Supplementary Materials: Bayesian Sensitivity
Analysis of Dynamic Factor Analysis Models with
Nonparametric Prior and Possible Nonignorable

Missingness

A. Gibbs Sampling Algorithm for Estimating Dy-
namic Factor Analysis Models with Nonpara-
metric Prior and Possible Nonignorable Miss-

ingness
To implement the Gibbs sampler for estimating the possibly nonlinear DFA
model with the characteristics proposed in the paper, Bayesian Sensitivity Anal-
ysis of Dynamic Factor Analysis Models with Nonparametric Prior and Possible
Nonignorable Missingness, we start with initial values {,u,(ZO), \II(ZO)7 a0 7(0)
z© O HO 9O Yfr?i)s, 7O O}, At the (k+ 1)th iteration with current
values {/sz"')’ \IJ(Z")7 am®) ) Z(”), L(“), I_I(K)7 o) vy (r) () QD('{’)},

’ mis?

(a) Generate ,U,(ZK+1) from P(NZ|Z(”>., \I,(ZH));

(b) Generate \II(ZK"H) from p(lIlZ‘Z("’)7 M(Zfﬂ-l));



(c) Generate a*t1) from p(a|m));
(d) Generate (w(+1), Z2¢D) from p(m, Z|L™), pG™* WG alst), HE, 90);
(e) Generate LY from p(L|w+D), Z(”“),G(”),H(“));

(f) Generate (T(““’,Ygf)t.tl) from p(7,Y (1)0s|0", H™ U, C);

(g) Generate H"Y from p(H|Y('{) y (1) Y(2)obs76(n),b(’i+1));

mis’ (1)obs?

(h) Generate 0+ from p(0|Y(K’) y (b Y(Q)OI)S,H(“+1)7b(“+1));

mis’ © (1)obs’

(i) Generate Y"1 from p(Vmis|@0HD, HEHD o) € Uepe);

mis

(j) Generate @1 from p(go\Yf:ijl),Uobs,Y(z)obs,'r).

Nextm we describe each of these full conditional distributions in turn.

A.1 Steps (a)—(e) Conditional Distributions Related to

the Non—parametric Components
The main idea behind efficient sampling of the non—parametric components is
to recast the definition of b; in terms of the latent variable L; (i = 1,...,n),
which records the cluster membership of b; such that b; = Z,. The base
distribution in the present context was defined to be a nj—variate normal dis-
tribution with mean vector p, and covariance matrix . Conjugate prior
distributions were specified for p,, ¥z and a. To explore the posterior in re-
lation to the non-parametric components, we sample (w,Z, L, u,, ¥z, ) by
means of the blocked Gibbs sampler to encourage mixing of the Markov chain.
That is, Gibbs sampling of the nonparametric components was regrouped into
five subsidiary steps—or blocks, involving sampling from the conditional dis-
tributions p(p4|Z, ¥ z), p(Cz|Z, puy,), pla|w), p(w, Z|L,p,, ¥z, a, H,0) and

p(L|w, Z,0, H). These five conditional distributions are summarized below.



I

Block 1. Posterior samples of [p,|Z, ¥ ] for the specified prior p(p,)

Ny, (#t7,, ¥,,) can be obtained by sampling from

P(HZ|Z7 ‘IIZ) ~ Nnb(/'l';uzlt)’ (1)

where 3, = (GU;' + W, 1)~ and p, = B,(¥, Ly, + 0, S0 Z,).
Block 2. For j = 1,..., ny, each of the diagonal elements of ¥, given Z and
p for the specified prior p(wz_jl) 2 T'(c1, c2) is distributed as

G
- id.d G 1
p(¢zj1|za HZ) ~ Gamma(cl + 57 c2 + 5 § (ugj - /UZ]')2)a (2)
g=1

where ug, is the jth element of the values in Z associated with point mass

(or cluster) g and p.; is the jth element of u .

