Supplement to “A Note on Exploratory Item Factor

Analysis by Singular Value Decomposition”

A Notations

Let ©* = (0%,....,0%)" = (Ui)nxx, A* = (a],..,a%) " = (aj)ixx, and d* = (d5, ..., d%)
denote the true person parameters, factor loadings and intercept parameters, respectively.
We also denote 87 = (1,(0;)")",af = (dj,(a5)")", fori=1,..,N, j=1,.,J We
use 1y,0y to denote N dimensional vectors with all entries being 1 and 0 respectively,
and BY)(C) to denote the ball in RX centered at a € RX with radius C. For a matrix
Z = (2ij)mxn and a function f: R — R, let f(Z) := (f(2ij))mxn- Let 0x(Z) denote the k-th
largest singular value of Z, and || Z||, || Z]|« denote the spectrum norm and nuclear norm of
7, which is the largest singular value and the sum of all singular values, respectively. If Z
is a square matrix, let A\;(Z) denote the k-th largest eigenvalue of Z.

We denote

X" = () nxg = FO AT +15(d)")

as the true probability matrix and define X = (Zij)nxs by

(

0, if Tij < 0,
Lij = Tij, if 0 < Tij <1,

1, if Tij > 1,

\

where z;; is defined in step 5 of Algorithm 2.



Throughout the proof, we use ¢ to denote constant, whose value may change from line
to line or even within a line. We will drop the subscripts in €y _; and write € for notional

simplicity.

B Proof of Theorems

Proof of Theorem 1. Since Theorem 1 is a special case of Proposition 4 when p = 1 and

W = 151], we refer the readers to the proof of Proposition 4. O]

Proof of Theorem 2. Let o} denote the kth largest singular value of ©*(A*)". Then we have
|6 — ol < ||M = 07 (A) Tl < ||M — €7 (A7) . (B.1)
By (D.12) in the proof of Lemma 1, we can get

1, - .
WHM —0* AN 5 0. (B.2)

Notice that (B.2) holds as long as the input dimension in the algorithm is fixed. Combine
(B.1) and (B.2) to have

10k — okl vy

3

Notice that of,; = 0 and we get

For k = K, we get

for any € > 0 and thus

[\



For oj, we have

1 * *

1
Z Cl \/—NO'K(@*)
The last inequality is due to condition A4. Let & = % Zf\il 0:(0;)" and it is not hard to

verify that
ox(0%) = \/ Ak(%).

2l-

By law of large number, we know

12 -2, 50

which leads to

M (2) B A (Z%) > 0

and thus

1 N &y DT "
\/_NUK(@ ) = VA (2) B VA (ZF) > 0. (B.5)

Combining (B.3), (B.4), (B.5) and choosing € = 11/Ax(X*), we have

pr(%>im>%

We complete the proof by choosing § = 11/ Ag(X*). ]

C Proof of Propositions

Proof of Proposition 1. According to the choice of €, we have h(2¢) > C'\/CZ + 1. Then,

(h(2en,)) 555
2

Pr (167l 2 h(26)/C) = 0, and == s

= 0(1).



We complete the proof by Theorem 1.

Proof of Proposition 2. For the logistic link function, we have

; Y and gy) = y(1—y), forye (0,05).

h(y) = log

(C.1)

Since 07 is a sub-Gaussian random vector, then ||@7]|3 is an sub-exponential random variable,

which means there exist constant ¢y, cy > 0, such that for any ¢ > 0, we have

Pr(||67]]* > t) < c; exp(—cat).

Then,

Pr (IIBTII > h(ze)) =Pr <||(9;||2 > M)

. log? (=2
=Pr <|!91||2 >l (5)
g <%>)

< ciexp (—02

Recall we choose € = v,J ™" in (9). Consequently,

1—2e
10g2< 5 )z'yf(logJ)2+O(logJ).

Therefore,

log? (=2 2(log J)?
C1 €exXp (—@%ﬁ) =c1 exp <—c271(0—g2) + O(log J))

i (log N)?

<cy exp (—02 o2

()

+O&gN0

(C.2)

(C.3)

(C.4)

where the second inequality is due to the assumption that J? > N. The above display



together with (C.2) verifies (3). We proceed to verify (4). According to (C.1), we have

(h2e)FH (tog (132))
(eg(e))? cfl—e?

