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A Newton-Raphson algorithm for the MM method

This section derives the components of the Newton-Raphson algorithm for solving system
of nonlinear MM equations. The updating formula is

U+t =0 — H=1(0M)F(0),
where 61 = p1,...,0, = Bp, Opy1 = ¢ and

0= col (0), f(O)= col (fu(0)), H“’):(agae(f )> bt

1<k<p+1 1<k<p+1

Recall that the moment generating function of the univariate Gaussian y ~ N(u,0?) is

P(tlp, 0%) = E[exp{ty}] = /Retyf(ylu, o?)dy = exp {ut + %UQtQ},

and that the moment generating function of the multivariate Gaussian y ~ N, (p, 3) is
1
U(tlp, ) = E[exp{t'y}]| = / exp {t'y} f(ylp, ) dy = exp {t'n + §t/2t}'
RP1
We need to calculate the expectations appearing in f(6) as well as its partial derivatives.

We start with the first p MM equations that correspond to the regression parameters. The
expectation (first moment) of y4 is calculated according to

Eolya) = Buo[Bolyalw,v] = Buslvapa = Bu|vaexp {@aB + Bua+ éva |
= [ aesp {wuB+ Buat v} 00 f(ua) dos s
vaespl@B)( [ esplovadfoa dua) ([ esplBuads(ua) ua)
= vaexp{@aBu(6]0, DU(BI0, 3) = vaexp(zaB) exp {567} exp { L4208, }

1 1
= vaexp {@aB+ 50° + JB1ZaBy |-
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Based on these developments, we can conclude that

D D
1 1
fu(0) =) viexpizaB+ =0 + =B1ZuB tTak — Y YaTak, k=1,...p.
2 2
d=1 d=1

The derivatives of Ey[yq] are given by

OE 1 / /

;ﬁ%d] = viexp {wdﬁ + §(¢2 + 612d51> }(fﬂdk +0,Xaf), k=1.....p1,
5gg§d] = wexp {@aB+ (6 + 61248, brar, k=pi+1,
a%g[ﬁyd] = ygexp {:Bd,B + %(¢2 + ,3/1251/31) }¢-

Regarding the second moment, the expectation of y2 is Fy[y3] = Eu., |[Eply3|u, v]], where
Eplylu, v] = varg[yalu, v] + Ejlyalu, v] = vapa + vips.

Accordingly, it follows that

Eply2) = Eu [Eoly2lu, v]] = /

Rp1+1

vapaf (va) f (ta) dvg dug+ /

vapaf(va) f(ua) dvg dug.
Rp1+1

We have

I, = / pﬁf(vd)f(ud) dvgdug = / exp {deﬁ +28'ug + 2¢vd}f(vd)f(ud) dvg dug
Rp1+1 Rp1+1

exp {2248}1(26(0, 1) ¥(28]0, ) = exp {2248} exp {26} exp {281, }

— exp {Za:dﬁ +20% + 2ﬂ’12dﬁ}1}.

and
1 1
Eglyi) = vaexp {zaB + 581%aB1 + 50°} + viexp {2xaB + 261 8aBy + 207}

We can conclude that
D D

fpr1(0) = Z {Vd exp {iﬂdﬂ + %¢2 + %5’12(1&} + v exp {2$dﬂ +2¢7 + 25’12dﬂ1}}_z Ya-

d=1 d=1

The derivatives of Ey[y3] are

dEy[y? 1 1
895[/ijd] = vygexp {mdﬁ + §¢2 + 55’12dﬁ1}($dk +0,3aB1)
+ 20Fexp {2248 + 267 + 2815y pwar + 0, TaBy), k=1,....p1,
OEn 2 1 1
aggd] = ygexp {a:dﬁ + 5(252 + iﬁﬁzd/@ }CUdk
+ 2wiexp {2248+ 20° + 281808 fra, k=p1+1..p,
dEy[y? 1 1
gq[byd] = vaexp {@aB + 507 + 581 ZaBy po + v exp {2248 + 207 + 281548, [0
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The elements of the Jacobian matrix are

afr aE@ yd
H, = e r=1,...pk=1,... . p+1,
k aek Z 90, r P Pt
0 fp+1 OEqy3]
Hp+1k = pa—i_gk § 89kd ) = 17° D+ L.