Block 3. Following the derivations detailed elsewhere (Ishwaran & Zarepour,
2000; Ishwaran & James, 2001; Lee et al., 2007), the conditional distri-
bution («|m) corresponding to prior p(«) 2 I'(a1,a2) can be shown to
be

G-1

plalm) ~ Gamma(a; +G —1,a2 — Z log(1 —vy)), (3)
g=1

where v} is a random weight sampled from the beta distribution and it is

sampled within Block 4.

Block 4. As and « are independent given (Z, 0, H ), the distribution (7, Z|L, 4,
W, «,60, H) is proportional to p(w|L, a)p(Z|L, p,, ¥ 7,0, H). Thus, the
conditional distribution can be decomposed into two independent compo-

nents to be derived separately.

Conditional distribution p(w|L,«). It can be shown that the condi-




tional distribution (#r|L, ) conforms to a generalized Dirichlet dis-

tribution as

p(ﬂ-|LaO‘) ~ g(a#lﬁvbia"'vaz#—lv *G—l)a (4)

where af =1+ dg, by =a+ Y% diforg=1...,G-1 andd,
is the number of L;s (and thus individuals) whose value equals to g.
Sampling from the conditional distribution (7|L,«) can be accom-
plished as follows. First, v} is drawn from a Beta(aj, b;) distribution.

Subsequently, 7, is obtained for g =1, ..., G as

G—-1 g—1
™ =v, Tg=1-— Zﬂ'g and mg = H(l—y;)y;‘ forg #1or G. (5)
g=1 j=1

Conditional distribution p(Z|L,pu,,¥z,0, H). Let L7, -- , L} be the

d unique L; values (i.e., unique number of “clusters”), zt = (Zps,--, ZL;;)7
and let Z"! be components in Z = (Z4,--- ,Zg) other than Z*.
Then

p(Z|L’IJ’Z7lI’Z707H) :p(Z[L]“J’Za‘I,Z)p(ZL|L7uZa‘IIZ507H)7

where p(Z [£] |, ¥z) is simply the n,—variate normal distribution,

Nnb(/“'Z? ‘I’Z)» and
p(ZL|L7H’Z7‘IJZa07H) = H;lzlp(ZL;‘L7“Z7‘IlZ707H)'

It can be shown that the conditional distribution p(Z .

L?H’Za‘I’ng7H)
is non—standard and cannot be derived directly via Gibbs sampling.

SpeCiﬁcaHY) p(ZL; |L’ Kz, ‘I’Z7 0; H) X p(ZL;

rz, ¥y) H{i:Li:L;} p(m;|b; =



ZL:;,GU), in which p(n,|b; = ZL;7077) is given by

(6)

i

T;
P(140) tl:[1p(nit|m’t_l’ b, = ZL;,OU) if m,, is stochastic,
1

T;
tl:[ P(MitMi—1,bi = Z1x,0,) otherwise.

From Equation (6), it can be noted that multiplication involving the
density p(n;;|n; ,—1,bi,0,) results in a conditional density that is
non-normal and non-standard due to the nonlinearity of f;(.) and
the fact that Z L is random, as opposed to fixed within this sam-
pling step. Instead, we adopt a MH step as follows. At the jth
iteration with a current value Z (Lj;) , a new candidate Z L is gener-
ated from the normal distribution N(Z(Lj;)7 02Q), where Q, = (¥, +
S pisnimr) St Al M) and Agie = 9y, /0b] |, 7y The

new Z L: is accepted with probability

T;
1 P(Zi;lnz, ¥z) H{i:Li:L;} [L2i P41, bi = Z 12, 0y)
) - T -
p(Z(LJ;;)WZ’ vyz) H{i:Li:L;} [L2: p(Mielmyp—1, b0 = Z(sz)y 0,)

The variance Jf can be chosen such that the average acceptance rate

is approximately 0.25 or more.

Block 5. The conditional distribution (L;|w, Z,0, H) is given by

(Li|w, 2,0, H) "' Multinomial(},, g = 1,--- , G), (8)
where 77 is proportional to (mgp(n;|b; = Z4,6,)) and 7y (¢ =1, ..., G)

are available from step (i.e., block) 4 summarized in Equation (5).