Plugging in € = ¢J ™7, the above equation becomes

1 1—2¢ K+3 1
( 054((126_ )622 = (1+o0(1)) ’7(74J471 (71 log J + 0(1))% — JAmto(1)
Thus, for v; € (0, m),
(g (432)
08 ee _1
Aoz o) (C.5)

This verifies (4) and completes the proof by applying Theorem 1.
0

Proof of Proposition 3. The proof of Proposition 3 is similar to proof of Lemma 1. We will
only state the main steps and omit the repeating details. According to Lemma 3 in Appendix

D, we have

1 c ; X X e
N—JE(HX—X H%\X)gcmm{J\/N, L e, (C.6)

Recall that we assume [|07]| < Cj. Following the similar arguments as in the proof of Lemma

1, we have

1 ~ 9 1 /C 5
NJE(IIX X||F|X)_c\/7(—5) +L5(,/CO+1+C)+cexp< cN).

There is a difference from the proof of Lemma 1 that the rank of matrix f(Mjs) is upper
bounded by
Co

vank(£(M;)) < min{|Gi]. |Ga]} < |G1] < ¢ (7) .



1

e
Choose § = ( <Gy )2> , then

J12(y/C3+14cC

1 .
—]E( X - X2

X*) < cJ wE + cexp (—cN).
Let g(N,J) := cJ EE 4 cexp (—cN). By taking expectation, we have
E (11X - X°[12) < a(N. )
NJ F|) = g ) .

For any Ay ; > 0, by Chebyshev’s inequality, we have

1o vaz < 9N J)
— || X = X >
Pr(NJH Ie="5

) < Ap,J.
N,J

Thus, for any sequence Ay ; satisfying Ay ; = o(1), we have

lim Pr <N_J“X_X 15 < A ):

N,J—oc0 N,J

In what follows, we restrict our analysis to the event {ﬁ”)z - X*|2 < “"éLN"?}. By (7), we

have z7; = f((07)"a} 4 d7) € [2¢,1 — 2¢], which leads to

1 g(N, J) 1 o
— N1 g < D) (JK2 —N).
NJ ; { zg%[ 71 }} — AN7J€2 AN,J€2 c + + CeXp ( c )

Following the similar procedure as in proof of Lemma 1, we can further bound HX — X%

by

1. 1
—X—X*2<—<J*K2 _N>
7l ||p_62AN7J cJ ®72 4 cexp(—cN)

B 1
ANy

(cJ_K#+2 + cexp(—cN)) . (C.7)



To summarize, we have

1 ¢ 1 1
Pr (N_JHX - X*|% < An (cJ_KfL2 —I—cexp(—cN))) — 1, as N,J — oo,

for any Ay ; = o(1). This implies NLJH)A( - X% =0, (J_KL+2 + exp(—cN)> = Op(J_ﬁ),

where the second equation is due to N > J. O

Proof of Proposition 4. We have

Ly (A%, A) = JKOEIE}&K{”A* AOHF}
RE 7 omin, {larshz=t — ol }
i = omin {1475k — Aoz =
= JK Qgﬁ;gk{ Jass — AQIz b =3
- — Qg{};g}({ 14— QI3 b I=~4 1

— Ly (A, A)|=2|%,

where A = A*Y2. Let © = (6,...,05)7 = ©*%72. Then 0*(A*)T = OAT, and 6;s are
independent and identically distributed from a distribution £ which has mean 0 and covari-
ance matrix [x. Therefore, it suffices to show Ly j(A*, 121) 250 when X = . We prove it

through the following two lemmas whose proofs are given in Appendix D.

Lemma 1. Assume conditions A1, A2, A3, A5 and A6 are satisfied and further assume that

(3) and (4) are satisfied. Then,

2
L la AT aranTll
— H@A 0" (A%) HF—>O.,

where © and A are gien in Algorithm 2.



Lemma 2. Suppose conditions A1, A2 and A4 are satisfied and further suppose that

1

NJ

PN 2
H 0.

@AT o @*(A*)T

F

Then, LNJ(A*, A) K} 0.

We complete the proof. O

D Proof of Lemmas

Proof of Lemma 1. We first give a lemma regarding the error bound for recovering the prob-

ability matrix X*.