B Consistency of the MM estimator

This section deals with the consistency of the MM estimator as D — oo. It presents the
adaptations of Lemma 1 and Theorem 1 of Jiang (1998) to the new MEPM model. Jiang
(1998) gives a proof for GLMMs where the moments that appear in the MM equations
must be calculated by the Monte Carlo method. In the case of the Poisson distribution,
these moments can be calculated explicitly and this simplifies the proofs because it is not
necessary to impose regularity conditions for the Monte Carlo approach.

Note that for models with intercept, the MM equation 1 is

> Bolyal = va-
d=1 d=1

D 2 D D
(Xw) =S uk+ D v
d=1 d=1 d#¢
we can follow Jiang (1998) and substitute the MM equation p + 1 by

D D
> Eolyaye) =Y yaye-

d#0 0

2
Let X =5 0 denote Lo-convergence, i.e. E[X?] — 0. Denote nog = 174(60), d =1,...,D,
where 6 is the true parameter. Define the subset of R4

Q ={(1,0,0,0),(1,1,0,0),(2,1,0,0),(2,2,0,0), (1,1,1,1) }.

We first give a lemma that states the convergence of equations (3) and (4) of the main
text to zero. In Lemma 1, condition (1) states the requirements for the expectations of the
products of derivatives of b(n) = e". The conditions (2) and (3) specify the orders of the
normalizing constants apy and bp. The conclusions appear in (4) and (5).

Lemma 1. Suppose that

Kp=  max max FEp, [e‘mo‘ieb"“ e“od! 6”70@’] < o0, limsupKp <oo, (1)
1<d ., d’' £'<D (a,b,c,r)€Q D—00

..,p, and {bp} satisfy

1,.
D D D
- — 0, k
coi = s o] S SN learal} 5 0

d=1 (=1

and that the sequences {ap}, k =

Il

—
i
—~

]
~
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and

D4
ED.ptl = 1I<rila<XD bT Doreo 0. (3)
Then ) b .
—_ — F — 0, k=1,... 4
4Dk ;$dk(yd 6o [yd]) Do ) ) D, ( )
and
LS (i — Enpluavrl) 2> 0 (5)
bp por Ydye 001 YdYe oo

Proof. We use the notation Ey[-] and E[] for expectations with respect to distributions
depending and not depending on 6, respectively. More concretely, we use FEy[-] for the
distributions of yq and yq|(vq, uq), and E[] for the distribution of (vg, ul).

For the equation k, £k = 1,...,p, it holds that

B — EGO[(ZD:J;dk(yd_Ego[yd])Y} :E90|:<Zl'dk Ya—b(10a)) f:ﬂ%lk (b(moa)— Eeo[yd])>2].

d=1 d=1 d=1
We recall that
Eg,lya) = E[Eg,[yalva, udl] = E[e™] = E[b(noq)]
and that

(a+0)* = a® + b* 4 2ab = 2a* 4 2b* — (a* + b* — 2ab) = 2a* + 20> — (a — b)? < 2a® + 217

Take
D

a=> za(ys — blnoa)) b—zwdk (n0a) — Eoo[yal)-
=1

Then, we have

EkSQ{E00[<Z$dk ya — b(noa) )] [(Zxdk (10a) E@g[yd])>2]:2(51+52)-

The first summand is

D D
S1=Y_ al,Ey, [(yd — 15(770d))2} +Y  zarzacEg, [(yd — b(noa)) (ve — 5(7705))] :
d—1 oy,

The first expectations are

Eq, [(yd — b(ﬁw))ﬂ =LK {Eeo {(yd — Eg, [ya|va, ud])z‘vd; ud” = E[é(%d)]-

Because of the independence, conditioned to v and u, the second expectations are
Eg, [(yd — b(noa)) (ye — 6(7703))} =F [Eeo [(yd — Epgyyalva, wa)) (ye — Eolyelve, ud)) |v, UH

—F [Eeo [yd — Epq [yalva, wa) |va, ud] Ey, {yé = B lyelve, ulvr, WH =0
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Therefore, the first summand takes the form

D
S1 = a3 E[b(noa)]
=1

The second summand is

D

ZxdkE[ (n0a) E[b(UOd)])Q}JrzxdkxdeEeo{(E(WOd)—E[b(UOd)])(b(noe)—E[b(noe)])}-
oy

The expectations are

E{(i)(%d) — E[i)(??od)])ﬂ = Var(b(nod)),
E[(b(%d) — E[b(n04)]) (b(m0e) — E[b(ﬁoz)])} = cov(b(10a), b(10c)).-

Therefore, the second summand takes the form

D D

So = Z Z JUdkdeCOV(b(nOd)’ 6(7704))-

d=1 (=1

Going back to Ej, we have

E, < 2{ folkE[b(nocz)] + ZZSE kzaecov (b(1oq), 6(7704))}

d=1 (=1

2KD{ Zxdk + ZZ :Edk%wl}

d=1 (=1

IN

Thus (4) follows by (1) and (2).