A.2  Step (f): Conditional Distribution p(7,Y (1)ons|0, H,Uohs, C)

We use an improper prior for the threshold parameters, namely, 7 ~ c,1.
To sample 7 and Y (1)ons, We first note that p(T4, Y (1)x,0bs|0, H, Y (1), C) =

p(Tk|Yz<1)k7 07 H)p(Y(l)k,obs|Tk7 Yzcl)kw Oa H7 C)a Where

n T; AT . AT, . AT AT,
P(rl¥ {1 0. H) o I] ] (fb( Sh ) — (Tt A
i=1t=1 Ver Yer

p(yitk‘Tka Y?l)ka 03 Hv ck) = N(Azjclt + AZ:T’itv wek)l(ﬁc,uitk—l7Tlc,uitk] (yitk)’

where T = (Tr1, -+ s Thbe—1)s Y ()kobs = Witk 2@ = 1,...,t = 1,...,T;} in
which y;+x is the kth component of Y(1)it,obs corresponding to U it obs, Y?l)k =
{wir, : 4 = 1,...,t = 1,...,T;} in which u;y is the kth component of U,
corresponding to Ut obs, Ag and Af are the kth row vectors of A and A,
respectively. To generate observations from the non-standard and complex
joint conditional density of 7 and Y (1) ops, the following MH step is embedded
within the Gibbs sampler. Specifically, a vector of thresholds (7x2, ..., Tk b,—2)
is first generated from the truncated normal distribution

() 2 )

Tew ™~ N(Tkw 1y Oy

(Thw), forw=2,... b, —2, (10)

(Thw—1,7 % 1)

)

., denotes the value of 74, at the jth iteration of the Gibbs sampler

where T,i
and crfk is a preassigned constant. As mentioned earlier, the values of the first
(w = 1) and last (w = by — 1) thresholds are fixed for identification purpose.

Each new draw of 7y, is then retained with acceptance probability min(1,Ry),

) o)



where

b —2 d T(J) —_r o] — I[(r w _T(J) o,
Rk _ H [( k,2w+1 kw)/ k] [( k, 1 kw)/ k] «

o=z (Thwit = Thw) /o] — @) | = Tw)/om]
n T;

_1 2 —1/2
1117 20 /mka&wu%mr@%/mwm—Mm—ﬂ%ﬂ
1/2 1/2 :
is1im1 PYe, / { k it Ak: Cit — Afm-t}] — @[t / { Tk um 1= Azcit - Afmt}]
(11)

Once the threshold values have been determined, they are then used to generate

new draws of y;x using the MH algorithm as done in Step (9) on the basis of

Equation (9).

A.3 Step (g): Conditional Distribution for Latent Vari-
able Estimates, p(H|Y ,6,b)

The conditional distribution from which posterior samples of the latent variable

estimates are obtained can be derived as

~

n T;

p(H|Y,0,b) = HHP nzt‘Hi,tfl’H?,t+1»yita07bi)

i=1t=1

where H; ¢ 1 = (m;1,.--,M;4—1) and H, 1 = (0,441, -->M7,)- According to
the Gibbs sampler, random draws of n; from p(n,;|Y, 0, b;) are based on those
of n;, from p(nit|Hi7t_1,Hzt+1,yit, 0,b;) for each time point. That is, for
1=1,...,n

p(nit|Hi7t—1a H;:t-i—lv Yits 07 bl) ~

p(yit|77itaey)P(”litmi,phbivanv ‘I'C)P(m,t+1|77itvbivanv W) fort=1,.., T;-1,

p(yit|nitaey)p(nit‘ni,tflvbivem V) fort =T

Note that we could obtain a standard conditional distribution for ¢ = T} but not

for t < Tj. Specifically, at t = Tj, the conditional distribution p(n;r, |Hs 1, -1, ¥ir,, 0, bi)



