, o ZtT:_11 Brr1 (1) — Be(1)]] < oo;

. SUp;>q Z]O‘io ||§]r,t|| < 005

6. supizy 3272, B (1)) < oo;

7. Mimrosoe 3y 3002 (1B (1) = B (1)]] < co.

Lemma B.4. Let Assumptions 1 and 2 hold, and let {WT,t(')}Z;l be a sequence of m x d matrices
of functions, where m > 1 is fixed, and each functional component is Lipschitz continuous and de-
fined on a compact set [a,b]. Moreover, suppose that (1) sup,cqy Zthl |Wr(r)|]| = O1), and (2)
Tsdr log T — 0, where dp = sup,¢jqp)i>1 [Wre(T)|. As T — o0,

SUP,¢[q,4) HZZ; WT,t(T)Bt(l)ftH = Op (VdrlogT).

Lemma B.5. Let the conditions of Lemma B.4 hold. Suppose Tsdr logT — 0, sup;>1 Ef||e||*|Fi-1] <
00 @.8. and Sup.¢jqp) 2?2_11 (Wris1(1) = Wr(7)|| = O(dr). As T — o0

1. Sup;¢pay HZZ;l (I ® Wiy (7)) BY (1) (veclese/ ] — vec[Iy)) H = Op (VdrlogT);
2. supTG[a’b} HZ?Zl (Id (9 WT’t(T)) CthH = Op (\/ dT log T) 5
where & =Y 071 > ot o{ Bstrt€t—r} @ Bgy.

Lemma B.6. Under Assumption 5, there exists a time—varying VMA (o0o) process

oo o
U= p (1) + Z Dje-(Tt)Et—j + Z D;’(Tt)"’t—j
=0 J=0



such that maxe>1{FE ||y — 7)Y = O(TY), where

wi(r) = Z w;(7) (M(T) + Bz(T)Q(T)) , W(r)=J®I(1)J T,

7=0 =0
Ai(r) o Apa(r) Ap(T)
1, 04 04
@(7—) = ) J = [Idvodxd(pfl)] ’
04 I, 04
J
Ds(r) = ¥,(n)w(r), Dy(r)= >, Dp; (1)

b=max(0,j—q)

Moreover, y; and x; admit the following expression

Yt w*(7e) > €j
= +Y Dj(n) ,
7=0

T a() Viy1-j

DS$(r) DY (7
where D; (1) = ]( ) / 1(7) ,and DY(1) =0 and C;(17) =0 for j < 0. Here, all D;(-) satisfy
J j J J

0 ijl(T)

the same conditions as those in Assumption 3.

Lemma B.7. Let Assumptions 4-5 hold. Suppose further sup;>, E [Het||4 ‘ft—l] < 00 a.s. and

T1-4/6}
logT

— o0 as T — o0,

1. sup,epion || 722, KrZor — X2,(7) @ A1|| = Op <h2 + lnghT>, where Ay = diag(Co, é2) and
32,(7) = 2z, (1) @ Li;

2. SUPrch,1-h) H%ZQT’TKTZl - E}LQ(T) ®A2H = Op <h2 + lnghT>, where Ay = [¢,0]" and
2]Z1,2 (T) = 2]z1,2 (T) ® Iy;

3. SupTE[O,l] H%Z’TKTT’H = OP ( 1(')]%};T>7 where n= (7717 B 777T)T;

4. suprcy I1B(r) = B()| = Op(h? + \/log T/(Th)); and

5. SUP-¢[o,1] Hﬁ(’i‘) - %Zle Q1) Kp (e — T)H =0Op <h2 + lzghT)
Lemma B.8. Suppose Assumptions 4—6 hold. As T — oo,
_ 5 O > 1 _ _
LT Zu () Z), = [y (B2(7) = B2, (DEL (DEL L (1) @ Q71 (r)d7;

2. ST 210 () (z;te(n) — Z}s(m) [0(r1) Zan, ... e(TT)TzzT]T) — op(VT);
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3. YL 2, (1) Z),s(ri)n = op(VT); and

4o Zu QT (e =Y, <th — Xz, (Tt)EE;(Tt)Zzt) Q! (r)me + op(VT).

B.3 Omitted Proofs of the Main Results

Proof of Proposition 2.1.

(1). Let p denote the largest eigenvalue of ®; uniformly over ¢. Then, p < 1 by the condition in
Proposition 2.1. Similar to the proof of Proposition 2.4 in Dahlhaus and Polonik (2009), we have
max;>1 || Hg;é ®, ;|| < Mp/, which yields that

o0 o0
rggchJ |Bjll = I;l;ny
7j=1 7j=1

j—1
J[[®-id"
=0

<MY jp =0(1)
j=1
In addition, for any conformable matrices {A;} and {B;}, since

r r r 7—1 r
HAi_HBi:Z<HAk> (4, -By) [ ] Bt|-
=1 =1 7j=1 \k=1

k=j+1

we then obtain that

T—1 oo j—1 j—1
Thm Z Zj J (H D — H 'I)t—i) JT
T = j— i=
T—-1 oo J m—1 J
= 303 (T o) @ = s (1T 20 7 ‘
=1 =1 m=1 \ k= k=m
T—
< MprJ ! hm Z [®ry1 — Pef| = O(1)
given the condition in Proposition 2.1. Based on the above two results, we have
mabeHDth < Mmabe Z |B;| < Mpr =
- b=1 j=b—q
We also have
T—-1 oo T-1 oo b
Jim > b|Dyi1 — Dyl < Jim > | > Bt — Bl 1€ a1l
t=1 b=1 t=1 b=1 j=max(0,b—q)

T—1 oo b

+ lim >0 > Bll®b i1 — Op il

t=1 b=1 j=max(0,b—q)

T—-1 o
< max @ g+ Jim > > b Byrsr — Byl
t=1 b=1
[e's) b T-1
o maxd> b > Bl (mﬁxﬁiﬂoz 1©me41 —®m,t”> =0(Q1).
b=1  j=max(0,b—q) t=1