Concerning the equation p + 1, it holds that

D D D
Epi1 = Y (vaye — Eoylyayel) = > (ya — b(noa)) (ye — b(noe)) + Y b(moa) (ye — b(moe))
d;éf d;éé oy,

+ Z ya — b(10a))b(moe) + Z {b(noa)b(noe) — Eoolyayel} = I + Io + I + I4.
oy, oy,

In what follow, we apply the following property. If X1, ..., X,, are independent with E[X;] =
0 and F[X}] < oo, and if A = (aij)1<ij<n is a symmetric matrix, then

B (L Sk, - zau A) = S 23 BXELX]
i=1 j=1 i=1 i£]

n
< 2) o E[X7IE[X]].
i



Using this fact and recalling that

Epy [yalva, wa] = b(noa) = €™, varg, [ya|va, wa) = b(1oq) = €4,

leads to
Bl = | [(i S b — o) (i — 5(770@))>2 vl
d=1 (=1
< 2E[§D: FEg, [( 4 — b(1oa))?|va, Ud} FEg, [(yz — b(noe))?|va, udH
At

D D
- 2} E[B(T]Od)é(nog)} —2}" E[eno‘ie”“} <2D(D —1)Kp < 2D*Kp,
o port

where d4¢ is the Kronecker’s delta.

Eg[I3] = [Eeo[<zz5dzb 10d) ye—b(ﬁoe))> ‘Uv“”

d=1 (=1

D
2F {Z b* (m0a) Eg, [(W = blnoe))? o WH

<
A0
D
- QZE[ (M0a)b(70¢) } - 2ZE[ 2”0de’704] <2D(D - 1)Kp < 2D*Kp.
d#t d#t

Similarly Fp,[I2] < 2D*Kp.

2
Eg|I7] = {5(770d)5(770é)—Eeo[ydye]}>]

&

I
Mo =
N WE

E[{E(WOd)i)(nO@)_E (noa)b(no¢) }{b noa)b(noer) — E [b(noar)b(noer )] }]

QU
I
~
B
1S
N

D D
C0V<b(770d)b(770€) b(noar )b 7]0@/) > ZE[ nNod) er)b(ﬁow)b(ﬁoz/)}

d#0 d' A0

I
WE
WE

U
Ik
~
Y
LS
“i

Il
WE
NE

E [e"o‘ienw e'lod’ 67706’] < D'Kp.

U
t
~
=Y
I
=

Thus (5) follows by (1) and (3). O

Let us define



D D
Mpr=-—> Zaya, Mpp b > vh
d=1 d=1
L D
Mp x( — Z Takb(na),  Mpp11(6) ™ > b(na)b(me),
AL

and

Mp(0) = (MD,k(e))lgkng, Mp= (MD,k)lgkngrb M p(6) = (Mp, k(o))l<k<p+l

Lemma 1 gives sufficient conditions for
~ L2
|[Mp— Mp(6o)| — 0
D—o0

Let {Apk}, 1 < k < p, and {Bp} any sequences such that Apy — oo and Bp — oo as
D —o0. Let 8 = (B,4) be any 6 = (8,¢) € ©p = {6 : |8t < Apr, 1 <k <p; 0 < ¢ <
B D} satisfying the inequality

HMD(O)_MDH <ép, (6)

where 6p — 00 as D — oo.

The following theorem states the consistency of the MM estimators of the parameters
of the MEPM model. The proof follows from Theorem 1 of Jiang (1998) by doing the
particularization to the current MEPM model and by noting that:

(1) Jiang (1998) gives a proof for GLMMs with ¢ random effects. Here we consider the
Poisson mixed model with one random effect, but we add p random measurement errors.
The random errors have a known multivariate normal distribution and are independent of
the random effect.

(2) The moments My(0) are calculated analytically and not approximated by the Monte
Carlo method, and

(3) The expectations F[| are taken with respect to the joint distribution of vy and wug,
d=1,...,D, as it was shown in Lemma 1.