is given by 1,7, ~ Ng(Uj;,, B*), where B* = (11;21 +AT® A and UG, =
B*[\Ilc_lfTi (Mi1,—1,bi,0,) + ATO 'y, — Acy)]. However, when ¢t < Tj,
multiplication involving the density p(n; ;,1]n;,bi, 85) would result in a con-
ditional density that is non—normal and non—standard. This is due directly
to the nonlinearity of f,(.) and the fact that 7,, is random, as opposed to
fixed, at each t. We adopted the following MH algorithm to sample obser-
vations from the posterior density p(n;|Hi:—1, H;,1,Y;,0,b:). At the jth
iteration with a current value ngi ), a new candidate m;, is generated from the

normal distribution N(ng),cf%ﬂn), where Q, = (B '+ Az;‘IlglAit)*l and

Ay = 8ft+1/anz;

ni:=0, and it is accepted with probability

. (| Hii—1, Hthrlv Yir: 6, b;)
min< 1, ) " .
p("ht ‘Hiﬂf—l) Hi,t-&-l) Yir, 0,bi)

2

The variance ot

can be chosen such that the average acceptance rate is approx-

imately 0.25 or more.

A.4 Step (h): Conditional Distributions for Parameters
in 6

Assuming that the parameters in b = {b,...,b,} are independent of those
contained in €, and that parameters in 6,, are conditionally independent of those
in 0,, the conditional distribution p(0|Y, H,b) = p(6,,¥.|H,b) p(6,|Y,H)
is derived by computing the latter two densities separately for all the person—
invariant parameters in the dynamic and measurement models.

Parameters in the Dynamic Model. At the dynamic level, the only paramet-
ric posterior distribution associated with p(6,, ¥ |H,b) is that of p(¥.|H,b).
We used a g-dimensional inverse Wishart distribution as the conjugate prior

for the process noise covariance matrix, W, i.e., p(¥¢) ~ IW,(po, ¥¢,), thus



yielding

(¢ |H,b) ~ IW, <Z T; + po, Ry + \I:C0> ,
=1

where R, = Z?:l 23;1[77“ - ft(ni,t—la bi, 0,)][n; — ft(ni,t—lv b,»,G,,)]T.
Parameters in the Measurement Model. Following the work of many others
(e.g., Lindley and Smith, 1972; Shi and Lee, 1998; Lee and Zhu, 2000), we

specified the following conjugate priors for the distributions of ¢6_,€1 and Ayk|Per:

p(Ayk‘wek) 2 Ns+q(AOyka ’(/JekHOAyk)a p(d};kl) 2 F(a06k7 506k)7 (12)

where Agk represents the kth row vector of Ay = (A, A) for k =1,...,p. The

components Agyr, Hon,,, doer and Boex are all hyperparameters whose values

yk?

are assumed to be known. Thus, we have

- BN
P! 1Y, H) ~ Gamma(z Y Titaoe, Be)s p(Ayelter, ¥, H) ~ N[vr, e T,
i=1
where Be = Boer + %(ZZL:1 23;1 Y — va;Zlvk + AoTkaaAlykAOyk)) Yy =
— n T; * gk — n T; * —
(HoAlyk + i i v )T ve = Y0, XL vy + HoziykAOyk)

and v}, = (¢, m;;)"-

Particularly, when ¢;; = 1 and A = u, we consider the following conjugate

priors for the distributions of g and Ay:

P(N\HO,EO) ~ N(Hoa 20), p(AkWek) ~ Nq(AokawekHoAk),

where Az is the kth row vector of A for k = 1,...,p, and the components u°,
>0, Aok, Hoa, are all hyperparameters whose values are assumed to be known.
Then, we have

p(H|Y7Ha A7 ‘Ile) ~ N(lu’/u QM)’