(2). By part (1) and the condition of Proposition 2.1, it suffices to show that max;>1 Z;’;l JjllD;

oo and limp o S0 > 5213 1Dje+1 — Dyl < oo. Write

o0 J
ma’XZJHDJtH <MmaXZJZ||BktII 1€kt
- j=1 k=0
:M f—
I?ZE?ZZJHBMH 1C)—kt—kll = MmaXZHBktHZ k+ ) |Cje—kl
k= 0] k
—MmanyHerZHCm ]H+MmaxZHBmHZJHCJt sl = 0(1)
k=1 3=0

In addition,

T-1 o T—-1 oo J
Jim D ilDje — D] < Jim Z 5 Bl - 1€l - IC) -k 41—k = Cirpil

t=1 j=1 t 1 j=1 k=0
T—-1 oo 7
+ lim D 0D Bkl 1Oer1-k = Okl 1Cj— a1kl
T—o0 -
t=1 j=1 k=0
T—-1 oo J
+ lim D > 5> 1Brerr = Brall 1Okl |1Cjmkarioll = My + Mro + Mrs.

-
Il
—
<
Il
-
B
Il
o

We need only to show that Mz is bounded below, as the proofs of Mrs and Mr3 can be
established similarly. Observe that

T—-1 o 7
Mr; < max |[© - lim D> X Bl ICs -1k = Cipoil
TN =1 k=0
T—-1 oo oo
= max [ - lim 2 kzoz’;,? 1Br,tll - 1Cj—k 1k — Cjka—kll
= = ]:
T-1 o]
= max €] - lim 2 kZ_O | B ;(j + k) [|Cjt1-k — Cj—k
T-1 oo
< max |0 - maXZHBmH lim 33" 1C)e1k —
- t 1 5=0
T-1 o
+ max |, maxzk 1Bidl - Jim 3731k — Gkl = O01).
t:l 7=0
The proof is now completed. O
Proof of Theorem 3.1.
Since Zt L Kn(re —7) =14 O (), we have
. . 1 < 1
() = B(A() = = D (@0 — p() K (=) +Op - ).
t=1



which follows that Th (fi(7) — E (fi(7))) = \/% ST (@ — p(r) K (75-7) + op(1).

As L Kn(m—7) = O(1), maxy = Kp,(r;—7) = O(1/(Th)) and % 3" (Kp (o401 —7) — Kp (1 —
7)) = O(1/(Th)), by Lemma 2.4, we have

;hij(m -ty (77
B ;h tTl B()eK <Tt;7> . J%EI(L)@K <n;7) _ J%IET(L)eTK (r:rh— r>
T-1

For the bias term, we have for any 7 € (0,1)

1 d Tt —T 1 5 1

The proof is now completed.

L]
Proof of Theorem 3.2.
Note that ; = p(1) + €}, so we can write
T T
pi(r) —p(r) = (Z Wra(r)(re) — ﬁ(ﬂ) + Z Wr(r)e; == Kr1+ Kra,
t=1 t=1
where Wr,(7) = K(™57)/ 3L K (757).
We start our investigation from K7, and write
1 T w—T1\ 1 T Ts — T 1 T Ts — T
Kri=|=—Y K[ >~ TSK<S:t>—~ TSK<S:>
- (Th; (™ o7 omrak (57 ) - = S mran (5
1 T T — T 1
ro (K (™ )sz)—zT(r)) +0r ()
(x5 Th
1
=K K
711+ K112+ Op <Th> ,
where the definitions of K711 and Kp12 should be obvious, Zp(7) = \%23:1 e K (Ttﬁ_T) and
Th

e = E;io Bj(1;)€t—j. Similar to the development of Lemma 2.2, we can show that ||K7 12| =

Op((T%)_l/Q), which, along with the conditions of Theorem 3.2, yields

VTh| Kras| = Op((h/h)'/?) = op(1).



For K11, by the definition of Riemann integral, we have

K = /_11 K (u) /_11 K(v) (u(r + vh + uh) — p(r + vﬁ)) dvdu + O <T1h)

= JPan )+ 00+ ) +0 (7).

Thus, we need only to focus on K72 and then show that

Tt

T 00 o)
1 ( B T) * ~ T
— YK e; —»p- N | 0,504 > Bj(r) p > B/ (7)
VIhi= h j=0 j=0

Using the Cramér-Wold device, this is enough to show for any conformable unit vector d,

T [e'S) %)
1 Tt—7'> T % ~ T T
ZK( d'ef —»p- N |0,5d" Y Bj(r) <> B/ (r) pd
VTh = h §=0 §=0

For V7 € [h+ h,1 — h — k), we write
L iK(Tt_T) A& = Z3(r) + —— ZT:K(”_T) dT (& — e)E;
& = 27(T ¢ S5t
VTh — h VTh = h
= Zp(7) + op-(1), (B.1)

where Z3.(1) = \/% Zle K (Tt}:T) d'e;&;, and the second equality follows from

T — T

T 2
jﬁ;K( - ) T

T T
~ 1 Tt — T Ts — T
= T S T ()] e el <Thzz < h ) ( h ) (MS))

EFE*

t=1 s=1

~0 (%4 + 1/(5[%)) 0@) = o(1),

where EE*[] stands for taking the expectation of the variables with respect to the bootstrap draws,
and then taking the exception with respect to the original sample.

By Lemma 2.5, we already have

Zi(r) =+ N [ 0,50d" Y By(r) > B (7) pd
j=0 j=0

Combining the above results, we have

VTh(p™(7) — (7)) =+ N ((7), 00X u(7)) .- (B.2)
The proof is now completed. O



Proof of Theorem 4.1.