Lemma 3. Given X*, we have

1 .
—E< X - Xx*|2
(1% - X

LI X } —eN
X*) < cmin , =1 +ce . D.1
< cmin {50 I (D.1)

Let
pe := Pr(l|67] > Co),
where C. = h(2¢)/C' is a quantity depending on €. Let
Ay ={ll0;| <C, fori=1,...N}.
Then, according to the condition (3)

. . . N _
N}}I_I)loo Pr(Ay,y) = (1—pe) 1.

lim
N,J—o0

In what follows, we restrict the analysis to the event Ay ;. Let Gi,Gs be two d-nets for



BéK)(CE) and B(()KH)(C’), respectively. This means G; C BéK)(CE), Gy C BéKH)(C) and
B(C) < | BE), BITYEe) < | BE).
x€G1 x€G2
For any 67, let p(0;) be a point in G; such that
167 — p(6;7)]] <9,
which implies

16 — (1.p(6;7)") Il = 167 — p(67)]| < 0.

With a little abuse of notation, we use p(6;") to denote (1,p(0;)")". For any af, let p(a)

be a point in Gy such that
la — p(a])] < 6.

It is not hard to see that we can find such G;, G5 such that

C. K C K+1
|Q1|§c<7> ) ‘g2|§0(5) )

This is due to definition of Ay, and condition Al. Let Ms = (s5mi;)nxs, Where sm;; =

f (p(@f)Tp(aj)) , then we have

C K+1
rank(My) < min{|G ], 1G]} < 1G] < ¢ (5) .

Now we provide an upper bound for || X*||, on the right-hand side of (D.1). We have

() (1)

A

Ve

X e = L) < N F L) = (M)l + 1 (M) (D.2)



The second term on the right-hand side of the above display is bounded above by

(11) < Ve R - I 0m) e < e (5 ) VAL (.3)

Now we consider the first term. We have

|(6) "af — (p(67)) "p(af)| < [(6F)" (af —p(a)))| + [(6; — p(6]) 'p(a))]

<\/C?F1-6+6C.

So

[f(mi) = flsma)| = 1f ((67)"a)) — F(p(67)) " p(a)))]

We have used the Lipschitz continuity in condition A3 here. Then the first term in (D.2) is

bounded from above as

(1) < VIO = f(My)|lp < 18 (v/CE+1+C) VIVNI, (D.4)

Here we used the fact that the rank of the matrix f(M*)— f(M;s) cannot exceed J according

to condition A5. Combined (D.1), (D.2), (D.3) and (D.4), then on the event Ay ;,

K+1

1 . 1 /C\ ®
—E <||X ~ xR |x ) <o (3) + L6 (\/03 1+ C) + cexp(—cN).
=
o CCK+1
Choose 0 = <—JL2(\/@+C)2) , then
1 ~ e
N_JE <||X - X*||%‘X*> < cCEP? R 4 cexp(—cN),

10



which implies

1

7 (19X = X715 | A ) < g(N..0),

K41

where we define g(N, J) := cCHH J&+3 K33+ cexp(—cN). By Chebyshev’s inequality, for any
AN,J > 07

g(N, J)
A

1 -
Pr{ —|X — X*|% > ‘ < An.j.
r(NJ|r I3 > A AN,J)_ s

Thus,

1 ¥ * g(N7 J)
pr (71 - Xl < B4y ) 21— (.5)

Let By,j := ANJﬂ{NJHX X% < g } then according to (D.5) for any sequence Ay, ;

satisfying Ay s = o(1), we have

1 -
lim Pr(By,)= lim Pr(Ay,)- lim Pr <N_JHX — X% < 9

N,J—oc0 N,J—o0 N,J—o0

W, ‘])\AN,J) —1.
J

g(N,J)
An,g

We will restrict our analysis on By, s in what follows. Let h(N, J) = then on By s, we
have —HX X*HF < h(N, J).

