Supplementary Material for “A Tensor-EM Method for Large-Scale

Latent Class Analysis with Binary Responses”

In this supplementary material, the proof of Theorem 3 (clustering consistency) is presented
in Appendix 1. Then Corollary 2 (consistency of item parameters) is proved in Appendix 2. In
Appendix 3, more simulation results are provided to show the good performance of the proposed

EM-tensor method.

Appendix 1: Proof of Theorem 3

Outline of proof idea. The proof follows the following 8 steps.

Step 1: Express {(R; Z) — ((Z) in terms of >, ng > D(@\j,aHH_j’a) + X — E(X), where X is a
random variable depending on R and 9(Z) under Z, and n, = ZZ]\L 1 Zia-

Step 2: Bound the first term >, >, nj,aD(gj,aHéj,a) in the above display uniformly over all
possible Z.

Step 3: Bound the second term X — E(X) using Bernstein type inequality. Combine this and
Step 2 to obtain a bound for supy |((R; Z) — £(Z)|.

Step 4: (Denote the true latent class memberships by Z° and joint MLE by 2) Establish

{(Z°) > U(Z) for all Z. Use triangle inequality to upper-bound the non-negative quantity £(Z%)—¢ (2)

— o~

0 < U2Z°) —U(Z) < [((Z°) - U(R; Z°)] + [((R; Z°) — ((R; Z)] + [((R; Z) — ((Z)]



Since in the above display the middle group of terms [/(R; Z°) — ¢(R; 2)] < 0, we have 0 <
U(2Z°) - 1(Z) < 25upy [((R; Z) — {(Z)|.

Step 5: Introduce the notion of partitions and generalize ¢(Z) to £(II).

Step 6: Show that a refined partition increases £(-). To be concrete, let IT* be a refined partition
of TI, then we have £(IT*) > £(IT).

Step 7: Show that for any latent class assignment Z, we can find a partition IT* that refines IT%
and £(Z°) — ((I1*) > $JB;Ne(z).

Step 8: Apply results in step 6 and step 7 to MLE z, we have

_ 5 _ _ 1 R
bound in step 4 > £(Z°) — £(T1%) > £(Z°) — ¢(IT*) > 5T BINe(2).

Now we formally begin the proof of Theorem 3 in the above several steps. In derivations below

Z —~
@) as 6 to simplify notations.

we abbreviate 8% as  and 0
Step 1. Define D(p|q) = plog(p/q)+ (1 —p)log((1—p)/(1—q)), the Kullback-Leibler divergence

of a Bernoulli distribution with parameter p from that with parameter ¢. In this step we prove a

lemma as follows.

Lemma 1. Let (R;;; 1 < N,1 < J) denote independent Bernoulli trials with parameters (P; j; 1 <

N,1<J). Under a general latent class model, given an arbitrary Z, there is

sng(R; Z, 0) — sng[f(R; Z,0)] ()
L . B 0_]‘7%

= > n0 Y DOallfia) + DD (Rig — Pij)log (75—)
a=1 7 i J e

L
= 14y Db;alb)a) + X —EX,
a=1 i

where X =Y. Zj R; jlog (ijei;i

> 1s random variable depending on Z and

»Zq

~ Y ZidRiy 5 Y ZiaPij
Qj’a - T 7 Hj,(l - T ~
Zi ZZ'@ Zz Zi,a



Given a fixed Z, denote na ZZ 1 Zi,a-The maximizing properties of Gj o and 9] o in 2 imply

that
nabja =Y ZiaRij, mabja=Y  ZiaPij. (3)

Using (3), we have the following,

((R; Z) - U(Z)

L
— Z Z Z Z; o|R; jlog é\j@ + (1= R;;)log(1l — aya)]

i j a=1

L
- Z Z Z Zi,a[Pi,j 10g éj,a + (1 - Pi,j) log(l - éj,a)]

i j a=l1

L
Z Z naqllj.qlogbjq + (1 9] o) log(1 Z Z nal0;alogl;a + (1 —0,)log(l—0;,)]