(1). For notational simplicity, let Z,; be the transpose of the ¢/ row of Z,. Also, we define
- k
Sri(r ZztzT<t ) Kp(r —7) for 0 < k < 3,
1

M (m) = B(r) = B(r) = BV (7)(1 — 7) — 55(2) (T)(re = 7)?,

Sto(r) Sra(r)
ST’l(T) ST72 (T)

Sr(r) =

Since ¥, = Z,' (B(1) + B (1) (ry —7) + %B(z) (7)(7¢ — 7)? + M (7)) + m4, we can write

T -1
Ble) - i) = 1.0 (13 21,2y T>> S Tt 1) )
t=1

S
— [I,,0,)S7'(r) r2(7) %h%@)(f) +[I,,0,]S Zz”zt () K (7 — 7)
ST73(T)

T
_ 1
+[I,,0,]85" (7) - T E Zr K (1 —7) = Jr1 + Jro + Jrgs,
=1

where the definitions of J7 1 to Jr 3 should be obvious.

By Lemma B.6 and Lemma 2.2, we have

1 9.
Jry = 5%AD (1) + Op (W (h + (Th) 1)),

JT72 = Op(hQ).

Thus, we focus on Jr 3 below. For any 7 € (0, 1), as {Z;n,} is a sequence of martingale differences,

by Lemma 2.2 and the martingale central limit theory, we have

T
VThirs = (2;(1) ® I,) (‘/? > ZimKn(ry — ﬂ) +o0p(1) =p N (0,5V(1)).
t=1

The proof of the first result of this theorem is now completed.

(2). By Lemma 2.2, we have
|22(7) = =2(0)|| = or (1)

Then we need only to focus on the rate associated with ﬁ(T) For notational simplicity, we ignore

the %Zthl Kp(1¢ — 7), because of % ZtT:l Kp(r —7) = 1+ O((Th)™Y).



Write

2
S
Il
S|~
[~
=)
)
~4
=
N
S
>
\]
N———

1 o -
:MZ(nﬁﬁt—m)(nwﬁt—m)TK<TthT>
z (57 g i (75
Znt Nt — nt)TK(Tt ) Ttht ) ( I;T)

—1
= Jro1 + Jr22 + Jr23 + Jr24.

Consider J721. Since {mn, — E (nm;r )} is a sequence of martingale differences, we have

= op (1)

23 [l = ()] st

Next, consider Jr 2. By Lemma B.7 (4)

T
1
| J722]] < s?pllllﬁ( T) - (T)||2'f2||zt”2Kh(Tt—7'):OP(l)-
T€[0 t=1

Similarly, for Jr 23 and Jr 24, we have

T
1
Izl < sup [|B(r) = B0 7 32 12wl Kt =) = op (1),

The proof is now completed.

Proof of Theorem 4.2.

(1). Since

Ut = yi — Zoyys(11)y

.
=(Zy— Z18" (1)) Z2) "¢+ my — Zyys(r)n + Z5,0(1y) — Zyys(7) [9(71)TZ21, - 0(77)" Zor

with n =[] ,...,n}]", we can decompose €y 15 — ¢ into
\/T (EWLS — C)

= ( 1ZZ1tQ (7 Zu) T3 209 (7) (m — Zays(m)m)

t=1

10



t=1

-1 T
< 1ZZ1tQ Tt th> T_1/2ZZHQ_1(7})
T T T T T
X Zzte(’]'t) — ZQtS(Tt) [9(7’1) Zgl, ceey O(TT) ZQT] .
By Lemma B.8, we have
T
Z 7't th —pP ACa
B R T
(2). 772 Z 2y Q () =T (th — Xz, (Tt)EZ(Tt)Zzt) Q™ (7)me + op(1)
t=
(3). T~1/2 Z Z1,Q (1) Zg,s(m)m —p 0,
-
(4). T/ Z Z,Q! <zgta( ) = Z3ys(ri) [0()T Zon, . 0(7r) T Zor | ) —p 0,

which follows that

'ﬂ
B

1 _ _
\/T(CWLS — C Ac 1 (th 2Z1 2 Tt)EZ;(Tt)ZQt) Q 1(7't)77t + Op(l).

t:l

Since { (th -Xz, (Tt)E (7¢ th) Tt)nt} is a sequence of martingale differences, the result fol-
lows by the central limit theorem for martingale differences. Note that the convergence of conditional

variance can be proved by Lemma 2.2.

(2). Let ©(7) = [0(7) T, h0W(7)T]T. Note that

() — 0(1) = [Iy,,0,,)(Z3 K, Zo ;) Z3 K, (y — Zrwrs — Z2,0(7))
= [I,,,05,)(Z, . K, Z>;) ' Z) . K; Z1(c — CwLs)
Zy,0(T1)
+[I,,,04,)(Z5 , K, Zor) ' Zy K- : ~ Z5,:0(7)
Z30(rr)
+[I4y,04,)(Z5 K Zo 7)) ' Z) Ko

= Jrz1 + Jrz2 + Jr33.

By part (1), we have Jy 31 = O p(T~/?). By using standard arguments of the local linear kernel
method, we have Jr30 = $h26,0?) (1) + op(h?). Then, it suffices to show that

Vh

[152’ 052]ﬁ

ZZTKT,’] —D N (0760222(7-) ® Q(T)) )

11



which follows directly from the martingale central limit theorem. Also, the convergence of conditional

variance can be proved by Lemma 2.2.

Proof of Theorem B.1.

(1). To proceed, define

0, 0 O
B(7) « I 0 O
I'(r)= and T'= | "
0o I
0, --- I, 0,

Let p denote the largest eigenvalue of ®(7) uniformly over 7 € [0,1]. Then we have p < 1 by
Assumption 5.1. By construction, it is easy to show that the largest eigenvalue of I'(7) is p uniformly
over 7 € [0, 1], since all eigenvalues of I* are zeros. Similar to the proof of Proposition 2.4 in Dahlhaus
and Polonik (2009), we have max;>1 HHin;lo I‘(Tt,m)H < MpJ.