Recall C, =

€

that f(CC.), f(—C’CE) € [2¢,1 — 2¢]. This interval is non-empty because e < ;. Thus, when

the event By, happens, we have z3; = f((6;7)"a]) € [2¢,1 — 2¢], which leads to

1 ! 1 (@i — 23;)* _ h(N,J)
_J %: 1{51’]'(77—&[6,1*6}} < N_J ; 1{|3~3ij*.’17:]~‘26} < NJ ; 2 < 5 )

€

11



Since X and X are not far away from each other by definition, we can bound ||X — X*||% by

1 % * (12 1 ~ *\2 A *\2
N—JHX - X% = NJ Z [(%‘ - %‘) Lz eled—ay T (Tij — xij) 1{a~;ij¢[e,1—4}}

J

1 ~ . 1

< NJ — (acz‘j - a;ij)2 + N7 . (1— 36)2 1{fij¢[€71_€]}
1—3c\’
< |t h(N, J)
€

1

< Sh(N.J) .

where the last inequality is because € < According to condition A3 and the above

1
1

inequality, we have

! y |2, = 1 —lry =17y *\[|2
NIM = M= 5= 17X = F X F (D.7)
1 1 % * (|2
< (g(e))ZN_JHX — X[k (D.8)

(eg(€))?

*
177

We proceed to an upper bound of M—0*(A*)T. Recall that M* = 1y(d*)T+0*(A*)T, M =

The first inequality holds because z};, Z;; € [, 1 — €] on the event By ;.

M + 1yd. Let Hy = M — ©0*(A*)T and H, = 15(d)T — 15(d*)T. We have

1

N7 ([[Hill7 + | Ha |3 + 2tr{H, H>}). (D.10)

1
N—JHHl + Hy |3 =

12



We first bound the trace term in the above display,

e Hz}| = |er{(4°(67)T = A1) 1y(d — )"}
— tr{A*(©")T1x(d - d*)T}( . (MT1y =0,)

_ (a—d*)TA*(@*)T].N ’
- <z<czj —d;>a;,ze:>
2.8

(exchangeability for trace operator)

j
d—d*

J

IN

(Cauchy-Schwarz inequality)

Through simple algebra, we have d} = + SV (m}; + (6;)"a}) . By the definition of d;, we

s LN~
have d; = + > ;_; ;. Then

7 * 1 ~ * 1 *
|d; _dj‘ < NZ(mij _mij) + NZ(Hi)Ta

1 *
N 20

*

A
Bl
3*
_l’_

which leads to

> (d; - d))a

J

< S ld; — & |fla3]
J
<CYIdi -l (Il <€)
J
1 .
J i

C ~ * 2
< NZ|mij_mij|+C J
z’]

*

i1

(llajll < ©)

1 *
2O
1 *
v 2.0
1 *
N 2O

1 ~
< CJ\/N—JHM — M*||%+C?J (Cauchy-Schwarz inequality)

13



So we can bound |tr{H, H,}| by

1 - 1
T * 2 * *
|tr{H| Hy}| < <0J N—J||M—M 2.+ C?*J N;ei ) zi:al. (D.11)
According to condition A2 and law of large number, we have
LI
Pr (N ;0; gg) —1, as N,J — oo,
for any £ > 0. Let
LI
Cnae = {N zzlef < 5} N B,
then we have
Pr(CN,J,E) —1, as N,J — oo,
for any £ > 0. On Cy ¢, according to (D.7) , (D.10) and (D.11),
08T = NI = S H < S 18T — M+ < |er (B )|
NJ PN =N PN L
h(N, J h(N, J
< v, 2+C§ ¥+C§ : (D.12)
(eg(e)) eg(e)

14



Recall how we get 6, A in algorithm 2 and we have

|87 — ©AT|l,

=0 1(M)
:|0K+1(M) - UK+1(@*(A*)T)|
<||M — 7 (A") T2

<[|©*(A")" — M]|p.
So
|OAT — ©*(A") ||l < [|OAT — M|y + || M — ©(A")T||2 < 2||M — ©°(A")"[|p, (D.13)
which leads to
1 .. 2K .~
il AT_ *A*T2<_ AT_ *A*TZ
8K 9 * *\ T (12
< - _
< SN - 07 ()T,
h(N,J) h(N,J)
<8K—— L +8KC¢ | —+4+0¢ ), D.14
(cq(O)) 5( @ T D1

where the first inequality is due to 1rank(é121T — @*(A*)T) < 2K, the second inequality is

due to (D.13) and the last inequality is due to (D.12). Thus, on the event Cy, ;¢

e e o [P AN, J)
64T — e (4|2 0(<€g(6))2+5< b +§>>.