7 a=1 7 a=1

L
Z {”a j.a l0g 03 ot (1 9',a) log(1 = 0j,a)] — nalbjalog 6)_j,a + (1= 6j4) log(1 — éj}a)]}

a=1

“Pﬂ

33 {nalfiatog fa + (1= 8.0) 10g(1 — ;0)] = nalfal0g B0 + (1 = i) log(1 - 05,0)] }
j a=1
L
= 31y D@all) +ZZ{ [Rijlog 0z, + (1 Rij)log(l — 0z,
a=1 J
~[Pijlog ém + (1= P.j)log(1 - 6;..)]}
L
=Y 1Y D(O;allf)a) +ZZRdlog( m ) ZZPJIOg( Je )
a=1 7 JZi

Define the random variable

X = Z Z R; jlog( 9] /(1 ],Zz)) (4)
then X depends on Z and the above display becomes the summation of ZaL:1 Ng Zj D(@7a||§j,a)
and X — E[X]. This establishes (1) in Lemma 1. In the following, we bound the first term
Z(I;:l Na ;i D(@CLHQ,Q) and the second term X — E[X] in the above display uniformly over all

possible Z, respectively in Step 2 and Step 3.

Step 2. In this step we prove the following theorem.



Theorem 1. The following event happens with probability at least 1 — 6,

N
max ZZna Z10%,) + < Nlog L + JLlog (f+1) ~log .

Given any fixed latent class memberships Z, every gj,a is an average of n, independent Bernoulli

random variables Ry j, ..., Ry ; with mean éjﬂ. We apply the Chernoff-Hoeffding theorem to obtain

P00 > 0,0 +1t) < e ™POiattllia) PG, <0, —1t) < e ePCaHlfia), (5)

Note that given a fixed Z, each gj,a can take values only in the finite set {0,1/n4,2/nq,...,1} of
cardinality n, + 1. We denote this range of é\jﬂ by ©4¢. Then P(gj,a =) < exp{—n,D(9|0;4)}
for any 9 € ©%a, Now consider the cardinality of the set 5) given Z. Since for each of the J x L
entries in 6, 6A7j,a can independently take on n, + 1 different values, there is |9 = 11, (na +1)]7.

Considering the natural constraint Z _1ng = N, we have

N L J N IJ
= < ||—= .
Ol = |[Tm+v| < [(F+1) ] (6)
Define ©, = {8 € © : i naD(gjﬂHéjﬂ) > ¢}, then ©, C ©. Note that the components of 0

depend on different components of {R; ;,i € [N],j € [J]} and thus are independent. We have

P(ZZnaD Bialldia) = )

j=1la=1

= > p(6=9)

0cO.

ZHHeXp{ 10D (8),0116;.4)}

0cb, J

Z exp{— Zzna JGHQJG }

0cO.

< ) exp{—¢}

0cO.

| A

IN

. N N JL
< |Oe™ < |Ole ¢ < (f + 1) e ‘.
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The above result holds for fixed Z, so applying a union bound over all the LY possible assignment

Z, there is
N JL
(max ZZna NHGN 26) SLN(Z—Fl) e c.

JL
Now take § = LN<% + 1) e ¢, then e = Nlog L+ JL log(% + 1) —logd. Therefore the following

event happens with probability at least 1 — 4,

N
max ZZna jaH@ja <6:N10gL+JLlog(f—|—1>—logé.

This concludes the proof of Theorem 1.

Step 3. In this step we bound | X —E[X]|, with X defined in (4). Denote X; ; = R; jlog(f;..,/(1—
0;)), then X = Y, >_;jXi;. Under Assumption 1, we have |X;;| < ylogJ. Then we have
S EIXE] < 302 P(Riy = 1)y (log J)? = 42 Y2, 3, Pij(log J)? = v*MNJ(log J). Apply-
ing the Bernstein’s inequality to the sum of independent bounded random variables, we have the

following holds for any fixed Z,

) 6 ol (1/2)e?
P(X ~E[X]| > ) <2 p{ Eisz[ng]+<1/3>vlog<J>e}

(1/2)€ }
Y2MNJ(log J)? 4 (1/3)ylog(J)e J -

< 2exp {—
We next prove the following theorem.

Theorem 2. Under the following scaling (as N, J — o),

MJ . N L o (7)
log L "L ’
M (N\'"¢
- <L> — o0 for some small £ > 0,
we have
1 _ M log L
7 Max |[U(R; Z) — UZ)] = op (?(bg J)””)
for any n > 0.