Note that for any conformable matrices {A;} and {B;}, since

r r r 7—1 r
HAi_HBi:Z<HAk> A, -B) | II B,
=1 =1 j=1 \k=1

k=j+1

we have

JHF 7o) X (1i—j) — T/ (1) X (70)

j—1
(H D(r_p) — IV Tt)) () + I [[Trn) (X(rj) — T(Tt))H

k=0

j—1 j—1 .
< O() Y ||T*(m) (D(ris) = T(m)) [ Tlris)| +2p7
i=1 k=i+1
-1

The proof of the first result is then complete.

(2). Part (2) follows directly from the Delta method (see Liitkepohl, 2005, p.408) and

G,(r) = ivec [Dm< )} r 1

B0 > () )Y R @ Ik ()3T 1, @ ITF (I T

12



B.4 Proofs of the Preliminary Lemmas

Proof of Lemma B.3.

(1). The first result follows from the standard BN decomposition (e.g., Phillips and Solo, 1992), so

the details are omitted. (2). For the second decomposition, write

oo oo oo

A—L)B(L)=> (L' Y (Brsra ® Bry) = L™ Y (Bjirs ® Biy)
j k=j+1 k=j-+1

7=0
[e.e] ) [e.e] ) o oo
=D AP Y (Brirt @ Brg) = I Y (Brirt @ Brg) | + D (Biirt ® Biy)
j=0 k=j+42 k=j+1 k=1

=— Z LY Bji14rt ® Bjg14) + Z(Bk+r,t ® By 1)
; =1

o o
== L(Bjyrs ®Bji) + > (Biirt ® Bry) = Bi(1) - B{(L).
j k=0

(3). By Assumption 1,

Tff‘ZHBJtH < maxz S 1B —maxzy |Bj.

J=0k=j+1
(4). By Assumption 1,
T-1 T-1 oo 00 T-1 oo
Besr(1) =B <> > [IBragr — => > jlBji1 — Bjll < .
t=1 t=1 j=0 k=j+1 t=1 j=1

(5). By Assumption 1,

o
rgggi‘a\\B;,t]]sfggz 3 rerm@Bmu—maxZ S 1 Besrall- 1Bl
j: =

k=j+1 - j=0k=j+1

- rg;gzlj Byinell- 1 Biall < Mimax 3 [ Byl < .
J:

21
(6). Write
o o o oo
< .
r&af(ZHB H I?Zafizz Z ||Bk+r,t|| H
r=1 r=1j=0 k=j+1
o0 o0 oo
w3 3 1l (1Bt ) < (D) (3508 | <o
J=0 k=341 r=1 r=1 j=1

13



T—-1 oo o0 » » T—-1 c© o0 00
) -B )| <> ZZ S Biirest @ Brit — Byt ® By
t=1 r=0 5=0 t=1 r=0 j=0 ||k=j+1

T—1 co o0

Z > > (IBriresi -

=1 r=0 j=0 k=j+1

N Brgs1ll + | Brgrill - [ Br,t+1 — Brl])

T—-1 oo [e's)

- Z Z <HBkt+1H Z‘|Bk+rt+1

t=1 j=0 k=j+1

T—-1 oo %)
< (ZZHBr,tH —Br,t||> : (TﬁkaHBk,to
= k=

— By - Z HB]C+T‘tH>
r=0

t=1 r=1
T-1 oo 0o
+ <t 1 ;kHBk,Hl - Bk,tH> ' (I{lzale | B, ) < 00
=1 k= r—

The proof is now completed. O

=

Proof of Lemma B.4.

In the following proof, we cover the interval [a,b] by a finite number of subintervals {S;}, which are
centred at s; with the length denoted by dp. Denoting the number of these intervals by Np, then
Nr = O(67"). In addition, let 67 = O(T~'yr) with yp = \/drlogT.

Write

T

> Wri(m)Bi(1)e

sup
T€[a,b]

< max
1<I<N7p

Z WTt 31>Bt( )

T
Z Wri(7) — Wri(s)) Bi(1)e

+ max sup

= Jra1 + Jr42.
1<I<Np reg,

For J7 42, since Wr4(+) is Lipschitz continuous and max;>1 |B:(1)|| < oo by Assumption 1, we

have

T
Bzl <32 mave, sup IWi(r) = Wre(on)| £ [Bi(1)ed
t= TR

< MTor r?gleHBt(l)etH = O(7r).

For Jr 41, we apply the truncation method. Define €; = €. (||&]| < T%) and €/ = € — €}, where ¢

is defined in Assumption 2, and I(-) is the indicator function. Write

T
J — \% % B, (1 / " _E(€ ",
T,41 15121}\% ; T.4(51) B ( )(€t+€t (6t+€t| t 1))”
T T
/ / "
< max ;Wm(sl)ﬁtu) (€, — E(€)|Fi-1)) + max ZWT,t(sl)Btu)et
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+ max

= Jrs1 + Jrs2 + J153.
1<I<Np

T
Z Wr 4 (s1)Be(1) E (e | Fi-1)
=1

Start from Jr52. By Holder’s inequality and Markov’s inequality,

T T
BlJrss| < 0)dr Y E |le/|| = 0W)dr Y Blledd (lerl] = T5)]
t=1 t=1

Diry {Blle?} {ENnlal = 741}
t=1

= oumi {Euem}é {Pr(je) = Té>}57‘1
t=1
dTZT: {E|| }é {EH;”&}(S = O(T3dy) = o (\/dTlogT) ,
t=1

where the second inequality follows from Hélder’s inequality, and the third inequality follows from
Markov’s inequality. Similarly, Jz 53 = OP(T%dT) =op (\/W)
We now turn to Jrs1. For notational simplicity, let Y; = Wy (s1)Bi(1) (e} — E(e€;|Fi—1)) for
1 <t<Tand Ap = 2T5dy max;>1 || B(1)]|. Simple algebra shows that ||Y;|| < Az uniformly in ¢
and s;. By Assumption 2 and the first condition in the body of this lemma,
T