_ 1o
P(¢€k1|Y7 H) ~ Gamma(§ Z T‘i'i_aOelm ﬁek)7 p(AkW)elm Y7 H) ~ N['Uku wekaL
=1

where Bex = Boek+ 5 (301 Sorty itk — i) —vE X5 v +AGHGY Aor), Ti, =
(H&\lk +3 i ZtT;1 k) v = Tr(X, Z;[i—j M (Yitk — fx) +H5A1k Aor).
A.5 Step (i): Conditional Distribution p(Y ,;s|0, H, 7, @, C, U ,s)
Since y;; are mutually independent for i = 1,...,n and t = 1,..., T}, Yis mis
are also independent of each other for ¢ = 1,...,n and t = 1,...,7;. In addi-
tion, W, is assumed to be a diagonal matrix. Thus, y;; ;s is also independent
of Yjt obss and we have p(y;; mislCits Mit, Uit obs, Tits Oy, @) N (A misenr +
At misTips Weit,mis) X p(rit‘y@)it’y(l)it,mis’ Uit obs; ), where Aj;pmis is a sub-
vector of A with components corresponding to the missing components in y,; s,
At mis is a submatrix of A with rows corresponding to the missing components
N Yt miss and W mis is a submatrix of ¥, with rows and columns correspond-
ing to the missing componetns in y;; ,,;s- The conditional density is non-normal
and non-standard due to the presence of p(rit|y2)its Y(1)it,miss Ulit,obs; ). A
in some of the other steps, the MH algorithm is employed to draw observa-
tions from the posterior density p(y;; mis|Cits M, Uit obss Tit; Oy, ) with the fol-

(7

it,mis?’

date y;; ;s 1S generated from the normal distribution N (y§f7)mis, o2U,), where
_ -1 -1 _62 10g{pr(rit‘y(2)it’y(l)it,mis’U’itvaS’(P)}
Uy B (\Il - Ay) and Ay B ayit,misayg;,misIyrit,mis=0

eit,mis

lowing steps. At the jth iteration with a current value y a new candi-

, and it

is accepted with probability

. p(yit’mis|cit7 Nit> Uit,obsa Tit, 0y7 (P)
min < 1, ) .
p(yqjtvmi‘q'cita Nits Uit,obsa Tit, aya ‘P)

2

The variance oy

can be chosen such that the average acceptance rate is approx-

imately 0.25 or more.

10



A.6 Step (j): Conditional Distribution p(¢|Y wmis, Uobs; Y (2)obs; T")

It follows from missingness mechanism Equation (6) and prior for ¢, p(p) 2
Na(?, Hg), that the conditional distribution p(¢|Y mis, Uobs; Y (2)obs, T*) is pro-

portional to

n T;
exp{} > (O ruj)e"y—p log(1+eXp(soTth))]—%(so—soo)T(H(j,)’l(cp—soo)L

i=1t=1 j=1

where ¢ = (¢, 93)7, and x}, = (z}, 2], )T It is easily seen that the con-
ditional density is non-normal and non-standard. Again, the MH algorithm is
adopted to sample observations from the posterior density p(¢|Y mis, Uobs; Y (2)obs>
r) as follows. At the jth iteration with a current value @), a new candi-
date ¢ is generated from the normal distribution N (@), US%,US(,)7 where U, =

(B>, ZtT;l izl + (H?O)_l)_l, and it is accepted with probability

. { p((plymisa UobS7 Y(2)obs7 ’l") }
min< 1, - .
p(SO(J) |Ymisv Uobs» Y(2)0bsa 'I")

B. Hyperparameter Specification

The hyperparameter values of the prior distributions were specified as follows.
For the priors in Step (8)—sampling from the condition distributions of the pa-
rameters in §—we set u° to a 8 x 1 vector of zeros and Xy to 0.5Ig corresponding
to hyperparameters in specifying the prior distribution of p (i.e., A in Equation
(??)). For the unknown parameters \y; in the factor loading matrix A, we set
Aokj = 0.8 for k = 2,3,4,6,7,8 and j = 1,2, Hopy, to 1.0. For the conjugate
priors of the measurement error variances, we set qgcx to 8 and Byer to 10 to
yield variance values that were relatively large and diffuse. For the priors of the
dynamic parameters in 6,, we set po to 10 and ¥¢, to (po — ¢ — 1)R51, where

Ry is the true value of We.