We need to bound |[¢(R; Z) — ¢(Z)| uniformly over all the Z. Combining the results of Step 2

and Step 3, since there are LY possible assignments of Z, we apply the union bound to obtain
P(max |(R; Z) — U(2)| > 2ebv,) (®)
< LNP ZZna 0;0ll0;0) > edny p U{|X —E[X]| > edns}

< exp {NlogL + JLlog <% + 1) - 65NJ}

(1/2)€26% }
~v2M N J(log J)2 + (1/3)ylog(J)edns S

+2exp{NlogL—

In order for the term on the right hand side of the above display to go to zero, the following of dx s

would suffice,
Sng = Nv/MJlog L(log J)' . (9)
for a small positive constant 1. Then the right hand side of (8) goes to zero as N, J go large and

hence the scaling of J described in the theorem yields P(maxz [((R; Z) — {(Z)| > 2¢5n7) = o(1),

which implies

vMlog L

val

1 _
N—Jmax[ﬁ(R; Z)—U(Z)| =op (

(log J)H") : (10)

This proves Theorem 2.

Step 4. Denote the true class assignments by Z°. We first establish

U(Z°% > 0(Z), for all Z. (11)
First note that 6° , = P, ;, and
]7;,;1_ )
N N
g Zm 1Z Pm,j Zm 1Z OPi,j p
(E N - N A
2m= 1231 0 2= 122”9

The difference ¢(Z°) — £(Z) can be written as

o 2
42— ) = 3P o () + 0= P ow (7=5)]
o 5% J:%i



= S Y IPlog (532 ) + (1 - Pilog (1=

7 7 JrZi j 2

) ZZD P67

therefore establishing (11). Since the above holds for every Z, it also holds for the maximum

likelihood estimator Z. We further upper bound {(Z°) — ¢(Z) from above as follows,

~

0 < (2% — UZ) < [U(Z°) - ((R: Z°)] + [((R: Z°) — ((R; Z)] +[¢(R; Z) - (Z)],

<0

where [((R; Z°) — ¢(R; Z)] < 0 results from the definition of Z as the MLE, that is Z maximizes

the /(R; Z,@Z). Therefore

= Op((SNJ).

Step 5. To establish the consistency of MLE in clustering subjects into latent classes, we need
to introduce the notion of partitions. First we observe that any latent class assignment Z defines
a partition on [N] into T subsets (Si,. .., Sr) via mapping I1Z from [N] to [T] such that for any

subject we have Gg’zi = #Y_, for all j. We now generalize this notion. For any partition on [N],

HZ

define

I(i € S,)

0
oL, ,5‘29 oI(i € S,)

||Mz

as the average over all 7 in the subset S, indexed by II; = a. We then define generalization of £(Z)

as

= Z Z[Pi,j log(0i,) + (1 — Py ;) log(1 — 6}, )]

Note that 01]I = GZ and hence E(HZ) — /((Z) when the partition II% is induced by latent class

,a

assignment Z.



We will proceed as follows: in step 6 we show a refined partition increases £(-). We then construct
a refined partition II* for every partition I1% induced by Z and prove £(Z°) — ((II*) > 1 N,(z)3; in

step 7. Finally we apply the results to MLE Z and obtain the desired results in step 8.

Step 6. We prove the following lemma:

Lemma 2. Let IT* be a refinement of any partition 11 of [N], then we have £(IT*) > £(I1).

Given a € [T7] indexing S in IT*, since S} C S}, for some Sy, in II, let F'(a) denote its index

under II (i.e. b). We have
_ i EX XJ: {9’]{1; log 611" + (1 - éﬁ) log (1 - éjr{;)}
>Z‘S*‘Z{ logﬁ (a) <1—§E;)log (1—§£F(a)>}

= Z\Sb| Z {9 blog9]b+ (1- 0}%) log (1 — égb)} = /(II).

The first equality is obtained by rewriting ¢(II) in terms of subsets. The inequality follows from
non-negativity of K-L distance. Then we combine terms in same class under II and obtain the

second equality.
Step 7. Now we prove a result on refinement.
Lemma 3. For any latent class assignment Z, there exists a partition II* that refines 1% and

0(Z°) — 0(IT*) > S N.(z)J By

N | =

For a given Z, partition each latent class assigned by Z into sub-classes according to true
assignments Z° of each sample. For each sample i that is incorrectly assigned by Z (by definition
this means its true class under Z° is not in the majority within its estimated class under Z), we

find another sample is assigned to same class under Z but ¢ and io belong to different class under



Z° and make these two samples (i1,42) a pair. We allow two misclassified samples to form a pair.
Note that since incorrectly assigned samples are not in the majority of that class, we can find a pair
for each of them.