T
B (I < Md E (Jledl*|Fi1) = Ous.(dr).
e, 2 E WP 1Fi) < TlggﬁT;HWM(SZ)H led? |1Fimt) = O (dr)

By Lemma B.2 and ngT logT"— 0, choose some 8 > 0 (such as = 4), and write

< MdT)
> MdT>

< MdT)
+P ( max
1<I<Np
/BM’YT

< — < L .
_NTexp< S(Mdy + 112 )>+0(1)_NTexp< 210gZ +0(1) =0

Pr (JT,51 >/ 5MVT>
(JT51 >/ BM~r, max

T

Y EWY,|Fi)
t=1

1<I<

ZE (VY| Fiy)

1<I<

(JT 51 > FVT, max

T
ZE(YZYZT’}}—l)
=1

1<i<

(JT51 >/ BMnr, max.

T
Z (VY, | Fi1)

> MdT>

Based on the above development, the proof is now completed. O
Proof of Lemma B.5.

(1). Similar to the proof of Lemma B.4, we use a finite number of subintervals {S;} to cover the

15



interval [a, b], which are centered at s; with the length d7. Denote the number of these intervals by

Nr then Nt = 0(5;1). In addition, let 57 = O(T~'y7) with v7 = /dr log T.

Sl[lpb} ZT:(Id ® Wr(7))BY (1) (vec (QetT) - Vec(Id)) H

TEl@,Y] =1

< Imax ZT:(Id ® Wr (1)) By (1) (Vec (etetT) - VeC(Id)) H
=

+ max sup
1<I<Nr rc5,

ZT: Iy (Wi (7) = Wiy (1)) B(1) (vee (€] ) —Vec(Id))H

= Jre1 + Jr62.

Start from Jrg2. Similar to the proof of Lemma B.4, since

< 00

B (1) Z IB;,

o
< DBl
=0
by Assumption 1, we have
ElJrea| < MTor Ig&f(E HB?(U (vec <€t€tT) — VGC(Id)) H = O(~r).

We then apply the truncation method. Define uy = B (1) (vec (er€] ) — vec (Iy)), up = wel (||Ju]| <

2 .
T5) and uy = u; — u;. For Jg, write

T
JT,61 = 1%11121)\{% Z: Id & WTt S] ) (ué + ug' — E(u; + ’u;"]:;g_l)) '
T T
/ /
< Dax g(Id ® Wra(si)) (up — E(ui|Fe-1))|| +  fax g Iy @ Wry(si))uf

= Jrm + Jrre + Jrgs.

As in the proof of Lemma B.4, we can show that Jr 72 = op(yv/drlogT) and Jr 73 = op(/drlogT)
respectively. We focus on Jr 71 below.
For any 1 <1 < Np, let Y; = (I; @ Wr(s1))(u; — E(uy|Fi—1)). We then have E (Y;|F—1) =0

and ||Y;|| < 27%/%dr max; HIB%?(l)H Since max>; B (H€t||4 \]:t_l) < 00 a.s., we can write

T
> EWY,|Fi)

T
< Mdrmax 2 (Jlue|* | Fomr ) max S [Wro(s)l| = Ous (dr).

max
1<I<Np

Similar to Lemma B.2, choose 8 > 0 (such as 8 = 4). In view of the fact that T%dT logT — 0, we

16



write

T
P%hm>¢ﬂhﬁz (hn>¢7%?? Z}MﬂfﬂA)gM@>
N T
+M<hn>vﬁwngw ;;ﬂnnTﬂq)>Ama
<P (JT71 > \/BM~r,  max Y, | Fi1)|| < MdT)
T
+Pnggﬁj§:EO€nﬂfgﬁ >Amh>

M 2
< Nrexp | — M 5 +o(1)
2(MdT + M’}/TTSdT)

< Npexp <—§ logT> +o(1) = NTT_g +o(1) = o(1).

The first result then follows.

(2). Let {S;} be a finite number of subintervals covering the interval [a, b], which are centered at s;

with the length §7. Denote the number of these intervals by Np then Np = 0(5;1). In addition, let
5t = O(T~'y7) with y7 = \/drlogT. Then

< max
1<I<Nrp

T
Z I @ Wiy(7)) Grer

sup
T€a,b]

T
Z (Ig @ Wri(s1)) Crer

T
Z Iy @ (Wri(1) — Wre(s1))) G

+ max sup

= Jrg1 + Jrgo.
1<I<Np e8,

Consider Jrg2. By the fact that |tr(A)| < d||A| for any d x d matrix A and Assumption 1,

E|¢ell = Z

r=1

(Z B, @ B t) vec Etﬁt 7«
r=1

s=0

(Z Bt ® Bs,t) vec (etettr)

s=0

IN

E

1/2

IN

s=0 0

<u @ (2 HBHT,AF) ~ @ ||Bs,tu2>>1/2

((Tmlr\BmH) (Z! B ))
( r|Br, ) ZHBstH>

17

9\ 1/2

[e.e]

T
9]
{ (Z Bs-i—rt b2 Bs t) Id b2y Id (Z s+t & Bs,t)
'r':
M

IN

>

r=1

ZBerrt@Bst
s=0

| /\




Similarly, we have E|Jrga| < MTor maxi>1 E'||(ree]| = O(yr).