11



With respect to the hyperparameters for the DP prior for b;, the following
specifications were used. Based on the acceptance rates for the MH step for
drawing posterior samples from p(u,, Wz, m, Z,L|6, H), we specified ¢; to 10,
and co to be 5.0 and 8.0 for the first two and last two elements of b;, respectively;
and the diagonal elements in ¥, , to be 5.0. We set uz,, to .15 for j =1 and 2
(i.e., corresponding to by1; and bag;) and to -.15 for j = 3 and 4 (i.e., correspond-
ing to big; and bay;). In terms of hyperparameters for the base distribution of
a, we set a; to 10 and as to 2 to yield large values of o (and consequently, more
unique Z; values) to capture some of the more subtle individual differences in
these dynamic parameters.

In the MH steps (i.e., steps 4, 6, 7, 9 and 10), a diffuse prior was specified for
the threshold parameters (see Step 6), so ¢, can be set to any arbitrary constant
value without affecting the resultant posterior distributions of the threshold
parameters. We further take o2, = 0.0017, o2, = 0.0014, o2, = 0.0016, 02, =
0.0015, 025 = 024 = 02, = 0.0014, 023 = 0.0013, 05 = 3.0 and oi = 3.8, giving
the average acceptance rates 0.322, 0.276, 0.261, 0.286, 0.297, 0.296, 0.274,
0.290, 0.292 and 0.297, respectively.

C. Uninformative Extension to Illustrative Ex-

ample I

This is a slight extension to Illustrative Example I (the coin toss example)
described in the paper. Consider an uninformative special case of the beta
prior, p(6) ~ Beta(1, 1), in which 6 is assumed to have uniform probabilities for
all values on the interval of [0, 1]. The sensitivity of any subsequent modeling
results to the prior may be illustrated by perturbing the prior: p(6) ~ Beta(1,1)
via the perturbation scheme: p(f|w) ~ Beta(w;,ws), where w = (wy,ws)?. In

this case, w” = (1,1)T represents no perturbation. The perturbed likelihood

12



function is given by
90.11—1(1 _ 9)0.:2—1
B(wl,wQ)

p(Olw) =

where B(.) denotes the beta function. The first- and second-order partial deriva-

tives with respect to w are given by

%L(e‘w) = 10g9—¢(w1)+¢(w1+w2)7 M _ 10g(1—9)—w(w2)+w(w1+m)7
5‘w1 8&)2
’1 : : 2 , :
8()55%(9'(”) = —(w1) + Y(w1 + wa), 8()§oi)%(90‘)) = —h(ws) + (wr + wa),
9*logp(flw) .
T OOy (wr +wa),

where ¥ (z) is the digamma function (the logarithmic derivative of the gamma
function), 1/)(1:) is the first-order partial derivative of ¥ (x). From properties of

the digamma function, we have

1 1
Mm —logf + 1, M‘wo = log(1—0) +1,
Owr Owa
9*log p(0|w) 92 log p(6|w) 0% log p(6|w) -

Ed———F—5— =1L, Eq—F—5— =1, E{——>—+ = (2

G v e SR G v el T SRS ey wa R B

. . O 1 172}(2) . .
which yields G(w") = _ . In this case, the two perturbations are

¥(2) 1

not orthogonal to each other, and the same amount of perturbation is adminis-
tered in the first two directions.