Here is a simple example. Suppose in one class of Z, we have 7 samples and Z° (true latent
class assignments) assigns them as three sub-classes {1,2,3,4},{5,6},{7}. In this example samples
indexed by 5,6 and 7 are misclassified. We can find pairs (4,5), (6, 7).

The refined partition IT* contains all such pairs and remaining correctly assigned samples
in all classes assigned by Z. So for the above example, the refined subset for that class is
{1,2,3},{4,5},{6,7}. Let e(z) by the set of incorrectly assigned sample. Clearly IT* is a refinement

and we have

U(z°%) — o) = Z Z D(P;|61:)

Z Z ZD 1JH0JH*
ice(z) J
i Pz’
= 2w Pt g
ice(z) J

where i and ¢’ are in different classes under Z° while in same subset under IT* by definition. Apply

Pinsker’s inequality we have

,J +P’,j
2

Pij+ P

2
(P, = L)

+1-Py;—-01-

Pij+ P

1
2
1
5 (Fij — P j)?
1 0 0 2
= 5050 =05.0)

Hence we have

Uz — > Y Z — 92#)2

ice(z) J
1
> Lo, -, e
i€e(z) ’

IN.(2)78,

v

v



Step 8. Apply Lemma 3 to MLE z, there exists a refinement of 1% denoted as IT* such that

U(Z°) — {(I1*") = SNe(2)J B

N =

By Lemma 2 we have £(IT*) > E(HZ). So we conclude that

OP(dNJ) = Z(ZO) — Z(Z)

which completes the proof.

Appendix 2: Proof of Corollary 2

Recall m, = arg max;¢ [y > G, Zgl is the class index under Z° for cluster C,. For any 0 <e <,

define the following event

v ={Ne(z)/N < e}.

On the event A%, for any [ € [L], since we assume n{/N > 7 > 0, we claim that there is exactly
one a € [L] such that m, = [, i.e. the a—th cluster represents the [—th class. To see the existence
of such a, assume by contradiction that for some [ there is no a such that m, = [, then all subjects

in class [ are misclassified and we have
Ne(Z)/N >nd/N > 1 > ¢,

a contradiction. Since for each [—th class we can find a — th cluster to represent it and there are
exactly L clusters 51, e ,6’L, such a must be unique for all the L classes. Note that P(A%) — 1,
the first statement in the corollary is proved.

For any € € (0,7), from the argument above, on the event A, for each [ we can find exactly one

10



a € [L] such that m, = [, then the joint MLE for Q?l is

gja:éﬁ) Zz 1Z”“1RJ
o Y Zia

Recall we can rewrite (99 ; as

N 0 po N 0 p. .
90 >t Zi195, B >ic1 Zi b
Jrl N 0o N 0o

>im1 2y >im1 2y

By triangle inequality we have

max B — 03,

N % N 0 p .
Sicy ZiaRij  2oim1 Zii P
= max N 5 B N 0
J > izt Zia s Z
N % N & N 0 .
< max | izt Zialig ity ZiaBig| |Zz ! ZwR i iz Zialiy
= c N 7~ N 0 N 0
J >im1 Zia 2i=1 i) >ic1 2
N 0 p. . N 70 p .
Yimi ZigRij il Zi P
+ max N oo F—
J Dic1 Z; dim1 Z.
=L+ 1, + Is.

We then analyze these three terms.

Zi Zia Zzo,l‘ < Zz ’Zi,a - Zgl’
g .

\
nlO Zz Ei,a B ny

I < max E ZiaRi ;
T
There are two cases in which |Z; , — Z?,| = 1:

° /Z\m =1, Z@Q,l = 0, i.e. subject i is in cluster a but not in class [. Since m, = [, subject 7 is

misclassified and counted in N(z).

. 2 =0, Zol =1, i.e. subject i is in class [ but not in cluster a. Since cluster a is the only

cluster that represents class [, subject ¢ must be misclassified and counted in N,(z).