Before investigating Jr g1, we first show that

T
lgllg])\(f on HWTt(Sl)HE<HCt€tH | Fi— 1) = Op(1). (B.1)

Note that

T
2
151%2IIWT,t<sz)||E(||¢tet|y i)

E 2
b max 2_: [Waels0)| 2 el
and maxj<;<n, Zthl W i(s1)|| E ||¢ees]|* = O(1). Thus, to prove (B.1), it is sufficient to show

max
1<I<Np

S Waatsnl (2 (Icedl® 1Feer) — E uctetn?)' = op(1).
t=1

In order to do so, we write

T
2 2
%, |22 [Wreten] (B (I 1 Fir) = Eliced )

T [e%S)
= max S [Wras)ler [ Y Bi()(errel e @ LB ZBT
== = ror*=1

T e’}
2 . T r T .
< & max ZHWT,Asz)HZ(Bt(l)®Bt<1>> (vee (er-rel, @ 1) vec(Icp))‘

+ 2d2 . 1gll<a]}\{7T Z HWTt 51 H Z Z ( T—H ® Br( )) vee (etfre;r_r_j & Id)
T r=1 j=1

= Jro1 + Jr92.

Let (L) = 3272, B (1) @ IB%{(l)Lj. Similar to the second result of Lemma B.3, we have

Fri(L) = Fry(1) — (1 — L)F,4(L) (B.2)

18



where F, (L) = P F,j L7 and F,j, = D orsit B! *(1) @ BF(1). For notational simplicity, denote

Kot = i (B{u) ® B{(n) vec (et,jej_j ® Id> ,
jfl
Xy = ; Jz; (Brﬂ ® IB%J( )) vec (et_jett,,,j ® Id) .

Applying (B.2) to Xo and X yields that

Xat = Fot(1)vec (etetT ® Id> —(1- L)ﬁ‘(),t(L)vec <€t€tT ® Id) ,

oo oo
Xy =3 Fru(l)vec (ete:_r ® Id> —(1- 1)) Fr(L)vec (etez—_ L ® Id) .
r=1 r=1

For Jr g1, summing up )~(at over t yields

r r T _
| ax Z W (s1)l] Z (B} (1) @ B{(1)) (Vec <€t—r€t_7~ ® Id) VGC(Idz)) H
< 15131)\(/ Z |Wr+(s1)]| Fot(1) (Vec (etet ®Id) —vec (Iz2) H
+ max )HWTJ(SZ)”FOJ(L)WC (eoed @ 1) || + sup [|IWrr (sl For(Lyvee (eref o 1) |
1<I<Nr 0<r<1
T—-1 » B
+ max Z (W12 (s Foei(£) = W (s0) | Foa (L) ) vee (ere] @ 1) ‘

= Jr1o1 + Jr102 + J1103 + J1,104-

Similar to the proof of Lemma B.5.1, we can show that Jr 191 = Op (\/dT log T), since

o0

oo
> B ® Bk,t
k=0

o0 o0
< Bl i B
< max (goll mll) Eljll i
= ]:

F <
max [[Fo,(1)] mglx

< maxz (Z |Bk+j¢||2> @0 \|Bk,tu2>

k=0

< Q.

Also, we can show that Jr 102 = Op(dr) and Jr103 = Op(dr), since

B oo oo 9 © 0 -
I?ZaleFO,t(l)H < max E E HBt(l) = Tgfz > Z 1B
=1 k=j+1 r=1k=r+1 \ j=0

> IIB;,
j=0

[e.e] o0
grgstlx Z ]t|| (Z Z — 1) || Bl )

j=0 r=1 k=r+1
o o r(r
< max > 1Bl <Z ||Br+1tH )
= \j=0 r=1
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) oo
2 .
< max Z | Bt Z]Z I1Bjell* | < oe.
= =0 j=1

We can easily show Jr 104 = op (1), since

sup (Z Wi (T)]| = [[Wra(r )H) < sup T21IIWTt+1( ) = Wru(7)| = o(1)
r€[a,b] T€la,b] 4
and
T—1 B T—1 oo 00
[Foeea(n) —Fo < 3537 3 ||Ba(0) @ BEa() - BHO) @ B Q)
t=1 t=1 r=1 k=r+1
T—1 oo
<3 > -] (B« o))
t=1 r=1 k=r

T—1 oo 00 [e%¢)

<MY N> Bk ® Byt — Bjk © By
—1 k=r+1j=0

oo o0

o0
SM Z ST S UIBjswers — Biwall - | Bissall + 1Bjes1 — Bisll - | B;
t=1 r=1 k=r+1 j=0

)

T—-1 oo 0o 0o %)
<MY N IBrit1 — Brall - D 1Byl + 1Bl - Y 1Bjesr — Bil
t=1 r=1k=r+1 7=0 7=0
T—1 oo
< —
03 UL RN (S

T-1

> By — Byl | = 0(1).

t=1 j=0

o0
M B
+ (rgwg;kll mll)

Based on the above development, we conclude that Jrg1 = op(1). Next, we focus on Jr,92, and

write

15?‘3{% Z ”WTt s1)l ; X;BTJFJ ® B (1)vec (Et_re:_r_j ® Id)
J

T

< max ZHWTt 8l II;FM vec (qet T®Id)

+ | Dnax |Wra(s1)]| Z;HEnl(L)vec (eoejr ® Id)

o
w T
+ max | [Wrr(s)l| Y Brr(Lyvee (ee, © 1)

T—1 oo
+ max Z Z (W1 (50| Fria (L) = W (s)| (L)) vee (ere ., @ 1)
=1 r=

= Jrin + Jrii2 + Jr113 + JIri14-
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We can show that Jr 112 and J7,113 are Op(dr), since

max
t>1

By (1) | ||BE

> Fra(1)

o [o.¢] [o.¢] oo o
< max g E ‘F,«thSmax E E g ’
t>1 - ’ t>1 -
r=1 j=1 r=1 j=1 k=j+1

o0 o0
sI?gfc(ZnB:(l)n) > i|Bim)| <MmaxZgZ||Bk+Jtu||an
= r=1 j=1 =1

)<=

Similar to Jr 104, we have Jr 114 = op (1), since

o0 o0
< ] :
< Mrggg E 1] Bl (,; 0 |
]: =

T-1

Fraia(1) = Fru(1)| < iizuw © Bl (1) — B (1) o BY(1)|

By TH(1) — BITR(1 HHBM )| +[|BE ) - BEO) |

B (1 H)

S(T__li\\%@ B (1 ) s
T-1 oo . A
+(ZZ]’HB§+1(1)B‘Z(1) (maxZHB’”H) ().