Recall

15



where Ay ; could be any sequence satisfying Ay ; = o(1). By (3), (4) and condition A5,

there exists Ay = o(1) such that MINV.T) — 5(1). So fix any & < 1, for N, J large enough,
’ (eg(e))
we have (}Z E;Z[J))Q < &. Then there is a constant s such that for N, J large enough, on Cy ¢

€)
with £ € (0,1), we have,

1 ..
N—JH@AT — 0" (A" T||% < KE. (D.15)
This combined with Pr(Cly j¢) — 1 for any ¢ sufficiently small completes the proof. O

Proof of Lemma 2. Let

and in the following we will show that
Loe  aAm 2 Pr

For any a > 0, let

O'K(@*)
VN

O'1<@*)
VN

DN,(LQ = {1—Oé§ S Sl—i—a} (D16)

Applying Theorem 5.39 of Vershynin (2010) to the matrix ©*, we have limy 00 Pr(Dn o) =

1 for any a > 0. We restrict our analysis on Dy ;, in what follows and denote
1 ..
N, J):= —|0AT —0*(A")T|3.
QN 7) = | (AT

Then,

" ~ 1 A 1
A — A (N,J) _ A*_A_@T@* @* T@* 2
4= AQU | = 4"~ A6Ter ((0)61) s
1 1 ~ A 1 1
< A* _A*_ @* T@* 3 + A* @* T _A(__)T _@* @* T(_)* -3 )
<-4 (070 -+ 40T - 46T e (()70) s

(a) (b)

/

(D.17)

16



We consider (b) first:

(b) < |A*(©")" — A0 |p loll((©%)Te*) 72|,

1 *
\/_NH@
— VNJIVQN, J) Jiﬁ%) aK(l@*) (D.18)

1+«
1—a’

< VJQN,J) (by (D.16))

For (a), notice that

So

(a) < [[A"]lr NE

< CVlJa. (D.19)

Combine (D.17), (D.18) and (D.19), we get on Dy,

N Ca 14+«
Al < 2+ O OV )

1
A —
\/J_KH

Recall that Q(N, J) = NLJH(:)AT—@*(A*)THQF %% 0, a can be arbitrarily small and Pr(Dy, ja) —

1, we complete the proof. O

Proof of Lemma 8. This lemma is almost the same as Theorem 1.1 of Chatterjee (2015) by
setting, in his notations, n = 0.02 and 02 = 1/4, except two small differences. The first
is that the probability p can be changed through N,.J in the setting of Chatterjee (2015)
while p is a constant in our setting. Therefore we absorb p into constants ¢ in the LHS of
(D.1). The second difference is a modification in step 5 of Algorithm 2 that we require X to

include at least K + 1 singular values of Z. This does not change the result of Theorem 1.1

17



of Chatterjee (2015) given the following lemma which is based on Lemma 3.5 of Chatterjee
(2015).

Lemma 4. For fized 0 < m < n and a m xn matriz A, let A=Y 1" oz, be the singular

value decomposition of A. Fix any d > 0 and integer T > 0, and define

l
>, T
= E 0i%Y;
i=1

where | = max{T,argmax{i : 0; > (14 0)||A — B||}}. Then

N

1B~ Bllr < (1+VT|A~B| + K(5) (IlA - Bll| Bl.) (D.20)

where K(6) = (44 28)/2/6 + /2 + 0.

Notice that we have another term (1 4 6)v/T||A — B|| in (D.20) compared with Lemma
3.5 in Chatterjee (2015), which is due to the composition of B. In the proof of Theorem 1.1
in Chatterjee (2015), by replacing Lemma 3.5 in Chatterjee (2015) by the above lemma with

T=K+1, we get

1
NJ

E(IX - X"} x

X+ 2
) §cmin{” \/ﬂ %] HNJH*,l} +eemeN, (D.21)

The 1/J term in (D.21) results from the first term in (D.20). Notice that if

X0, 1 X
JVN J = NJ’
then
e X2
JVN = NJ
which leads to
X0 1
JVN —J



Therefore we can remove the 1/J term in (D.21) to complete the proof. O

Proof of Lemma 4. Let

é = Z O'Zﬂlzy;r

i:0>(148) | A—B]|

and by Lemma 3.5 of Chatterjee (2015), we have

N[

1B — Bllr < K(6) (|4~ BlllBIl.)* -

Note that

1B = Bllr < VT(1+6)|A - B|
and we complete the proof by triangular inequality. O
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