By clustering consistency we have




For the second term we have

max; | Y, Rij(Zia — 20| SilZia— 2% N.2) »p
— < =< — 0.
’ ny B ) o

For the third term, we apply Hoeffding’s inequality and obtain
y

B > 8) — B [ Ze 200 = P
J n;

> 5) < Jexp(—2nPs?) < Jexp(—27N§%) — 0

where in the last step we use the scaling condition \/% (%)175 — 00. This shows

I 250

Note that on (A% )¢ we may not be able to define @\j’a since the first statement in the corollary may
not hold (we may not find the a — th cluster for each [—th class). Mathematically we can arbitrarily
define any é\j@ as long as it is in [0, 1]. Since P(A%;) — 1, we only need to focus on the situation on

AS;. We then have
P(max |00 = 0] = )
<P(max (850 — Bl (agye > €/2) + Plmax |80 — 05| Lag, > €/2)

<P((A%)9) —i—]}D(IlIA?V >¢€/6) -I-IP)(IQIA?V >€/6) + P(IgIAR, >¢€/6) — 0.

This completes the proof.

Appendix 3: More simulation results

Randome-effect LCM

We first present more simulation results for random-effect LCM.
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Figure 2: N = 1000, J = 200, L = 5, item parameters € {0.1,0.2,0.8,0.9}
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Figure 14: N = 10000, J = 200, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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Figure 15: N = 20000, J = 100, L = 5, item parameters € {0.1,0.2,0.8,0.9}
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Figure 16: N = 20000, J = 100, L = 10,item parameters € {0.1,0.2,0.8,0.9}

%10 MSE of item parameter
4.4 *
4.2
4 e
I
wsst | ‘* ! e
n - I I I
= ! ! |
3.4 ‘
[l [l | [l
3.2 | | | |
I I 1 I
. 1 .
3
EM True EM Random Tensor EM tensor

(a) MSE of item parameters

Running time of algorithms

1500 |
I
I
I
I
« 1000 i
=]
c
Q
(53
L7}
2]
500
! =
0 —_— -
EM True EM Random Tensor EM tensor

(b) Running time of the algorithms

Figure 17: N = 20000, J = 200, L = 5, item parameters € {0.1,0.2,0.8,0.9}
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Figure 18: N = 20000, J = 200, L = 10, item parameters € {0.1,0.2,0.8,0.9}
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Figure 19: N = 20000, J = 100, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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Figure 20: N = 20000, J = 100, L = 10, item parameters € {0.2,0.4,0.6,0.8}
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(a) MSE of item parameters (b) Running time of the algorithms

Figure 21: N = 20000, J = 200, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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Figure 22: N = 20000, J = 200, L = 10, item parameters € {0.2,0.4,0.6,0.8}

Fixed-effect LCM

Then the simulation results of fixed-effect LCM are presented.
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Figure 24: N = 1000, J = 200, L = 5, item parameters € {0.1,0.2,0.8,0.9}
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Figure 25: N = 1000, J = 200, L = 10, item parameters € {0.1,0.2,0.8,0.9}
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Figure 26: N = 1000, J = 100, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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(a) MSE of item parameters (b) MSE without EM-random

Figure 27: N = 1000, J = 100, L = 10, item parameters € {0.2,0.4,0.6,0.8}
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Figure 28: N = 1000, J = 200, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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(b) MSE without EM-random

Figure 29: N = 1000, J = 200, L = 10, item parameters € {0.2,0.4,0.6,0.8}
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Figure 30: N = 10000, J = 100, L = 5, item parameters € {0.1,0.2,0.8,0.9}

22

(c) Running time of the algorithms




MSE of item parameter

5

Running time of algorithms

0.15
0.1
w
0
=
0.05
ol =
EM True EM Random Tensor EM tensor

(a) MSE of item parameters

*x10" MSE of item parameter
7
T | T
I I
| ! |
w | ! |
» 65 ! !
=
|
6 |
| ! |
| —= |
I I
55
EM True Tensor EM tensor

(b) MSE without EM-random

150

Seconds
=
o
o

|

|

I
50 L

-
==
T
0
EM True EM Random Tensor EM tensor

(c) Running time of the algorithms

Figure 31: N = 10000, J = 200, L = 5, item parameters € {0.1,0.2,0.8,0.9}
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(c) Running time of the algorithms