Because of (1)-(3), there are not remarkable difficulties in adapting and particularizing the
proof of Jiang. We present the sketch of the proof. For more details, see Jiang (1998).

Theorem 1. Suppose that the conditions of Lemma 1 are satisfied. Let Oy be the true
parameter and let ep = maxj<p<p+1{epk}-

(a) Ifep/d% — oo, then 0 exists with probability tending to one as D — oco.

(b) If, furthermore, all the first derivatives of the expectations Eg[ya] = E[b(n4(0))] and
Eylyaye] = E[b(nq(0))b(ne(0))], with respect to the components of 0, can be taken
under the expectation sign; the quantities

sup E[(f)(nd(e)))ﬂ, E[ sup 'B(nd(B))}, E[ sup b (na(0 ‘b ne(0))||,d,¢=1,...,D

10)<B 161<B 10|<B



are finite for any B > 0; and

liminf inf Mp(@)—Mp(O >0
pint int 1M () - Mp(6y)]

for any € > 0, then 6 converges to By with probability tending to one.
Proof.
(a) By the proof of Lemma 1, we have

p+1
EGO[HMD_MD(OO)H ZEk (2p+4)Kpep —> 0.
On the other hand
~ 1 D . . 2 KD D
Eg, [(Mpr(80)—Mp(60))*] = E[( > za (b(UOd)—E[b(nOd)])> ] < =2 lzaprad < Kpep.
4Dk d=1 aDk‘ d#£6
and similarly
~ K
Eg, [(MD,P-H(GO) — Mppi1 (60)) ] < TDD < Kpep.
D
Thus, we have
V. . Y )
P(|[¥15(00) ~ Mol < 60) < P(|¥p(0) ~ Mp(@0)] < °2) + P(||Mp(60) - Np| < °2)
K
< llp+1)+ (2p+4)] é’ED — 0.
D D—oo

Therefore, (6) holds and 0 exists with probability tending to one at 6 = 6.

(b) Because of the continuity of M with respect to 6, it enough to prove that for any § > 0,
it holds
P(|Mp(6) — Mp(6o)| >35) — 0.

D—oo

We have that

IMp(6) — Mp(80)| < |Mp(8) — Mp(6)|| +||Mp(8) — Mpl|| +||Mp — Mp(6o)|
<

sup ||[Mp(0) — MD(O)H +dp + ||MD — M p(60y)]|.
06@[)

Because of Lemma 1, the third summand becomes bounded and close to zero as D — oo.
By expanding M p(8) and M p(8) in Taylor’s series around some 6, in a neighborhood
of By, we mimic the same steps of the proof of Theorem 1(b) of Jiang (1988) to obtain a
bound for the first summand as D — oo. This fact allows applying the the Chebyshev’s
inequality for bounded random variables and we get

P(IM(8) ~ Mp(80)| > 6) < S B[|IMp(B) ~ Mp(60)]]] - 0.

This completes the proof. O



C Additional simulation experiments

C.1 Set up

This section presents additional simulation experiments, in which we compare the explicit
measurement error modelling implemented by the MEPM model against the simulative
approach used by SIMEX. For the latter, we use the R-package simez provided by Lederer
et al. (2019). Please note that this package does not yet allow to fit generalized linear mixed
models with measurement errors. However, it allows for the fitting of generalized linear
models with measurement errors (without random effects). Thus, in order to avoid giving
SIMEX an unfair disadvantage, we alter the data generating process presented in Section
5 of the main text by setting the random effect standard deviation to zero. Accordingly,
we consider the measurement error Poisson (MEP), the standard Poisson (P) model, and
the SIMEX approach that uses the standard Poisson as naive model. Since the objective
of the paper is the prediction of regional prevalence figures, we focus on mean parameter
prediction in the simulation hereafter.