Now consider term Jy111. Define u; = 3 2 F,¢(1)vec (ete;r_r ® Id), u, = wd (JJu]| < T%) and

u} = uy — u;. Then we have

T
Jrin =  max Z [Wri(s)| (uy + u) — E(uy + uy|Fi—1)) H
SUINT —1
T T
!/ / "
< mmax tz_; [Wr (o) (u; = B(ug| Fen) |+ ma ; W (1)
T
+  Max D IWra(spll E(wf|Fr)|| := Jraz + Jraze + Jrios.
SUINT =1

Using the same argument as that used in the proof of J7 72 in Lemma B.4, we can show that Jr 122
and Jr 123 are Op (T%dT>. Next, consider Jr 191. For any 1 <1 < Np, let Y; = |[Wr.(s1)]| (w} —
E(u}|F;_1)). We then have E (Y;|Fi_1) = 0 and ||Y;| < 27%/%dy. In addition, we have

T
<4 max Z ||WT,t(8l)||2E <||utH2 |]:t—1>

1<IKN
sisfNr i

T
Y EWY,'|Fi)

max
1<I<N7p

T e 0
< M-dr o > Wralsll 2 IFraOIF lerl < M -drgase ) [Fre (DI eI

21



2
<M - dTZmaXHIFH (ZHQ ol ) = Op (d;,ﬁ).

Therefore, we have max;<;<n; Hthzl E(KYtTLFt,l)H = Op(dTT%). By Lemma B.2, and choos-

ing B8 = 4, we have

Pr (JT’121 > 4/ ﬁM\/ dTT% log T)

T
=Pr (JT7121>\/6M\/dTT§ logT, max (> EWY;'|F) gMdTT§>
1<I<Nrp P
2 T 2
Pr (JT,121 > VBM a7 1og T, max Z_:E(YthTlftm > MdTTS)
T 2
<JT121>\/ M\/drT3 logT, max Z VY, | Fi1) gMdTTa>
=1
+Pr< max ZE(YtY | Fi1) >MdTT6>
1<I<Np P
MdrT5 logT
< Npexp | — BMd7Ts Og

(MdTT5 + M dTT6 log TTédT

< Nrexp <—§logT> NTT** =0

given dTT% logT" — 0. Hence, we have Jrg11 = Op({dTT% log T}1/2). Combining the above results,
we have proved that sup ¢, ) ‘Zthl |\Wr(T)|| E (||Ct€t\|2 |]-"t_1)’ =Op(1).
Finally, we turn to Jr g1, and apply the truncation method. Let u; = (i€, up = uil (HUtH < T%>

and u} = u; — u}. Then we have

T
Jrg1 = érllg]?\([T ; (I3 @ Wry(s1)) (ug +uf — E(u; + uf|F_1)) H
T T
< Inax. ; (I @ Wru(s1)) (up — E(wg|Fe1)) || + \ax ; (Lg @ Wr(s)) w
T
+ | nax tz1 (Iq @ Wry(s1)) E(w/|Fi—1)|| = Jr131 + 1132 + J1,133-

It’s easy to show that Jr 132 = Op(T%dT) and Jr 133 = Op(T%dT). Thus, we focus on Jr13;.
For any 1 <1 < Np, let Y; = (I;@ Wr(s;))(u}, — E(u}| Fi—1)), then we have E (Y;|F;—1) = 0 and
||| < 27%°dy. Also,

T

£ HWTt(Sz)HE(HCtEtH Fi1) = Op(1),
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which yields

T
Y EWY,|Fia)

max
1<I<N7p

T
2 —
< Mg max 3 [Wreloo) B (Jul’ 1 ics) = O ().

Therefore, we have maxi<;<n, Zthl E(YtY;T]]-}_l)H = Op(dr). By Lemma B.2 and choosing

8 =4, we have

1<i<

Pr (JT,131 >/ 5M7T> = (JT31 >/ BM~r, max.

T
Y EWY,|Fi)
t=1

< MdT)

T
<JT131>\/ WT,lgllaX Z (VY| Fimr) >MdT>
=1
<P (Jmlm/ Myyr, max ZE (Y2Y,"|Fi-1) <MdT>

M 2
+Pr| max ZE V.Y, |Fio1)|| > Mdr | < Nrexp | — My . +o(1)
1<I<Np 2(Mdr + M~rT5sdr)
< Nrexp (—logT> NTT**: (1)

given dTT% logT — 0.

We now have completed the proof of the second result. ]

Proof of Lemma B.6.

Let W;(7) = J®I(7)J T, where

Ay(7) Ap-1(1)  Ap(7)
1 04 04
®(r) =
Od e Id Od

and J = [Idvodxd(p—l)]-

To proceed, we write y; as a time—varying VMA (c0):

00 q
Yt = Z‘I’j,t <Z Bi(ti—j)®t—1-j + ﬂtj) py + ZD] 1€t—j + ZZD]”’W I—js
j=0 =0 1=0 j=0
where pi7 = 5% 0 W, o ((ri— )+ 21— Bu(ri-1)g(11-1-5)), ¥jp = T [0 @(r1-m)J T, DS, = W 00(7ej),
and DY), = 31 _o Wi Bi(r_1)Cjp(Timi—).
Let p denote the largest eigenvalue of ®(7) uniformly over 7 € [0,1]. Then we have p < 1 by

Assumption 1.1. In addition, similar to the proof of Proposition 2.4 in Dahlhaus and Polonik (2009),
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we have max;>1 || [T @ (r—m)|| < Mp7.
Next, we will show that y; can be approximated by a time-varying MA(oco) process g, satisfying

{E|ly; — 9:||°}/% = O(T~'), where 9; has been defined in the body of this lemma. It follows that

00 qg o
{Ellye — @ell°}° < M | ||pf — p ()l + )| DS, = DS() ||+ Y|P, — DY)
20 1=0 j=0

= 0(1) - (Jrua1 + Jr42 + Jr143),

where the definitions of Jr 141, J7,142, and Jr 143 are obvious.