The score vectors summarizing changes in the Bayes factor and posterior
means of d(f) with respect to the perturbations, and Hessian matrix showing

the curvatures in the ¢-divergence function with respect to the perturbations,

13



are denoted respectively as:

log6+1 (log 6+ 1)d(0)
Ver = Ep s Vi, = Ep ;
log(1—0)+1 {log(1 —6) + 1}d(6)
®2 ®2
. logd +1 FEy(log0) + 1
Hy = ¢(1) | Eg -
log(1—0)+1 Ep{log(1—-6)}+1

where q®2 = qq” for any vector ¢ € R7, and Ey represents expectation taken
with respect to the posterior distribution of 6 (i.e., p(6]z1, z2) ~ Beta(z1 + 22 +
1,2N — z; — 2+ 1)). Tt is impossible to obtain closed forms of the above three

equations. However, MCMC approximations may be used to compute them as:

1 KoK [ 1og(6)) 4+ 1 1 KotEa [ flog(A)) 4 1}d(6))
VBr &~ — Vi, ~ e
U=Rot1 \ log(1—0)+1 Ukor1 \ {log(1 —6")) 4 1}d(6")
®2
. Ko+K1 log(G(“)) +1 Ko+ K1 log(e(“l)) +1
Hy =~ ¢()z X - ,
k=Ko+1 log(1 — 6F)) 41 w'=Ko+1 \ {log(1 — g(r ))} +1
(13)

respectively, where {#(*) : k = Ky + 1,---,Ky 4+ K;} are the observations
generated from the posterior distribution of 8;, Ky denotes the number of burn-
in iterations, and K denotes the number of additional iterations after burn-in.

It can be seen that the local influence measures vary as functions of the
sampled values of §%). Under such an uninformative beta prior, modeling results
would likely not be overly sensitive to local perturbations to the prior in most
scenarios. However, when the number of trials, N, is small, and the posterior
distribution resembles the prior distribution closely, even slight perturbations to
the prior may be influential in changing model fit (as revealed through the Bayes

factor), as well as characteristics of the posterior distributions. Alternatively,

14



if extreme proportions of successes are observed, the shape and the mean of
the posterior distribution of 6 would also differ from those associated with the
“uniform-like” prior distribution. In this case, local perturbations to the prior
may also yield relatively large values of local influence in some regions. Matlab
code for this illustrative example can be downloaded as supplementary materials

on the journal website.

D. Prior and Hyperparameter Choices for the

Real Data Application
Similar to the prior and hyperparameter choices used in our simulation studies,
a diffuse prior was specified for all of the threshold parameters. We also set
n® = pand ¥y = Iy in specifying prior of p, ¥¢, = (po — q — 1)\il< with
po = 10 in specifying prior of ¥, and let the unknown components \jj of the
factor loading matrix A to be ;\jk and Hoy,, = 1.0 (k =1 and j = 2,3 and
4; k=2 and j = 6,7 and 8), where fi, lilg and ;\jk are the auxiliary Bayesian
estimates of u, ¥, and A obtained from non-informative prior inputs. For the
conjugate priors of the measurement error variances, we set age; to 8 and SBo.; to
10 to yield variance values that were relatively large and diffuse for j =1,...,8.
We set jiz,, to 0.05 for j = 1 and 2 (i.e., corresponding to by1; and bey;) and to
-0.01 for j = 3 and 4 (i.e., corresponding to by; and bay,), where Kz, is the jth
component of the hyperparameter g, ; and ¥, were set 0.01 for j =1,2,3,4
(i.e., corresponding to b4, bag;, b12; and bay;), where VU, ,; is the jth component
of the hyperparameter ¥,,,. Furthermore, we set ¢; to 10, c2 corresponding to
b11; and bag; to be 5.0, and co corresponding to bys; and bao; to be 2.0. With
respect to hyperparameters for the prior distribution of «, we set a; to 10.0
and ag to 0.01 to yield large values of o to capture some of the more subtle

individual differences in these dynamic parameters. In the Gibbs sampler, we

15



set 0'72_]» =0.00012 for j = 1,...,3, 02, = 0.00013, 025 = 0.00032, o2 = 0.0003,
o2, = 0.00018, 025 = 0.0002, 05 = 9.0 and Ui = 14.5, which gave an average

acceptance rate of 0.328.
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