A Monte Carlo simulation with 7 = 750, ¢ = 1,..., I, iterations is conducted. We generate
a population of D domains, where D varies over scenarios. For d = 1, ..., D, we define

Hd = Vapd, Yd ~ Poiss(ua), pa = exp{Bo + 1,481 + 2,485 + U/1,d,31 + ’U/Q,dﬂz}a

where vy = 300, 5y = —4 B; = (0.5,0.5)', and By = —3;. Accordingly, we have an
intercept and four covariates that are measured with error. Note that the random effects
are generated in every iteration individually. The unbiased covariate predictors are drawn
from uniform distributions according to x4 ~ U(1.0,1.4), j = 1,...,4, and held fixed over
all Monte Carlo iterations. The covariate measurement errors uq = (u 4, u, ;)" are drawn
in each iteration individually according to ’ 7

2
04 0O12d 013d Ol4d

2
o o o o
Ug ~ N4(0, Zd), g = 21.d 2,d 2237d 24,d d=1,...
O31,d 032d 034 034d
O41,d 042,d 034,d Uid
where o2 ; ~ U(0.05,0.15), 0jk.a = pjros 07 g» Pk = 0.5 for j =1 and k = 2,3,4, as well
as pjr, = —0.3 for j = 2,3 and k = 3,4, j # k. Just like in Section 5 of the main text, we
consider four simulation scenarios arising from the four different values for D. The scenarios

are defined as in Table 1 of the main text.

C.2 Results

We consider relative mean squared error (RMSE), relative root mean squared error (RRMSE),
absolute bias (ABIAS), as well as relative absolute bias (RABIAS) as performance measures.
They are given as follows:

I3 Hd

I 1/2 I
1 NG RMSE ~ 1 ;
RMSE, = < > —u§>)2> . RRMSE; = =>4 jig= 2> ul),
=1
ABIAS,

1
1 NG
ABIAS, = 7§ |ul) — a3l RABIAS,= o
=1



We further define the subsequent aggregated measures

D D
1 1
RMSE = - d§1 RMSE;, ABIAS =& d§1 ABIAS,,

R D
1 1
RRMSE = D dg_l RRMSE;-100, RABIAS = D dg_l RABIAS; - 100%,
to allow for compact presentation. The results are summarized in Table 1 and Figure 1.

Method Scenario RMSE RRMSE ABIAS RABIAS

P 1 0.7086 19.2049 0.5631 15.4376
SIMEX 1 0.6963 18.8702 0.5548 15.2096
MEP 1 0.5770 15.6044 0.4460 12.2295
P 2 0.6376 17.1027 0.5059 13.5730
SIMEX 2 0.6226 16.7053 0.4958 13.4092
MEP 2 0.5357 14.3590 0.4163 11.1577
P 3 0.5747 15.4733 0.4560 12.2784
SIMEX 3 0.5615 15.1224 0.4471 12.1412
MEP 3 0.5477 14.7210 0.4236 11.3904
P 4 0.5449 14.7829 0.4318 11.7164
SIMEX 4 0.5294 14.3652 0.4212 11.5733
MEP 4 0.4788 12.9803 0.3746 10.1575

Table 1: Results of mean parameter prediction

Scenario 1 Scenario 2

- T T — O
—_—

RRMSE
18 22
L | |
RRMSE
16 20
| |

v _ 1
- T T : =1 J f :
P SIMEX MEP P SIMEX MEP
Scenario 3 Scenario 4
4 T CH T —
w 2] T | wed g -
s | - _ =l
E 3 - : E — E 7] . : -
(hd 1 A ' —_ X o _| | !
‘9 ] o — 1o ~ — _:_ :
T @ T T T T
P SIMEX MEP P SIMEX MEP

Figure 1: Domain-level mean parameter prediction performance
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In Table 1, we see that the SIMEX approach outperforms the standard Poisson model in
all scenarios and for all performance measures. This could be expected from theory, since
SIMEX has been introduced as an effective and flexible technique to deal with measure-
ment errors. However, the SIMEX approach does not reach the efficiency level of the MEP
approach. The latter dominates in all scenarios and all performance measures by a consid-
erable margin. This is likely due to the explicit consideration of the measurement errors in
the model equation. All inferential steps are strictly derived under this premise. That is to
say, for this particular setting, the proposed MEP approach is the best considered option.

Figure 1 displays the measure RRM SE, for all considered domains and simulation scenar-
ios. The predictions obtained under the standard Poisson model are marked in blue. The
predictions from the SIMEX approach are plotted in light red. And finally, the predictions
obtained under the proposed MEP approach are displayed in red. In accordance with Table
1, we see that the MEP approach outperforms the other methods significantly. Its RRMSE
on domain-level is always smaller. However, we further see that the range of RRMSE values
is also much narrower for the MEP approach. This implies that the method overall obtains
more stable results relative to standard Poisson and SIMEX.
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