Figure 32: N = 10000, J = 200, L = 10, item parameters € {0.1,0.2,0.8,0.9}
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Figure 33: N = 10000, J = 100, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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Figure 34: N = 10000, J = 100, L = 10,item parameters € {0.2,0.4,0.6,0.8}
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Figure 35: N = 10000, J = 200, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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(c) Running time of the algorithms

Figure 36: N = 10000, J = 200, L = 10, item parameters € {0.2,0.4,0.6,0.8}

24



%10 MSE of item parameter
3.8 T
I
+ + | +
3.6 - - ! -
I I I
I I I
3.4 | | |
w I I I
232
T
I
3 |
|
I I | I
20| | ! -+ !
I I I
. 1 .
2.6
EM True EM Random Tensor EM tensor

(a) MSE of item parameters

Running time of algorithms

100

80

60

Seconds

40

20

%

EM True EM Random Tensor

EM tensor

(b) Running time of the algorithms

Figure 37: N = 20000, J = 100, L = 5, item parameters € {0.1,0.2,0.8,0.9}
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Figure 38: N = 20000, J = 100, L = 10, item parameters € {0.1,0.2,0.8,0.9}
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Figure 39: N = 20000, J = 200, L = 5, item parameters € {0.1,0.2,0.8,0.9}
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Figure 40: N = 20000, J = 200, L = 10, item parameters € {0.1,0.2,0.8,0.9}
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Figure 41: N = 20000, J = 100, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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Figure 42: N = 20000, J = 100, L = 10, item parameters € {0.2,0.4,0.6,0.8}
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Figure 43: N = 20000, J = 200, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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Figure 44: N = 20000, J = 200, L = 10, item parameters € {0.2,0.4,0.6,0.8}

EM-random and Tensor-EM with same initializations

We then present the simulation results when EM-random and Tensor-EM are implemented with

same initializations together with the “smarter” version of EM-random.
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Figure 45: N = 1000, J = 100, L = 10, item parameters € {0.1,0.2,0.8,0.9}
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Figure 46: N = 1000, J = 200, L = 5, item parameters € {0.1,0.2,0.8,0.9}
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Figure 47: N = 1000, J = 200, L = 10, item parameters € {0.1,0.2,0.8,0.9}
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Figure 48: N = 1000, J = 100, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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Figure 49: N = 1000, J = 100, L = 10, item parameters € {0.2,0.4,0.6,0.8}
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Figure 50: N = 1000, J = 200, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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Figure 51: N = 1000, J = 200, L = 10, item parameters € {0.2,0.4,0.6,0.8}
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Figure 52: N = 10000, J = 100, L = 5, item parameters € {0.1,0.2,0.8,0.9}
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Figure 53: N = 10000, J = 100, L = 10, item parameters € {0.1,0.2,0.8,0.9}
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Figure 54: N = 10000, J = 200, L = 5, item parameters € {0.1,0.2,0.8,0.9}
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Figure 55: N = 10000, J = 200, L = 10, item parameters € {0.1,0.2,0.8,0.9}
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Figure 56: N = 10000, J = 100, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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Figure 57: N = 10000, J = 100, L = 10, item parameters € {0.2,0.4,0.6,0.8}
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Figure 58: N = 10000, J = 200, L = 5, item parameters € {0.2,0.4,0.6,0.8}
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Figure 59: Random-effect LCM, N = 1000, J = 100, L = 5,6;, € {0.1,0.2,0.8,0.9}
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(a) MSE of item parameters p = 0.3 (b) MSE of item parameters p = 0.7

Figure 60: Random-effect LCM, N = 1000, J =200, L = 5,6,, € {0.1,0.2,0.8,0.9}
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Figure 61: Random-effect LCM, N = 1000, J = 200, L = 10,6;, € {0.1,0.2,0.8,0.9}
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Figure 62: Random-effect LCM, N = 1000, J = 100, L = 10,6;, € {0.2,0.4,0.6,0.8}
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Figure 63: Random-effect LCM, N = 1000, J = 200, L = 5,6;, € {0.2,0.4,0.6,0.8}
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Figure 64: Random-effect LCM, N = 1000, J = 200, L = 10,0;, € {0.2,0.4,0.6, 0.8}
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