Consider Jr 141. Note that for any conformable matrices {A;} and {B;}, since

T

r r 7—1 r
HAi—HBFZ(HAk)(Aj—Bj) 1 5.
=1 =1 k=1

- k=j+1
we obtain
j—1
15— i) = || T ][] @) " — TSI ()T
<M;iTO O (1) (P ® il o <Mj_l Ll
< ; (Te)(®(Te—i) — (Tt))ml_ilﬂ (Te—m) || < ;TP] :

Hence, we have

Jran <3 (%0 — i) - lr-)ll + D 1% ()] - lu(r-;) — ()]
j=0 j=0

[ee) q
31— i)l S IBir-y)g(re )
7=0 =0

+> 1% - Y I1Bilri-5)g(ri-1-5) — Bi(m)g(7) |
§=0 1=0

oo j—1 . oS .
MY ey g - ou
j=

j=0 i=1

where we have used the facts that ||®;(7)|| < Mp/ and

| Bi(7—5)9(Tt—1—3) — Bi(1e)g(7)||
= |Bi(12—5)g(1s—1—5) — Bi(1t)g(1e—1—j) + Bi(7:)g(Ti-1—-5) — Bi(1:)g(%)||

< [1Bi(7i—5) = Bi(m)|l - g (re—ii) | + | Bu(7o)l| - lg (i) — g(m) | < M%-

Similarly, we have Jr 149 = o).
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For Jr 143, we have

=0 j=0 0
q oo oo
= Y > 1w Bi(7e)Crlrei—;) — ¥;(7) Bi(7)Ci () |
1=0 j=0 k=0
q (o] (o]
<SS YD = ()l - 1By - 1Ck(re—i—j)
1=0 j=0 k=0
q o o
A Y D Nw @) - 1Bi(ri—g) — Bi(m)ll - [Crl7e—i—j)|
1=0 j=0 k=0
qg oo oo
A3 3 YN - (1Bl - | Cr(ri—i—) — Cr(m)l
1=0 j=0 k=0
oo j—1 i
<MYy oo Til[lopl]ZHCk
7=0 =1 k=0
L5250 ) [ swp S I+ su ZHC NE
T |4 r€[0,1] T€[0,1]
7=0 k=0 k
In addition, it is straightforward to verify that
sup Z]H 7)|| < oo and  sup ZJHDJZ (T < o0
T€[0,1] =0 T€[0,1 ]J 0

for k = 0,1 (see, the proof of Propositions 2.1, for example.)

The proof is now completed. O

Proof of Lemma B.7.

(1)-(2). To prove parts (1) and (2), it suffices to show that

sup
T7€[0,1]

i (thT E(ZtZT)) (Tt . )kKh(Tt -7)

’ﬂ \

B log T

for k = 0,1,2. Since Z; can be approximated by a time-varying VMA (oo) process by Lemma B.6,

then the uniform convergence results follow directly from Lemma 2.3.
(3). Part (3) follows directly from Lemmas B.6 and 2.3.

(4). The uniform convergence rate for ,@(7’) follows directly from the proof of Theorem 4.1 (1), Lemma

2.3 and part (3).

(5). By the proof of Theorem 4.1 (2), we have

T
Q(r) T an:Kh(Tt —7)|| = Op(h?* + \/1og T/(Th)).

t=1

sup
T7€[0,1]
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Similar to the proof of Lemma A.5 (1), we have

T
sup | 7713 men! = B(mnd)| Kn(r = )| = 0p(Iog T/(TH))
T€l0, t=1
The proof of part (5) is now complete. O

Proof of Lemma B.8.

(1). By Lemma B.7, we have

s [[st)21 ~ 2510055, ) = or)

and sup..¢jo 1] HQ(T) - Q(T)H = op(1). Hence, we have

~

T
Ty ZuQ N (n) 2y,
T
=7 Z (th — 3., (1) s, (Tt)ZQTt) (Zth — 2y 2 N ()2 (T t)) @ Q Yr) 4+ op(1)

Note that each element of X, (7) and X, ,(7) is Lipschitz continuous. Thus, by Lemmas 2.2 and
B.6, the result holds.

(2). Let pr = h? + /logT/(Th). By Lemma B.7 (1), we have
T
Z3,5(7) [0(r1) Zon, .., 6(7r) Zor| = Z3,6(r)(1+ Op(pr))

uniformly over 1 <¢ < T'. In addition, by Lemma B.7 (4), we have

~/\

W (r )(Z%O( +) — Zoys(Tt) [H(Tl)TZﬂ,...,H(TT)TZQT}T>

G

T
=3 [ (202 — Be (B2 )2z (1 + Op(or))) © (7 3 Qr) K —70) + op<pT>>]
t=1 , 811 .
x 0(7) - Op(pr) = (zltZZt 3z (1) 22 1(Tt)z2tz2Tt> ® (7 > Qr)Kn(rs - Tt))]
t=1 s=1

x 0(r) - Op(pr) + Op(Tp7) = Op(VTpr) + Op(Tp7)

where the last equality follows from Lemma 2.2. Finally, the result holds since Op(Tp3) = op(V/T)
by Assumption 6.
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(3)-(4). By Lemma B.7, we have sup,cjo 1 [|s(7)nl = Op ( log T/(Th)) and

~ 1 logT
sup [|Q(1) — = > Qr)Kp(r—7)|| =Op | h* +
T7€[0,1] T tzz; Th
Then, parts (3) and (4) can be proved by using similar arguments of part (2). O
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